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ABSTRACT. We study M-ideal properties of function and sequence Marcinkiewicz
spaces. In particular we calculate the duals of the space ¥ = L'+ L™ equipped
with two standard norms and investigate when its subspace of order continuous
elements is an M-ideal in 3.
A closed subspace Y of a Banach space X is called an M -ideal of X if there is
a bounded projection P : X* — X* with range Y such that for each z* € X*,

[ = [P} + (I = P)a"]|

A Banach space X is said to be M -embedded if X is an M-ideal of its bidual X™**.
It is well known and easy to verify that ¢y is an M-ideal in its bidual £*°. In this
paper we investigate the Marcinkiewicz function and sequence spaces (My and
my respectively), called also weak Lorentz spaces. M-ideal properties of these
spaces have been studied for particular functions ¥ for instance in [2].

Here we provide several results for spaces My or my generated by an arbitrary
quasi-concave funcion W. In sections one and three we characterize among others
when the subspace MY (resp. m$) of order continuous elements of My (resp.
my) is an M-ideal in My (resp. mY), and when it is M-embedded. In section
two we investigate the space ¥ = L' 4 L, which coincides to space My where
U(t) = max(1,t), t > 0. We calculate the dual norms to (X, |-||) and (3, [,
where ||-|| and ||| are equivalent usual norms employed in ¥. Consequently we
obtain that (2o, |-]|) is not an M-ideal in (X, [|||), while (X, ||-]|) is an M-ideal
in (2, 1),

Let (2, ) = (2, B, 1) be a measure space with a complete o-finite measure
on a o-algebra B of subsets of 2. Let L°(u) denote the space of all y-equivalence
classes of B-measurable F-valued functions on 2 with the topology of convergence
in measure on pu-finite sets.

A Banach space (X, ||-||) is said to be a Banach function space on (9, p) if it is
a subspace of L%(u) such that there is h € LO(u) with h > 0 a.e. in  and it has
the ideal property that is if f € L°(u), g € X and |f| < |g| a.e. then f € X and
I/l < |lgl|- If in addition the unit ball Bx is closed in L°(p), then we say that X
has the Fatou property. A Banach function space defined on (N, 2, 1) with the
counting measure p is called a Banach sequence space. In this case e; € X for
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all i € N, where e; denotes a standard unit vector, that is e; = (0,...,0,1,0,...)
with 1 as the ¢th component.

A Banach function space X on (€, u) is said to be rearrangement invariant
(r.i.,or symmetric) if for every f € L°(u) and g € X with uy = p,, we have
f € X and |f|| = |lg]l, where for any h € L°(u), uy is a distribution function of
h defined by

() = p{w € Q- |h(w)] > t}, t>0.

If X is a Banach function space on (€2, i), then the associate space X’ of X is
a Banach function space, which can be identified with the space of all functionals
possessing an integral representation, that is,

X' ={ge L% : |lglly = sup / Foldu < oo},
Q

Irl<1

It is well known that if X has the Fatou property, then (X”,||-||y~) coincides
with (X, ||| [1, 5, 6].

An element f € X is said to be order continuous if || f,|| | 0 for every sequence
{fn} with |f,| < |f] a.e. and |f,| | 0 a.e. on €. A Banach function space X is
said to be order continuous if every element of X is order continuous. It is well
known that if X is an order continuous Banach function space, then X* is order
isometric to X', and this identification will be denoted by X* ~ X’.

Suppose for the moment that X is a Banach function space consisting of real
valued functions. An element ¢ € X* is called an integral functional if for any
{fn} € X with0 < f,, | 0 a.e., ¢(f,) — 0. A linear functional ¢, € X* is called a
positive singular linear functional whenever ¢¢(f) > 0 holds for all non-negative
f in X and for every integral linear functional ¢, 0 < ¢(f) < ¢4(f) for all non-
negative f in X implies ¢ = 0. A singular linear functional in X* means the
difference of two positive singular linear functionals in X™*. It is known that the
space of integral linear functionals in X* is order isometric to X’ and a dual space
X* is order isometric to X' & X, where X is the space of singular functionals
on X [5, 6, 7.

