ON UNIQUENESS OF EXTENSION OF HOMOGENEOUS
POLYNOMIALS
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ABSTRACT. We study the uniqueness of norm-preserving extension of n-homogeneous
polynomials in Banach spaces. We show that norm-preserving extensions of n-homogeneous
polynomials do not need to be unique for n > 2 in real Banach spaces, and for n > 3 in
a large class of complex Banach function spaces. We find further a geometric condition,
which in particular yields that a unit ball in X does not possess any complex extreme
point, under which for every norm-attaining 2-homogeneous polynomial on a complex
symmetric sequence space X there exists a unique norm-preserving extension from X to
its bidual X**. In particular, if my is a Marcinkiewicz sequence space and mY is its sub-
space of order continuous elements, we show that every norm-attaining 2-homogeneous
polynomial on m% has a unique norm-preserving extension to its bidual my if and only if
no element of a unit ball of my is a complex extreme point. We then apply these results
to obtain some necessary conditions for the uniqueness of extension of 2-homogeneous
polynomials from a complex symmetric space X to its bidual X™**.

1. INTRODUCTION AND PRELIMINARIES

In the late seventies, Aron and Berner [3] showed that a continuous extension of a
bounded homogeneous polynomial from a subspace of a Banach space to the entire space
may not always exist. However they also showed that such extension always exists from
a Banach space X to its bidual X**. More than ten years later, Davie and Gamelin
[8] proved that this canonical extension constructed in [3] is norm preserving, i.e. it is a
Hahn-Banach extension. Very recently, Aron, Boyd and Choi [4] have studied the question
when the extension of n-homogeneous polynomials from ¢y to its bidual £, is unique. In
the case of 1-homogeneous polynomials, which in fact are linear functionals, it is clear that
a Hahn-Banach extension from ¢y to £ is unique, since cg is an M-ideal in /.. They
showed however that it is no longer true for n > 2 in real spaces as well as for n > 3 in
complex spaces. They also showed that any norm-attaining 2-homogeneous polynomial
on a complex ¢y has a unique Hahn-Banach extension to fo,. Later on similar results were
obtained by Choi, Han and Song in [6] for some Marcinkiewicz spaces.

In this article we study analogous problems in more general spaces. We employ and
develop some ideas from papers [4, 6], particularly in sections 2 and 3. We start in section
2, by showing that lack of uniqueness of norm-preserving extensions of n-homogeneous
polynomial is a very common feature. In fact the uniqueness does not occur for n > 2
for n-homogeneous polynomials in real Banach spaces, neither for n > 3 in a large class
of complex Banach spaces, including symmetric spaces. The remaining part of the paper
is devoted to investigation of the uniqueness of the extension of 2-homogeneous norm-
attaining polynomials from complex symmetric sequence spaces X to their biduals X**.
We observe among other things that the lack of complex extreme points in a unit ball of X
is a crucial property in order to obtain a unique extension of a 2-homogeneous polynomial
to X**. In fact we prove in section 3, that if the unit ball of X satisfies a certain geometric
condition ((3.1) in Theorem 3.2), which yields in particular that the ball does not contain
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any complex extreme point, then a 2-homogeneous norm-attaining polynomial depends
only on finite coordinates, and thus has a unique Hahn-Banach extension to X**. In the
case of Marcinkiewicz spaces mY, and its bidual my, called also weak Lorentz spaces, we
can say more. The main result of section 4, Theorem 4.4, states that a 2-homogeneous
norm-attaining polynomial on m?l, has a unique extension to my if and only if the unit
ball of myg (or m?l,) has no complex extreme points, which in turn is equivalent to a
simple condition that the sequence {¥(n)} is strictly increasing. In the proof we apply
a strong version of the Maximum Modulus Theorem [17]. Finally, in section 5, we apply
these results to r.i. complex symmetric sequence spaces X and we obtain some necessary
conditions for uniqueness of extension of 2-homogeneous polynomials from X to X**.
This application is based on the well known fact that a symmetric sequence space X is
embedded into a Marcinkiewicz space my, where U(n) = n/®(n) and ® is a fundamental
function of X.

Marcinkiewicz sequence spaces have appeared earlier in a similar context. In [10],
Gowers showed that the space of all norm-attaining bounded operators N A(m%, ¢,) from
mY, to £, 1 < p < 00, is not dense in the space of all bounded operators L(mY,, £,), where
U(n) = Y% i1, Later on in [1], the same Marcinkiewicz space was used for showing
that the Bishop-Phelps theorem does not hold for multilinear mappings. This result was
recently improved in [7].

Let further X be a Banach space over a scalar field F, where F is either the set of real
numbers R or the set of complex numbers C. By Bx and Sx we will denote a unit ball
and a unit sphere of X, respectively. A bounded multi-linear form is an n-linear mapping
L: X"™— F for n € N, with a finite norm || L||, which is defined as

|L|| = sup{|L(x1,- -+ ,2p)| : ¢; € Bx,i=1,--- ,n}.

Then a map P(z) = L(z,--- ,z) : X — F is called an n-homogeneous polynomial [2, 9] on
X and its norm is defined by

|1P|| = sup{|P(z)| : # € Bx}.

Given a Banach space X, if z € X and z* € X* then (2%, z) denotes z*(z). We
also denote by [z1,...,zy] a linear span of vectors {x;} ; C X. For each subset M
of X, let M' be the set of all bounded linear functionals which vanish on M. A point
x of Bx in a complex Banach space X is said to be a complex extreme point whenever
{x+Cy:|(] <1, € C} C By for y in X yields y = 0. It is easy to check that every
extreme point of Bx is also its complex extreme point. The converse however is not true,
since every point of Sy, is a complex extreme point of By, ([17]).

Let (Q,u) = (2,5, 1) be a measure space with a complete o-finite measure p on a
o-algebra B of subsets of 2. Let L°(u) denote the space of all p-equivalence classes of
B-measurable F-valued functions on € with the topology of convergence in measure on
u-finite sets.

A Banach space (X,|]|) is said to be a Banach function space on (2, p) if it is a
subspace of L%(u1) such that there is h € L%(u) with A > 0 a.e. in Q and it has the ideal
property; that is if f € L%(u), g € X and |f| < |g| a.e. then f € X and | f|| < |lg||. If in
addition the unit ball Bx is closed in L°(u1), then we say that X has the Fatou property.
A Banach function space defined on (N,2Y, 1) with the counting measure y is called a
Banach sequence space. In this case e; € X for all ¢ € N, where e; denotes a standard unit
vector, that is e; = (0,...,0,1,0,...) with 1 as the ith component.

