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(A limit of a sequence involving a square root) Let a0 = 3 and an = an−1 +√
an−12 + 3 for all n ≥ 1. Determine limn→∞

an

2n .

Proof. Note that cot θ = cot 2θ +
√
cot2 2θ + 1 for 0 < θ < π/2. Since an is

determined by a0 = 3 =
√
3 cotπ/6, we get

an =
√
3 cot(

π

6× 2n
)

Therefore,

lim
n→∞

an
2n

= lim
n→∞

6
√
3

π

π/(6× 2n)

tan(π/(6× 2n))
=

6
√
3

π

1


