Improving diameter bounds for distance-regular graphs
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Abstract

In this paper we study the sequence (c¢;)o<i<q for a distance-regular graph. In
particular we show that if d > 2j and ¢; = ¢ > 1 then cy; > ¢ holds. Using this
we give improvements on diameter bounds by Hiraki and Koolen [5], and Pyber [§],

respectively, by applying this inequality.

1 Introduction

Let I be a distance-regular graph of diameter d > 2, valency k& > 2 and intersection numbers
¢i,ai, b (0 < i <d). (For definitions, see next section.) We define

h:h(F) = |{Z ’ 1<¢<d-1and (ci,ai,bi) = (cl,al,bl)}] .
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For each 1 < ¢ < ¢4 we define
& = min{i| ¢ > ¢}
ne = |{ile=c}.

In this paper we study for a given integer ¢, the number of 7. for a distance-regular
graph. We obtain the following result:

Theorem 1.1 Let I' be a distance-reqular graph of diameter d > 2. Let ¢ be an integer
with 2 <c<cq. Thenn. <& — 1.

Using Theorem 1.1, we will give improvements on the diameter bounds of distance-
regular graphs found by Hiraki and Koolen [5] and Pyber [8], respectively.

In [5] it was shown that the diameter of a distance-regular graph of valency k is bounded
by %k‘Qm. In the next result we show we can interchange the power 2 by «a, where

a::min{x>0|4% — s <1}
Note 1.2 We remark that 1.44 < o < 1.441.

Theorem 1.3 Let I' be a distance-regular graph of diameter d > 2 and valency k > 3. Let
C:={¢l|i=1,...,d}. Then

1
o < (e m +1) 1)
and
Ee+ne < Canl +1 (2)
hold for all c € C.
In particular if h:= h(I') > 2 then
1
fo< g 2t )+ 1) Q@
and
e+ e < 2c%(h+1) +1 (4)

hold for all c € C.
Corollary 1.4 Let I' be a distance-regular graph of diameter d > 2, valency k > 3 and
h:= h(I'). Then

d< - (Km+1).

N |

In particular if h > 2 then
1
d<k*h+1)+ 5
holds.



In [8] Pyber showed that the diameter of distance-regular graphs is at most 5 times the
2-logarithm of the number of vertices. The following gives an improvement of this bound.

Theorem 1.5 Let I' be a distance-reqular graph with v vertices. Let d be the diameter of
I'. Then

8
d< §10g2 V.

The paper is organized as follows: In Section 2 we give definitions, in Section 3 we give
the proof of Theorem 1.1, in Section 4 we give the proofs of Theorem 1.3 and Corollary 1.4,
and in the last section we give the proof of Theorem 1.5.

2 Defintions

All graphs in this paper are undirected graphs without loops and multiple edges. Suppose
that I' is a finite connected graph with vertex set VI'. We define the distance between
any two vertices x and y, d(z,y), as to be the length of any shortest path in I" between
z and y, and the diameter d of I' to be the largest distance between any pair of vertices
in VI'. For a vertex x € VI' and any non-negative integer ¢ not exceeding d, let I';(x)
denote the subset of vertices in VT that are at distance i from x and put I'(z) := I';(x)
and I'_q(z) = Tgy1(xz) := 0. For any two vertices x and y in VT at distance i, let

Ci(z,y) = Tia(x)NTi(y)
Ai(z,y) = Ti(z)NTi(y)
Bi(z,y) = Titi(z)NTi(y).

