POW 2011-8: Geometric Mean
se)phekat A3

Let M = maxg<z<1 f(x) < oo and fix € > 0. Observe that there exists § > 0

such that )
f(x)—f<e>‘ < 5

whenever |z — 1/e| < §. Define

Sp = {(21,....20) € (0,1)" :

\/T1T2 ... LTy — 1/e| > (5}
Through some calculations, we know that

Inzs +...+Inz,
SnC{(xl,...,a:n): S

n

- (—1)’ > —In(l — 66)} =T,.
Define Y; : (0,1) — (—o00,0) as random variables such that Y;(z) = Inz with
uniform distribution on (0,1). Then, E(Y;) = —1, E(Y}?) = 2/27 < oo, and

Yi+...+Y
M(Tn):]}bql—’_n—i_"_

(_1)’ )

where p is the standard measure on (0,1). Hence, by weak law of large numbers,

there exist N > 0 with u(7),) < €¢/4M for any n > N. Notice that

/ |f(/r1. cxn) — f(1/e)|dp
(0,1)™

—/GS If("x1-~-xn)—f(1/6)ldu+/ |f(Yran) = f(1/e)|dp

zZS,
< 2Mu(S,) + —p([0,1]")

2
<2Mu(T,) + %
<€

for any n > N. Thus,

lim |f(&/zy. Twy) — f(1/e)ldp =0

n—oo [0,1]71

and we are done.



