OH-TYPE AND OH-COTYPE OF OPERATOR SPACES AND
COMPLETELY SUMMING MAPS

HUN HEE LEE

ABSTRACT. The definition and basic properties of OH-type and OH-cotype
of operator spaces are given. We prove that every bounded linear map from
C(K) into OH-cotype ¢ (2 < ¢ < o0) space for a compact set K satisfies
completely (g, 2)-summing property, a noncommutative analogue of absolutely
(¢, 2)-summing property. At the end of this paper, we observe that “OH-cotype
2”7 is equivalent to the previous definition of “OH-cotype 2” of G. Pisier.

1. INTRODUCTION

Type and cotype of Banach spaces plays an important role to extend classical
results concerning L,-spaces to more general spaces. For example, we have the
“little Grothendieck’s theorem?”:

Every bounded linear map from C(K) into a Hilbert space is 2-summing
for a compact set K, which can be generalized as follows.
Every bounded linear map from C(K) into cotype q space is (q,2)-summing

for 2 < g < co. The aim of this paper is to give an appropriate definition of an
operator space version of type and cotype and use them to prove an operator space
version of the above theorem. For general information on p-summing operators
and (g, p)-summing operators, see [1] and [15].

As a noncommutative analogue of type and cotype of Banach spaces, the notion
of type and cotype of operator spaces was considered in many versions. G. Pisier
introduced the notion of “OH-cotype 2” in [14]. This definition is based on the
following equivalent formulation of cotype 2 of Banach spaces.

A Banach space X has cotype 2 if and only if there is a constant C > 0 such that
for allw: 13 — X, we have
ma(u) < - U(u),

where l(u) is the l-norm of u defined by

1w = [ [ aerues

k=1
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for an i.i.d. gaussian variables {gr} on a probability space (X2, P).
By trace duality, it is equivalent to

I*(v) < Cma(v)
for allv: X — 13, where I*(v) is the adjoint l-norm of v defined by
I*(v) := sup{tr(vu) : I(u) < 1}.

G. Pisier defined that an operator space E has “OH-cotype 27 if there exist a
constant C > 0 such that for allv: E — 13, we have

I*(v) < Cmaon(v),
where oo, (v) is the (2,0h)-summing norm defined by the infimum of C > 0

satisfying
S luzl? < €2 || w0 7
E k E®minE

For more information about (2, oh)-summing operators, see [12].

Later, M. Junge ([4]) introduced “cotype (2, R + C')” by replacing (2, oh)-
summing norm in the above definition into (2, Sgy¢)-summing norm in order to
prove the following.

Every bounded linear map from C(K) into Sy(la) is completely bounded

for1 <p<2.

He showed the above by proving that S, = S,(l2) (1 < p < 2) have cotype
(2, R+ C). Since S, (1 < p < 2) does not have OH-cotype 2 of G. Pisier, cotype
(2, R+ C) is strictly weaker than OH-cotype 2.

The definition of G. Pisier and M. Junge deal ¢ = 2 case only. For wider
range of p and ¢, J. Garcia-Cuerva and J. Parcet introduced the notion of type
p (1 < p < 2) and cotype ¢ (2 < ¢ < o0) of operator spaces with respect
to quantized orthonormal systems in [3] recently. The starting point of this
definition is totally different from the previous ones.

Let (€2, P) be a probability space and (X,ds) be a pair of an index set %
and a collection of natural numbers indexed by %, dy, = {d, € N : 0 € ¥}
The quantized Rademacher system Ry with parameter (3, dy,) is the collection
of independent random matrices 77 = (r7;) : @ — O(d,) indexed by ¥, and
the distribution of 77 is exactly the normalized Haar measure on the orthogonal
group O(d,). The quantized gaussian system Gy with parameter (3, dy) is the
collection of random matrices g% = \/Ldj(g;‘]) : 0 — My, indexed by 3, where g7’s
are i.i.d. gaussian random variables. We consider the following transforms as in
the Banach space case:

