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1 Introduction

The reader is referred to the next section for the definitions.

A regular near polygon of order (s, t) is a distance-regular graph of valency s(t+1), diameter
d and a; = ¢i(s — 1) for all 1 < i < d — 1 such that for any vertex = the subgraph induced by
the neighbors of z is the disjoint union of ¢ + 1 complete graphs of size s.

Let T' be a regular near polygon of order (s,t). We are looking at small ¢. If ¢ = 0, then
it is clear that I' is a complete graph. If ¢ = 1, then I" is a line graph and they are classified,
see [3] and [9]. In particular it was shown that the numerical girth is bounded by 12. In [6] we
classified the regular near polygons of order (s,2), and we showed that the numerical girth is
bounded by 8 when s > 1. Hence we may assume that ¢ > 3.

In this note we prove several inequalities for regular near polygons of order (s,t), with ¢t > 3.
We will also discuss its implications for when t equals three.

Theorem 1 Let I" be a reqular near polygon of order (s,t) with t > 3. Let d be the diameter of
I’ and let r :== max{i | ¢; = 1}. Assume r +2 < d. Let e :== min{i | ¢; = c4_1} and let q be an
integer with v +1 < q < e such that 2d < 2q+r + 1. Then s < t", where

B ~2(g+d)—(r+1)
h:=h(d,q,r)= 2(q—d)+(7“+1)'

By putting ¢ = r + 1 in Theorem 1 we have the following corollary.

Corollary 2 Let ' be a regular near polygon of order (s,t) with t > 3. Let d be the diameter of
3 /
[ and let r := max{i | ¢; = 1}. Assumer +2<d < 5(7‘ +1). Then s < t"', where

142
W= H(d,r) = H——i'd
3r+1)—2d

We remark that h'(d,r) = h(d,r 4+ 1,7) > 3 and that

lim A'(d,r) = 3.
d—r+1
It is well known that s < ¢ for the generalized polygons of order (s,t). So our theorem is a
generalization of this inequality for regular near polygons.
We also prove the following results. These are helpful for considering the regular near
polygons of order (s, 3).

Theorem 3 Let I" be a regular near polygon of order (s,t) with t > 3. Let d be the diameter of
3
I' and let r := max{i | ¢; = 1} > 3. Suppose 41 ="+ =cq_1 > Z(t +1). Then s < t(t +1).

Theorem 4 Let T be a regular near polygon of order (s,t) witht >3 and s > t(t+1). Let d be
the diameter of T' and let r := max{i | ¢; =1} > 7. Supposed > r+3 and ¢,y 9 =+ =cq_1 = t.
Then t = 3. Moreover if r > 13, then s < 13.

In Section 2 we recall definitions and several known results. We prove Theorems 1, 3 and
4 in Sections 3, 4 and 5 respectively. In Section 6 we consider regular near polygons of order

(s,3).



2 Preliminary

Let I' = (VI', ET") be a connected graph without loops or multiple edges. For vertices = and y
in I’ we denote by dr(x,y) the distance between z and y in I". The diameter of T, denoted by d,
is the maximal distance of two vertices in I'. We denote by I';(x) the set of vertices which are
at distance 7 from x. A connected graph I" with diameter d is called distance-regular if there
are numbers

¢i(1<i<d),a;(0<i<d) and b;(0<i<d-—1)

such that for any two vertices x and y in I' at distance i the sets
I‘i_l(x) N Fl(y), FZ({/C) N Fl(y) and Fi+1(ac) N Fl(y)

have cardinalities c¢;, a; and b;, respectively. Then I' is regular with valency k := by.
Let I" be a distance-regular graph with diameter d. The array

* ¢ - C ... Cg—1 Cq
(I)=< ap a1 -+ a ... ag-1 aq
bo b1 - by ... bg_1 *

is called the intersection array of I'. Define r = r(I') := max{i | (¢;,a,b;) = (c1,a1,b1)}. The
numerical girth of I is 2r + 2 if ¢,41 # 1 and 2r + 3 if ¢4 = 1.

