
Ph.D. Qualifying Exam: Algebraic Topology I
February 2026

Student ID: Name:

Justify your answers fully. You should state the theorems and the results that you are
using exactly. One can obtain partial points for rough ideas but not the full scores.
Also, one must write in good English and in a well-organized way for better grades.
You must also write the answers in order and not mix up the answers here and there.
If answers are not well organized, we will take points off. Here, when we ask you to
“compute the group”, this means that you have to write down the generators and
relations of the the group. When we ask you to “compute the homomorphism”, you
need to write down the generators and relations of the two groups and finding where
the generators go to under the map. (Total 100 pts.)

1. [70 pts] Let Pxy, Pyz, Pxz denote the xy-plane, yz-plane, and the xz-plane in
R3. Let Z be the union of these planes. Let T denote the surface of revolution
of a circle of radius 1 on the xz-plane with center at (2, 0, 0) about the z-axis.
Let X := T ∪ Z. Let Z2 act on X by sending a point x⃗ to −x⃗. Let ∼ be the
equivalence relation given by x⃗ ∼ ±x⃗ on X. Denote the quotient space of X
by Y . Let P1 denote the image of Pxy, and P2 denote the image of Pxz under
the quotient map.

(a) [5 pts] Show that Y has the structure of a CW-complex.

(b) [10 pts] Compute the fundamental group of Y .

(c) [5 pts] Prove or disprove that there is a retract of Y to T/ ∼.

(d) [10 pts] Compute the homology groups of Y with coefficients in Z of all
dimensions.

(e) [10 pts] Compute the relative homology groups of (Y, P1) with coefficients
in Z of all dimensions.

(f) [10 pts] Compute the relative homology groups of (Y, P2) with coefficients
in Z of all dimensions.

(g) [20 pts] Prove or disprove that there is a self-homeomorphism of Y sending
P1 to P2. (Hint: classify the points of Pi by H∗(Z,Z−{p};Z) for p ∈ Pi.)

2. [30 pts] Let S1 denote a unit circle. Let X3,5 be the quotient space of a cylinder

S1 × I under the identifications (z, 0) ∼ (e2πi/3z, 0) and (z, 1) ∼ (e2πi/5z, 1).

(a) [10 pts] Compute the fundamental group π of X3,5 and determine its
center C and π/C.

(b) [10 pts] Find a finite normal (regular) cover of X3,5 of degree ≥ 3 and
describe the covering map. Describe this space as annuli attached to one
another. (Hint: One needs to specify the basepoints and the correspond-
ing subgroup)



(c) [10 pts] Find a finite non-normal cover of X3,5 of degree ≥ 3 and describe
the covering map. Describe this space as annuli attached to one another.
(Hint: One needs to specify the basepoints and the corresponding sub-
group.)

THE END



Ph.D. Qualifying Exam: Algebraic Topology II
February 2026

Fully support all answers. You should state the theorems and the results that you
are using exactly. One can obtain partial points for rough ideas but not the full
scores. Also, one must write in good English and in a well-organized way for better
grades. You must also write the answers in order and not mix up the answers here
and there. (Total 100 pts)

Every space is a CW complex and H∗(X) is H∗(X;Z) and H∗(X) is H∗(X;Z).

1. (a) [10 pts] Prove or disprove that there exist path-connected topological
spaces X and Y such that π∗(X) ∼= π∗(Y ) but H∗(X) and H∗(Y ) are not
isomorphic.

(b) [10 pts] Prove or disprove that there exist path-connected topological
spaces X and Y such that π∗(X) ∼= π∗(Y ) but X and Y are not homotopy
equivalent.

2. (a) [10 pts] Determine the integral homology and cohomology groups of CP2×
CP2, and describe the integral cohomology ring structure.

(b) [10 pts] Determine the integral homology and cohomology groups of S2×
S2 × S4, and describe the integral cohomology ring structure.

3. (a) [10 pts] Suppose W is a compact, orientable n-dimensional manifold such
that Hi(W ;Q) ∼= Hi(B

n;Q) for all i. Compute the rational homology
groups of ∂W .

