Ph.D. Qualifying Exam: Algebra I
August 2025

Student ID: Name:

Note: Be sure to use English for your answers.

1. [15 pts] Let G be a finite group and H be a normal subgroup of G whose order
is divisible by a prime p. Let P be a Sylow p-subgroup of H. Prove that

G = NG(P) H,
where Ng(P) denotes the normalizer of P in G.

2. [25 pts] For a group G, we call a subgroup M of G maximal, if M < G and
there is no subgroup H of G such that M < H < G.

(a) [10 pts] Prove that if ®(G) is the intersection of all maximal subgroups
of G, then ®(G) is characteristic in G.

(b) [15 pts] Prove or disprove: If G be a finite non-trivial group in which every
maximal subgroup is normal, then every Sylow subgroup of G is normal.

3. [10 pts] Find a free group F' and a normal subgroup N of F' such that
F/N =7 x Z/2Z,
and justify your answer.
4. [10 pts] Compute and simplify Q @z Q.

5. [15 pts] Let Grp be the category of groups with group homomorphisms. Show
that for any two groups G and H, their coproduct exists in Grp.

6. [25 pts] Let G = S3 and H = ((1 2)) < G. Let o be the trivial 1-dimensional
representation of H over C.

(a) [10 pts] Determine the character table of the induced representation Ind% (o).

(b) [1f5Spts] Decompose Ind% (o) into a product of irreducible representations
O 3.

THE END



Ph.D. Qualifying Exam: Numerical Analysis
August 2025

Student ID: Name:

Note: Be sure to use English for your answers.

1. Let f: R™ — R be a nonlinear smooth function. To determine a (local) mini-
mum of f one can use a descent method of the form

Tht1 = Tk + agdy,

where 0 < ay, < 1 is a suitable parameter obtained by backtracking and dj is
a descent direction, i.e., it satisfies

f(@rs1) < flzg)- (1)

(a) [6 pts] Write the steepest descent (or gradient) method and show that
there exists 0 < oy < 1 such that the resulting method satisfies (1).

(b) [7 pts] Write the Newton’s method and examine whether or not there
exists ay which yields (1). Establish conditions on the Hessian H(f(x))
of f(x) which guarantee the existence of aj. (Hint: Consider the lower
bound of the scalar product of the unit search direction and the normal-
ized Vf(xr).)

(c) [7 pts] If we replace the Hessian by the matrix H(f(z)) + I, where
v, = 0 and I is the identity matrix, we obtain a quasi-Newton method.
Find a condition on 7 which leads to (1).

2. We consider in this problem cubic splines.

(a) [6 pts] Determine how many extra end conditions are needed to determine
a cubic spline uniquely.

(b) [8 pts] Describe B-spline.
(c) [6 pts] The cubic spline that transitions the fastest from identically one
to identically zero on a unit-spaced grid looks graphically as follows:
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Determine the exact function values for this spline at the two internal
node points (located at x =1 and = = 2).



3. [4 pts each] Let f: R — R be a smooth function, and let h > 0 be a step size.

(a) By expanding Taylor series for f(z — h) and f(z + h), or otherwise, find
coefficients «, 5,7 € R such that

(b) Calculate a Taylor series for f(z—h)+ f(x+h) up to and including terms
proportional to h°.

(¢) Calculate a Taylor series for —f'(x — h) + f'(x + h) up to and including
terms proportional to h*.

(d) Define
af(e —h) +bf(z) +af(e+h)  r(=f(x—h)+f(z+h)

D2f(:z) = 02 + N

Using your results from (b) and (c), or otherwise, find coefficients a, b, r €
R such that f”(x) — D?f(z) = O(h*).

(e) For the coefficients a, b, and r from part (d), find an example function
where f”(x) — D?f(z) is not O(h%).

4. [4 pts each] Let z,y € C", so that they are n-dimensional vectors with complex
components.