Fry(f)(0) = /Q fw)r (@) dP(w) and Fpl(A)(w) =) dotr(A7r7(w))
) oEex



for appropriate f: Q — C and A € [], v My, .
For 1 <p <2 and 2 < g < oo, we say that an operator space E has Ry-type
p (resp. Banach Rs-type p) if

sup H}"ﬁ; ® IEH
finiteI'CXY

eb(Ly(T\B), L, (2,)) < O

(resp. sup H]—"ﬁ; < 00)

® Ig
finite CY Hﬁp(F,E)—»Lp/(Q,E)

and that £ has Ryg-cotype g (resp. Banach Ryx-cotype q) if

sup ([ Fry @ Iell grr .m),0,00.8) < °°
finite'CX q

(resp. sup [|[Fry ® Igllrr o p)c ) < )
finite 'CX q

where L[, (Q, E) is the closed linear span of {r{;: 0 € I'} ® E in Ly(Q, E) and

1

L(T,E)={Ac ][ My, ®E: Al rp= (Zda ||A”||§fU(E>>; < oo}

el oel’

for 1 <r < oo and

LT E)={A¢€ H Ma, ® B [|Allz_rp) = sup 1A% st () < 00}

el

Note that S*(E) is a vector-valued Schatten class defined in [13]. We define
Gs-type p and cotype ¢ similarly. In [2, 3] and [5], it is shown that [, and
Sy, (1 < p < o0) has Ry(resp. Gx)-type min{p,p'} and Rg(resp. Gs)-cotype
max{p, p'} and unlike in the Banach space case, these are ‘sharp’ in the sense
that [, and S, do not have better (closer to 2) type and cotype. In particular, [,
and S, (1 < p < 2) does not have cotype 2 in this sense. This lack of cotype 2
spaces leads us to a weaker notion of type and cotype.

In this paper, we take a similar approach as in [3] to define OH-type and
OH-cotype of operator spaces but the requirement will be somewhat weakened
enough to include commutative L; spaces as OH-cotype 2 spaces. The reason
why we use the same terminology ‘OH-’ with the one of G. Pisier is that we have
the equivalence when ¢ = 2. In Section 2, we will define OH-type and OH-cotype
of operator spaces and develop basic theory. We will see how OH-type and OH-
cotype is related to the type and cotype in [3]. In Section 3, we compute type
and cotype of several concrete spaces. In Section 4, applications to completely
(¢, p)-summing maps are presented. This new class of mappings is defined by the
same way in [13]. At the end of this paper, we observe that that our “OH-cotype
2”7 is equivalent to “OH-cotype 2”7 of G. Pisier.

Note that all Lebesgue spaces (commutative or noncommutative) are endowed

with their natural operator space structure in the sense of G. Pisier ([13]).
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2. COMPLETE TYPE AND COTYPE OF OPERATOR SPACES

We use the Rademacher system (resp. Gaussian system) to define type and
cotype (resp. Gaussian type and cotype) in the Banach space setting. In this
paper, we also use the same system but with different indices. Let {r;;} (resp.
{9ij}) be an enumeration of the classical Rademacher system {r;} on [0, 1]. (resp.
a gaussian system {g;} on a probability space (€2, P).) Now we define OH-type
and OH-cotype using the following transforms:

[e.o]

and fﬁl . (.CEU) — Z rij<t)$ij

Frif (/01 f(t)ﬁ'j(t)dt> —

0o
1,j=1

for appropriate f : [0,1] — C and (z;;) € M. We define Fg and F; ' similarly
by replacing {r;;} into {g;;}. Note that Fr and Fg are complete isometries from
Sy onto Rady (resp. G), the closed linear span of {r;;} (resp. {g;;}) in L»[0, 1].

