Minjae's MINE

Protected: POW 2012-5 Iterative geometric mean

For given positive real numbers @1.* ** - @} and for each integer 7 = %, let @n+1be the
geometric mean of @n- @n—1:@p_2." " . @n_k41, Prove that 1My, . @, exists and compute
this limit.

Solution. Let ©» = Ina, Then, Tn+1is the arithmetic mean of Tn: Tn—1-*** - Tn_k+1, Each Tnis a

l\.
linear combination of ¥1-T2. - ** . Ty, so let 7 ~ Z.f =1 PnjTj,

Next, define Mn = [11ij]ixk be a square matrix such that 7%ii = P(n+i-1)j for each 1 < 7.7 < k. Note
that M1 = 1,

0 1 0 0

0 0 1 0
My =

0 0 0 1

1k 1/k 1/k 1/k

and Mns1 = My M, = M3 Therefore, the given problem is exactly same with finding 11— M3

It is remarkable that /2 is a (right) stochastic matrix, so 21 = 1 when 1 is a column vector which
every element is 1, thus 1 is an eigenvalue of 2. Also, if r is the Perron root of M2, then by the
inequality

1 = min;

N o < r < max: S s =
i QM =7 < max m;; = 1

4 /_4_)

r = lifit exists. Since Mgy = My, positive matrix, the Perron-Frobenius theorem implies that
and 1My, oo M3 exist.

If there is the unique row vector 7 satisfying M2 = 7, then limy, o [M3]i; = 75, Such row vector
should satisfy ! My — 1) =0 Aslisan eigenvalue, det(AMy — It} = 0 but if we consider the
principal minor determinant, rank (A - Iy) =k — 1._Consequent1y, because a row vector

(L. 2.+ . F)is a solution of ™ (M2 — 1)) = U gnd nulity (M — Ii.) = 1 every candidate of 7 is a
form of €(1. 2.+ . k) for some constant c. On the other hand, since M1 = MF1 =1 forall n, there

2
1s only one possibility restricted by ZJ " 1, so "~ F(F+1). Hence,

27

im, . ppj = lim, . [M3];; =7; = T
k :
lim . — E 2
. n— 00 o - ,\'(:,\' + 1)
In conclusion, 1=1 , thus
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