(a) Suppose E = zy™. Prove that ||El2 = ||z||2/|y]|2-

(b) Let A € C™™" be an invertible matrix. Let x € C" be a specific choice of
unit vector so that ||[A~1z||s = ||A~!||2. Define the vector y such that

Ay
Y= a1
A=
and put
_ =y
A= 2"
i. What is || E||27
ii. Show that A + FE is singular.
(c) Consider the scalar d5(A) = min{||E||2 : A + E is singular}. This is the
Euclidean norm distance of A to singularity.
i. Derive an upper bound for the relative distance to singularity d5(A)/|| All2
in terms of the 2-norm condition number of A.
ii. How can we interpret the result of part (i)? In other words, what
does this result say about the smallest Euclidean norm distance of A
to a singular matrix in the absolute sense?



5. We wish to numerically solve the initial value problem for a first order ODE
y'(t) = f(t,y),y(0) = yo. Consider the family of single-step methods

Yn+1 = Yn + At(@f(tn, yn) + (1 - e)f(tn-‘rla yn-‘rl))
for a parameter 6 € [0, 1]. This is sometimes known as the family of § methods.

(a) [7 pts] Determine for which values of 6 these methods are consistent. For
the values of 6 where the method is consistent, determine the order of the
method.

(b) [7 pts] Derive an equation for the region of absolute stability Ry that lies
in the complex plane C. For all values of 6 € [0, 1], describe geometrically
the region of absolute stability.

(c) [6 pts] Determine for which values of 6 these methods are explicit or
implicit. In the case of 8 where the method is implicit, explain what
method (and what inputs or parameters) you would use to compute the
next timestep and why.

THE END



Ph.D. Qualifying Exam: Algebraic Topology 1
August 2025

Student ID: Name:

Note: Be sure to use English for your answers. You may use major theorems proved
in class, but state them clearly.

1. [25 pts]

Let T = S! x S! be the torus, and let K be the Klein bottle. Let Cr C T be
the circle defined by S' x {x} for some point 2o € S!. Let Cx C K be an
orientation-preserving circle that does not separate the Klein bottle. Let X be
the space obtained by gluing 7" to K via a homeomorphism f : Cr — Ck.

(a) [b pts] State the fundamental groups 71 (T") and m (K) with their standard
presentations. Identify the elements in these groups corresponding to the
loops Cr and Ck.

(b) [15 pts] Use the Seifert-van Kampen theorem to find a presentation (gen-
erators and relations) for the fundamental group m(X).

(c) [5 pts] Is m1(X) abelian? Compute its abelianization. (The abelianization
of a group G is G/|G, G|, which is isomorphic to Hi(X;Z)).

2. [30 pts]
Let X = S' Vv S! be the wedge of two circles. Its fundamental group is the free

group on two generators, 71 (X, zg) = Fy = (a, b).

(a) [10 pts] Classify all connected 2-sheeted covering spaces of X up to iso-
morphism. For each, give the corresponding subgroup of F, and draw a
picture of the covering space.

(b) [15 pts] Classify all connected 3-sheeted covering spaces of X up to iso-
morphism by describing the corresponding subgroups of F5.

(c) [5 pts] Which of the coverings from part (a) are regular (normal)? Justify
your answer.
3. [25 pts]

Let M be a Mébius strip and let T? = S' x S be a torus. Let X be the space
formed by attaching M to T? via a homeomorphism from the boundary circle
of M to the circle St x {zo} in T2,

(a) [5 pts] Describe a CW structure on X.



(b) [10 pts] Using this CW structure, write down the cellular chain complex
for X and compute the boundary maps.

(¢) [10 pts] Compute the singular homology groups H,(X;Z) for all n > 0.
4. [20 pts]
Let X be the space from Problem 3.
(a) [10 pts] Compute the fundamental group 1 (X).

(b) [5 pts] Is X homotopy equivalent to the sphere S?? Justify your answer.

(c) [5 pts] Is X homotopy equivalent to the space Y = S' v S' v §2? Justify
your answer.