An element f € X is said to be order continuous if ||f,|| | 0 for every sequence {f,}
with |f,| < |f| a.e. and |f,] | 0 a.e. on Q. A Banach function space X is said to be order
continuous if every element of X is order continuous.



ON UNIQUENESS OF EXTENSION OF HOMOGENEOUS POLYNOMIALS 3

If X is a Banach function space on (€2, i), then the associate space X' of X is a Banach
function space, which can be identified with the space of all functionals possessing an
integral representation, that is,

X' {g€ L) gl = sw [ |foldu < o).
IflI<1/Q

It is well known that if X has the Fatou property, then (X", |||/ x») coincides with (X, ||-|]).
Moreover, if X is an order continuous Banach function space, then X* is order isometric
to X' ([5, 13, 15)).

A Banach function space X on (€, u) is said to be rearrangement invariant (r.i. or
symmetric) [5, 13, 14] if for every f € L(u) and g € X with py = pg, we have f € X and
171l = llgll, where for any h € LO(u), uy, is a distribution function of h defined by

un(t) = p{w € Q: |h(w)| > t}, t>0.
A decreasing rearrangement f* of f € L(p) is then defined as
fr(t) =inf{d > 0: up(0) <t}, tel0,u()).

If x = {z(n)} = {z(n)}72, is an F-valued sequence, then considering the function f(t) =

> i1 (k) X[k—1,k) (t) on [0,00) equipped with Lebesgue measure, we define a decreasing
rearrangement * = {z*(n)} of x as follows

z*(n)=f*(n—1), neN.

A closed subspace Y of a Banach space X is called an M -ideal in X if there is a bounded
projection P : X* — X* with range Y such that for each z* € X*,

[} = [Pl + [[(T = P)a™].

We can write this decomposition as X* =Y+ @; Y*.

2. EXTENSIONS OF n-HOMOGENEOUS POLYNOMIALS

If X is a Banach space and Y is a closed M-ideal in X, then it is well known that
a bounded linear functional on Y has a unique norm preserving extension to X [11].
With polynomials the situation is different. It depends on whether the space is real or
complex. In [4] (see also [6] for some Marcinkiewicz sequence spaces), it has been shown
that extension of n-homogeneous polynomials from ¢y to ¢ is not unique for n > 2 for
real spaces and for n > 3 for complex spaces. It was also shown that in complex spaces
and n = 2 some polynomials have unique extensions. Here we start by showing that the
uniqueness of the extension of n-homogeneous polynomials, n > 2, never occurs in any
real Banach spaces.

Theorem 2.1. Let X be a real Banach space and'Y a nontrivial proper closed subspace of
X. Then for n > 2 there exists a norm-attaining n-homogeneous polynomial on Y which
has infinitely many norm-preserving extensions to X.

Proof. Let ¢ be a norm-one linear functional on X which vanishes on Y. Choose a norm-
attaining linear functional 1) on Y with norm one and denote by 1 a Hahn-Banach ex-
tension of ¢ to X. Then P = 9™ is a norm-attaining n-homogeneous polynomial on Y
with norm one. Take P, = J” Then, for every 0 < t < 1, P, = @Z" - tQJ”_Q@Q are
different norm preserving extensions of P on X since the completeness of X implies that
kerlzukercng. O

In the next theorem we prove the lack of uniqueness of the extension of n-homogeneous
polynomials for n > 3 in a large class of complex function spaces.
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Theorem 2.2. Let X be a complex Banach function space such that there exist two disjoint
sets E;, 1 = 1,2, such that the projection

o= (o [ vn+ (o [ e rex

is a contractive operator on X. Moreover, assume that Y is a proper closed subspace of
X with xg, €Y, i=1,2.

Then for n > 3 there exists a norm-attaining n-homogeneous polynomial P on'Y which
has at least two norm-preserving extensions to X.

Proof. Letting
pi(f) =

1
X, 1=1,2
B b Tex i=12

the operator
f = o1(f)xe +2(f)xE,
is a norm-one projection on X. Consider now the set
S ={(21,22) € C*: |z1x8, + 22X, || < 1},
and the function
V(z1,22) = |21 > + |22]?,  (21,22) € S.

It is clear that 1 is continuous on the compact set S. Thus there exists (u,u2) € S such
that

Plur,ug) = max (21, 29) = | + |ugf* = a® 4 b,
(#z1,22)€S

where a = |uy|, b = |ua|, a®> + b* # 0, and (a,b) € S.
In order to finish the proof we need the following lemma.

Lemma 2.3. There exists (a,b) € S such that for n > 2 and for all (z1,22) € S,
lazy 4+ bzp|™ + |bz1 — aze|™ < (a® + b?)™

In particular forn > 2 and f € Bx,

a1 (f) + bpa ()" + b1 (f) — apa ()" < (a® +0°)",
and so

lap1(f) +boa(f)l < a® + % and  |bp1(f) — apa(f)| < a® + %
Proof of lemma. For n = 2 and any (21, 22) € S we have
lazy + bza|* + bz — aze|? = (az1 + bze)(aZ1 + bZ2) + (b2 — az)(bZ1 — aZs)
= (a® + ) (|1]” + |22[*) < (a® + %)

Hence |az1 + bze| < a? + b% and |bz; — aza| < a® +b? on S.
For n > 2 we apply induction. Assuming that the inequality is true for n — 1 > 2, we
get for any (z1,22) € S,

lazy + bza|™ + |bz1 — az|™ < (a2 + 62){|a21 + sz|"71 + |bz1 — azz\"fl} < (a2 + b2)”.