(b) [10 pts] Prove or disprove the following statement: A closed, orientable
3-manifold W satisfies Hi(W ;Q) ∼= Hi(S

3;Q) for all i if and only if
H1(W ;Z) is torsion.

4. (a) [10 pts] Prove or disprove that there exists a map RP∞ → CP∞ that is
trivial on homology but nontrivial on cohomology.

(b) [10 pts] Prove or disprove that [X,Sn] ∼= Hn(X) whenX is an n-dimensional
CW complex, where n > 0.

5. (a) [10 pts] Prove or disprove that there exist CW complexes X and Y such
that there is a weak homotopy equivalence X → Y but no weak homotopy
equivalence Y → X.

(b) [10 pts] Prove or disprove that a map f : X → Y between connected n-
dimensional CW complexes is a homotopy equivalence if it induces an
isomorphism on πi for all i ≤ n.

THE END
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Ph.D. Qualifying Exam: Advanced Statistics
February 2026

Student ID: Name:

Note: Be sure to use English for your answers.

1. [50 pts] Let X1, X2, . . . , denote independent and identically distributed Poisson
random variables, with common mean λ. A researcher suspects that the value
of λ is very close to zero and decides on the following sampling scheme: Observe
X1, X2, . . . , XN , where N equals the first n ≤ 1 such that Xn > 0.

The Poisson pmf is given as follows:

p(x;λ) = exp(−λ)λx

x! for x = 0, 1, 2, . . ..

Let X = XN .

(a) [10 pts] Write down the joint probability mass function for the random
variables N and X. Obtain their marginal distributions. Are N and X
independent?

(b) [10 pts] Under the above sampling scheme show that the MLE of λ is

λ̂ = X/N .

(c) [10 pts]Compute E(λ̂). Compute limλ→0
E(λ̂)
λ .

(d) [20 pts] Define a series of constants with b1 = +∞, and for k ≥ 2, bk =
−ln(0.05)

k−1 .

Consider the following upper confidence bound for λ: If N = k, state that
λ ≤ bk.

Show that, for every λ > 0, P (λ ≤ bN ) ≥ 0.95.

You may use the following hint: Given any λ, there exists k such that
bk+1 ≤ λ < bk, then P (λ ≤ bN ) = P (N ≤ k).

2. [30 pts] Consider the model

Yi = 2iβ + ϵi, (i = 1, 2, . . .) where the ei are independent and identically
distributed with distribution function F . Define bn to be an ℓ1 estimator of β,
that is, bn is the minimizer of the function

sn(b) =
∑n

i=1 |Yi − 2ib| with respect to b.

(a) [10 pts] Show that bn = 2−nYn. Hint: Show that sn(b) − sn(bn) ≥ 0 for
all b ̸= bn.

(b) [10 pts] Show that bn → β in probability as n → ∞.

(c) [10 pts] Assume further that the errors, ϵi are symmetrically distributed
about 0 and that, for sufficiently large x,

F (x) ≤ 1− 1
log2(x)

, and for sufficiently large −x,

F (x) ≥ 1
log2(−x) .

Show that, with probability one, bn does not converge to β and n → ∞.



3. [20 pts] Let (X11, X12), . . . , (Xn1, Xn2) be independent and identically dis-
tributed random vectors from a bivariate normal distribution with unknown

mean µ = (µ1, µ2) and covariance matrix Σ =

(
σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
, σ1 > 0,

σ2 > 0, and |ρ| ≤ 1.

For testing H0 : ρ = 0 versus H1 : ρ ̸= 0, where ρ is the correlation coefficient,
show that the test rejecting H0 when |W | > 0 is an LR test, where

W =
∑n

i=1(Xi1−X̄1)(Xi2−X̄2)∑n
i=1(Xi1−X̄1)2+

∑n
i=1(Xi2−X̄2)2

.

Find the distribution of W .

The pdf of the bivariate normal distribution is given as follows:

f(x, y;µ1, µ2, σ1, σ2, ρ) =
1

2πσ1σ2

√
1−ρ2

exp

(
− 1

2(1−ρ2)

[(
x−µ1

σ1

)2
− 2ρ

(
x−µ1

σ1

)(
y−µ2

σ2

)
+
(
y−µ2

σ2

)2
])

for −∞ < x < ∞, and −∞ < y < ∞.