Whenever X is a Banach function space, X, (or X°) will denote the set of all
order continuous elements of X. It is easy to show that X, is an order ideal,
which means that it is a closed subspace with the ideal property. Note that Xj is
contained in the closure of the family of all simple functions in X with support
of finite measure [1]. It is well known that if X is a Banach function space with
the Fatou property and X, contains all simple functions with support of finite
measure, then (Xy)* ~ X’. In this case X* ~ (X,)* & X", where X3 coincides
with X} when X is a Banach function space consisting of real valued functions
(cf. Theorem 102.6, Theorem 102.7 in [6]).

We will use the following facts about M-ideals [2].

Theorem 0.1. Suppose Y is a closed subspace of a Banach space X.
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(1) (The 3-ball property) Y is an M-ideal of X if and only if for all y1,ye, y3 €
By, all x € Bx and € > 0 there is y € Y satisfying

|z +yi—yl| <1+e foralli=1,23.

(1i) A Banach space X is M-embedded if and only if every separable subspace
of X is also M-embedded.

(¢3i) If X is an M-embedded space, then every separable subspace of X has a
separable dual.

For any real functions F' and G, we say that F' is equivalent to G and we
write it as F' &~ G whenever there are constants Cy, Cy > 0 such that Cy|F(u)| <
|G(u)| < Co|F(u)] for all u in the domain of the functions. Recall also that for
z€C,signz=7%/|z| if 2 # 0 and signz = 1 if z = 0.

In this paper, We examine M-ideal properties of Marcinkiewicz spaces, includ-
ing the space L! + L°°.

1. MARCINKIEWICZ FUNCTION SPACES My

Let LO = LI, B, ;1) be the space of all Lebesgue measurable functions on I,
where I = (0,1) or I = (0,00), p is the Lebesgue measure on o-algebra B of the
Lebesgue measurable subsets of I. For any f € LY the decreasing rearrangement

of f is the function f* defined by
() =inf{\ > 0: ps(N\) < t},
where py is the distribution function of f.
Definition 1.1. Let W : [0,00) — [0,00), ¥(0) = 0, ¥ be increasing, and ¥(u) > 0

for u > 0. Then the Marcinkiewicz space My (called also weak Lorentz space) is
the collection of all functions f € LY such that

b I°
w(t)
We will assume further without loss of generality that the function W(t)/t is

decreasing on (0, 00). In fact for any function ¥ from Definition 1.1 that defines

non-trivial space Mg, there exists a function U such that \Tf(t) /t is decresing, U
has the same properties as ¥, and the identity operator between My and Mg is
an isometry. Indeed, let

U(t) = tinf{U(s)/s:0<s<t}, t>0.

LFIF= 1[fllazy = sup < 0.
t>0

It is clear that W(¢)/t is decreasing for 0 < t; < t» we have

~

U(ty) = to min{inf{¥(s)/s: 0 < s <t },inf{¥(s)/s:t1 < s <ts}}
= min{ty inf{W¥(s)/s:0 < s <t1},V(t1)}
> ¢ min{inf{U(s)/s:0 < s < t,}, U(t1)/t,} = U(t),
3



which shows that U is increasing. It is also easy to see that My is non-trivial if
and only if W(¢) > 0 for ¢t > 0. Finally, since W(t) < W(t), || fllar, < [ fllar,- On
the other hand for any 0 < s <,

L, (s [y f
o [ 1= Bt <t 2,

and so

/0 fr= = (1)1 s,

which yields || f|[ar, < [|fllay- Thus Mg and Mg coincide and have equivalent
norms.

In view of the above remarks we assume further in this section that ¥ :
[0,00) — [0,00), ¥(0) =0, U(¢t) > 0 for ¢ > 0, ¥ is increasing and W(t)/t is
decreasing on (0,00) i.e., ¥ is quasi-concave. It is well known and easy to show
that My is a r.i. space with the Fatou property (cf. [1, 5]).

0<s<t

Definition 1.2. MY is a subspace of My consisting of all f € My satisfying
t

lim fo /

t—0t ‘If(t)

t o

lim fo /

t—0t,00 U(t)

We have the following basic results on My and MY (cf. [5]).

Theorem 1.3. (i) MY # {0} if and only if

=0 incase when [ =(0,1),

and

=0 in case when [ = (0,00).

) t
and
) t
(1.2) gl(f) 0 0 and igg)\ll(t) =00 for I=(0,00).