Definition 2.1. Let E be an operator space.
(1) E is said to have OH-type p (1 <p <2)if
Fl®@lg: S, F — Ly[0,1]®@ E

extends to a bounded linear map from S,(E) into Ly([0,1], E);
(2) E is said to have OH-cotype q (2 < q < o0) if

.7:R®]ERad2®E§L2[0,1]®E—>Sq®E

extends to a bounded linear map from Rads(E) into Sy(E),

where Rad,(E) refers to the closed linear span of {r;;} ® E in L.([0,1], E) for
1 <r < oo. We denote T2(E) and CS(E) for operator norms of Fx' ® Iy and
Fr ® Ig respectively. Here, ‘o’ means operator space setting as in [13]. The
definition for gaussian OH-type and gaussian OH-cotype is similar. We
use notations GT7(E) and GCJ(E) in this case.

Remark 2.2. (1) Note that we do not require F' ® Iz and Fr ® I to be
completely bounded.
(2) Considering diagonals, it is trivial that every OH-type p (resp. OH-cotype
q) space has type p (resp. cotype ¢) as a Banach space.
(3) By the classical Khinchine’s inequality, we get equivalent definitions if we
replace Ls[0,1] into L,[0,1] and Radsy into Rad, for any 1 <r < oc.

We first check the trivial cases.
Proposition 2.3. Every operator space has OH-type 1 and OH-cotype oo.

Proof. Let E be an arbitrary operator space. Observe that ]:7;1 factorizes as

follows:
12,1

Fal 8 22 8y TR Rady C Lo[0,1] 25 L10,1],
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where j; 2 and i3, are the corresponding formal identities. Thus, .7-"751 is a com-
plete contraction from S into L;[0, 1], and so is

JT ®[E Sl( ) Sl ®maxE_>L1[Oa 1] ®maxE:L1([Oal]7E)'

This implies that E has OH-type 1 by (3) of Remark 2.2.
For the cotype case, we consider the following factorization:

Fr : Rady 22 Rady 22 5, 25 5.

where (19 and js . are the corresponding formal identities. By the classical
Khinchine’s inequality ;9 is bounded, so that we can consider its extension
$12 to L1[0, 1] by the Hahn-Banach theorem. Then the maximal operator space
structure of L0, 1] assures that (¢; 5 is completely bounded, which means that
1,2 is completely bounded. Thus, Fx is a completely bounded map from Rad;
into S, and so is

Fr® I : Rady @uin E — S @min F = Soo(E).

Since L1(F) = L; ®max F is embedded into L; ®@uin £ by a natural complete
contraction, we have Fr ® I : Radi(E) — So(E) is (completely) bounded. [

As in the Banach space case, gaussian OH-type and gaussian OH-cotype are
equivalent to OH-type and OH-cotype respectively.

Proposition 2.4. Let 1 <p <2, 2<q < o0 and E be an operator space.

(1) E has OH-type p if and only if it has gaussian OH-type p;

(2) E has OH-cotype q if and only if it has gaussian OH-cotype q.
Proof. By the estimations in Proposition 12.11 and Theorem 12.27 in [1], they
are equivalent when E has finite cotype as a Banach space. When E has no finite

cotype, E contains isomorphic copies of {2 ’s uniformly, which means that E has
only trivial OH-type, OH-cotype, gaussian OH-type and gaussian OH-cotype. [J

We can reformulate gaussian OH-type 2 and gaussian OH-cotype 2 in the style
of [3], which leads to a operator space version of Kwapien’s theorem.

Proposition 2.5. Let E be an operator space and Gs, be the quantized gaussian
system with parameter (X, ds). Suppose that dys is unbounded.

(1) E has gaussian OH-type 2 if and only if it has Banach Gs-type 2;
(2) E has gaussian OH-cotype 2 if and only if it has Banach Gs-cotype 2.

Proof. Let T' be a finite subset of 3 and A(= (A%)) € H,erMy, ® E. If we set
B = @Uep\/_A” then we get

= datr(A77 (W) = > Vdotr(A7(gf(w))) = Fg ' (B)(w)

oel oel
and

ALy = [ 2o 1471y | = 1Bl

ocel
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Thus, we get the desired result. 0

By a slight modification of the proof of Theorem 5.6 in [3], we get the following
operator space version of Kwapien’s theorem. Recall that Iy, (E, F') refers to the
collection of linear maps from £ into F' factorizing through a operator Hilbert
space ([13]).

