
Ph.D. Qualifying Exam: Algebra I
August 2026

Student ID: Name:

Note: Be sure to use English for your answers.

1. (20) Let R be a nontrivial, not necessarily commutative ring with unity. Let

(∗) 0 → L
α→ M

β→ N → 0

be a short exact sequence of left R-modules. Answer the following questions.

(a) (10) Prove that the following three statements are equivalent:

(i) The sequence (∗) is a split exact sequence.

(ii) There is a homomorphism g : N → M of left R-modules such that
β ◦ g = IdN .

(iii) There is a homomorphism f : M → L of left R-modules such that
f ◦ α = IdL.

(b) (5) Suppose that either N is a projective R-module or L is an injective
R-module. Prove that (∗) is a split exact sequence.

(c) (5) Construct a concrete example of R and a short exact sequence (∗),
which is not a split exact sequence.

2. (20) Let k be a field whose characteristic does not divide |G| for a finite group
G. Consider the group ring k[G]. Let M ⊂ k[G] be a nontrivial proper k[G]-
submodule. Answer the following questions.

(a) (10) Prove that there exists a surjective k[G]-module homomorphism

ϕ : k[G] → M.

(b) (5) Is M a projective left k[G]-module?

(c) (5) Prove that there exists a k[G]-submodule N ⊂ k[G] such that k[G] ≃
M ⊕N .

3. (20) Let p be a prime and let n ≥ 1 be an integer. Let Fp be the field with p
elements. Let G := GL(n,Fp). Answer the following questions.

(a) (10) Compute |G|.
(b) (5) Let U := {A ∈ G | A is strictly upper triangular unipotent. }, i.e. if

A = (aij) ∈ U , then aij = 0 for all i > j, while aii = 1 for all 1 ≤ i ≤ n.
Prove that U is a Sylow p-subgroup of G.

(c) (5) Take n = 2 so that G = GL(2,Fp). What is np, the number of Sylow
p-subgroups of G?

4. (15) It is a known fact that G = GL3(F2) is a simple group of order 168 =
23 · 3 · 7. (You do not need to prove it.) Let H < G be any proper subgroup.

Prove that |H| ≤ 24.



5. (15) Let G be a finite group. Using the conjugation action of G on itself, prove
the class equation.

6. (10) Let G be a group of order pα for some α ≥ 1. Suppose that H is a
nontrivial normal subgroup of G. Prove that H ∩ Z(G) ̸= {1}.

THE END



Ph.D. Qualifying Exam: Algebra II
August 2026

Student ID: Name:

Note: Be sure to use English for your answers.

1. [20 pts] Let F = R(s, t), where s and t are algebraically independent over R.
Choose, in an algebraic closure of F , a primitive cube root of unity ω and
elements α, β such that α3 = s and β3 = t. Set K = F (α, β) and L = K(ω).

(a) [5 pts] Compute AutF (K) and determine the Galois closure of K/F .

(b) [15 pts] Compute Gal(L/F ). Find all intermediate fields F ⊆ E ⊆ L with
[E : F ] = 6, and determine whether each extension E/F is Galois.

2. [20 pts] Let k be a field, and set R = k[x, y]/(x2, xy, y3).

(a) [8 pts] Prove that R is an Artinian local ring. Determine its units and
nilpotent elements.

(b) [12 pts] Determine whether R is a principal ideal ring, and classify all
principal ideals contained in the maximal ideal of R.

3. [20 pts] Let p be a prime, let K = Fp(t), and choose u, v in an algebraic closure
of K such that up − u = t and vp = t. Set L = K(u, v).

(a) [10 pts] Determine AutK(L) and its fixed field LAutK(L).

(b) [10 pts] Show that the ring L⊗K L is isomorphic to the direct product of
p copies of L[T ]/(T p), where T is an indeterminate over L.

4. [20 pts] Let k be a field, and set R = k[x2, x3, y, xy] ⊆ S = k[x, y].

(a) [10 pts] Determine all intermediate rings C with R ⊆ C ⊆ S.

(b) [10 pts] Determine all prime ideals p of R for which Rp is integrally closed.