THE END



Ph.D. Qualifying Exam: Algebra I
February 2026

Student ID: Name:

Note: Be sure to use English for your answers.

1. (a) [8 pts] Provide the definitions for the following: (i) a group; (ii) an abelian
group; (iii) a solvable group; and (iv) a nilpotent group. If multiple
equivalent definitions exist, you may provide any one of them, provided
the definition is valid for infinite groups.

(b) [12 pts] State all logical implications between the four types of groups
listed above (no proofs required). For each consecutive implication in the
hierarchy, provide a counterexample to demonstrate that the converse is
false. Briefly justify your counterexamples using standard theorems from
the coursework.

2. (a) [10 pts] Provide the definitions for the following: (i) a ring with unity;
(ii) a commutative ring with unity; (iii) an integral domain; (iv) a left
(respectively, right) ideal; (v) prime and maximal ideals of a commutative
ring with unity; and (vi) a PID. If multiple equivalent definitions exist,
you may provide any one of them.

(b) [5 pts] State all logical implications among (i), (ii), (iii) and (vi) (no
proofs required). For each consecutive implication in the hierarchy, pro-
vide a counterexample to demonstrate that the converse is false (with a
brief justification).

3. (a) [8 pts] Let R be a commutative ring with 1. Given R-modules M and N ,
state the universal property of the tensor product R-module M ⊗R N .

(b) [7 pts] Let R be an integral domain with fraction field K. For any R-
module M , show that the map

M → M ⊗R K,

sending m ∈ M to m⊗ 1 ∈ M ⊗R K, is well defined, and its kernel is the
maximal torsion submodule.

4. Let V be a finite-dimensional vector space over an arbitrary (possibly infinite)
field k. A bijective map f : V → V is called an affine transformation over k
if there exists a vector v0 ∈ V such that the map v 7→ f(v) − v0 is a k-linear
automorphism of V . Let Affk(V ) denote the set of all affine transformations
of V over k.

(a) [3 pts] Show that Affk(V ) is a subgroup of SV , the group of all permuta-
tions of the set V .

(b) [12 pts] Express Affk(V ) as an explicit semidirect product that involves
the underlying additive group of V and the group of k-linear automor-
phisms. In your response, make sure to verify that both are indeed
subgroups of Affk(V ). In the semidirect product expression Affk(V ) =
H ⋉φ N , make sure to specify the homomorphism φ : H → Aut(N).



5. [10 pts] Let φ : Zn → Zn be a group homomorphism, and let Aφ ∈ Mn(Z) be
its matrix representation with respect to the standard basis.

Show that we have [Zn : φ(Zn)] = |det(Aφ)| if det(Aφ) ̸= 0, and the index
[Zn : φ(Zn)] is infinite otherwise.

6. Let GLn(k) denote the group of n×n invertible matrices over an arbitrary field
k, which is allowed to be infinite unless stated otherwise. Given γ ∈ GLn(k),
let Mγ denote the k[T ]-module whose underlying k-vector space is kn and the
scalar multiplication by T is given by the matrix multiplication by γ.

(a) [12 pts] Show that two elements γ, γ′ ∈ GLn(k) are conjugate if and only
if we have a k[T ]-module isomorphism Mγ

∼= Mγ′ . Furthermore, show
that the centralizer of γ in GLn(k) is naturally isomorphic to the group
of k[T ]-module automorphisms of Mγ .

(b) [8 pts] An element γ ∈ GLn(k) is called regular (resp. unipotent) if Mγ is
a cyclic k[T ]-module (resp. if γ − 1 is a nilpotent matrix). If k is a finite
field with q elements, count the number of regular unipotent matrices in
GLn(k). Are they all conjugate to each other?

(c) [5 pts] If k is a finite field of characteristic p, show that g ∈ GLn(k) is
unipotent if and only if the order of g is pr for some non-negative integer r.
Finally, deduce that a subgroup U ≤ GLn(k) is a Sylow p-subgroup if and
only if U is maximal among subgroups consisting of unipotent matrices.