Now, since ® is a contraction, ||¢1(f)xE, +w2(f)xE,| = ||Pf|| <1 for any f € Bx. Thus
(e1(f), p2(f)) € S and this completes the proof of the lemma. O
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Given n > 3, define a polynomial P on Y as

P(f) = (ap1(f) + bp2(f))"

It is clear that P is an n-homogeneous polynomial on Y with ||P| = (a® + v*)"*. In
fact, it follows from Lemma 2.3, since we have |P(f)| < (a? 4+ b*)" for f € Bx, and also
P(axg, +bxg,) = (a® + b*)". Then the following polynomials

Pi(f) = (ap1(f) + b2 (f))",

Po(f) = (a1 (f) + bp2(f))" + (a® + 6%) (bor () — a2 ()" o (),
are two distinct norm preserving extensions of P from Y to X, where ¢ € Bx~ is chosen in
such a way that it vanishes on Y and (b1 (f) — aw2(f))p(f) # 0 for some f € X. In view

of Lemma 2.3, it is clear that ||P;|| = (a? + b*)". Moreover, again applying Lemma 2.3,
we get for every f € By,

[Po(£)] < lar(f) +boa(f)]" + |a® + b*[[bior (f) — apa ()"
< (lap1(f) + bp2(HI" ™ + [br(f) — apa(£)["H)(a® + ) < (a® + %),

since n > 3. Since we also have Pa(axp, + bxm,) = (a® + b?)", it follows that || P =
(a® + )™ and the proof is completed. O

If X is a r.i. space with the Fatou property over non-atomic or counting measure space
then for any disjoint sets E;, i = 1,2, the projection ® on X has norm one [5]. It is
also clear by the lattice properties, that for a Banach sequence space X, for any distinct
i,j € N, the projection ®(z) = x(i)e; +x(j)e; on X also has norm one. Thus the following
corollaries are immediate consequences of the previous result.

Corollary 2.4. If X is a r.i. space with the Fatou property over non-atomic or counting
measure space, then the conclusion of Theorem 2.2 is valid in X for any proper closed
subspace Y in X with xg, €Y, 1 =1,2.

Corollary 2.5. For any Banach sequence space X the conclusion of Theorem 2.2 is valid
in X for any proper closed subspace Y with e;,e; € Y.

Ezxample 2.6. In this example we show that there is a non-symmetric function space with
a norm one projection ® as in Theorem 2.2. Suppose that p : Q@ — [1,00) is a measur-
able function on a non-atomic o-finite measure space (€2, 5, 1) and define the following

functional for each f € LY,
()P
I —/ ———— dpu.
(f) ey u

Then the Nakano space LP() is defined as the set of all f € L%(x) such that I(Af) < oo
for some A > 0. It is well known [16] that LM is a Banach space equipped with the norm

IF]l = nf{A >0 I(f/A) <1},

Suppose now that p(¢) assumes constant values a; > 1 on disjoint measurable sets Ej,
1 =1, 2, respectively, with 0 < uF; = pFEy < oo. Then the projection

_(_ L L p(t)
of (MEl/Elf>xE1+<uE2/ng>xE2, f e,
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is a contraction. Indeed, note that for any A > 0,

)
0w = [ —oi

TGl o) 2 o o) 22}

Af]o Af]o2
<[ A e | M
F1 ai Es a2

A@pe
S/Qp(t) dp = I(\f).

This inequality yields that ||®f]| < ||f|| for all f € LP®). Moreover, ||xg, || = (@)Z NS

aj

=

1,2. So if we further assume that (“a—El) 1 #+ (“—E2> “2 then the norms of xg,,7 = 1,2, are
1 a2 )

different although they have the same distribution. Therefore we obtain a non-symmetric
space LP®) with a norm one projection ®.

3. 2-HOMOGENEOUS POLYNOMIALS IN R.I. SEQUENCE SPACES

In view of the results of the previous section, our attention turns to 2-homogeneous
polynomials on complex spaces. Let in this section X be a r.i. Banach sequence space.
We will prove that under certain geometric assumption on the unit ball in r.i. Banach
sequence space X, any 2-homogeneous norm-attaining polynomial on X has its unique
extension to its bidual X**. Before we state the main theorem we need some preliminary
work.

An n-homogeneous polynomial P on X** is said to be finite if there exists m € N such
that

m
P(z™) = P( (™ el) ei)

i=1
for all z** € X**, where e}, are bounded linear functionals on X with (e}, z) = z(k). By
symmetry of X, each permutation o of N induces an isometric isomorphism 7T, : X — X
such that T,z = (x(o(1)), - ,z(c(n)),---) for every x € X. Then T)* : X** — X*™* is
also an isometric isomorphism. Notice that the above definition of a finite polynomial is
more general than the one used before (e.g. [4, 6]), since X** itself does not need to be a
sequence space.

Proposition 3.1. Let P be an n-homogeneous polynomial on X**. Then the following
statements are equivalent:

(1) P is finite

(2) PoT}* is finite for every permutation o.

(3) PoTr* is finite for some permutation o.

Proof. Suppose that P is a finite n-homogeneous polynomial and ¢ any fixed permutation
of N. Then clearly PRz** = Px**, where

m
Rx*™™ = Z <x**, e;f> e;.
j=1

Let @ = P oT;*. Note that for every k € N, (Tjer,x) = (ef,T,x) = x(o(k)), and so
Trep = e:,(k). Therefore
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Q(a™) = P(T™2™) = P(RT ") = (Zm: Tra,ef)er)

=1

) <))

i=1 i=1

Letting s = max{o(i) : i = 1,--- ,m}, define
S
Rex™™ = Z <:U**, e;f> e;.
j=1

Clearly s > m and in view of the above equations

QRs™) = P(i (Raa™, €5 ) ei) = P(ii<x**’e;> (esnein) @)

1= =1 j=

= P(f} <x**, e:';(i)> Bi) =Q(=™).

1=

Hence @) = P o T}* is finite for any permutation o. Thus we showed that (1) implies (2).
The implication (2) = (3) is clear. Since P = PoT;*oT**,, it is also clear that (3) = (1)
holds in view of (1) = (2). O

Now we are ready to state the main result of this section.

Theorem 3.2. Let X be a complex r.i. Banach sequence space. Suppose that for each

x € Bx there exist n € N and € > 0 such that X** = [eq,--- ,e,]| ® G and
(31) T+ EBG C BX**.
Then a 2-homogeneous polynomial P on X** is norm-attaining on X, that is P(xg) = || P||

for some xg € Bx, if and only if P is finite.

Proof. Suppose P is finite. Then the values of P are completely determined by the elements
of a finite dimensional subspace of X spanned by {ej,--- ,e,} for some n € N. But it
clearly shows that P is norm-attaining on X.