5. [20 pts] Let R be a commutative Noetherian ring with identity, and let M be
a nonzero finitely generated semisimple R-module. For a prime ideal p of R,
write κ(p) = Rp/pRp.

(a) [8 pts] Prove that there exist distinct maximal ideals m1, . . . ,ms and pos-
itive integers n1, . . . , ns such that

Mp
∼=

{
κ(mi)

⊕ni , p = mi for some i,

0, p ̸= mi for every i.

(b) [12 pts] Prove that M is projective if and only if Rmi is a field for every
i = 1, . . . , s.

THE END



Ph.D. Qualifying Exam: Algebraic Topology I
August 2026

Student ID: Name:

Note. Be sure to use English for your answers. You may use major theorems proved in
class, but state them clearly. All homology groups have integer coefficients unless otherwise
indicated.

1. [20 pts] Let n ≥ 2, let Dn be the closed n-disk, and let Sn−1 = ∂Dn.

(a) [8 pts] Using homology, prove that there is no retraction r : Dn → Sn−1.

(b) [12 pts] Prove the Brouwer fixed point theorem: every continuous map f : Dn →
Dn has a fixed point. More precisely, assuming that f has no fixed point, construct
a retraction Dn → Sn−1 by using the ray that starts at f(x) and passes through x,
and justify that the resulting map is continuous.

2. [25 pts] Write T2 = R2/Z2, with basepoint [0]. Let

A =

(
2 1

1 2

)
, pA : T2 −→ T2, pA([x]) = [Ax].

(a) [8 pts] Prove that pA is a covering map and determine its number of sheets.

(b) [8 pts] Under the standard identification π1(T2, [0]) ∼= Z2, determine the subgroup
(pA)∗π1(T2, [0]). Decide whether the covering is regular and compute its deck trans-
formation group.

(c) [9 pts] Let fB : T2 → T2 be induced by

B =

(
1 2

2 1

)
.

Use the lifting criterion to determine whether there is a lift f̃B : (T2, [0])→ (T2, [0])
satisfying pA ◦ f̃B = fB. If it exists, find an integer matrix C that induces such a
lift.



3. [30 pts] Let n ≥ 1, let f : Sn → Sn be a map of degree m, and let

Cf = Sn ∪f en+1

be its mapping cone.

(a) [6 pts] Describe the CW structure above and compute its cellular boundary maps
in terms of m.

(b) [10 pts] Compute H̃k(Cf ;Z) for every k and every integer m.

(c) [6 pts] Determine the homotopy type of Cf when m = 0, and prove that Cf is
contractible when m = 1 or m = −1.

(d) [8 pts] Suppose n = 1 and |m| > 1. Compute π1(Cf ) and decide whether Cf is a
K(Z/|m|, 1)-space. Justify your answer by analyzing the universal covering space;
you may use multiplicativity of Euler characteristic for finite-sheeted coverings.

4. [25 pts] Let R = S1a ∨ S1b be the wedge of two circles, and let Y = R× S1t .

(a) [6 pts] Prove that the universal covering space of a connected graph is a tree.
Conclude that R is a K(F2, 1)-space.

(b) [6 pts] Prove that if X is a K(G, 1)-space and Z is a K(H, 1)-space, then X ×Z is
a K(G×H, 1)-space.

(c) [5 pts] Give the product CW structure on Y , including the attaching words of its
2-cells, and use it to compute π1(Y ).

(d) [5 pts] Using the same CW structure, compute Hk(Y ;Z) for every k ≥ 0.

(e) [3 pts] Conclude that Y is a K(F2 × Z, 1)-space. Is Y homotopy equivalent to a
wedge of three circles? Justify your answer.

THE END



Ph.D. Qualifying Exam: Algebraic Topology II
August 2026

Fully support all answers. You should state the theorems and the results that you
are using exactly. One can obtain partial points for rough ideas but not the full
scores. Also, one must write in good English and in a well-organized way for better
grades. You must also write the answers in order and not mix up the answers here
and there. (Total 100 pts)

1. [10 pts] Let A,B,C and G be abelian groups. Prove that, if A→ B → C → 0
is exact, then dualizing, that is, applying Hom(−, G), yields an exact sequence
A∗ ← B∗ ← C∗ ← 0.