A graph I is called distance-regular if there are integers b;,¢; (0 < ¢ < d) which satisfy
¢i = |Ci(z,y)| and b; = |B;(z,y)| for any two vertices z and y in VI at distance i. Clearly
such a graph is regular of valency k := by. The numbers ¢;, b;, and a;, where

a; ::k—bi—ci (iIO,...,d)

is the number of neighbors of y in I';(x) for z,y € VT at distance i, are called the intersection
numbers of I'. The array

co €1 €2 -+ G - Cg—1 Cq
ap ar az -+ G; -+ G4d—1 Qq
bp by by - by - bg—1 by

is called the intersection array of T

Now, suppose that I' is a distance-regular graph of diameter d > 2, valency k > 2 and
intersection numbers ¢;, a;,b;, 0 < i < d. Clearly, by = ¢9p = ap = 0 and ¢; = 1. In [2,
Section 4.1], it is shown that I';(x) contains k; elements where

ko:=1, k= ]{3, k?i+1 = k’ibi/ciJrl» 1=1,. "ad_ L,



and in [2, Proposition 4.1.6] it is shown that

k=0by>by >by>-"+2>0bg_1>bg=0,
l=c1<c<--<c¢<k
and ¢ <bj if i4+j<d. (5)

For more information on distance-regular graphs, see [2].

3 Proof of Theorem 1.1

In this section we show Theorem 1.1. In order to show the theorem we use the intersection
diagram with respect to an edge. Let I' be a distance-regular graph of diameter d > 2
and valency k > 3. Let (u,v) be an edge in I'. For each 0 < 4,5 < d set D; = D;(u, v) 1=
I'i(u) N T'j(v). The intersection diagram with respect to (u,v) is the collection {D}}o<i j<d
with lines between them such that if there is no line between D} and Dy, then it means
that there is no edge (z,y) for any x € D} and y € Df. Also if we know that D} is the
empty set then we erase it.

Remark 3.1 If ¢; = ¢;4+1 then there are no edges between any two of {D;H, Df, D’:_H}.

()

Let ¢ be an integer with 2 < ¢ < ¢4. Let n:=n. and £ := .. Then for any edge (u,v)
in I' the intersection diagram with respect to (u,v) has the shape as in Figure 1.

Figure 1.




Lemma 3.2 If ¢, + cc—1 > c¢ then the following hold:
(i) There are no edges between D§—1 and Dg_l.

ii) There exists an edge (g, 1) such that o € D"} and z1 € D5_,.
£-1 £-1
(iii) by > ce—1 + ¢y-

Proof: (i) Assume that there is an edge between Dgfl and Dél. Then there exists a path

(Y0, Y1, - --,Yn) such that yo € Dg_l and y; € Dg:;iz

It follows that

for 1 <1i <n. Clearly d(yo,yn) = 1.

Ce(v,90) 2 [T(wo) N D | U [T(wo) N DEZF] 2 Gy, y0) U Ce (s 10):
This contradicts to ¢, + cg—1 > c¢. This shows (i).

(i) Let 21 € Dg_l. As c¢e > c¢—1 and there are no edges between Dg_l and Dg_l, there

must be a neighbour zg € Dg:} of 1. This shows (ii).

(iii) It follows, from (ii), that there exists a path (xo,z1,...,2,) such that zo € ij

and z; € Dgiéiz for 1 <i <n. Now Cy(zy,z0) C I'(zo) N Dél and by symmetry we find

that
ey < ‘F(l‘o) N Dél’ = )F(.%’(]) N Dg_l) .

We also have

Ce—1(u, o) U [F(l‘o) N Dg_l] C By (zy, x0),
0

Ce1(u,20) 1 [P(o) n D] =,

which implies
ce—1+ ¢y < by

This shows (iii). 1

Proof of Theorem 1.1: Suppose & < 7. We will derive a contradiction and this shows the
theorem. In order to do this we will show several claims.

Let (u,v) be any edge in I' and D;- = D;(u,v) := I';(u) NT'j(v). Then Remark 3.1 and
Lemma 3.2 (i) imply that the intersection diagram with respect to (u,v) has the shape as
in Figure 2, and Lemma 3.2 (ii) implies that there exists a path (zo,x1,...,x¢) of length &

such that zg € ng and z; € DEIZ:; forall 1 <i<¢.



Figure 2.

Claim 1. (i) The set Dé N A¢(x¢, x0) is non-empty.
(ii) Let z € Dg N Ag¢ (¢, z0). Then Ce(z,z¢) C Dgg:g NI (ze).
(iii) Let z € Dé N A¢ (¢, x0). Then Dg_ﬂ N C¢(xe, 2) is non-empty.