Conversely, suppose that P(zg) = ||P|| = 1 for some 2y € Bx. Let now n € N and
€ > 0 be such that

zo + €Bg C Bxxx.
Then define on X**

n
R = Z <JJ**7€:> e, and S,=I1—-R,.

i=1

Hence
(Rn|x)™ =R, (Salx)™ = Sn,
and since both R, |x and S, |x are contractions by the monotonicity of the norm in X, so
IRn|l = ISn]] = 1. Thus
|P(20 + ASpz™)| = [1 + 2AP (20, Sna™) + A2P(8,2™)| < |P(0)| = 1,

for all ** € Bx««, and for all |\| < e, where P is the unique symmetric bilinear form
associated to P ([2, 9]). By the Maximum Modulus Theorem,

P(zo,Spa*) = P(Spz™) = 0 for 2** € Byw.
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Taking yo = (0,--- ,0,z0(n+ 1), z9(n + 2),---) we have yy € Bx and S, (yo) = yo. Hence

9]

P(yo) = P(x0,y0) = 0, and so
P(xo(1),--- ,x0(n),0,---) = P(zo — yo) = P(x0) + P(yo) — 2P (w0, y0) = 1.
Letting J(x) = {i : z(i) # 0}, x € X, denote
N =min{|J(z)|: P(z) =1, = € Bx},

where |J(z)| denotes cardinality of J(z). It is clear that N < n. Suppose now that N is
attained at some x; € Bx satisfying P(z1) = 1. Then

| J(z1)| = i 21(2) # 0}].

Choose then a permutation ¢ : N — N such that
o({l,---,N}) =J(z1), o({N+1,---}) =N\ J(z1).
Let further
v="T5(z1) = (x1(0(1)), -, 21(0(N)),0,--+)
and let
Q=PoTr,.
In view of Proposition 3.1 we need only to show that @ is finite.
It is clear that Q(v) = 1, v € Bx and v(k) # 0 for all 1 < k < N. Thus by the

assumption (3.1), there exist m € N and € > 0 such that
(3.2) 1Q(v 4 ASmz™)| = |Q(v) 4 22Q(v, Sma™) + A2Q(Spa™**)|

< Q) =1,
for all z** € Bx-- and for all |A| < e. Again by the Maximum Modulus Theorem we
have Q(v, Spx**) = Q(Spa™) = 0 for all x** € Bx«+. If m < N, then applying a similar

argument as above we could show that Q(vp) = 1 where vy = (v(1),...,v(m),0,...). The
latter however is a contradiction to the choice of N since

1= Qvo) = PoTr, (vy) = P( 3 xl(i)ei>
i€ Mo
for some My C N with |[My| < N. So m > N. If m > N, then for every = € By, || <,
lv+ ASmz|| < 1.
Since X is a r.i. Banach sequence space, for all x € By,
[lv+ ASnz| < 1.

Note that Sy is weak*-to-weak™ continuous. So weak*-lower semi-continuity of norm and
density of Bx in Bx« in the weak* topology imply for all z** € Bxx,

(3.3) lv + ASyz*|| < 1.

So (3.2) holds for m = N. Therefore we may assume that m = N.
Now let z1 = (’U(l), T 7U(m))7 z2 = (v(l),v(2)—mv(2), T ,U(m)), Ty Rm = (U(l)a T 7U(m)_
mw(m)) be vectors in C™. Letting Z; = (2;,0,---) for 1 < j < m we have Z; = v.

For any vectors x = (z(1),...,2(m)) € C™ we have the identity
e ay = 22D Ly e
() o ) = LS o)+ 3 D=5

m

o T um)

1 (:c(l) L x(m)) T}l
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Therefore for z = (x(1),--- ,x(m),0---) and each z** € Bx~,

o+ 230 (P 0 as s
Qe +8na™) = Q) + -3~ (L5 — 5y Qs Sma™)

=2
(28— 29y (5a),

— 9T 2 6m T w)

s

<
||
N

where ¥;(-) = 2Q(%,) € X**.
For each z** € Bx++ we will show that ¢;(Sp,z**) = 0. Let
vg = (v(1),€e%0(2),--- ,v(m),0,---),  6>0.

Then for every ||z**|| < 1, |\| < € and any « > 0, a similar argument as before (compare
with (3.3)) shows ‘
va + )\emSm:U**H <1.
Thus, for each 6 > 0 there is a #; > 0 such that
1Q(ve + A S| = |Q(vg) + (1 — )ha (A1 Spa™))|

= Q(ve)| + 1 — €”|l¢2(ASmz™)|

<1
Let now f(0) = |Q(vg)| and let g() = |1 — €| = 2sin(#/2) for small # > 0. Then

|12 (ASx™)| < 1;{9()0) for any A < e. Therefore

N 1—fO) . —f()
sup{[Ya(Sna™)] 1 2" € B} < lim — = = Im —s

This implies that for 2** € Bxs«, ¥2(Sp2™*) = 0. Similar calculations show that 1;(S,,z**) =
0 for i = 3,...,m. Thus for every z = (z(1),...,2(m),0,...) and every |[z**|| < 1 we get

Qz + Spa™) = Q(x).

Taking now & = Rp,x**,
Q") = QRma™ + Smz™) = Q(Rmz™),
which shows that () is finite and completes the proof. O

Remark 3.3. Observe that the geometric assumption (3.1) on X** in the above theorem
yields that no point of Sy is a complex extreme point of Bx. We will see later that in
Marcinkiewicz sequence spaces the converse is also satisfied.

Notice that Theorem 3.2 does not hold for n > 3 as we can see in the following example.

Example 3.4. Let n > 3 and ¢+, be a complex space. Consider the n-homogeneous poly-
nomial P on £, given by the formula

(o]
_ x
P(l‘) = (:L‘l + l’z)n + 2(1‘1 — ZL'Q)n 1 (Z 2:) .
k=3
Then P(e; + e2) = 2" = ||P||. It follows from Lemma 2.3 applied to ¢ and E; =
e;, 1 = 1,2. In this case a = b = 1. In fact P is of a similar form as P, in the proof of

Theorem 2.2.

Corollary 3.5. Suppose that X is a complex r.i. sequence space that satisfies the hypothe-
ses of Theorem 8.2. Then a 2-homogeneous polynomial P on X attains its norm if and
only if it is finite.
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Proof. Recall that every n-homogeneous polynomial on a Banach space X has a norm-
preserving extension to its bidual X** [8]. Let P attain its norm and @ be a norm-
preserving extension of P to X**. Then @ also attains its norm, and by Theorem 3.2, @)
is finite. So there is m € N such that for every z € X,

P(z) = Q) = Q (Zm’)ei) —p (Z:cmei) ,
i=1 i=1
which completes the proof. O

Corollary 3.6. Suppose that X is a complex r.i. sequence space that satisfies the hypothe-
ses of Theorem 3.2. Then every 2-homogeneous norm-attaining polynomial P on X has a
unique norm-preserving extension to its bidual X**.