2. [20 pts] Show that if M is a closed connected n-manifold, the torsion subgroup
of Hn−1(M ;Z) is trivial if M orientable and Z2 if M is nonorientable.

3. [20 pts] Show that a closed manifold of odd dimension has Euler characteristic
zero.

4. (a) [5 pts] Form ≥ 1, compute the groupsHi(RPm;Z) for all i using a cellular
chain complex.

(b) [15 pts] Compute the groups Hi(RP 3 × RP 4;Z) for all i.

5. (a) [15 pts] Construct the complex Hopf fibration S1 → S2n+1 → CPn. Be
sure to verify that the construction indeed yields a fiber bundle.

(b) [15 pts] Explain why the construction of the bundle in the previous part
extends to the case n = ∞, and use it to compute the homotopy groups
πi(CP∞) for all i.

THE END

1



Ph.D. Qualifying Exam: Advanced Statistics
August 2026

Student ID: Name:

Note: Be sure to use English for your answers.

1. [30 pts] A thick coin, when tossed, can land heads (H), tails (T), or on its edges
(E). If the coin is tossed independently until a total of r edges comes up, let X
be the number of heads, and Y number of tails obtained. Also let (pH , pT , pE)
where 0 ≤ pE , pT , pE ≤ 1, pH + pT + pE = 1 be the unknown probabilities of
H, T or E outcomes for a single toss.

(a) [10 pts] Give P (X = x, Y = y) and MX,Y (t1, t2) = E(exp(t1X + t2Y )).

(b) [10 pts] Find the complete and sufficient statistics for pH and pT .

(c) [10 pts] Find the UMVU estimators for pH and pT .

2. [30 pts] Let Y = Xβ + ε, where X is a known n× p matrix of rank p (n > p),
β ∈ Rp is unknown, and ε ∼ N(0, σ2In) and σ2 > 0 is unknown. Let H =

X(X ′X)−1X ′ (the hat matrix), β̂ = (X ′X)−1X ′Y , and RSS = Y ′(I −H)Y =

(Y −Xβ̂)′(Y −Xβ̂). Let k = n− p.

(a) [10 pts] Derive the maximum likelihood estimate (MLE) of (β, σ2).

(b) [10 pts] Show that β̂ is the UMVUE of β.

(c) [10 pts] It is standard that S2 = RSS/k is UMVUE of σ2. Show that the

obvious plug-in estimator
√
S2 is nonetheless biased for σ, and derive the

exact UMVUE of σ.

3. [40 pts] Consider following hierarchical Bayesian model. The data Yij is col-

lected for groups j = 1, . . . , J , i = 1, . . . , nj , with N =
∑J

j=1 nj .

Yij |θj , σ2 ∼ N(θj , σ
2) (common σ2 across groups),

θj |µ, τ2 ∼ N(µ, τ2) i.i.d across j (group means share a population distribution),

µ ∼ N(µ0, γ
2
0); τ2 ∼ Inverse-Gamma(a, b), σ2 ∼ Inverse-Gamma(c, d).

Let Ȳj = 1
nj

∑nj

i=1 Yij and θ̄ = 1
J

∑J
j=1 θj

(a) [10 pts] Derive all four families of full conditional posteriors: θj(j =
1, . . . , J), µ, τ2, σ2.

(b) [10 pts] Write out the Gibbs sampling algorithm as a full sweep over all
unknowns.

(c) [20 pots] Explain how to build a posterior predictive interval for a new
observation in an existing group j, versus in a completely new (previously
unobserved) group and compare the intervals.

THE END



Ph.D. Qualifying Exam: Complex Analysis

August 2026

Student ID: Name:

Note: Be sure use English for your answers.

1. [15 pts] Find an entire function f(z) whose real part is equal to x2+xy−y2.

2. [15pts = 5pts × 3] Prove that for a fixed w in the unit disc D, the mapping

F (z) =
w − z

1− w̄z

satisfies the following conditions
(i) F is holomorphic in D and F maps the unit disc to itself (that is

F : D→ D).
(ii) F (0) = w and F (w) = 0. |F (z)| = 1 if and only if |z| = 1.

(iii) F : D→ D is bijective.

