Sums of Partial Sums

Minjae Park

POW2011-13. Let ay,as,--- be a sequence of non-negative real numbers less
than or equal to 1. Let S,, = Z?:l a; and T, = Z?:l S;. Prove or disprove that

S 7> converges. (Assume a1 > 0.)

Solution.
Claim. T,, > S,-15,/2 forn > 1.

Proof. Since 0 < a; < 1, it follows from

T,=na;+(n—1as+ - +ay
Z(al+...+an)a1+(a2+...+an)a2+...+an

n n 2
= Za% + Zaiaj = (Z ai> — Zaiaj
i=1 1<j 1=1 i<j
>S2 = ;=52 ((n—1as+ (n—2)ag + - + an_1)
1<j

=82 T 1>8,.18, —Tp. O

By the claim with S; > 0,

Thus, the given bounded (positive-term) series converges. O

$ S wnis unbounded thewn [/S_W converges to o and so
‘ the equality holds heve,
However 1§ S_V\ iS bounded then (/S_V\ will converge to (/c fov some
constant c)o. So the equldity does not hold in geneval.
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