Proof. Let Q1 and (2 be norm-preserving extensions of P from X to X**. Then, by
Theorem 3.2, @)1 and @2 are finite. So there are my, mo € N such that for each z** € X**,

Qu(=™) = Qi (Z (2™, €f) ) =33 i e (57 €,

i=1 =1 j=1
m2 m2 S

Q™) = @ (Z (o™, €3) ) =303 b e D) @)
s=1 s=1 t=1

for some complex numbers a;;, bs;. They are equal on X so that there is { < min{m;, mo}
such that a;; = b;; for all 1 < j <i <[l and a;; = 0 = by otherwise. So Q1(z**) = Q2(z™*)
for every z** € X**, and the extension is unique. O

It is easy to show that cq satisfies the assumptions of Theorem 3.2, and thus we get
immediately by Corollaries 3.5 and 3.6, the following result proved in [4].

Corollary 3.7. [4] Every norm-attaining 2-homogeneous polynomial on a complex cy is
finite and has a unique norm-preserving extension to .

We will see later (cf. Corollary 4.6) that we can obtain a stronger result for some
renormings of ¢y and .

The following simple example shows that the assumption of symmetry of X in Theo-
rem 3.2 is essential.

Ezxample 3.8. Consider the space fo, with the equivalent norm
2]l = lz(V)] + |2(2)] + sup{|z(n)] : n = 3}.

Clearly (co, ||||)*™* = (Yoo, ||]|)- Define on ¢+ the following 2-homogeneous polynomials

o
(k)
P(x)=2(1)*, Qz)=x(1)* +2(2)) k2"
k=3
It is obvious that P is norm-attaining on ¢y and ||P|| = 1. Note also that for each x € £

with ||z|| <1 we have
Qe1) =1 and |Q(z)| < 1.

It shows that @) is norm-attaining on ¢y but it is not finite. Choose now a norm one linear
functional ¢ on ¢, which vanishes on ¢y. Letting

Py(z) =x(1)? and Py(z) = z(1)? + z(2)p(z),

we get two distinct norm-preserving extensions of P to fo,. Thus the conclusions of
Theorem 3.2 and Corollary 3.6 are not valid for (co, ||-||) and its bidual (¢u, ||-]|)-
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For norm-attaining linear functionals, we obtain analogous results as for 2-homogeneous
polynomials.

Proposition 3.9. Suppose X is a complex r.i. sequence space and X satisfies (3.1).
Then a bounded linear functional p on X attains its norm if and only if it is finite. More-
over, every norm-attaining bounded linear functional on X has a unique norm-preserving
extension to X**.

Proof. If ¢ is finite, then it is clearly norm-attaining since its values depend only on a
finite dimensional subspace of X.

Conversely, suppose that ¢(xg) = ||¢|| = 1 for some z¢g € Bx. Then by the assumption
(3.1) there are n € N and € > 0 so that for every |A| < e and for every y = (0,--- ,0,y(n+
1),-) € Bx,

[p(zo + Ay)| = l(xo) + Ap(y)] < 1.
By the Maximum Modulus Theorem ¢(y) = 0 for such a y. So for every x € X, ¢(Spz) =0
and thus

n n
p(x) = p(Ruz) = D _miples) = Y (ef, ) plei),
i=1 i=1
which shows that ¢ is finite. Moreover, it has a natural extension @ to X**, defined by
n
P =" (&™) ples)-
i=1
Now, if ¢ has a norm-preserving extension ¢ to X**, then similar arguments as above
applied to ¢ show that ¢ is also finite. Since ¢ and ¢ are equal on X, so they must be
equal on X** too and the proof is completed. O

4. 2-HOMOGENEOUS POLYNOMIALS IN MARCINKIEWICZ SEQUENCE SPACES

In this section we will investigate uniqueness of norm-preserving extensions of 2-homogeneous
polynomials in Marcinkiewicz sequence spaces.

Assume ¥ = {¥(n)} = {¥(n)}o2, is an increasing sequence such that ¥(0) = 0 and
U(n) > 0 for n € N.

Definition 4.1. The Marcinkiewicz sequence space my consists of all sequences z = {z(n)} =
{z(n)}2, such that
> k=1 2" (k)

x| = ||z =sup = ———~ < o0,
ol =l = sup =l
where z* = {2*(n)} is a decreasing rearrangement of {z(n)}. Let mY, be the subspace of
my, equipped with the same norm || - ||,,, consisting of all = € my satisfying
n *
k
lim k=1 K)o
LT

Without loss of generality we can add (and we will) in the above definition the assump-
tion that the sequence {¥(n)/n} is decreasing [12]. Notice that for a concave ¥, m{, is a
predual of a Lorentz space [12, 13].

Recall the following results on m?l, and my.

Theorem 4.2. [12]
The following hold true.

(1) If limy, 0o ¥(n) = 0o then m?I, 1s the non-trivial proper subspace of myg consisting
of all order continuous elements in my.
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(2) my is the bidual of mY if and only if lim, oo ¥(n) = oo.

(3) Assume that lim,, .o ¥(n) = co. Then m% is an M-ideal in my if
W
U(n)=n or lim o) =0.

n—oo N

If m% is an M-ideal in my, in particular when W satisfies the conditions in the above the-
orem, then for any bounded linear functionals on m{, there exists a unique Hahn-Banach
extension to my. We will see below, Theorem 4.4, that in the case of 2-homogeneous
polynomials the crucial role in the extension problem is played by the geometric property
(3.1), which is equivalent to the fact that no element of the unit sphere of m?l, is a complex
extreme point of the unit ball of my.

We first state the following lemma.

Lemma 4.3. Assume that lim, . ¥(n) = oo and ¥ is strictly increasing. Then for each
T € Bm?l,7 there exist n € N and € > 0 such that for each y € B, y = (0,---,0,y(n +

1),y(n+2),---), and for each |\| <, ||z + Ay|| <1 holds.

k * (s
Proof. We may assume that ||z|| = 1. Since limg_, % = 0, we can find the
maximum integer n; € N such that

Y o)

ol = 1= S

Thus for every k > ny + 1,

ny k
D at(i) =T(n) and Y a*(i) < U(k).
=1 =1

Take

E o wyr
C a1
azl—max{zzill(k)():kZm—Fl}>O.

We note that x*(n1) # 0. Indeed, if we suppose that x*(ni) = 0, then

ni ni—1
S oat(i)= > a*(i) = V() < U(my — 1),
=1 i=1

which is a contradiction to the fact that WU is strictly increasing.
Note that for = € m%,

lim > h=1 (k) _ : _
e U(n) e L)
which yields

n— o0 i—00

I - N
nan;onkZ_lx(k)—llmw(n)—llm |z(7)| = 0.