THE END



Ph.D. Qualifying Exam: Algebra II
February 2026

Student ID: Name:

Note: Be sure to use English for your answers.

1. Consider the polynomial f(x) = x31 − 35 ∈ Q[x].

(a) [10 pts] Let L be the splitting field of f(x) over Q. Determine the Galois
group Gal(L/Q) up to isomorphism.

(b) [10 pts] Let p = 61 and let f̄(x) ∈ Fp[x] be the reduction of f(x) modulo
p. Let E be the splitting field of f̄(x) over Fp. Determine Gal(E/Fp).

2. Let R be a commutative ring with unity, let S ⊂ R be a multiplicative subset
with 0 /∈ S, and let M be a finitely generated R-module. Let f : M → M be an
R-linear map. Denote by S−1f : S−1M −→ S−1M the induced S−1R-linear

map defined by (S−1f)(ms ) =
f(m)
s (m ∈ M, s ∈ S).

(a) [10 pts] Assume that there exists an integer n ≥ 1 such that (S−1f)n = 0.
Show that there exists s ∈ S such that sf n = 0.

(b) [10 pts] Let N ⊂ M be a submodule. Assume that S−1N = S−1M . Show
that there exists s ∈ S such that sM ⊂ N .

3. Let A ⊂ B be an integral extension of nonzero commutative rings with unity,
and let q1 ⊆ q2 be prime ideals of B such that q1 ∩A = q2 ∩A =: p.

(a) [15 pts] Assume that A is an integral domain and p = (0). Prove that
q1 = q2.

(b) [5 pts] Prove that q1 = q2 in general, without assuming that A is a domain.

4. Let K be a field and let L/K be a finite field extension.

(a) [10 pts] Assume that L/K is separable. Show that for every field extension
E/K, the E-algebra L⊗K E has no nonzero nilpotent element.

(b) [10 pts] Assume char(K) = p > 0. Give an explicit example of a fi-
nite purely inseparable extension L/K such that L ⊗K L has a nonzero
nilpotent element.

5. Assume char(k) = 0 and that k contains a primitive n-th root of unity, where
n ≥ 3. Let t be an indeterminate over k, and set

K := k(t), s := tn + t−n ∈ K, L := k(s) ⊂ K.

Consider the polynomial f(x) = x2n − sxn + 1 ∈ L[x].

(a) [10 pts] Determine whether f(x) is solvable by radicals over L.

(b) [10 pts] Assume now that n is odd. Find all intermediate fields F with
L ⊆ F ⊆ K such that the extension F/L is Galois.

THE END



Ph.D. Qualifying Exam: Complex Analysis
February 2026

Student ID: Name:

Note: Be sure to use English for your answers.

Notation: D = {z ∈ C : |z| < 1}.

1. [15 pts] Using complex contour integration, evaluate the integral
∫∞
−∞

sin2 x
x2 dx.

Here,
∫∞
−∞ = limϵ→0+

(∫ −ϵ
−∞+

∫∞
ϵ

)
.

2. Suppose f is meromorphic in an open set containing D. Assume that f has
no zeros and no poles on ∂D, and that f(0) ̸= 0 and f has no pole at 0.
Let a1, . . . , aN be the zeros of f in D with multiplicities n1, . . . , nN , and let
b1, . . . , bM be the poles of f in D with orders m1, . . . ,mM . Let the unit circle
C = ∂D be positively oriented.

(a) [10 pts] For an integer k ≥ 0, evaluate

1

2πi

∫
C

f ′(z)

f(z)
zk dz.

(b) [10 pts] Evaluate
1

2πi

∫
C

f ′(z)

f(z)
z dz.

3. [20 pts] Set f̂(ξ) =
∫∞
−∞ f(x)e−2πixξ dx, ξ ∈ R. Prove the Poisson summation

formula ∑
n∈Z

f(n) =
∑
n∈Z

f̂(n)

using complex contour integration. Clearly state the assumptions on f .

4. [15 pts] Show that the equation ez = z has infinitely many solutions in C.