3. [15pts = 5pts + 10pts] Consider the function

f(z) =
e1/z

1− 2z
.

(a) Find and classify all singularities of f(z) on C.
(b) Compute

∫
C
f(z)dz where C is the unit circle oriented counter-clockwise.

4. [20pts = 10pts +10pts] If U ⊂ C is an open subset, then we use the notation

‖f‖L2(U) =

(∫
U

|f(z)|2dxdy
) 1

2

for the L2-norm and ‖f‖L∞(U) = supz∈U |f(z)| for the sup-norm.
(a) Assume f is holomorphic in a neighborhood of the closure of the unit

D. Let 0 < r < 1 and denote D(0, r) = {z ∈ C : |z| < r}. Show that
exists a constant C > 0 depending only on r such that

‖f‖L∞(D(0,r)) ≤ C‖f‖L2(D)

(b) Assume {fn}n≥1 are holomorphic functions in U . Prove that if {fn}n≥1
is a Cauchy sequence in the L2-norm ‖·‖L2(U), then {fn}n≥1 converges
uniformly on every compact subset of U to a holomorphic function.

5. [25 pts = 5pts + 10pts + 10pts]
(a) Suppose 0 ≤ un < 1. Show that

∏∞
n=1(1 − un) > 0 if and only if∑∞

n=1 un < +∞.
(b) Suppose f(z) is holomorphic in the unit disc D, bounded and f(0) 6= 0,

and z1, z2, ... are its zeros with |zk| < 1. Then,
∑

n≥1(1 − |zn|) < ∞.

(hint. Use Jensen’s formula)
(c) Prove the conclusion in (b) when f is holomorphic in D, bounded and

not identically equally zero, and z1, z2, .... are its zero with |zk| < 1.

6. [10 pts] Find an entire function f(z) solving the equation

z2f ′′(z) + zf ′(z)− 4z2f(z) = 0.

THE END



Ph.D. Qualifying Exam: Differential Geometry
August 2026

Student ID: Name:

Note. Be sure to use English for your answers. All manifolds are smooth and have
no boundary. A Riemannian isometry is understood to be a diffeomorphism that
preserves the Riemannian metric.

1. [20 pts] Let M be a nonempty compact smooth manifold of dimension 2n,
where n ≥ 1, and let ω ∈ Ω2(M) be a closed 2-form. Suppose that

ωn = ω ∧ · · · ∧ ω󰁿 󰁾󰁽 󰂀
n factors

is nowhere zero. Explain how ωn determines an orientation on M and, with
respect to this orientation, prove that ω cannot be exact.

2. [20 pts] Let (M, g) be a Riemannian manifold, let X be a complete smooth
vector field on M , and let Φt be the flow of X. Define

LXg =
d

ds

󰀏󰀏󰀏󰀏
s=0

Φ∗
sg.

First, prove that
d

dt

󰀃
Φ∗
t g
󰀄
= Φ∗

t (LXg).

Then use this identity to show that LXg = 0 if and only if Φt is a Riemannian
isometry of (M, g) for every t ∈ R.

3. [20 pts = 8+12 pts] Let G be a Lie group with identity e, and let X be a
left-invariant smooth vector field on G. Let γ : I → G be the maximal integral
curve of X satisfying γ(0) = e.

(a) Prove that t 󰀁→ gγ(t) is an integral curve ofX through g at time 0. Deduce
that

γ(s+ t) = γ(s)γ(t)

whenever s, t, s+ t ∈ I.

(b) Prove that I = R, and determine the flow of X in terms of γ.



4. [20 pts = 4+12+4 pts] A continuous map F : M → N is called proper if
F−1(K) is compact for every compact subset K ⊂ N . Let F : M → N be a
surjective proper local diffeomorphism, where N is connected.

(a) Prove that every fiber F−1(y) is finite.

(b) Fix y ∈ N and write F−1(y) = {x1, . . . , xk}. Prove that there is an open
neighborhood V of y such that

F−1(V ) = U1 ⊔ · · · ⊔ Uk,

where the Ui are pairwise disjoint open subsets of M and each restriction
F |Ui : Ui → V is a diffeomorphism. Conclude that F is a finite-sheeted
covering map.