Thus we can choose n > np so that for all ¢ > n + 1,

, 1,
|2(@)] < 52" (n1).
Take € = min{%,a} >0 and let y = (0,---,0,y(n+1),y(n +2),---) be in By,
Fix A with |A\| < e. Then for i > n+ 1, |le;|||y(i)| < 1, and so

v¥(n1) | 2 (n)ly (@)l fle

2() + My(i)| < A

< x*(ny).
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Thus for each k£ < nq,
k k

D (@A) (i) =Y 2" (i) < U(k),
i=1 i=1
and for each k > nq,
k k

k
D@+ (@) <> 2t (@) +ad yti) < (1—a)U(k) + a¥(k) = V(k).
i=1 i=1 =1

Therefore ||z + Ay|| < 1 and the proof is complete. O

Theorem 4.4. Let lim,_,o, ¥(n) = co and my, m% be complex spaces. The following
conditions are equivalent.
(1) W is strictly increasing.
(2) Foreachz € B0 , there aren € N and € > 0 such that for every y = 0,---,0,y(n+
1),-+) € By, and for every || < e, ||z + Ay|| < 1.
3) No element in Sm% is a complex extreme point of B -

5) FEvery norm-attaining 2-homogeneous polynomial on m% is finite.

6) Every norm-attaining 2-homogeneous polynomial on m&, has a unique norm-preserving
extension to my.

(7) Every norm-attaining bounded linear functional on m% s finite.

)

4) No element in Sm% s a complex extreme point of By, .
)
)

(
(
(
(

Proof. In view of Theorem 4.2 and the assumption that lim,, .., ¥(n) = oo, mY, is a non-

trivial and proper subspace of myg. Moreover, my is the bidual of m?l,. The implications
(2) = (3) = (4) are clear by definition. In view of Lemma 4.3, (1) implies (2), and by
Corollaries 3.5 and 3.6 we have that (2) implies (5) and (6). We also have that (2) yields
(7) by Proposition 3.9. We will complete the proof if we show that each condition (4)-(7)
is not satisfied whenever (1) is not satisfied.

Suppose for the rest of the proof that (1) is not satisfied, that is ¥ is not strictly
increasing. Then there is n € N such that U(n) = U(n + 1). Set

g = EH: \Ijiln) €;.

i=1

Since @ < % for each k, 1 < k <n, so
k (-
oy S _ )
1 Y(k) 1<k<n n¥(k)

Thus xg € Sm% . We shall show that x is a complex extreme point of By,,. Take y € my
such that ||zg + Cy|| <1 for all |[(| < 1. Then

1 (%) . (0 + Cy)*(9)
T(n) ;‘ - + Cy(i)| < ;qj(n) <1, forall [¢|<1.
Consider the analytic function f : B¢ — ¢1, defined by
1 /U
10 = g 2 < m) cyu))
i=1

Then | f(¢)|l; has maximum 1 at {( = 0. Since Sy, consists entirely of complex extreme
points, the strong form of the Maximum Modulus Theorem holds true (cf. Theorem 3.1

n
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n [17]), and thus f is constant. Therefore y(i) = 0 for 1 < i < n. For each y(k), k > n
and for all |¢] <1,

n

1 ¥(n) AL JCy® SR @+ ) ()
\I/(n—l—l); +<y(z)’+\p(n+1)gz Yint+1) =
This implies for all |¢] < 1,
1 ~|¥(n) : Cy (k)|
U(n+1) ; n + Cy(z)’ + U(n+1)
L R R Gy (k)]
S 2| O gy T g <

So we have that y(k) = 0 for any & > n. Therefore y = 0 and z is a complex extreme point
of Bm% , that is (4) is not satisfied. Now take the following 2-homogeneous polynomials

on Hl%
X 4+ - r\(n 2
P(x) _ ( (1) \I[(n)"g ( )) 7
x . x(n 2 ’rL e X n
o) - &) HE Q)N ind Dy~ k\; +1).

k=1

Observe that P(zp) = Q(x¢9) = 1. So P is a norm-attaining 2-homogeneous polynomial.
We can see that ) is also norm-attaining. Indeed, for each ||z|| <1,

)]+t lam)] 7 Jaln + )] (1)
oo < (FRGEHEE) B 2 3r(l)

@+ +z()] | Jz(n +1)]

¥(n) U(n)
(1) 4+ -+ 2" (n+1)
= U+ 1) =1

in view of the assumption that U(n) = ¥(n + 1). Hence, we get a norm-attaining 2-
homogeneous polynomial on m{, which is not finite. So (5) = (1) is proved. Choose
further a norm one linear functional ¢ on mg which vanishes on m%. Letting for x € my,

(@) -+ a(n)?
U(n?

z() +---+2()?  z(nt1)
U(n)? U(n+1)

(
Py(x) = ¢(x),
we can easily see that they are two distinct norm-preserving extensions of P to myg. This
proves (6) = (1). Finally, we will construct a norm-attaining bounded linear functional
which is not finite. Define a linear functional ¢ on m{ as follows

z(1)+ -+ z(n ixn—kkz

k::l
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Then ¢(xg) = 1, ||¢|]| = 1, and ¢ is not finite. Indeed, for each ||z|| < 1, by the Hardy-
Littlewood inequality [5],

- J— n—l—k
jota)] < TR Zj
:E*(l)—l—-~+1:*n J—
= ¥(n) ) Zl
(1) 4+ -+ 2*(n) +z*(n+ 1)

<

U(n+1)
This shows that (7) yields (1) and completes the proof.
U

Remark 4.5. (i) In view of Proposition 3.9, property (7) above yields that every norm
attaining linear functional on m% has a unique norm-preserving extension from m% to
my. The converse implication however does not need to hold. Indeed, take ¥ such that
limy, oo ¥(n) = 00, limy, oo ¥(n)/n = 0 and ¥ is not strictly increasing. Then a norm-
attaining functional does not need to be finite (since (1) is equivalent to (7)), but still its
norm-preserving extension is unique since m?l, is an M-ideal in myg by Theorem 4.2.

(73) For W strictly concave the equivalence of (5) and (6) in Theorem 4.4 has been shown

in [6].

As a corollary of the above theorem we obtain that there exists a renorming of ¢y and
{5 such that the results in [4] (Propositions 2 and 3) still hold true, despite the fact that
under this renorming ¢y does not need to be an M-ideal in /o (cf. Example 4.7). In fact,
let ¥ be such that lim,—,o ¥(n)/n > 0. Then it is easy to show (cf. [12]) that mY, = co
and my = f as sets and the norms || - ||, and || - ||cc are equivalent. Thus we get the
following result.