THE END



Ph.D. Qualifying Exam: Advanced Statistics
August 2025

Student ID: Name:

Note: Be sure to use English for your answers.

1. [30 pts] Let (H;);ez be i.i.d. random variables drawn from A (i, 1) where p € R
is unknown. The statistician does not observe H;, but observes

o0
; H;, H,;_ H;_
Xim 3oy = g R B2

j=0
fori =1,...,n. It is not hard to see that E(X;) = pu.

(a) [10 pts] Write the joint distribution of X = (Xi,...,X,) in the form of
exponential family. You can simplify your answer as much as possible
(you can ignore the constant terms).

Hint: You may start with a relation 2X; = X;_1 + H; fori > 2.
(b) [5 pts] Find a UMVU estimator for p based on X.

(c) [5 pts] Does the UMVU estimator of p you found in part (b) achieve the
Cramer-Rao lower bound (CRLB)?

(d) [30 pts] Find an estimator of p under squared error loss based on X that
is admissible.

2. [30 pts] Let (X1,Y1),...,(Xn,Yn) be ii.d. random vectors. Suppose that both
X, and Y; are binary with distributions

1
P(Xp=1) =7, PYi=1|X;=1)=e% PYi=1|X1=0)=e",
where 0 > 0 is unknown and a > 0 and b > 0 are known constants.

(a) [10 pts] Suppose that (X;,Y;),i = 1,...,n, are observed. Derive the
expression of the log-likelihood function.

(b) [5 pts] Show that the MLE (maximum likelihood estimator) of 6 exists
and is unique.

(c¢) [5 pts] Derive the asymptotic distribution of the MLE you found in part
().

(d) [10 pts] Assume b = 0. Suppose that only Y7,...,Y, are observed. Find
the MLE of 6 and its asymptotic distribution.

3. [20 pts] Consider X1, Xa,... s Bernoulli(7). Recall that the Beta distribu-
tion with parameters o > 0 and 8 > 0 has the following density:

I'a+p) a1

Beta(m @, ) = 75708

(1—m)P71,  for 7 € (0,1).



(a) [10 pts] If the prior distribution for 7 is ™ ~ Beta(c, 3), derive the poste-
rior distribution for 7 given Xy, ..., X,;. Show that the predictive distri-
bution X, 41 | X1,..., X, is Bernoulli((a + >~ | X;)/(a+ B+ n)).

(b) [10 pts] Now assume that the prior distribution for 7 is instead a mixture
of Beta distributions, with prior density

k
p(m | w,a, B) = ij - Beta(m; a4, 5), (1)

j=1

where wy + - - - + wy, = 1 are the mixing weights. Show that the posterior

distribution for 7w given Xi,...,X,, is also a mixture of Beta distribu-
tions. Give expressions for the (posterior) mixing weights and (posterior)
hyperparameters.

4. [20 pts] Suppose you are modeling count data from m groups. For each group
t=1,...,m, you observe a count Y;, and model:

Y; | A\i ~ Poisson(\;), Ai | o, B ~ Gamma(a, )

Assume a > 0, 8 > 0 are known constants. The densities of the distributions
are given below:

e Poisson: R
Ne™
Pl === y=012. ..

o Gamma:

B La—1_-pa
A) = —\¢ A .

(a) [10 pts] Compute the posterior mean for \; and compare it to the MLE
of \;. Briefly explain the nature of the shrinkage.

(b) [10 pts] Suppose you observe Y7, ..., Y,,. Define the average of the poste-
rior means:

~ 1 &
)\Bayes = E ZE[)W ‘ Y;]
=1

Compare this to the empirical average Y. In what situations would /):Bayes
be noticeably different from Y7 Provide an interpretation in the context
of modeling variability across groups.

THE END



Ph.D. Qualifying Exam: Real Analysis
August 2025

Student ID: Name:

Note: Be sure to use English for your answers.
In Problems 1-3, we use the Lesbesgue measure.