Let k; := |I';(z)| for all 0 < i < d which does not depend on the choice of z. It is known that
kici = ki—lbi—l for all 1 S ) S d.

By an eigenvalue of I' we will mean an eigenvalue of its adjacency matrix A. Its multiplicity
is its multiplicity as eigenvalue of A. Define the polynomials u;(z) by

uo(x) :=1Lu(z) := z/k, and
ciui—1(7) + aiui(r) + biuit1(x) = vui(z),  i=1,2,...,d - 1.
Let 6 be an eigenvalue of I' with multiplicity m(6). It is well-known that
VT
Mo kiui(8)?

For more information on distance-regular graphs we would like to refer to the books [1] [2],
[3] and [4].

m(0) =

A graph T is said to be of order (s,t) if T'1(x) is a disjoint union of ¢ + 1 cliques of size s for
every vertex x in I'. In this case, I is a regular graph of valency k = s(t + 1) and every edge lies
on a clique of size s + 1.

A graph I' is called ( the collinearity graph of ) a regular near polygon of order (s,t) if it is
a distance-regular graph of order (s,t) with diameter d and a; = ¢;(s — 1) forall 1 <i < d — 1.

More information on regular near polygons can be found in [3, §6.4-6.6].



The rest of this section we collect several known results.

Lemma 5 Let I be a distance-regular graph of diameter d. Let q be an integer with 1 < q¢ < d—1.
Suppose cqr1 < bg. Then
b \7U( b
|VT| < k, 1 7 .
Cg+1 by = €11

b
Proof. Let v = (Cj-1> . Since k;c; = bj_1k;_1 for 1 <i < d, we have
q

by bysi1 b\’ 4
k+‘:k q q+J Sk q :k’)/j
o Teqr1 - Cquj "\ gt !

forall1 <j<d-—gq, and

C"'C—il C+1 v »
ko j =k, o (AL )
q Tbg1bgi q( by ) q”

for all 1 <7 < q. It follows that

d d ) ,YdJrl -1 v
VI = Z ki < Z kv =kqy? ( 5 -1 ) < kg1 () .
i=0 i=0

The desired result is proved. ]

Proposition 6 [5, Proposition 3.3] Let " be a distance-regular graph with valency k, numerical
girth g such that each edge lies in an (a1 + 2)-clique. Let h be a positive integer and let 6 be an

Then the following hold.

eigenvalue of T' with multiplicity m(6). Suppose 0 # k, —

(1) If g > 4h, then m(6) > kb1,
(2) If g > 4h + 2 then m(6) > (ay + 2)b%.

a1—|—1‘

Corollary 7 Let I' be a distance-regular graph of order (s,t) with r := max{i | (¢;,a;,b;) =
(c1,a1,b1)}. Let 0 be an eigenvalue of T' with the multiplicity m(0). Suppose s > t, and 0 #

s(t+1),—t —1. Then
m(9) > (”tl) (st) 5.

Proof. We note that aj =s— 1,k = s(t+ 1) and b; = st.
If r is odd with » = 2h — 1, then g > 2r + 2 = 4h. Hence Proposition 6 (1) implies

r+1

t+1
m(0) > kb1 = (:) (st)5".
If r is even with r = 2h, then g > 2r + 2 = 4h 4 2. Hence Proposition 6 (2) implies

m(0) > (a1 + 2)bF = (s +1)(st)3.
) o (t+1)

Since s > t, we have . The desired result is proved. [ |

s+ 1 t+1
Vs Vit



Lemma 8 Let I be a distance-reqular graph of diameter d and let j be an integer with 1 < j < d.
Let x be a vertex of I' and let A be the subgraph induced by I'j(x). Suppose A is not connected.
Then the second largest eigenvalue 0 of I' satisfies 0 > a;.

Proof. A 'is aj-regular with at least two connected components. The assertion follows by
interlacing. ]

Remark. LetI bearegular near polygon of order (s, t) and let z be a vertex of I'. Then I'y_1 ()
is not connected and thus the second largest eigenvalue 6 of I' satisfies 0 > ag—1 = cq4—1(s — 1).