Corollary 2.6. Let E be an operator space with OH-type 2 and F' be an operator
space with OH-cotype 2. Then L(E, F) = Ton(E, F). In particular, every operator
space with OH-type 2 and OH-cotype 2 is completely isomorphic to an operator
Hilbert space.

OH-type and OH-cotype have a duality property as in the Banach space case.
The proof is almost the same in the Banach space case so that we omit it. See
Proposition 11.10 and 13.17 in [1].

Proposition 2.7. Let E be an operator space.
(1) If E has OH-type p, then E* has OH-cotype p';
(2) If E has OH-cotype p' and is K-convezr as a Banach space, then E* has
OH-type p.

It is interesting that we can guarantee a full duality by a Banach space prop-
erty only. The next proposition is another example that we can obtain a nice
formulation with a Banach space property only. See p.332 in [1] for the proof of
Banach space case. With slight modification of it, we can get the following.

Proposition 2.8. Let E be an operator space and F be a closed subspace of E.
(1) If E has OH-type p, then E/F has OH-type p;
(2) If E has OH-cotype q and F is K-convex as a Banach space, then E* has
OH-cotype q.

3. EXAMPLES

First, we compute OH-type and OH-cotype of Lebesgue spaces. We have the
same results as in the Banach space case for commutative Lebesgue spaces. How-
ever, for noncommutative spaces, we only obtain a partial similarity.

Proposition 3.1. Let (M, ) be a measure space, 1 < p < oo and % + 1% =1.

(1) L,(p) has OH-type min{p, 2} and OH-cotype max{2,p'} and cannot have
better (closer to 2) OH-type and OH-cotype.

(2) S, has OH-type min{p,p'} and OH-cotype max{p,p'}. S, (1 < p < 2)
cannot have better OH-type and S, (2 < g < 00) cannot have better OH-
type.

(3) Loo(pt) and Sy cannot have nontrivial OH-type and finite OH-cotype.
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Proof. Tt is trivial that Ls(p) and Sy have OH-type 2 and OH-cotype 2. Also,
Li(p), Loo, S1 and Sy, have OH-type 1 and OH-cotype oco. Then by the complex
interpolation, L,(u) and S, has OH-type min{p,p'} and OH-cotype max{p,p'}.
For 1 <p <2 and (z;;) € S2(L,(1)), we have
Lp([0,1],Lp(p))

chim(-) inﬂij(')
=%A;mwwwmr

p

- | /M /0 1 zzxij@)rij(t) dtdp(s)]
SBp[/M< 01 Zfﬂz’j(s)rij(t) 2

= B,[ [ I duts)]
= By 1 ()l sy < Bo @i (5Dllgy -

where B, is the constant in Khinchine’s inequality such that

1> aur()

The last line is by Corollary 1.10 in [13]. Thus L,(x) (1 < p < 2) has OH-cotype
2, and similarly we can show that L,(x) (2 < p < co) has OH-type 2.
(3) and the remaining statements in (1) and (2) are trivial by Remark 2.2.

<

L2([071]’L17(:“))

3=

dt) gdu(s)} g

< By [[(en)ll, -

Ly[0,1]

O

Next we consider OH-type and OH-cotype of several homogeneous Hilbertian
spaces.

Theorem 3.2. R and C' do not have OH-type p nor OH-cotype q for % <p<
2<qg<4.