(i1) Let MY # {0}. Then the three sets: MY, the subspace of all order contin-
uous elements of My, and the closure of all simple (or bounded) functions
with support of finite measure, coincide.

Proof. Condition (i) is clear since for 0 < ¢t < a

Jo x00) _ ¢
W(t) w(t)’
and for ¢t > a
JoXoa  a
() ()
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We shall show (ii) only in the case when I = (0,00). Since MY # {0}, the
conditions in 1.2 are satisfied. Let 0 < f, < f € My and f, | 0. Given ¢ > 0,
there exist 0 < ty < t; < oo such that

bt s I
< d 0
ocr, () 0T LR ()
By the Dominated Lebesgue Theorem, there exists /N such that for all n > N

/lf;; < U(ty).
0

< €.

Hence for n > N,

t t t1

Jo I Jo [ fa

W < sup 2+ sup Xt 4200
Hf H 0<t<to \Ij(t) t1<t<oo \I’(t> \Il(tO)

So every element in My is order continuous. Then MY, is contained in the closure

of all simple (or bounded) functions with support of finite measure ([1], Theorem

3.11). Finally by conditions 1.2 and by Lemma 5.4 in [5], which is also valid

under our assumptions, the closure of the set of all simple functions with support

of finite measure coincides to M.

< 3e.

O

Now, we investigate when MY is an M-ideal in My. The next theorem extends
the already known result for some functions W (cf. [2]).

Theorem 1.4. If I = (0,1), then MY is an M-ideal in My. If I = (0,00) and
inf W(t)/t =0,

then M is an M-ideal in My.

Proof. In the proof we shall use the 3-ball property (see Theorem 0.1), that is we
show that for every f € By, , every f; € By, 1 =1,2,3, and € > 0 there exists
g € By such that ||f+ f; —gl| <1+4¢€i=1,2,3.

We asuume that MY # {0}, otherewise there is nothing to prove. Let first
I = (0,1). Then by Theorem 1.3, inf;~qt/W(t) = 0. By density of bounded
functions in MY we can take f; bounded. Thus there exists b > 0 such that for
all0 <t <b

b opx
Io f; oMt Mb
w(t) = w(t) — w(o)
where |f;(x)] < M, x € (0,1), i = 1,2,3. We then choose 0 < ¢ < b such that
fO f <
U(b) —

<e,

€.

Setting
g= fX{s:lg(s)ISf*(C)}’



it is clear that g € BMo. Moreover, for 0 <t <b,71=1,2,3,
R ) M Y N N N ¥
v(t) - ‘1’( T R T0)
We also have for s € (0, 1),
(f=9)"(s) < ["X(0.0(5)

Hence fort > b, i =1,2,3,
folfi+ =gy Js
U(t) U(b)

Combining the above inequalities we get || f; + f —g| < 1+e.
Now let I = (0,00). Then in view of MY # {0} and Theorem 1.3, conditions
1.2 have to be satisfied. For every f € My

. I f L f Jo I*
lim sup 22— = lim su 0 < su
AT B 0] ST

and thus in view of the assumption infy~ \If( )/t =0 we have

g [ = pm o -

Since f; € M\%, there are 0 < by < by such that for all £ < by or all ¢t > by,

<1+e.

< |fill + <1+e

< 00,

torx

Lfi ..

w(t)
for 1 = 1,2,3. Choose then n > 0 so small that 77\112()131) < e and take 0 < ¢ < by
such that .

fO f S €.

W (b)
Setting

9= MXsn<it@l<r @)
we have g € MY . Indeed, there is T > 0 such that

fA(T) =inf{s > 0: up(s) <T} <,
and so there exists 0 < s < 1 such that u¢(s) < T. Hence us(n) = p{|f| >n} <

T and T
im 297 < o I° -0
W) it W)

Moreover,
t o .

ot U(E) — oot (2
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For:=1,2,3and 0 <t < by ort > by,
Lt f =g _Lfi b f
W(t) T ()
Finally for i = 1,2,3 and b; <t < b,
Jﬁﬁ+f—gﬁ<lﬁﬁ+megwwpmmV
v o 10
<ﬁﬁ+MMwmﬁ+ﬁUmwmm*
- W(t)
ob1 fi+ fbtl fi+ foc fr+1tn
= (1)
0b1 fr+bhn fbtl fi4+(t="b)n foc I
=T 0] U(by)
U fE b fbtl [+ (b2 —by)
- Y(h) W(t)
(ba — 1)
W(b)

<l+e

by
W(by)
< 1+ 4e.