The following proposition is an easy application of interlacing. (cf. [8, Theorem 6.2])

Proposition 9 Let I" be a distance-regular graph of diameter d. Let q and £ be positive integers
with g+ < d such that (cq, ag, bg) = (Cqre—1,q+o—1,0g10—1). Then the second largest eigenvalue
0 of I satisfies

2
0 > aq + 24/bgcq cOS <€+1> .
|

Proposition 10 ([7, Proposition 8].)  Let ' be a distance-regular graph of diameter d and
valency k. For any non-negative integer o with o < k let

d:=6(c)=min{i |1 <i<d,o <c¢+a},

Bi = pi(c) =0 —c;—a; for 0<1i<§,
K)ii:/ﬂ(O'):M for 1<i<9
Cl...ci
and
N(o):=14+K1 + -+ Ks.

Let h and j be positive integers with h + j < d. Suppose ¢, = cp4;. Then

bj - bngj1
Cl .. -Ch

N(ah) S

To close this section we prove the following corollary of the above proposition.
Corollary 11 Let T’ be a distance-regular graph of order (s,t) with s >t > 3. Let r = max{i |

(ciyai,bi) = (1,8 —1,st)} > 2. Let q and £ be positive integer with £ < r < q and ¢+ ¢ < d such
that cg = cg44—1 and ag > cg—1 + ag—1. Then we have

/—1 _
st - st(ag — cg—1 — ag—1) ] b;
bq aq(cq + Qg — Cq—1 — aq_l) i1 Qg — C; — Q4 '

Proof. Let a :=aq. Put h = ¢ and j = ¢ — 1 in Proposition 10. Then we have

q—2
— Cy_1 — Qg— —c; — by_
all s a Cq—1 QAg—1 (CL C; al) _ ﬁq—l(a) + liq(a) < N(a) < H 0—2+1
Cq =1 Cl-‘rl =1 Cl
The desired result is proved. ]



3 Proof of Theorem 1
In this section we prove Theorem 1. We start from a proposition.

Proposition 12 Let I' be a distance-reqular graph of diameter d. Let 6 be the second largest
eigenvalue of I'. Let i be an integer with 1 < i < d—1 such that ¢; < b; and 0 > a; + 2+/b;c;. Let
«; be the largest root of the equation

fz(X) = b1X2 + (CLZ‘ - G)X +c; =0.
Then uiy1(0) > ()L,
Proof. The assertion follows from an easy induction. [ |

Proposition 13 Let I' be a distance-reqular graph of order (s,t) with s >t > 3. Let d be the
diameter of T' and r := max{i | (¢;,a;,b;) = (1,s—1,st)}. Assume d > r+2. Let 6 be the second
largest eigenvalue of I'. Let q be an integer with 1 < q¢ < d — 1 such that cg—1 < by—1. Suppose
there exists a real number B with 0 < B < 1 such that 0 > aq—1 + cq,lﬁ_l + bg—18. Then the

following hold.
d—q
b b
() < ( ; ) ( q ) g
Cq+1 by — Cq+1

(1) ug(6) > 5.
(2) If cg41 < by, then

(\/E)T'+1 < tbq bq d-q 572(]

(t+1)(bg — cg+1) \ g1 .

In particular,

Proof. (1) Note that 0 > aq—1 + cq_lﬂfl +bg—108 > ag—1 + 2+/bg—1¢4—1. Since f,_1(B) <0,
we have ay—1 > 3. Thus the assertion follows from Proposition 12.