Proof. Note that R and R,,, n-dimensional subspace of R spanned by first n bases,
are isometric to OH and OH,, respectively. Thus, we have that

R has OH-cotype ¢ < Fr ® I : Rady(R) — S,(R) is bounded
& Fr ® Ig : Rady(OH) — S,(R) is bounded
& Ig, ®id : So(OH) — S,(R) is bounded

= Isp ®id, : S5 (OH,) — Sy (R,) is uniformly bounded for all n € N.
7



By the way, we have ||id, : OH, — R,||, = ni. Furthermore, we can obtain
cb-norm of ¢d,, at the n-th matrix level, that is,

1 1ns, ®idy : My (OH,) — M,(R,)|| = ni.
Then by Lemma 1.7 of [13], we have

sy @ id, : S3(OH,) — S3(Ry)|| = ni.
Now, by Lemma 2.9 in [8], we have

11 11
(3.1) @il sy (ry < 7277 @il g m,y < 127 1CR) @)l sy, -

Thus, we get C7(R) > n%_%, which means R does not have OH-cotype ¢ for
2 < g < 4. We can show that C' does not have OH-cotype ¢ for 2 < g < 4
similarly. OH-type case is obtained by the duality (Proposition 2.7). O

ST

Since we have completely bounded embeddings max(ly) — ®, & — RN C,
RNC — R and RNC — OH, we can estimate OH-type and OH-cotype of
max(ly), & and R N C by the above theorem, where ® is the operator space
spanned the operators satisfying ‘CAR’ conditions (See Section 9.3 in [10]).

Corollary 3.3. max(ly), ® and RNC have OH-type 2 but do not have OH-cotype
q for2 <q< 4.

By the same observation as in Theorem 3.2, we can estimate OH-cotype of
R[p] = [R,C]1 and C[p] = [C, R]

Theorem 3.4. For p # 2, R[p] and C[p] do not have OH-type r nor OH-cotype

o dp 4 ap 4
qformln{ﬁ,?m—fz} <T§2§q<maX{I?p27T€2 :

1.
g

Proof. Since we have

‘Zelz‘@eu :SUP{‘

z= nfiln gives the following estimation:

| as, @ id = Mo (OHy) — My(Ra[p)]| > 03 ™%,

1 1 1_pt2

Combining this with (3.1), we get C¢(R[p]) > na~ 172 =na~ 4 . Similarly, we
can get C2(Clp]) > na~"i . Since Rlp] = C[p'] for the conjugate exponent p’ of
1_p'+2 1 3p—2

p, we also have C¢(R[p]) > ne #" =mns~ % . OH-type case is obtained by the
duality. ]

2

sl <1,

§ *

i

K@mlnR[p]

Since R[p] is a subspace of S,, we have the following as a corollary.
Corollary 3.5. For 1 <p < 2, S, does not have OH-cotype q for 2 < g < 3;—62,
and for 2 < p < oo, S, does not have OH-type r for z% <r<2.

8



4. COMPLETELY (g, p)-SUMMING MAPS AND OH-COTYPE

As an operator space version of “absolutely p-summing operators”, G. Pisier
introduced “completely p-summing maps” in [13] as follows:
A linear map between operator spaces u : E — F is called “completely p-
summing” for 1 <p < oo if Ig, ® u : Sy Qmin £ — Sp(F) is a bounded map. We
denote 7y (u) for the operator norm of I, ® u and II7(E, F) for the collection of
all such operators from E into F. Now we define an operator space version of
“absolutely (g, p)-summing operators” as follows.

Definition 4.1. A linear map between operator spaces v : E — F is called
“completely (q,p)-summing” for 1 < p < q < oo if
Lg®@u: Sy Qmin B — Sy(F)

is a bounded map, where I, , is the formal identity from S, into S,. We denote
mo (u) for the operator norm of I, @ u and 1] (E, F) for the collection of all
such operators from E into F.

Remark 4.2. Note that being “completely (g, p)-summing” does not guarantee
complete boundedness if p < ¢ unlike “completely p-summing” property.

Completely summing properties of a linear map between operator spaces are
affected by OH-cotype of the target space.