<e+7 +1+47 +e

Combining the above inequalities we complete the proof. O]

We will see in the next section (Remark 2.3) that the assumption inf;~o W(t)/t =
0 for I = (0, 00) in the above theorem cannot be removed.

It is well known that if W is quasi-concave, then there exists an increasing
concave function ¥ on [ such that W(¢) < U(¢) < 2U(t) on I (cf. Proposition
5.10 in [1]). It is easy to show that || |la, = [l - |lamy. So we can obtain an
equivalent norm on My, which is induced by an increasing concave function on

1.
Theorem 1.5. Let MY # {0} that is the conditions 1.1 or 1.2 are satisfied.
(i) If I = (0,1) then My is the bidual of MY.
(13) If I = (0,00) and
inf U(t) =0

t>0

then My is the bidual of M.

Proof. Assume first that ¥ is concave. By Theorem 1.3 (ii), (MJ)* = (My)'".
Let || flla, < 1 and g be a simple function such that g* = > | a;x(0,,], Where
0<t; <--- <ty and a; > 0. Then for all t > 0, fotf* < U(t) and so

[or =Y ane) - [gav.
I P I
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where the Lebesgue-Stieltjes integral is well-defined since W is continuous on
[0,00). By the Fatou property of My we have (cf. Proposition 4.2 in [1])

lollorsy =sun { [ £9°: Il <1},
Thus for all g in L°,

lollaney < / g,

Since ¥ is continuous and concave, there exists h € L° such that for ¢t € I,

U(t) = /O t h*(s)ds.

Then [|h|la, < 1, and for any g € L, [, h*g* = [, g*dV. So we get the reverse
inequality

lolloney = / g v,

which yields that ||g||(ar,)y = [, 9*d¥. Therefore the associate space

(My)' = {g eL: /Ig*d\If < oo}

is a Lorentz space, and thus is order continuous [5]. In general, if ¥ is not
concave then || - |la, & || [lar,, and hence || - [[aryy = || - [lar, - Since (Mg)" is
order continuous, (My)" is order continuous too. Then order continuity of (My)’
implies (M9)** ~ (My)"™ ~ (My)" = My by the Fatou property of || - ||z, . This
completes the proof.

O

Notice that the assumption inf,~oW(¢) = 0 cannot be skipped in the above
theorem (cf. Remark 2.5).

2. THE SPACES L'+ L™ AND L' N L™

In this section we will investigate M-ideal properties of ¥ = L' + L™ and
A=L'NL*on I =(0,00) equipped with the following norms.

1
(2.1) \|f|\z=inf{|\9H1+HhHooif:9+h’9€Ll’h€LOO}:/ -
0

I/l = inf{max{llgll,, I7l.c}: f=g+h.ge L helL*}
1/1]a = max{ Al s 1 flloo 3
Ila = ||fé|3|1 + 1l -



It is clear that [|-|| and ||-|| are equivalent. The equality in (2.1) is well known
and can be found e.g. in [1]. It is also well known [3] that (X, ||-|ls) = (A, |I]|A)
and (3, [|-lz)" = (A, [I-lla). Moreover,

Sy = {f €3 lim () = 0},

where ¥ is a subspace of all order continuous elements of ¥ (cf. [1, 5]).
It appears that for certain choice of ¥, the Marcinkiewicz space My coincides
with ¥, and MY with 3. In fact we have the following result.

Proposition 2.1. The norms ||-||,,, and |-||s, are equal if and only if for allt > 0
U(0)=0 and V(t)=max{t, 1},
and they are equivalent if and only if for all t >0
U(0)=0 and Y(t)~ max{t,1}.
Consequently if I = (0,00) and lim;_o4 VU(t) > 0 and limy;_o, Y(t)/t > 0 then the
spaces MY and Yo coincide as sets with equivalent norms.
Proof. 1f || - ||ar, and || - || are equal, then for ¢ > 0,
ool = g7 = sl = mint. 1}

Hence U(t) = max{t,1}, for t > 0. Conversely suppose that ¥(¢) = max{t, 1}
for t > 0. Then

t s 1
W =g iy =moc{ g, [ e [ = [ =

Analogously we show the conditions for the equivalence of the norms. O

Let || - || be an equivalent norm to || - ||s or to ||-|x. Then it is not difficult to
see that ¢! is isomorphically embedded in (X, || - ||). Therefore (see Theorem 0.1)
(20, || - ||) is not an M-embedded space.