1. [15 pts] Let { .} be a sequence of easurable functions on [0, 1] with |f,(x)| < co
for almost every x. Show that there exists a sequence ¢, of positive real
numbers such that

Inl®) g
Cn

for almost every .

2. [15 pts] Suppose that f € L'(R?) and define for k € R?
fk)= | fl@)e ™ da.
R4

Prove that f(k) — 0 as |k| — oo.
3. Suppose that we use a topology induced by the L'-norm on [0, 1].

(a) [10 pts] Show that every sequence {f;} € L'([0,1]) that converges to f has
a subsequence {f, } such that fi () — f(x) for almost every = € [0, 1].

(b) [10 pts] Show that the set S, = {f € L*([0,1]) : / |f]? < n} is closed
[0,1]

forn=1,2,---.

4. Let H be a separable Hilbert space with an orthonormal basis {¢5}72 ;. Con-
sider the operator 71" defined by

1
T(@k) = %50k+1~

(a) [10 pts] Prove that T" has no eigenvectors.
(b) [10 pts] Prove that T" is compact.

5. [15 pts] Let C,(R™) be a space of bounded continuous functions on R™. Prove
that Cy(R™) is a Banach space when equipped with the sup-norm.

6. [15 pts] Let (S,u) be a measure space and 1 < p < co. Prove that for all
p-measurable functions f, g,

1F + gllp < 171l + llgllp,

where || - || denotes the LP-norm on S with respect to the measure p.

THE END



Ph.D. Qualifying Exam: Differential Geometry

August 2025
Student ID: Name:

Note: Be sure use English for your answers.

1.

(20pts) Let M be a compact smooth n-manifold, n > 1. Assume M is covered by
regular coordinate balls { By, ..., B, }, where B; C B! with ¢; : B/ — R" is a smooth
coordinate map and ¢; restricted to B, is diffeomorphism from B; to a closed ball
in R”. Let p; be a smooth bump function that is equal to 1 on B; and supported in
B!. Define a map F : M — R"™+™ by

F(p) = (p1(p)p1(D);s s pm (D)o (D), p1(D); s P (D))

Show that F' a smooth map and it is also an injective and immersion. Conclude that
it is a smooth embedding.
(20pts = 5pts+10pts+5 pts) Let X, Y be vector field in R3 given by
0 0] 0 0 0
= I — 0= 1+ h— il

ox oy 0z
where a,b,c € R are constants.
(a) Compute the Lie bracket [X,Y].
(b) Describe the flows s of X and t; of Y.
(¢) For what values of a,b and ¢ do ¢4 0 ¥y = 11 0 g for all s,t € R?

(20pts=15pts+5pts) Let (M, g) be a compact Riemannian manifold. If v : [a,b] — M
is a piece-wise smooth curve segment, the length of v is

b
£y(7) =/ 1V (1) dt,

where |7/(t)], is the length of 4/(t) with respect to the metric g.

X(z,y,2) =

(a) Let (M,g) be another Riemannian manifold. Suppose F' : M — M is a local
Riemannian isometry, i.e., for each point p € M, there exists a neighborhood U
such that F|y : U — F(U) is a diffeomorphism and g = F*g on U. Show that
l5(F o) = £4(v) for every piece-wise smooth curve y in M.

(b) If p,q € M, we denote I'(p, ¢) the set of all piece-wise smooth curve segment ~y
from p to ¢. Define

dg(p,q) = nf{ly(7) : v € T(p, @) }-
Show that dy(p,r) < dg(p,q) + dy(g,r) for p,q,r € M.

. (10pts) Let M be a smooth n-manifold, n > 1. Assume M is covered by two smooth

coordinates charts (Uy, 1) and (Us, ¢2) such that Uy N Us is connected. Prove or
disprove that M is orientable.

. (15pts) Let w = xdy — ydx + dz be 1-form in R3 with coordinate (z,y, z). Show that

fw is not closed for any nowhere zero function f : R3 — R.