Proof: (i) The set Dg N A¢(xe, x0) is non-empty, as otherwise

CE—I(ua $D) UBE—I(’UVIO) C Bg(x£7x0)7

Ce1(u,z0) N Be—1(v,z9) = 0

hold and thus c¢_q + be—1 < be which is a contradiction as £ > 2. This shows (i).
(i) It is clear that C¢(z,x¢) C Dgg:g U Dggj. If there exists 2’ € Dggj N Ce(z,x¢) then

Ce(xo, Zyu {xe} € Coei(v, 2.

This contradicts to ¢g = cpe—1 as n > £. Thus Dggj N Ce¢(z,z¢) = 0 and this shows (ii).
(iii) It is clear that Cg¢(z¢, 2) C Dél U Déii If Déﬂ N Ce¢(z¢, z) = 0 then
C§($§, z)U{zo} C Cg(’u, ).

which is a contradiction. Thus we have (iii). 1

Define P := C¢(x¢, x0) and Q := Be_1(x¢—1,20) — Be(xe, %0).



Claim 2. The set PN (Q is empty and PUQ C Dg_l.

Proof: Tt is clear that P C Dg_l. Let z € Q. If z € P, then xy € Dg_l(:cg,xg_l) and
z € Dg_l(xg, xe—1) hold. Asn > ¢ > 2, it follows by Lemma 3.2 (i) that there are no edges
between Dé_l and Dg_l. Therefore PN Q = and Q C Ag(z¢, ) hold. As

—2 —2 —1
DéﬂﬂﬁquDg}ﬂﬂmwgB@@m%
it follows that @ C DE U ng U Dg:; U Dg_l. Suppose z € [Dg U ng U Dg:; . Then
26—2
Ce(z,2¢) C Dyg” 5 NT(we) = Coei(u, ¢). (6)

(The Equation (6) is clear when z € ng U Dg:;. If z € Dg, then it follows from Claim
1 (ii).) By comparing both sides of (6) we have x¢_; € Cor_1(u,x¢) = Ce¢(z,x¢) which
contradicts to z € Be_1(x¢—1,%0). Hence @ C Dg_l. The claim is proved. 1

Claim 3. There exists v’ € Be_1(xo,v) — Be—1(x1,v). Define R := Be(u/,z0). Then
RC D;.

Proof: Since u € Be_1(x1,v) — Be_1(xo,v), there exists v’ € Bg_1(xo,v) — Be—1(z1,v).
Consider the intersection diagram with respect to (u’,v). Then we have zg € Dg_l(u’ ,V)
and 1 € ng(u’,v). Take any wg € R. Then ws € DEH(U’,U) and we can take a path
(wa,ws, ..., wg) such that w; € Dg::; (u',v) for 2 < i <. By Claim 1 (i),(iii) there exists
20 € Dg(u’,v) N A¢(we, z1) and 21 € Dgﬁ(u’,v) N Ce(we, z0) Let (21,...,2¢ = we) be a
shortest path connecting 21 and wg. Since 21 € Dg_ﬁ (v',v) and z € Dgg:; (u',v) such that
d(z1,2¢) = £ — 1 there exists an integer ¢ with 2 <t < & — 1 such that z; € Dgﬂ(u’,v) for
all0<i<t—1andz € DEIE:; (', v) for all t <7 < ¢ by Claim 1 (ii). Next we return to
the intersection diagram with respect to (u,v). Since zy € Dg:i and wy € Be_1(v, ), we

have wy € Dg_l U DE.

Suppose wy € Dg_l. Then we have w; € Dfiz:g for all 2 <4 < £ as the former diagram
gives us the distance between v and w;. Similarly we have z; € Dg::g’ forall t <i<¢
and z; € Dgﬂ_l for all 0 < i <t — 1. Hence (x1,20) is an edge such that 1 € ng and
Zp € Dg_l. This contradicts Lemma 3.2 (i) as ¢, +c¢—1 > ¢¢ holds by the assumption 7 > .