Corollary 4.6. Let lim,_,oo ¥(n)/n > 0, lim,, . ¥(n) = oo and ¥ be strictly increasing.
Then for k = 1,2 every k-homogeneous norm-attaining polynomial on complez (co, |||, )
is finite and has a unique extension to its bidual (Coo, [|[| 1, )-

Ezample 4.7. Let ¥(0) =0, ¥(n) = max{%”, 1} for n € N. Then my = l with the norm

ety = sup {ae), EEZE) 3T ')

that is equivalent to ||-|| -norm. Then (co, [[|,,,) is not an M-ideal of (¢, |||, ), but
the conclusion of Corollary 4.6 still holds.

Proof. 1t is clear that ¥ satisfies the assumptions of Corollary 4.6. In order to show that
(cos I/l ) is not an M-ideal of (foo, [|[|,y,,, ), we will use the so called 3-ball property [11],
which states that a closed subspace Y is an M-ideal in a Banach space X if and only if
for all y1,y2,y3 € By, all x € Bx and € > 0 there is y € Y satisfying

lz+yi—y||<14+e€ foralli=1,2,3.

Let now 21 = e1 + %62, To = €1 — %62, r3 = —e1 + %62, and let x = 2/3. Note that
zi|| = ||z|| = 1. en there is no y € ¢y suc at ||lz; + — ylle < 3. serve the

1. Then there i h that 2. Ob th
following formulas for any y € ¢,

o1+ 2 —yl=(5/3 -y, 1 -y(@2)[,12/3-yB)],...),
w2+ 2 —yl=(5/3-y(D)],10-y(2)],12/3-yB)],...)
23+ 2 —yl = (1/3+y(D], 1 -y(@2)[,12/3-yB)],...).



16 ANNA KAMINSKA AND HAN JU LEE

Then max{|5/3 — y(1)|,|1/3 + y(1)|} > 1 for all scalars y(1). Therefore for each y € ¢
there is ¢ such that (z; +x —y)*(1) > 1 and note that lim, . |2/3 — y(n)| = 2/3, so that
(z; + z —y)*(2) > 2/3 for all ¢+ = 1,2,3. This proves that for every y € ¢y there is some
i such that ||z; + x — y|lw > 3/4(1 4+ 2/3) = 5/4, which shows that 3-ball property is not
satisfied. O

We also see that it is not true that every renorming of ¢y and /., guarantees the
hypothesis of Corollary 4.6. In fact, in Example 3.8 we constructed a non-symmetric
norm ||-|| equivalent to ||-||, such that the conclusion of Corollary 4.6 failed. However we
can ask another question, whether or not, in ¢y equipped with an equivalent symmetric
norm, every 2-homogeneous norm-attaining polynomial is finite and has a unique extension
to its bidual £,,7 But, as we see below, both answers are negative.

Ezample 4.8. Let ¥(0) = 0, ¥(n) = max{n, 2} for n € N. Then my = £, and m{, = cg
with the norm ||z|| = w, which is equivalent to ||-|| . -norm. Since lim, o ¥(n) =
oo and W is not strictly increasing, Theorem 4.4 shows that there is a norm-attaining
polynomial on m?l, = ¢g which has at least two different norm preserving extensions to
my = fo. Note also that my is a symmetric space not satisfying the condition (3.1) of

Theorem 3.2.

Ezample 4.9. Let ¥(0) = 0, ¥(n) = max{y/n, 2} for n € N. Then mY, is an M-ideal of its
bidual my (see Theorem 4.2) with the norm

k * [ - k oy
|z]| = ||z||y = max max 722:19& (Z), sup 722:1% () .
ke{1,2,3,4} 2 5 Vk

Then Theorem 4.4 can be used to show that there are two distinct norm-preserving ex-
tensions of a 2-homogeneous polynomial from m&, to my, and also that there exists a
norm-attaining polynomial on m?l, which is not finite.

So even though m% is an M-ideal in my, we cannot obtain the results similar to Corol-
laries 3.5 and 3.6, without the assumption (3.1) of Theorem 3.2.

5. APPLICATIONS TO R.I. SEQUENCE SPACES

Suppose now that X is a complex r.i. sequence space with the Fatou property. We will
apply the results of Theorem 4.4 to X. Let ® be a fundamental function of X, that is
®(0) = 0 and for each n € N,

®(n) = [ler +--- +enllx -
It is well known [5] that {®(n)/n} is decreasing and the associated space X' is an r.i.
space with the fundamental function ¥ satisfying for every n € NU {0},
®(n)¥(n) =n.

Given X with the fundamental function @, define the Marcinkiewicz sequence space my
as the set of all x = {x(n)} such that

_ 2127 (R)] _ ®(n) .
e, =g {55}~ { Z S <o

neN —1

Then obviously the fundamental function of my is ®. Moreover, it is well known [5] that
my is the smallest r.i. space 1-embedded in X with the same fundamental function as X.
Thus we have

2]y < llzllx, 2€X.
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This implies that if £ € Sx is a complex extreme point of By, then = is a complex
extreme point of By.

In the proof of Theorem 4.4, we showed that if ¥ is not strictly increasing then there
is an n € N such that

i=1
is a complex extreme point of By,,. Note that

W(n)

U (n)®(n)
lzollx = — = llev 4+ +enllx = ———

n
Hence if ¥ is not strictly increasing, then xg is a complex extreme point of Bx. Note
also that if W is not strictly increasing, then we can take ) and ¢ as in the proof of
Theorem 4.4. Since ||z|,, < [z]lx, @ is a 2-homogeneous norm-attaining polynomial on
X and ¢ is a norm-attaining bounded linear functional on X. Moreover, they are not
finite. Thus we proved the following proposition.

= 1.

Proposition 5.1. Suppose a complex r.i. sequence space X with the Fatou property has
a fundamental function ® such that {®(n)/n} is not strictly decreasing. Then Bx has a
complex extreme point. Moreover, for k = 1,2 there is a norm-attaining k-homogeneous
polynomial on X which is not finite.

Assume now that X is not reflexive. Then we can choose a norm one linear functional
¢ on X** which vanishes on X. So if ¥ is not strictly increasing then we can use P; and
P, from the proof of Theorem 4.4 as two different norm-preserving extensions of P from
X to X**. Hence we get the following result.