. pts=5dpts+10pts) Let (x,y, z) be the standard coordinate on and let C
15 5 10 L be th dard di R3 and let S? C R?

be the unit 2-sphere.
(a) Find explicitly a smooth 2-form  on S? which is no-where zero.
(b) Determine all non-negative integer k such that for w = 2* Q2 is an exact 2-form
on S2.
THE END



Ph.D. Qualifying Exam: Complex Analysis
August 2025

Student ID: Name:

Note: Be sure to use English for your answers.

1. [15 pts] Let a power series f = > >, a,2z™ be uniformly convergent on any

compact subset of C. Let C be a closed curve in C. Prove that [, f(z)dz = 0.

2. (a) [10 pts] Find all entire functions f such that f is an entire function

(b) [10 pts] Find all continuous functions f : C — C such that f2 is an entire
function and limsupy,|_, 1£(2)]/]2]* < o0.

3. [15 pts] Let f = w + v be an entire function. Prove that

det <um ug””) = det <vmj ny> <0.
Uyz Uyy Uye  Vyy)

4. [15 pts] Show that a polynomial f(z) = 27+32°+23+1 has no zero in D(0;2/3),

five zeros in D(0,1) \ D(0,2/3) and two zeros in D(0,2) \ D(0,1)

5. [15 pts] Evaluate the integral [~ <5% dy.

—oo 14z4
6. [20 pts]

Let F be the class of analytic injective map from D(0;1) to D(0, 1). Show that
(1) for any f € F, |f/(0)] <1; (2) for any f € F with |f'(0)| = 1, it holds that
f(0) =0 and f is onto.

THE END



Ph.D. Qualifying Exam: Algebraic Topology 2
August 2025
Student ID: Name:

Note: Be sure to use English for your answers. Justify your answers fully. You should
specify exactly the theorems and results that you are using. One can obtain partial
points for rough ideas, but not full scores. If the answers are not well organized, we
will drop points. Here, when we ask you to “compute the group”, this means that
you have to write down the generators and relations of the group. When we ask you
to “compute the homomorphism”, you need to write down the generators of the two
groups and find where the generators go under the map. (Total 100 pts.)

In the following S™ is the standard sphere of dimension n,n > 0. Let X be the
space S x S™. Let ¢ : X — X given by (z,y) — (—x,—y). We define as follows:
Y := X/ ~ where ~ is defined as the equivalence relation generated by = ~ ¢(x),
7 = 8™ x 8™ A, := the diagonal set in X, A, := the diagonal set in Z.

1. [40 pts] Assume n > 2.

(a) [5 pts.] Show that Y is a fiber bundle over RP™ induced by a projection
to the first factor. Describe the fibers.

(b) [10 pts.] Write a long exact sequence of homotopy groups of Y and RP™.
Compute the higher homotopy groups of Y of all dimensions from 0 to
n—1.

(c) [25 pts.] Assume n = 3. Compute the homology groups and cohomology
ring of Y with coefficients in Zs, and R. (Hint: 10 points for homology,10
points for cohomology, and 5 points for the ring structure.)

2. [20 pts] Assume m > n > 2. We consider X as a subspace of Z with the
inclusion map induced by the inclusion map S — S™.

(a) [5 pts.] Verify that A, C A, C Z. Describe the Poincare-Alexander-
Lefschetz duality for any Abelian group G with respect to (A,,, A,) and
(Z —Ap, Z — Ay).

(b) [10 pts.] Compute the cohomology ring structure of H*(A,,, Ay; Z) for
all integers ¢. This means that you need to find generators and relations
of the ring structure.

(c¢) [5 pts.] Compute the homology groups of H;(Z — A, Z — A,; Z) for all
integers 1.

3. [40 pts] Assume n,m,l > 2 . Let Oy denote the origin of R¥. Consider
RS with R x Om+1 X041, Opgq X Rt x O141, Opg1 X Oppgq X R!*!
embedded in it. Let S*™™**2 denote the unit sphere with S, 8™, 8! the unit
spheres in the above subspaces, respectively.