In the next two theorems we calculate the exact norms of the duals (3, ||-[|s;)*
and (3, | |lx)*. In consequence we answer the question when X is an M-ideal in
Y. In the sequel || - ||; and || - || Will denote as usual the norms in L' and L,
respectively.

Theorem 2.2. The following equalities hold true.
(E ) =S5 Sy = (A, |1la) ® Sy

Moreover for any F € ¥,
F=FN+F

Fi(g) = /gf1

9
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for some f1 € (A, |1]l). and

1] = max{[| fillg s [/l + [E2[]-
Consequently, ¥ is not an M-ideal of (X, ||x)-

Proof. The equalities (3, ||||x)* = S5 @ X5 ~ (A, [|]|o) ®© Xy up to equivalence
in norms is a consequence of the well known results on duals in Banach function
spaces (cf. Theorem 102.6, Theorem 102.7 in [6]).

Now let F' € ¥* and let ﬁl = F|s,. There exists f; € ¥/ such that ﬁl (9) = [ fig
for all g € %o and [[F1]| = |[fillsr = [ filla. Define Fi(g) = [ fig for all g € %,
and let [, = F'— Fy. Then Fy|y, = 0 and || Fy|| = || Fi]|-

For each f =g+ h with g € L' and h € L*>, we have F,(g) = 0, and so

|F(g+ h)| < ‘/ﬁg‘ + ‘ /flh‘ + [F2(h)]

< [[fillollglly + A2l alloo + [[E2][ [ Al

< [ fillsollgll + ClA T + TE2ID 1 Alloo

< (gl + [[2lloc) max{[| f1lloc, [l A1l + |21}
Therefore, |[F|| < max{]|filc, [l /1]l + [|F2[]}-

Conversely, given € > 0 there exist g € L', h € L* such that ||g||i+]|h]|c < 1+€
and || F5|| < Re Fy(h)+e. Foreach N > 1, Let f = sign(f1)x[o,n)+ " X[N,00)- Then

|fl = xp.n) + [hX[N00), and so || f]ls = fol f*<1+e€ Thus

N 0o
Re F(f) = /0 1] + Re (/N f1h> +Re Fy(sign(f1)X(o.) + X (N.oo))

:/ON|f1|+Re</Nooflh> +Re Fy(h)

> [Ciniere ([T an) 41l -

712 (1l = e e ([~ ) + [ 1)

forall e > 0 and all N > 1. Since [ fih — 0as N — oo, so ||F|| > || Fa||+|| f1]:-
Clearly, | Fl| 2 Il = I filla 2 1 fille. Hence |1F)| = max{lf e, I/l + I F:ll}

Now suppose that ¥ is an M-ideal of 3. Then there is a projection P : ¥* —
¥* such that the range of P is Xy and for each F' € 3%, ||F|| = | PF||+||(I—P)F)|.
Note that PF' = F, and (I — P)F = F} so that we can choose f; = x[0,1/2) and
F; with ||Fy|| = 1. Then by the above calculations ||F'|| = 3/2. But on the other
hand we must have ||F'|| = ||PF|| + ||[({ — P)F|| = ||F|| + || f1]|a = 2, which is a
contradiction. O

10
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Remark 2.3. By Proposition 2.1, (3, ||-||s) = My, where U(¢) = max{t, 1}, ¢ > 0.
Thus inf;o U(t)/t = 1, and so the assumption in Theorem 1.4 is not satisfied.
Since ¥ is not an M-ideal in (X, || ||s2), we see that the assumption inf,~o U(t)/t =
0 cannot be omitted in Theorem 1.4.

The next theorem shows that if we use another equivalent norm |||y in ¥, the
M-ideal properties are remarkably changed.