(c) Prove that |F−1(y)| is independent of y ∈ N .

Hint. You may use the fact that a proper continuous map between smooth
manifolds is a closed map.

5. [20 pts = 12+8 pts] Let (M, g) be a Riemannian manifold and let f ∈ C∞(M).

(a) Prove that there is a unique smooth vector field gradg f satisfying

g(gradg f, Y ) = df(Y )

for every smooth vector field Y on M . Moreover, if F : (M, g) → (N, h)
is a Riemannian isometry and u ∈ C∞(N), prove that

dFp

󰀃
(gradg(u ◦ F ))p

󰀄
= (gradh u)F (p)

for every p ∈ M .

(b) An integral curve γ : R → M is called periodic if there is a number T > 0
such that γ(t + T ) = γ(t) for every t ∈ R. Prove that every periodic
integral curve of − gradg f is constant.

THE END



Ph.D. Qualifying Exam: Probability Theory
August 2026

Student ID: Name:

Note: Be sure to use English for your answers. In the exam, i.i.d. means “indepen-
dent and identically distributed”.

1. [20 points] Let X1, X2, . . . be i.i.d. random variables with uniform distribution
on [−1, 1]. Define

Yn :=

∑n
i=1Xi√∑n
i=1X

2
i

.

Show that Yn converges in distribution as n → ∞, and identify the limiting
distribution.

2. [20 points] LetX1, X2, . . . be i.i.d. nonnegative random variables with E[X1] =
1 such that P(X1 = 1) = 4

5 . Define

Mn := X1X2 · · ·Xn.

Show that Mn → 0 almost surely as n → ∞.

3. [20 points] Let X and Y be random variables in L2(Ω,F ,P) such that

E[XY ] = 0, E[X2] = E[Y 2] = 1.

Let G be a sub-σ-algebra of F . Prove that

E
[
E[X | G] · E[Y | G]

]
≤ 1

2
.

4. [20 points] Let X1, X2, . . . be i.i.d. L1-random variables with E[X1] = 4. Let τ
be a stopping time (taking values in {1, 2, . . .}) with respect to the canonical
filtration Fn := σ(X1, . . . , Xn), such that E[τ ] = 3. Define

Sn :=

n∑
i=1

Xi.

Compute E[Sτ ].

5. [20 points] Let X1, X2, . . . be i.i.d. symmetric random signs, that is, P(Xi =
1) = P(Xi = −1) = 1

2 . Let α ∈ R, and define

Zn := exp

{
−nα2

2
+ α

n∑
i=1

Xi

}
.

(1) (10 points) Show that (Zn)n≥1 is a supermartingale.

(2) (10 points) Does Zn converge almost surely, as n → ∞? If yes, find the
limit.

THE END



Ph.D. Qualifying Exam: Real Analysis
August 2026

Student ID: Name:

Note: Be sure to use English for your answers.

1. [25 points] Let m denote Lebesgue measure on [0, 1]. Construct a Cantor-
type set as follows. Set E0 = [0, 1]. At stage n ≥ 1, remove from the center of
each of the 2n−1 component intervals of En−1 an open interval of length 4−n,
and denote what remains by En. Let

E :=

∞⋂
n=0

En

and define
F (x) := 2m(E ∩ [0, x]), 0 ≤ x ≤ 1.

Thus F (0) = 0 and, as will follow below, F (1) = 1.

(a) [8 points] Show that E is closed and nowhere dense and that

m(E) =
1

2
.

Prove that F is absolutely continuous. Also show that F is nondecreasing
and is constant on every component interval of [0, 1] \ E.

(b) [10 points] Let µF be the Lebesgue–Stieltjes measure induced by F , so
that

µF ((a, b]) = F (b)− F (a), 0 ≤ a < b ≤ 1.

Prove that

µF (A) = 2m(A ∩ E) for every Borel set A ⊂ [0, 1],

and hence identify the Radon–Nikodym derivative dµF /dm. Then prove
that F is differentiable almost everywhere and that

F ′(x) = 21E(x) for almost every x ∈ (0, 1).

Deduce that, for every 0 ≤ a < b ≤ 1,

F (b)− F (a) =

∫ b

a
F ′(x) dx.