(a) [20 pts.] Compute the cohomology ring of S*Tm++2 _gn _ gm,
(b) [20 pts.] Compute the cohomology ring homomorphism induced by the
inclusion map St — Sntmti+2 _gn _ gm

THE END



Ph.D. Qualifying Exam: Algebra II
August 2025

Student ID: Name:

Note: Be sure to use English for your answers.
1. Let R = E[[t]] be the ring of formal power series in ¢ over a field k.

(a) [10 pts] Prove that R is a discrete valuation ring with the maximal ideal
given by I = (t) C R.

(b) [10 pts] Let M be a finitely generated R-module. Prove that the following
statements are equivalent:
(a) M is a free R-module.
(b) M is a projective R-module.
(¢c) M is a flat R-module.
(d) M is a torsion-free R-module.

2. Let F be a finite field.

(a) [10 pts] Prove that there exists a prime number p > 0 and an integer
n > 1 such that the cardinality |F| is p".

(b) [10 pts] Prove that the multiplicative group F'* of the nonzero elements
of F'is a cyclic group.

3. For each of the following statements, if it is true, prove it, and otherwise, give
a counterexample.

(a) [10 pts] Let F' = Q. Then for each integer n > 1, there exists an irreducible
polynomial f(z) € Q[z] of degree n.

(b) [10 pts] Let F' = F,, be the finite field of the cardinality p for a prime
p > 0. Then for each integer n > 1, there exists an irreducible polynomial
f(z) € Fplx] of degree n.

4. Consider the field F'(x) of rational functions for a variable x over a field F'.

(a) [10 pts] Let y € F(x). Prove that y is transcendental over F if and only
if F(x) is an algebraic extension over F(y).

(b) [10 pts] Give a concrete example of F and y € F(z) such that F(z) is

an inseparable algebraic extension over F'(y). You should justify your
answer.

5. (a) [10 pts] Give an irreducible polynomial f(z) € Q[z] of degree 3 such
that Q[z]/(f(z)) is an algebraic extension over QQ, which is not a Galois
extension.

(b) [10 pts] Let Q C E1, E» be two finite Galois extensions such that Gal(E;/Q) ~
Gal(E2/Q). Is it true that E; ~ Ey as fields? Either prove it or give a
counterexample.

THE END



Ph.D. Qualifying Exam: Probability Theory
August 2025
Student ID: Name:

1. (10 points) Show that for any two positive random variables X and Y
with neither a constant multiple of the other,

o] 2ff] 1

2. (15 points) Let X be a (real-valued) random variable, and M (t) := E[e*X]
be the moment generating function. Assume that M (t) < oo for all t € (—1,1).
Prove that there exist constants a,b > 0 such that

P(|X| > z) < ae™b* Vo > 0.
3. (35 points) Let 8 > 0 be a constant. Assume that Xi, Xs,... are inde-
pendent random variables such that for k € N,
1 _ 1
o 2k87
Set S, := X1 + -+ X,,. Show that

P(Xp = k) = P(Xy = —k)

(1) (15 points) If 8 > 1, then S,, converges almost surely.

(2) (20 points) If 8 € (0,1), then there exists a constant o3 > 0 such that
—55 — N(0,03) in distribution.

4. (20 points) Let X1, X3, ... be i.i.d. random variables such that

1
P[X, = 0] =P[Xy =2 =5, VkeN.
Let {F,}n>1 be a canonical filtration associated with {X,,},>1. Define Y;, :=
[Tr_; Xk. Show that there is no random variable Z with E[|Z|] < oo such that

Y, =E[Z | F,), VneN.

5. (20 points) Let {My},>1, with M; = 1, be a non-negative martingale
that converges to zero almost surely as n — oo. Prove that for any a > 1,

]P’(supMn > a) = 1

n>1 a

THE END
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