Hence we have wo € Dg and our claim is proved. 1



Claims 2 and 3 show that the sets P, ) and R are disjoint and
PUQURC Bf_l(u,$0).

As |P| = ¢, |Q‘ = b§—1 — bg and |R‘ = bg hold, this implies ce + (bf—l — bf) + bg < b§—1
which is a contradiction. The theorem is proved. ]

4 Proofs of Theorem 1.3 and Corollary 1.4
In this section we prove Theorem 1.3 and Corollary 1.4. Recall C :={¢; |i=1,...,d}.

Lemma 4.1 Let I' be a distance-regular graph of diameter d > 2 and valency k > 3. Let
ce C\{1}. Then

(i) ci+ce—i<c for all 1<i<E —1.
! c\ée—1
. (¢ .
@ Te=(3)
Proof: (i) This is [7, Proposition 1 (ii)].
(ii) Let £ := &.. Then (i) implies that

2\/cjce—j <cjtce_j<c
holds for all 1 < j < & — 1. Hence we have

-1 -1

[Te=TTvaei<(5)
j=1 j=1

Lemma 4.2 Let 3 := (%)é For a real number x with 3 <z <1
r*+2(1—-2)* <1

holds.

Proof: Define f:[3,1] — R by

flz) :=a2%4+2(1 —2)*.



By definition of § (and «), it follows easily that f(8) = 1. Also f(1) = 1. By straightfor-
ward calculation one sees that on [3,1], the function f has maxima at z = 1 and x = 3.
This shows the lemma. 1

Proof of Theorem 1.3: Let C = {v1,72,...,7¢} such that

holds. We will prove

1
ST {(v)*m + 1} (7)
and
Eyy 1y < (1) m + 1 (8)

hold for all j =1,2,...,q¢ by induction on j.

As1=¢ < 3(m+1)and & 4+ m = m + 1 hold, so (7) and (8) hold for j = 1. Now let
5 > 2 and assume that (7) and (8) hold for all ; with 1 <7 < s. Let ¢ := 75, ¢ := 7y,_1)
and ¢ = be for some 0 < b < 1.

First we will prove Equation (7) holds for j = s. In order to show this we need to consider
two cases, namely the case 0 < b < § and the case § < b < 1, respectively.

Case-1: 0<b< g
Proof: As ¢ = be < e and b™ < 3% = 3 hold, we find

1
§e =& + Ne —1 < (bC)a’lh < §Ca’l71

hold by our induction hypothesis. 1

Case-2: f<b< 1
Proof: Let ¢ := c¢,—¢,. Then Lemma 4.1 (i) implies that ¢ = c¢, > c¢, +c¢,¢, = + "
holds and thus ¢’ < (1 — b)c holds. Therefore we find that

’Sc < gc’ + (éc“ + Nerr — 1)

1
< @ m 1} +()m
1
< 3 {(* +2(1 = b)) % + 1}
1
< 5 (c"m +1)
hold by Lemma 4.2 and our induction hypothesis. 1



Hence Equation (7) holds for j = s. The fact that Equation (8) holds for j = s follows
from Theorem 1.1. Therefore we have shown that Equations (7) and (8) hold for all 1 <
j<a

Now assume h > 2. In [6, Theorem 2] it is shown that 7; < 2(h + 1) holds. Equations
(3) and (4) follow now immediately from Equations (1) and (2), respectively. 1

Proof of Corollary 1.4: If €., = d then by Equation (1) the following holds:

1 N 1.
d =6, < 3l m+1} < 5 (Bm +1).

Now we assume that &, < d. If ¢ < Bk then the result holds as

1
d<&,+ne, —1<(ca)™m < (Bk)*m = 516“771

holds by (2). To complete the proof we need to consider Sk < c¢4. Let ¢q = €k for some
p<e<landc:=cgg,). Thenc=cy¢ )< b, <k—ca=(1-¢€)k holds by (5).
Therefore the result follows by Theorem 1.3 and Lemma 4.2:

d

IN

eq + (Ee+ne—1)

1
5 Alea)nn + 1+ ¢
1

IN

IN

{e* +2(1 — €)%} k%1 + 1]

IN
DO | N

(E“m +1).