Theorem 2.4. The following equalities are satisfied
S Hls) ===y = (A, I-a) €1 Zy-
Moreover for F € ¥*,
F=F+F

where Fy € 3§ and

Fi(o) = [ o
for some fi € (A, 1), and
IEN = [l + [l = ([ fallg + 12l + [[F2]]-
Therefore ¥¢ is an M-ideal of (X, | |s)-

Proof. By the same method as in the proof of the previous theorem, we get a
decomposition F' = Fy + F, with Fy|y, = 0, Fi(g) = [ fig for all g € X, and

[E1]] = /il a-
Now for each f = g+ h € ¥ with g € L' and h € L™ we have

rF@+hﬂsL/ﬁ@+hﬂ+wxmr

< (A1l + W[ falloo) max{{lgll, 1alloo } + 1 F2 (75

< (1Al + W rlloo) max{{lglly, 1alloo} + [1E2[[[ ]l

< max{|lglly, |Allsc} (I filloo + 21l + 1 F2[D)-
Hence [|[F[| <[ filleo + [[f1ll1 + | 2|

Conversely, suppose that || fi|lec # 0. For large enough n € N, choose E, C
{1f1] > Ifilloo — 1/n} with 0 < pE,, < oo. Let

XEn
pE,

gn = Sign(fl)

Given € > 0, choose g € L' and h € L™ so that max{||g||1, ||]|ec} < 1+ € and
| F5]| < Re Fy(h) + €. Let

hn = h'X[n,oo) + Sign(fl)X[O,n)-
11



Then |7yl < 14€and ||g,|l; < 1. Hence for f,, = gn,+hy, we have || f,, [l < 1+e.

Consequently

Re F(f,) —Re/flgn—i-Re/flhn—l—Rng(hn)

= / /L];’ +/ | fil + Re/ Jih + Re Fy(hy, — sign(f1)X[on) + P X[on))
n n 0 n

1o =
> ||f||oo—ﬁ+/O |f1|+Re/ fih + Re Fy(h)
o =
> o=+ [ 1Al +Re [~ it |l - e
0 n

Therefore [|F|| > = ([[fllo — % + f5 Lfil + Re [7 fih + |2 — €). Note that

h is independent of n. Since lim,, .. fnoo fih = 0 and € is arbitrary we obtain
NE|l > I fillso + If1]l1 + || F2||, and this completes the proof. O

Remark 2.5. (1) Note that we have the following equalities (with equivalence of
norms)
Y (X)) = AT AN DAL =2 AL,

where A* # {0} since A is not order continuous. Thus the bidual of g = MY
with U(t) = max{t,1},¢ > 0, is not equal to ¥ = My. It shows that the
assumption inf;~o ¥(¢) = 0 in Theorem 1.5 cannot be omitted.

(2) We observe also that since (A, ||-|| ,) is not order continuous, it contains an
isomorphic copy of £ (cf. [6]), and so it contains an isomorphic copy of ¢! which

has a non-separable dual. Therefore A with any equivalent norm to || - || is not
M-embedded.

3. MARCINKIEWICZ SEQUENCE SPACES

In this section we will consider Marcinkiewicz sequence spaces. Assume further
that U = {U(n)} = {¥(n)}>2, is a sequence such that ¥(0) = 0, {¥(n)} is
increasing, W(n) > 0 for n > 0 and {¥(n)/n} is decreasing. Given a sequence
x={x(n)} = {x(n)}s>, define its decreasing rearrangement z* = {z*(n)} as

v'(n) = ff(n=1), neN,
where f(t) =3 o0, (k) Xp-1,5)(t), t > 0.

Definition 3.1. The Marcinkiewicz sequence space my consists of all sequences
x={z(n)} = {x(n)}>2, such that

n * k
el = llzllmy = sup 2= = H)
n>1

v(n)
Let mY, be a subspace of my consisting of all z € my satisfying

Y w(k)
=y

12



We have the following basic facts about mg and mY,.

Theorem 3.2. (1) my is a r.i. Banach sequence space with the Fatou prop-

erty.

(2) mY, # {0} if and only if lim, .o, ¥(n) = co.

(3) If lim,, o ¥(n) = oo, then mY, is a non-trivial subspace of all order con-
tinuous elements of my.