5. Let f : D → D be holomorphic. You may consider the Schwarz Lemma.

(a) [8 pts] Assume f has two distinct fixed points in D. Prove that f(z) ≡ z.

(b) [7 pts] Prove that for all z1, z2 ∈ D,∣∣∣∣∣ f(z1)− f(z2)

1− f(z2)f(z1)

∣∣∣∣∣ ≤
∣∣∣∣ z1 − z2
1− z2 z1

∣∣∣∣ .
6. (a) [8 pts] Prove the uniqueness in the Riemann mapping theorem.

(b) [7 pts] Construct a conformal map f : H → D such that f(2i) = 0 and
f ′(2i) > 0. Here, H denotes the upper half-plane.

THE END



Ph.D. Qualifying Exam: Differential Geometry
February 2026

Student ID: Name:

Note: Be sure to use English for your answers. Unless otherwise stated, all smooth
manifolds are without boundary.

1. [20 pts] Let M be a smooth n-dimemsional manifold, and let Ω be a relatively
compact open set in M with smooth boundary, where the (n− 1)-dimensional
area of ∂Ω equals 2. Let div(X) denote the divergence of a vector field X.
Does there exist a smooth vector field X on M such that

󰁕
Ω div(X) dV = 1

and such that the restriction of X to ∂Ω agrees with the outward unit normal
field of ∂Ω? If so, give a specific example of such an (M,Ω, X); otherwise prove
that such an X does not exist.

2. [20 pts] For a smooth manifold M , let Diff(M) denote the collection of all
diffeomorphisms of M onto itself, which has a natural group structure with
group operation given by composition.

(a) [10 pts] A group G is called finitely generated if there exists a finite subset
S ⊂ G such that every element of G can be written as a finite product of
elements of S and their inverses. Does there exist a smooth manifold M
of positive dimension such that Diff(M) is finitely generated? If so, give
an example. If not, prove that no such M exists.

(b) [10 pts] Let M,N be smooth manifolds of positive dimension. Con-
sider the natural map Φ : Diff(M) × Diff(N) → Diff(M × N) given by
Φ(f, g)(m,n) = (f(m), g(n)). Show that Φ is never surjective.

3. [20 pts] Let f : M → N be a smooth map between smooth manifolds without
boundary. For m = dim(M), n = dim(N), and 0 ≤ r ≤ min{m,n}, define the
set Cr by

Cr(f) := {x ∈ M : rank(dfx) ≤ r}.
Set Vr(f) = f(Cr(f)) ⊂ N . Prove that for each r, the set Vr(f) has measure
zero in N whenever m < n.

4. [20 pts] Let M = {(x, y) ∈ R2 : y > 0} be the open upper half-plane. Consider
the smooth vector field

X = y2
∂

∂y
+ y

∂

∂x
.

For each initial point (x0, y0) ∈ M , let γ(x0,y0)(t) = (x(t), y(t)) be the maximal
integral curve of X with γ(0) = (x0, y0). For each (x0, y0) ∈ M , determine the
maximal time interval I(x0,y0) on which γ(x0,y0) exists and remains in M .

5. [20 pts] Let M be a smooth connected manifold and g0 a fixed smooth Rie-
mannian metric, and let d0 be its associated distance function.

(a) [10 pts] Prove that there exists a smooth function φ : M → [0,∞) which
is proper (i.e. φ−1([0, a]) is compact for all a).



(b) [10 pts] For k ∈ N set Kk = φ−1([0, k]) and Uk = int(Kk+1). Let λ : M →
(0,∞) be a smooth function with the property that for each k,

λ ≥ k2 on M \ Uk.

Define the Riemannian metric g by g = λg0 and let d be the induced
distance function. Prove that the metric space (M,d) is complete.

THE END



Ph.D. Qualifying Exam: Probability Theory
February 2026

Student ID: Name:

Note: Be sure to use English for your answers.

1. Let X be a real-valued random variable.

(a) [10 pts] Prove the following formula: for any p > 0,

E
[
|X|p

]
= p

∫ ∞

0
xp−1 P (|X| > x) dx.