(2) We have
|V VT

Zf‘l:o kiui(0)? kquq(0)?
The first assertion follows from (1) and Lemma 5.
The second assertion follows from the first and Corollary 7. [ |

m(0) =

Proof of Theorem 1. Tt is easy to see that h := h(d, q,r) > 3. We may assume that s > 3.
Let 0 be the second largest eigenvalue of I'. Then we have

by—
0> cg1(s —1) > (cqu1+ 1)(s — 1) > ag_1 + teg_1 + qu

1
Since by > s > 2 > (t + 1)cg41, we have thy < (t + 1)(by — cg41). Put 8 = n in Proposition 13.
Then
r+1 b d=q
(Vst) < <q> B2 < (st)d-9p%,
Cq+1

The desired result is proved. [ |



4  Proof of Theorem 3

Let I" be a distance-regular graph of order (s,t) with s > ¢ > 3. Let d be the diameter of I and
r = max{i | (¢;,a;,b;) = ((1,s — 1,st)} > 3.
Assume d > r 4+ 2 and T" has the following intersection array:

* 1 1 c -+ € ¢q
o) = 0 s—1 -+ s=1 a -+ a aq
s(t+1) st -~ st b - b

b \12
Note that a > ¢(s — 1). Let 0 be the second largest eigenvalue of I and let o := (t) .
stc

Lemma 14 Suppose b > t(t+ 1) and § > (s — 1) + o0~ +ost. Then 3r +4 < 2d.

Proof. Put g =r + 1 in Proposition 13. Then we have u,41(6) > "' and

) = e ()

The lemma is proved. u

Proof of Theorem 3.  Suppose s > t(t + 1) and derive a contradiction. Let (¢, a,b) :=

1
b \2 3 1
(Cr41,0r4+1,br41) and o := <t> " . Since ¢ > Z(t + 1), we have b < Z(t + 1)s. Thus
ste
1 < 1
— <0< —.
Vst T T VB
It follows by, Lemma 8, that
3
0>a41=c(s—1)> 1(754—1)(3— )>(s—1)+0o ' +ost

Since b > s > t(t + 1), we have 3r + 4 < 2d from Lemma 14.
By putting g =r+1and £ =d —r — 1 in Corollary 11 we have

( 4t )S< (st>“<st< st )T< 4st ( 4st )7"
t+1) —\b a \a—s 3t+1)(s—1) \3st—3t—s—3
3
asazz(t—kl)(s—l).
If t > 4, then we have

(16)5 _4 ( 165 )
) 3\11s—9/ ~
This is a contradiction as s > (¢ + 1) > 20.

If t = 3, then we have
r S 3s T
2
(3) <5—1 <28—3> '

This is a contradiction as s > t(t + 1) > 12.
The theorem is proved. [ |




5 Proof of Theorem 4

Throughout this section I' denotes a regular near polygon of order (s,t) with t > 3 and s >
t(t + 1). Let d be the diameter of I' and r = max{i | ¢; = 1} > 3. Assume d > r + 3 and
Gry1 <t=crpoa=--=cq1. Let L:=d—r—2=|{i| ¢ =1t}

Let 0 be the second largest eigenvalue of I' and let o := «, be the largest root of the equation

fr(X)=stX?4+(s—1-0)X+1=0.
Note that 6 > a4—1 = t(s — 1) by Lemma 8. Let 3 be the largest root of the equation
stX2 —(s—1)(t—1)X +1=0.
Then we have a > (.
Lemma 15 (1)

rtl st(t—1) s\
) < e )

1 2s ( st )"
(s—1) \st—s—t)

(8) If t > 4, thenr <20 and r < 7.

(2)

Proof. Put g =r + 2 in Lemma 5. Then

S d—r—2 s br+1 s d—r—1
< — = — .
vriske(3)(75) =k (35) ()

It follows, by Corollary 7 and Proposition 12, that

t+1 ri1 VT bri1 (s)“l
_— < — .
(577) 0 <mo) < o < e (5

Since by11 = (t+ 1 —cr1)s < (t — 1)s, the assertion is proved.
(2) This follows by putting ¢ = r 4+ 2 in Corollary 11.
(3) Suppose 2¢ + 1 < r. Then, using (1), we have

(ﬁzt)4 < (a2t>r+1 < (t—1).

which is a contradiction. Hence r < 2¢. It follows, by (2), that

(St \/it) = <sth1>'

This implies < 7. The desired result is proved. ]

Lemma 16 Suppose t =3 and s > 14. Then the following hold:
(1) r <20+ 1.