Hint. First verify the claimed identity for half-open intervals (a, b], and
then use the uniqueness theorem for finite measures. After identifying
the Radon–Nikodym derivative, write the difference quotients of F as
averages of 21E and apply the Lebesgue differentiation theorem.
(Caution: Do not cite as a black box the theorem that every absolutely
continuous function is differentiable almost everywhere and satisfies the
Fundamental Theorem of Calculus. Instead, reproduce the relevant steps
of its measure-theoretic proof in this concrete example.)



(c) [7 points] Explain the construction of the usual Cantor–Lebesgue func-
tion and prove that it is not absolutely continuous. Explain precisely why
the Fundamental Theorem of Calculus applies to F above but fails for the
Cantor–Lebesgue function.

2. [18 points] Let (X,M, µ) be a σ-finite measure space, and let ν be a finite
signed measure such that ν ≪ µ. Set g = dν/dµ and define

P0 = {g ≥ 0}, N0 = {g < 0}.

(a) [5 points] Prove that (P0, N0) is a Hahn decomposition for ν.

(b) [6 points] Let (P,N) be any Hahn decomposition for ν. Prove that

µ(P ∩ {g < 0}) = 0, µ(N ∩ {g > 0}) = 0.

Deduce that, modulo null sets, the nonuniqueness of a Hahn decomposi-
tion can occur only on the set {g = 0}.

(c) [7 points] Prove that the Jordan decomposition and the total variation
measure are given by

dν+ = g+ dµ, dν− = g− dµ, d|ν| = |g| dµ.

3. [22 points] Let f ∈ L1(Rd) and suppose that f̂ ∈ L1(Rd), where

f̂(ξ) =

∫
Rd

e−2πix·ξf(x) dx.

Without invoking the general Fourier inversion theorem, prove the following.

(a) [7 points] For t > 0, define

ϕt(x) = t−d/2e−π|x|2/t.

Prove that ϕ̂t(ξ) = e−πt|ξ|2 and derive

(f ∗ ϕt)(x) =

∫
Rd

e−πt|ξ|2 f̂(ξ)e2πix·ξ dξ.

(b) [10 points] Prove that, as t ↓ 0, at every Lebesgue point x of f ,

f(x) =

∫
Rd

f̂(ξ)e2πix·ξ dξ.

Prove also that the function on the right-hand side belongs to C0(Rd).

(c) [5 points] Deduce that if f ∈ L1(Rd) and f̂ = 0, then f = 0 almost
everywhere.



4. [15 points] Let 1 ≤ p < ∞, and suppose that fn ∈ Lp(X,µ) satisfies

fn → f a.e., sup
n
∥fn∥Lp < ∞.

Prove that ∫
X

(
|fn|p − |fn − f |p

)
dµ −→

∫
X
|f |p dµ.

Hint. First show that for every ε > 0 there exists a constant Cp,ε such that,
for all a, b ∈ C,

||a+ b|p − |a|p| ≤ ε|a|p + Cp,ε|b|p.
After setting un = fn − f , subtract |f |p from the inequality in the hint and
isolate the part that is larger than ε|un|p.

5. [20 points] Let 1 ≤ p, q, r ≤ ∞ satisfy

1 +
1

r
=

1

p
+

1

q
.

(a) [12 points] Prove that if f ∈ Lp(Rd) and g ∈ Lq(Rd), then f ∗g ∈ Lr(Rd)
and

∥f ∗ g∥Lr ≤ ∥f∥Lp∥g∥Lq .

Hint. For r < ∞, use the factorization

|f(x− y)g(y)| =
(
|f(x− y)|p|g(y)|q

)1/r
× |f(x− y)|1−p/r|g(y)|1−q/r,

; treat the case r = ∞ separately.

(b) [8 points] Let 1 < p < ∞ and q = p/(p−1). Prove that if f ∈ Lp(Rd) and
g ∈ Lq(Rd), then f ∗g has a bounded uniformly continuous representative
and

lim
|x|→∞

(f ∗ g)(x) = 0.

Thus prove that Lp ∗ Lq ⊂ C0(Rd).

THE END