(b) [10 pts] Assume there exists t0 > 0 such that the moment generating
function

M(t) := E[etX ]

is finite for all t ∈ (−t0, t0). Show that for every p ≥ 1,

E[|X|p] < ∞.

2. Let X1, X2, . . . be i.i.d. real-valued random variables with E|X1| < ∞. Set

Sn :=
n∑

k=1

Xk, µ := E[X1].

(a) [5 pts] Let (bn) be any (deterministic) sequence with bn
n→∞−−−→ ∞. Define

Y
(n)
k := Xk 1{|Xk|≤bn}, 1 ≤ k ≤ n.

Prove that
1

n

n∑
k=1

(
Xk − Y

(n)
k

) n→∞−−−→ 0 in L1.

(b) [15 pts] Prove the law of large numbers in L1:

Sn

n

n→∞−−−→ µ in L1.

(Hint: use part (a) with the choice bn =
√
n.)

3. Let X1, . . . , Xn be i.i.d. N(0, σ2) with n ≥ 2. Define

Sn :=
n∑

k=1

Xk, X̄ :=
Sn

n
, R := (X1 − X̄, . . . , Xn − X̄).



(a) [8 pts] Show that X̄ is independent of the vector R.

(b) [12 pts] Compute E[X1X2 | Sn] and E[X2
1 | Sn] explicitly as functions of

Sn.

4. Let (ξn)n≥1 be i.i.d. with P (ξ1 = 1) = p and P (ξ1 = −1) = q = 1 − p, where
p ∈ (0, 1) and p ̸= 1/2. Define S0 = 0 and Sn =

∑n
k=1 ξk. Fix integers a, b ≥ 1,

and define the stopping time

τ := inf{n ≥ 0 : Sn ∈ {−a, b}}.

(a) [6 pts] Find a positive number r (in terms of p and q), r ̸= 1, such that
Mn := rSn is a martingale.

(b) [14 pts] Compute P (Sτ = b).

5. Let (Mn,Fn)n≥0 be a nonnegative martingale with M0 = 1. For a > 1, define

τa := inf{n ≥ 0 : Mn ≥ a}.

(a) [6 pts] Prove

P
(
sup
n≥0

Mn ≥ a
)
≤ 1

a
.

(b) [14 pts] Assume additionally that Mn
n→∞−−−→ M∞ almost surely. Prove

P
(
sup
n≥0

Mn ≥ a
)
≤ E[M∞]

a
.

THE END



Ph.D. Qualifying Exam: Real Analysis
February 2026

Student ID: Name:

Note: Be sure to use English for your answers.

1. [15 pts] For a topological space X, BX is the smallest σ−algebra containing
open sets in X. Prove that BRn = ⊗n

1BR.

2. (a) [10 pts] Prove that the Fourier series f̂(k) =
∫ 1
0 e−2πikxf(x)dx is an isom-

etry from L2([0, 1]) to ℓ2(Z).
(b) [10 pts] Prove or disprove that the Fourier transform f̂(y) =

∫
R e−2πixyf(x)dx

on L1(R) is not surjective to c0(R).
(c) [5 pts] Prove or disprove that the Fourier series is not surjective from

L∞([0, 1]) to ℓ∞(Z).

3. [15 pts] Let f ∈ L1([0, 1]). Construct a family {fn} ⊂ C∞
c ((0, 1)) such that

limn→∞
∫ 1
0 |f − fn|dm = 0.

4. [15 pts] Prove or disprove that a continuous function f on (0, 1) is a constant
if f ′(x) = 0 a.e. on (0, 1).

5. [15 pts] Let 1 < p, q < ∞ and q/p + 1/q = 1. For any f ∈ Lq(Rn), we define
a map L : Lp → R by L(g) =

∫
Rn fgdm. Prove that L ∈ (Lp(Rn))∗ and the

operator norm L is given by ∥f∥q.

6. [15 pts] Let f be a C2 function on R and f(x) = f(x+1) for any x ∈ R. Prove
that

∑m
k=−m f̂(k)e2πikx converges uniformly to f on R as m → ∞, where

f̂(k) =
∫ 1
0 e−2πikxf(x)dx.

THE END

1
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정승혜
텍스트에 대한 주석
수정