(2) If r > 8, then 20 — 2 < r < 2/.

(3) If r > 11, then s > 90 and 2¢ = r.



Proof. (1) Suppose 2¢ + 2 < r. Then Lemma 15 (1) implies that

3v/3s
2(s —3)

1< (362)r+1 <

which is a contradiction. Hence we have r < 2¢ + 1.
(2) We have £ > 4 from (1). It follows, by putting ¢ = r + 2 in Proposition 9, that

2
0 > t(s — 1) + 2V/st cos <57r> .

Ir <§> :;{7—4\/3>scos (2;)} < 0,

2
we have a > 3 Suppose r = 2¢ + 1. Then it follows, by Lemma 15 (1), that

A\ r+1 3s

-} < (3a2 < .

(3) < (30%) = 2(s —3)
Hence we have r < 2/.

Suppose r < 2¢ — 3. Then Lemma 15 (2) implies that

<2z¢—§3>r = 3<2§Y§1>

which is a contradiction. The assertion is proved.
(3) We have £ > 6 from (2). It follows, by putting ¢ = r + 2 in Proposition 9, that

0 > t(s — 1) + 2V/st cos (277r> .

Since

Suppose s < 89. Then we have
2 1 2
Ir <\1/53>0> =1 {243 + 15 — 4v/30(s — 1) — 12v/10s cos (;)} <0

2v/30

and hence o > BT It follows, by Lemma 15 (1), that

12 - $2v/3s
(§) < (a2)" < . _33)

as 2¢ — 2 < r. This is a contradiction. Hence we have s > 90.
Suppose r < 2¢ — 1. Then Lemma 15 (2) implies that
(25 -3 ) _ 25v/3
sV/3 (s—1)

which is a contradiction. Hence we have 2¢ = r. The desired result is proved. ]

Proof of Theorem 4. Assume r > 7. Then we have ¢t = 3 from Lemma 15 (3). Suppose
r > 13 and s > 14 to derive a contradiction. Then we have r = 2¢ from Lemma 16 (3). It

follows, by Lemma 15 (2), that
(23 — 3) 1 6s
<
sV/3 (s —1)




This implies s < 262. It follows, by putting ¢ = r + 2 in Proposition 9, that

02t(s—1)+2\/§cos<28ﬂ> =3(s—1)+V6s

as 7 < /. We have

ﬂ<55>=;{z+m@—2¢%+w3—m@ﬁ}<m

1
and thus @ > —. Hence Lemma 15 (1) implies that

V2

(2)14 . (aQt)TH _ 2(5{3)

This is a contradiction as s < 262. The theorem is proved. ]

6 Concluding remarks
First we recall the following result.

Proposition 17 [6, Proposition 5] Let I" be a distance-regular graph with r = max{i | (¢;, a;,b;) =
(c1,a1,b1)} and (¢cry1,ar41) = (2,2a1). If a1 > 0, then cpq9 # 2.

In this section we discuss the regular near polygons of order (s,3). By our theorems we have
the following result.

Proposition 18 Let I' be a regular near polygon of order (s,3). Let d be the diameter of T' and
r =max{i | ¢; = 1}. The one of the following cases holds:

(i)d<r+2,

(i) r < 12,

(iii) s < 13.

Proof. We may assume d > r + 3. Then ¢,11 € {2,3}.

Suppose ¢,+1 = 3. Then we have ¢,+1 = -+ = ¢4_1 = 3. This is the case of Theorem 3 and
thus s < 12 if » > 3.

Suppose now c¢,+1 = 2. Then we have ¢, # 2 from Proposition 17, and thus ¢,.40 = -+ =
cq—1 = 3. This is the case of Theorem 4, and hence s < 13 or r < 12 holds.

The desired result is proved. ]

In future work we will show that this claim implies that there exists a positive constant R
such that all regular near polygons with order (s,3) have r < R, and hopefully this will lead to
a classification of them.
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