(4) The following conditions are equivalent.
(@) |%]|mg = l|Z]loo for all x € £ (resp. ||T||my = ||%]|co for all z € £°).
(D) |1z]lme = l|z]loo for all x € co (resp. ||Z||my = ||2||oo for all x € ¢).
(¢) ¥(n)=n for alln € N (resp. ¥(n) ~n for alln € N).

Proof. Condition (1) is immediate and (2) is clear if we note that e; € mY is

equivalent to lim, .., 1/%¥(n) = 0. For (3), note that mY contains all charac-

teristic functions with support of finite measure by (2), so it contains all order

continuous elements [1]. The proof that any z € m{, is order continuous is very

similar to the function case, so we omit it. Finally we shall prove that 4(a) is

equivalent to 4(c). Let’s assume first that two norms are equal. Then for n € N,
n

ctey |y = —— =1
H61+ +e || v \II(TL)

For the converse, if we assume ¥(n) = n for n € N, then for any x € >,
1 n
Zl|loo = 2"(1) = sup — (k) = |2]|me -
el = 2°(1) =53 2 375" (6) = el

The remaining equivalences can be proved in a similar way. 0

Before we state the main results of this section we need to prove the fol-
lowing simple lemma. Given the sequence {W¥(n)} define the function W(t) =
Y ico W) Xii41)(t) on [0, 00). Obviously W|yugoy coincides with {¥(n)}.

Lemma 3.3. There is a concave continuous function U on [0,00) such that
U< WU <3P on [1,00) and ¥(0) = 0.
Proof. Fix s > 1. For 0 <t <'s,

V() _ Y(s)

— <
t T 1

and for [s] < [¢],
(o) _ ()
A

where for real r € R, [r] is the greatest integer less than or equal to r. Hence for
every t > 0 and s > 1,

U(s)) s () _ L (s)
ST W s s

w(t) < (1—}—%)‘1/(5) and U(t) < +0(1).
13



Therefore there is a minimal concave function ¥ such that for each ¢ >0,s>1,
~ 2t
U(t) < U(t) < min{(1+ —)W¥(s),t¥(1)}.
s

Then for every s > 1 and t > 0,

T(s) < (1+ 25)0(s) = 30(s) and  T(t) < £0(1).

S

So limy_o+ W(¢) = 0. Therefore U is a continuous concave function on [0,00). O

Now, we are ready to investigate when my is the bidual of my and when mY,

is an M-ideal of myg. The following theorems show that the situation in sequence
case is simpler than in the non-atomic case.

Theorem 3.4. The space my is a bidual of m%, if and only if lim, ., ¥(n) = cc.

Proof. If lim,,_, ¥(n) < oo, then by Theorem 3.2 (2), my, = {0}. So my cannot
be bidual of mY, since my # {0}.

For the converse, suppose that lim, .., ¥(n) = co. Then by Theorem 3.2 (2)
and (3), mY, is the order continuous subspace of mg and it contains all simple
functions with support of finite measure. Hence (m$)* ~ (my)’. So if we show
that (myg) is order continuous, then (m%)* ~ ((mg))* =~ (my)"” = my, and the
proof is done.

Note that by Lemma 3.3, there is an equivalent norm in my induced by the

concave function \T/, that is
If |z, <1, then

for all n > 1. For any decreasing sequence y* = (y*(1),---,y*(n),0,---), the
summation by parts shows that

> (k)y (k) <>y (k) (B(k) — Uk — 1)).

Then by the Fatou property, for any y = {y(k)},

o0

[yllmgy <>y (B)(U(k) — W(k — 1)).
k=1

Note that there is an integral representation W(t) = fot h*(s)ds for some h € L°.

This shows that, if we take xz(k) = W(k) — W(k — 1) for all £ € N, then the

sequence {z(k)} is decreasing and for each n € N,
14



2 @7 (k) _ V(n)
¥(n) W(n)
This means that ||z|| = 1 and for all y,

Yo Ry (k) =Yy (k) (U (k) — U(k - 1)).