Proposition 5.2. Suppose a complex r.i. sequence space X with the Fatou property has
a fundamental function ® such that {®(n)/n} is not strictly decreasing and that X is not
reflexive. Then there is a norm-attaining 2-homogeneous polynomial which has at least
two norm-preserving extensions from X to X**.

Corollary 5.3. Let X be a complex r.i. sequence space with the Fatou property. Assume
no point of Sx is a complex extreme point of Bx. Then the fundamental function of its
associate space X' is strictly increasing.

We shall show that the converse of Corollary 5.3 does not hold in general, even though
X is an order continuous symmetric sequence space. Before we present an example con-
tradicting the converse of Corollary 5.3 we will need the following simple but useful fact
about complex extreme points of a unit ball in a r.i. sequence space.

Proposition 5.4. Let X be a complex r.i. sequence space. Then an order continuous ele-
ment xo € Sx 1s a complex extreme point of Bx if and only if its decreasing rearrangement
xy 48 a complex extreme point of Bx.

Proof. Observe that if T': X — X is an isometric isomorphism, then T preserves the
complex extreme points of By.

Let 29 € Sx and xp be an order continuous element. Then lim, .. z{§(n) = 0. So
there is a permutation o of N such that |zo(o(n))| = x{(n) for each n € N. Let A\, =
sign(zo(o(n)) for n € N, where for z € C, signz = z/|z| if z # 0 and signz = 1 if z = 0.
Define an isometric isomorphism 7 on X as follows

Tz ={\z(c(n))}, =zeclX.

Then T'xg = x{, and so xg is a complex extreme point of By if and only if zj is a complex
extreme point of By. O
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Ezample 5.5. Let X be the set of all complex sequences x = {z(n)} such that

HxII—Z(\f Vn—1)z*(n) <

k=1

Since the sequence {y/n — /n — 1} is decreasing, (X, || - ||) is a Lorentz space and it is
order continuous [13, 14]. It is clear that the fundamental functions ® and ¥ of X and
X', respectively, are equal and ®(n) = /n = ¥(n) for all n € N.

We shall show that every point of Sx is a complex extreme point of Bx. By Proposi-
tion 5.4, we have only to show that every point z* € Sx is a complex extreme point of
Bx. Let 2* € Sx and y € X be such that ||z* + (y|| < 1 for all |(|] < 1. Then by the
Hardy-Littlewood inequality [5],

S (Vi — Vi) () + Gyl \<Z\f Vi D)t +Cy)(n) <
n=1
The function f : Be — ¢1 defined by

FQ) = (Vn—Vn=1) (@"(n) + Cy(n)) en,

n=1

is analytic and || f(¢)]|; attains its maximum at ( = 0. By a strong version of the Maximum
Modulus Theorem (cf. Theorem 3.1 in [17]), f is constant. Hence y = 0 and z* is a complex
extreme point of By.

Note that even though both ® and ¥ are strictly increasing concave functions and X
is order continuous, we cannot obtain the converse of Corollary 5.3.

Note also that although m% is order continuous and it has the same fundamental func-
tion as X, no point of Smg, is a complex extreme point of By, since V¥ is strictly increasing.
Therefore we cannot completely determine the complex extreme points of an r.i. space X
by its fundamental function.

Acknowledgment. We thank Richard Aron for encouraging discussion during the prepa-
ration of this article. The research on this project started when the first named author
visited KAIST in summer 2002. She wishes to thank the Institute for its hospitality and
support. The second named author would like to express deep gratitude to his supervisor
Changsun Choi and his companions at KAIST whose guidance and support were crucial
for the successful completion of this project.

REFERENCES

[1] M.D. Acosta, F.J. Aguirre and R. Payé, There is no bilinear Bishop-Phelps theorem, Israel J. Math.
93 (1996), 221-227.

[2] R. Aron, An introduction to polynomials on Banach space, Extracta Mathematicae 17 (2002), 303-329.

[3] R. Aron and P.D. Berner, A Hahn-Banach extension theorem for analytic mappings, Bull. Math. Soc.
France. 106 (1978), 3—24.

[4] R. Aron, C. Boyd and Y.S. Choi, Unique Hahn-Banach theorems for spaces of homogeneous polyno-
mials, J. Austr. Math. Soc. 70 (2001), 387-400.

[5] C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press 1988.

[6] Y.S. Choi, K.H. Han and H.G. Song, Eztensions of polynomials on preduals of Lorentz sequence spaces,
Preprint (2003).

[7] C.S. Choi, A. Kamiriska and H.J. Lee, Complex convezity of Orlicz-Lorentz spaces and its applications,
Bull. Polish Acad. Sci. Math. 52 (2004), 19-38.

[8] A.M. Davie and T.W. Gamelin, A theorem on polynomial-star approzimation, Proc. Amer. Math. Soc.
106 (1989), 351-356.

[9] S. Dineen, Complex Analysis on Infinite-Dimensional Spaces, Springer-Verlag, London, 1999.



(10]
(11]
(12]
(13]
[14]
(15]
[16]

(17]

ON UNIQUENESS OF EXTENSION OF HOMOGENEOUS POLYNOMIALS 19

W.T. Gowers, Symmetric block bases of sequences with large average growth, Israel J. Math. 69 (1990),
129-151.

P. Harmand, D. Werner and W. Werner, M -ideals in Banach Spaces and Banach Algebras, Lecture
Notes in Mathematics 1547, Springer-Verlag 1993.

A. Kaminiska and H.J. Lee, M -ideal properties in Marcinkiewicz spaces, to appear in Comment. Math.,
Special volume devoted to 75 birthday of Julian Musielak, 2004.

S.G. Krein, Ju.I. Petunin and E.M. Semenov, Interpolation of Linear Operators, AMS Translations of
Math. Monog. 54, 1982.

J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces II, Springer-Verlag, 1979.

W.A.J. Luxemburg and A.C. Zaanen, Riesz Spaces II, North-Holland, Amsterdam, 1983.

J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Mathematics 1034, Springer-Verlag,
Berlin, 1983.

E. Thorp and R. Whitley, The Strong Mazimum Modulus Theorem for Analytic Functions into a
Banach Space, Proc. Amer. Math. Soc. 18 (1967), 640-646.

Anna Kaminska

Department of Mathematical Sciences
The University of Memphis

Memphis, TN 38152, USA

E-mail: kaminska@memphis.edu

Han Ju Lee

Division of Applied Mathematics

Korea Advanced Institute of Science and Technology

373-1, Kusong-Dong, Yusong-Gu, Taejon, 305-701, Republic of Korea
E-mail: hjlee@amath.kaist.ac.kr



