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1. Problem 

Let ,  be  symmetric matrices with eigenvalues  and 

. Prove that  

 

 

2. Solution 

First, we may assume that both  and  are nonnegative; for any  if we let  

and , where  is the  identity matrix, then  and  are  

symmetric matrices with eigenvalues  and  for . 

Thus,  and , so the values of left-handed side and 

right-handed side of the desired inequality remain unchanged if we substitute  and  instead 

of  and , respectively. Taking sufficiently large , we may assume that all eigenvalues of  

and  are nonnegative. 

 

Next, we may assume that  may be considered as a diagonal one, with . This is 

because of the fact that the left-handed side and right-handed side of the desired inequality are 

invariant under similarity transformation, and since  is symmetric  for some 

orthogonal matrix , and a diagonal matrix  with . 

 

Therefore we may assume that  if  and 0 if . Then since  is also a 

symmetric matrix,  for some orthogonal matrix  and a diagonal matrix 

 with . Computing the entries of , we get 

……………….(1) 

Since  is also symmetric, we have  

……………….(2) 

 

Substituting (1) to (2), we get 

 

 

But  



 

 

Since  

 

Where  equals 1 if  and equals 0 if , due to orthogonality of . 

 

Consequently,  

 

 

And it suffices to show that  

………(3) 

Inequality (3) immediately follows from the following lemma; 

Lemma Let ,  and  be an  matrix 

with  for all  and , and  for all  and  for all . Then 

 

Proof of the Lemma) I have referred [M]. 

Let ,  for  and ,  for . 

Then  

 

 

 

And it suffices to show that  for every  and . 

If , then  



 

And similar argument works for  case. 
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