5 Proof of Theorem 1.5

In the proof of Theorem 1.5 we will use the following results.

Lemma 5.1 Let I' be a distance-regular graph of diameter d > 2 and valency k > 3. Let
h = h(['). Then for any integer 1 < i < d the following hold :

(1) If ki+1 S ki, then d < 31.

(ii) a1+ 2 <e¢ + bi—1.

(iii) If b1 = 2 and ¢; = 1 then ¢ < 2h + 2.

Proof: (i),(ii): These follow from [2, Corollary 5.9.7] and [2, Proposition 5.5.1], respectively.
(iii) We only need to consider the case h = 1 as for the case h > 2 the assertion follows

10



from [6, Theorem 2]. Note that by (ii) a; < 1 holds. Now [4, Theorem 1.1-1.2] imply that
¢y # 1. Hence 11 < 3 < 2h + 2. The lemma is shown. 1

Lemma 5.2 Let I' be a distance-reqular graph of diameter d > 2 and valency k > 3. Let
{ < d be maximal such that 2cy < by_1. Then

d < 44.

Proof: By definition of ¢, 2¢y < by_1 and 2¢p11 > by hold. We may assume that 3¢ +1 < d.
Let ¢ := cop41, € := & and 7 := ne. Then 2¢py1 > by > copy1 = ¢ holds by (5). We have
¢ > 2 as otherwise cyy1 = 1 and by = 1 hold by the definition of ¢, and thus ky;1 = k¢ holds
which contradicts to Lemma 5.1 (i).

Ifn>£¢+1,then ¢, +ce1 > 2¢p41 >c=ccas{—1=>n=>L+1Dby Theorem 1.1. By
Lemma 3.2(iii) we have
by > by > ce—1+ ¢y = 2¢041.

But that is a contradiction with the definition of ¢. Hence we find n < £. As 2(/+ 1) <
n+& <30+ 1, c341 > Cype > 2¢041 > by holds by Lemma 4.1 (i). So d < 4¢ holds. 1

Proof of Theorem 1.5: Let ¢ < d be maximal such that 2¢, < by_1. Let ¢ 1= ¢y, £ := &
and n := 7n.. In order to prove the theorem we need to consider three cases, namely ¢, > 2,
(¢g =1and by_1 > 3) and (¢, = 1 and by_1 = 2).

Case-1: ¢ > 2
Proof: We have

-1 1 enE-l
Hbj,l > (2¢)7!  and ch < (§>
7j=1
from Lemma 4.1 (ii). Theorem 1.1 implies that £ < & +n — 1 < 2 — 2. Hence we have

£-1 4
bj_ bj—
ky = H J—1 H j—1 > 4E1l=EH1 _ ol+é-1

5 i Cj
=1 7 j=¢ 7

and thus logyv > logy ky > 0+ €6 —1> %E holds. Therefore by Lemma 5.2

d§4€<§logzv

holds. ]

11



Case-2: ¢y =1 and by_1 > 3
Proof: We have bi— >3 for all 1 <i < /. Hence v > ky > 3¢ holds. By Lemma 5.2,

Cq

8
d < 40 < 4logzv = 4(logsz 2)(logy v) < 3 logy v

holds. ]
Case-3: ¢y =1 and by_1 =2

Proof: There are two possibilities, namely cp11 =1 or ¢gy1 > 2, but in each case k1 < ky
holds by by < by_1 = 2 and kpi1¢py1 = keby. Hence Lemma 5.1 (i) and (iii) implies that
d<3Cand ¢ <2h+2.If by <2then k <4 asa; <1 by Lemma 5.1 (ii). Hence the result
is proved by [1] and [3].

Now we may assume b; > 3. Then
e 4
v > ke = Hbj—l > kafQZ*l*h > gh+lge-h—1 > 65
j=1

Therefore we have logs v > log, 63 > gﬁ and thus

d§3€<§log2v

holds. 1
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