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Prove that for every skew-symmetric matrix A, there are symmetric matrices B
and C such that A=BC—CB

Solution : Let AEM

., (any skew-symmetric matrix) be given. Let B:(iéij).
(Then B is symmetric) We will show that there is a symmetric matrix C such that

A=BC—CB

STEP1 : Let's define a function fp:M, —M

nxmn nxmn

as fp(X)=BX—XB and let C,

be a matrix such that (i,7), (j, 9 components of C;; are 1, and the other

components of C, ; are 0. (Then fy is a linear function and C'is symmetric)

Then fB(q7]-) be a matrix such that (i, ) component of fB(Ciyj) is i—j, (4, 1)
component of fy(C, ) is —(i—j), and the other components of fy(C; ]) are 0.

STEP2 : For 1 <i< j<n, let a, ,=-—— where A=(a;).

STEP3 : Let C= Y 0o,C;
1<i<j<n

Since f; is a linear function, f5(C) :fB( > agjqj): > o f(Gj)=A

1<i<j<n 1<i<j<n

Since f3(C) =BC—CB , We are done.l



