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If |N | ≤
∣∣⋃

i∈N Ai

∣∣ holds for every N ⊆ {1, 2, . . . , n}, then we can find distinct a1, a2, . . . , an such that

ai ∈ Ai by Hall’s theorem. Without loss of generality, we may assume N = {1, 2, . . . , k}.
Let

⋃
i∈N Ai = {x1, x2, . . . , xt} and define a k × t matrix M over F2 such that Mi,j = 1 if and only if Ai

contains xj . Then it is easy to see that X = MMT is the k× k identity matrix. Therefore the rank of M is

k, which implies k ≤ t as desired.

1