Theorem 4.3. Let E and F' be operator spaces. Suppose that F' has OH-cotype
q (2 <q<o0). Then we have

N(E, F) C 10,(E, F) and IL.(E, F) C 12, (E, F)
forq <r < oo.
Proof. Let E C L(H) for a Hilbert space H. For v € II%(E, F) and (z;;) €

M (E), we have by Theorem 5.1 of [13] that

2 1

dt} ’
F

aa(z 735 (t)Tij)ba

Izl ey < O3] [ a3 i)

- 1
< Cy(Fymw)| /0 lim

S, (H)

for some ultrafilter U over I and (aq)acr, (ba)acr € Bs,,(#)-

By Fatou’s lemma and the fact that Sa(H) embeds into S,(H), we have that
()l ey < CCE VR0 i (i)l gy

< Cq (B (u) 1) sy
The last line is by Theorem 5.3 in [13]. This means II7(E, F) C II7 o (E, F).
For u € I, (E, F'), we have by the same calculation in the proof of Theorem 11.13
in [1] that
9



2 1
dt] :

F

Izl < CoP] [ S ris)e)
< B.CY(F)me(u) [|(z4)
< B.CY(F)me(u) [|[(z4)

where ®, refers to the injective tensor product in the category of Banach spaces.
O

HS2®)\E

‘ | S2 ®minE ’

Much more can be said when E = C(K) for some compact set K.

Theorem 4.4. Let F' be operator spaces with OH-cotype q (2 < q < o0). Then
we have

L(C(K), F) € 1L, (C(K), F).
Proof. Since C'(K) has the minimal operator space structure, Ss @upin C(K) =~
C(K)(S2) isometrically. Thus, by considering diagonals, we have
H(OI,Q(C(K>7F) g Hq,Q(O(K>7F)
Let r > ¢, then by Theorem 10.9 in [1] we have
HZ,Z(O(K)vF) g HQ,I(C<K)7F) g HT<O(K)JF>7
which means by Lemma 11.15 in [1] that
1 1 1, 1
(4.1) mor < Jul|2 7w (u)? < lull? 75 (u)2.
Furthermore, by Theorem 4.3, we have
(4.2) o o(u) < ByCy(F)ma,(u).
Combining (4.1) and (4.2), we have
mg2(w) < BiCY(F)* |Jull.
U

OH-cotype conditions in Theorem 4.4 are essential. In order to give an coun-
terexample of Theorem 4.4, we consider the following factorization theorem. The
next one is one of the special cases of Theorem 5.1 in [13] and the proof takes
intermediate way between the Banach space case and [13].

Lemma 1. Let F' be an operator space and u € 1I)(C(K), F) with 1 < p < o0o.
Denote 72" (u) be the infimum of constants C > 0 satisfying

) lgygey < € o)z
for all (zi;) € S} @ C(K). Then we have

ICuzis)ll gy iy < 75" (W) 1@ 1 )
10



for some probability ;1 on K. Consequently, we have the following factorization
of u.

w: C(K) % Ly(p) = F,
where j, is the formal identity and ||In, @ @ : M, (Ly(p)) — My (F)|| = 75™(w).

P

Proof. Consider the set F of all function’s on K of the form

fl@) =3 [mm e e @y, = )y,

m

for finite collection of {(z7})} C S} ® C(K). Since

[ (77)

S5 @min C(K) 0D i3 (@)l g »

we have sup,c f(a) > 0. Thus, F is a convex cone in C'(K), which is disjoint
with an open convex set A = {¢ € C(K) : sup,cx ¢(a) < 0}. Then by the Hahn-
Banach theorem there is a probability p on K such that (u, f) > 0 > (u, ) for
all f € F and ¢ € A. Thus, we have for any (z7}) € S) ® C(K)

i)l gy < 7570 | /K I @)l di@)”

_ W;,n(u) ||(xij)||Lp(u,S£’) ’

Theorem 4.5.