Hence

19llengy =Dy (k) (U (k) — Wk — 1)),

for all y. Therefore we obtain the following formula
lyllmgy = Yy (k) (W(k) = W(k — 1))
k=1

and this implies that (mg)" and hence (my)’ is order continuous [5]. O

In view of Theorem 3.2 (4), if ¥(n) = n, then mY, = ¢y and my = > with
equality of norms, and thus mY is an M-ideal of mg. The next theorem extends
this result to a broader class of functions ¥ and improves already existing results

in certain class of my (cf. [2]).
Theorem 3.5. Assume that lim,,_, # =0 and lim,,_o, ¥(n) = co. Then m&,
1s an M -ideal in its bidual my.

Proof. First observe that if x € my, then

> T () % > e T (K) > he T (K)

limsup =“==—~= = limsu <sup =E=—F < o0,
and in view of the assumption lim,, @ =0,

1 n
lim z*(n) = lim — z*(k) = 0.
Jim a(0) = Jim ()
In the proof we shall use the 3-ball property (cf. Theorem 0.1) and the same
technique as in [2], that is we show that for every © = {a(n)} € B, every
x; = {xi(n)} € B, with finite support, ¢ = 1,2,3, and € > 0 there is y € my,
such that ||z +z; —y|| <1+¢€, i =1,2,3. First assume that for all i = 1,2, 3,

max{j: x;(j) #0} = k; =k,

and
k k

Zx?(j) < Za*m.

J=1 Jj=1
15



Next pick up N such that for all n > N, z;(n) = 0 and
|a(n)| < min{d, a*(k)},

where § = min; 27 (k). Then define the sequence y = {y(n)} by y(n) = a(n) if
n < N and y(n) = 0 otherwise. If z;(n) = a(n)+z;(n) —y(n), then 27 (j) = = (j)
for j < k and z}(j) < a*(j) for j > k. Hence for n < k,

Z?:l i (7) <1
U(n) =
and for n > k,
Sri) _ i al)
U(n) = VY(n)
Therefore ||z + 2; —y|| < 1.

In general case, we may assume that z is not an element of mY. In this case,
we cannot have z € /. Hence we can find [ > k; for all i = 1,2, 3, such that

<1

Define ¢ as follows: If z;(n) # 0 then let §(n) = z;(n). At [ — k; indices where
zi(n) = 0, let §(n) = a (o > 0 is chosen later), otherwise let ;(n) = 0. The
number « should be chosen so small that for all i = 1,2, 3, ||z; — &]| < € and

Z& <Y a'(j).

j=1

By the first part of the proof, there exists y € m9 such that

&
— —y|| < 1.
o+ 2~y <
Hence ||z + z; — y|| < 1+ 2¢, which completes the proof. O

Remark 3.6. Theorem 3.2 (4) shows that lim,, @ > 0 if and only if my, = ¢

up to equivalent norms. Therefore if lim,, ., @ > 0, then my can be renormed
so that mY, is an M-ideal of its bidual my, since ¢q is an M-ideal of . But
mY, with its original norm does not need to be an M-ideal of my if we drop the
assumption lim, ., ¥(n)/n = 0, as we can see in the following example.

Let U(0) =0, ¥(n) = max{%*, 1} for n € N. Then myg = ¢ with norm

Jally = sup {x*m, MW+ .. W}

that is equivalent to || - ||co-norm. Then (co, || -||w) is not an M-ideal of (£>°||-||w).
16



Indeed, let 1 = e; + %62, To = €1 — %62, T3 = —e; + %62, and let x = 2/3.
Note that ||z;]| = ||z|| = 1. Then there is no y € ¢y such that |lz; + z — yllv < 2.

Observe the following formulas for any y € cy,

[or+ 2 —yl=(5/3 -y, 1 =y2)|,12/3 =y, ),
22 + 2 —yl = (15/3 =y}, 10 = y(2)],12/3 = yB3)], - ),
25 + 2 —yl = (1/3+y(D)], [T = y(2),12/3 = y@)],.. ).

Then max{|5/3 —y(1)[,|1/3 4+ y(1)|} > 1 for all scalars y(1). Therefore for each
Y € ¢ there is i such that (z;+x—y)*(1) > 1 and note that lim,, ., [2/3—y(n)| =
2/3, so that (z; +x — y)*(2) > 2/3 for all i = 1,2,3. This means that for every
y € ¢ there is some ¢ such that ||z; + 2 — y|le > 3/4(1 +2/3) = 5/4.

This example shows that we cannot omit the additional conditions in Theo-
rem 3.5.
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