L(lso, R) = CB(ls, R) € 119 5 (o, R)
for2 < gq < 4.
Proof. The first equality comes from Corollary 4.2.8 of [4] and the fact that R
is a subspace of S7. Let u, : ¢, — R,e; — Ney, Ay = 1 for 1 <7 < n and
Ai = 0 for i > n. Then u, € 1I§(I%, R,) and ||u,|| = /n. By Lemma 1, there is
a probability g on {1,2,---  n} such that

Uy 10 =2 1 () " R,

and 75" (up) = || In, & Uy 2 My(l2(p)) — M,(R,)|| for the formal identity io.
Note that u; = p({i}) > 0 for all i. Now observe that

n 1 n

) -1 *
E My ~€1i @ €14 E M~ €1i€1;
=1 =1

3 n :
~(50)

Mn®mian
11



and

n ) n
32 _
E W ey ® ey = E e1; ® ey
=1 Mn®m1nlg(,uf) =1 Mn®m1nOHn
1
n 2
_ 1
= g €1; & ey =ni
1=1 min

-

Since (Z?:l i 1>§ has minimum with the constraint > .  pu; = 1,u; > 0 at

j1 = -+ = ji, = n~* we have by combining the above two
(4.3) ™" () > ni.
[[n |

By the way, for any (y;;) € S§ ® I, we have
11
i sy ey < 735 Nt s

1_1
n2 qﬂ_;z(“’n) H(yij)Hsg(@minlgo ’

which means

(4.4 75" () < 2 ()
By combining (4.3) and (4.4), ﬂ%@(j‘n) cannot be bounded for 2 < ¢ < 4, which
leads us to our desired result. O

Remark 4.6. Actually, we have 73(u,) = n1 for u, in the proof of Theorem 4.5.
By (4.3), we have

nt < w5 (up) < wY(un).
For the converse inequality, consider the following factorization:

A id,
w, 1% 2 1) > OH, ™ R,

for pp = -+ = p, = n~* and v(e;) = n_%ei. Since v is a complete isometry, we

have

75 (un) < 73(02) 0] [|v/7 - idn |, =

An equivalent formulation of OH-cotype can be drawn with the help of (g, p)-
summing property.

Theorem 4.7. Let E be an operator space. E has (gaussian) OH-cotype q (2 <
q < o0) if and only if there exist a constant C > 0 such that

7rf1’,2(u) < C-l(u)
for everyu : 13 — E andn € N. When E has (gaussian) OH-cotype q, GCJ(E)

15 equal to the infimum of such C'.
12



Proof. (=) Let u : 1} — E and (z;;) € S,(13). If we set v : Sy — 17, e;5 — xj,

then we have ||v|| = ||v||cb ||(x”)||52®mmln Now we have by (12.5) in [15]
(i), iy = i), ) < GO(E Juve
La(Q,E)
= GCI(B)l ( )
< GCI(E)(u) o]

= GOUE)(W) (i)l gyt

<) For any (x;;) € S,(F), we consider u : Sy — F,e;; — x;;. Then we have
J q J J

||(ZI;'LJ)||Sq( < 7Tq2 ||(6'L])||S2®m1nE

E gZ] UUGZ]

Thus, E has gaussian OH-cotype ¢ with GC’(‘I’(E) <C.

<C-l(u

2(QvE)

O

We close this paper by checking that the OH-cotype 2 in this paper coincide
with the OH-cotype 2 of G. Pisier. It can be achieved by the following lemma
about trace duality of 7§-norm.

Lemma 2. For any operator space E and operators u : 1} — E andv: E — 17,
we have
[tr(vu)| < w3 (v)ms(u).

Proof. Let 1§ C L(H) for a Hilbert space H. By Proposition 6.1 in [13], there
are V: L(H) — OH(I) and T': OH(I) — E such that u = T'V|;z with 73(V) <
73(u) and ||T|, < 1. Then we have

v

n V‘lg T n
vu:ly — OH(I) = E — 1}
and by Proposition 6.3 in [13]
[0 |1 = m5(vT) < || T] o 75 (v)-
Thus, we have
[tr(v)] < [Tl gs [[Vig || s
= [T s 75 (Vi)
< o7l g w5 (V) < w5 (v)my(w).
U

Corollary 4.8. The OH-cotype 2 in this paper coincide with the OH-cotype 2 of

G. Pisier.
13



Proof. By Proposition 6.2 in [13], we have 7§(v) = maon(v) for any v : E — 7.
Thus we get the desired conclusion by Lemma 2 and Theorem 4.7. U
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