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ABSTRACT. We study the norm-preserving extension of norm-attaining n-homogeneous polyno-
mials on Banach function spaces and M-ideal properties of function and sequence Marcinkiewicz
spaces. We show for a large class of Banach function spaces that the extension of n-homogeneous
polynomials does not need to be unique for n > 2 in real spaces and for n > 3 in complex spaces.
We find further a geometric condition under which every norm-attaining 2-homogeneous poly-
nomial on a complex symmetric sequence space X depends only on finitely many variables. This
geometric condition yields that a unit ball in X does not possess any complex extreme points. In
particular, if X = my is a Marcinkiewicz sequence space and m?I, is its subspace of order continu-
ous elements, we show that such properties as: every norm-attaining 2-homogeneous polynomial
on m?I, depends on finitely many variables, every norm-attaining 2-homogeneous polynomial on

m% has a unique norm preserving extension to its bidual my, and no element of a unit sphere of

m% is a complex extreme point, are equivalent. Moreover, any of these properties is equivalent

to the fact that W is strictly increasing. As a corollary we obtain that my is not rotund. We also
find conditions when an order continuous subspace of either function or sequence Marcinkiewicz
space is an M-ideal in its bidual. Finally we investigate the dual and M-ideal properties of
L' 4+ L, a particular example of Marcinkiewicz spaces.

1. INTRODUCTION AND PRELIMINARIES

Let X be a Banach space over a scalar field F, where F is either the set of real numbers R or
the set of complex numbers C. Let further Bx (resp. Sx) denote a unit ball(resp. unit sphere) in
X. A bounded multi-linear form means an n-linear mapping L : X" — F for n € N, with finite
norm ||L|| defined as

Ll = {|L(z1, -+ wn)| s @i € Bx,i=1,-++ ,n}.

Then a map P(x) = L(z,--- ,2) : X — F is called an n-homogeneous polynomial on X and its
norm is defined by

1P| = sup{|P(z)| : = € Bx}.

Given a Banach space X, if x € X and z* € X* then (z*,x) denotes z*(z). We also denote
by [z1,...,%,] a linear span of vectors {z;}"_, C X. For each subset M of X, let M~ be the set
of all bounded linear functionals which vanish on M. A point x of a convex set K is an extreme
pointof K if {x +ty: —1<t <1} C K for y in X implies that y = 0. If every point of Sx is an
extreme point of Bx, X is called a strictly convez(or, rotund) space. A point = of a convex set K
of a complex Banach space X is a complex extreme point of K if {x 4+ (y:|¢| < 1,{ € C} C K for
y in X implies that y = 0. It is easy to see that every extreme point of By is a complex extreme
point of Bx when X is a complex space.

Let (2, 1) = (Q, B, 1) be a measure space with a complete o-finite measure p on o-algebra B.
Let L°(u) denote the space of all p-equivalence classes of B-measurable F-valued functions on 2
with the topology of convergence in measure on p-finite sets.

A Banach space (X, || ||) is said to be a Banach function space on (9, ) if it is a subspace of
L°(p) such that there is h € L%(u) with A > 0 a.e. in Q and it has the ideal property that is if
feLu), g€ X and |f] <|g| a.e. then f € X and ||f]| < ||g||. If in addition the unit ball By is
closed in L°(yu), then we say that X has the Fatou property. A Banach function space defined on
(N, 2V, ;1) with the counting measure y is called a Banach sequence space. In this case e; € X for
all ¢ € N, where e; denotes a standard unit vector, that is e; = (0,...,0,1,0,...) with 1 as the ith
component.
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A Banach function space X on (£, i) is said to be rearrangement invariant (r.i.,or symmetric)
if for every f € L°(u) and g € X with uf = pg, we have f € X and ||f|| = |g||, where for any
h € L), pp, is a distribution function of h defined by

un(t) = p{lw € Q: |h(w)| > t}, t>0.

If X is a Banach function space on (€2, i), then the associate space X' of X is a Banach function
space, which can be identified with the space of all functionals possessing an integral representation,
that is,

X' ={ge L°G) : |glly = sup / |Faldp < oo}
IrI<1Ja

It is well known that if X has the Fatou property, then (X", || || x.) coincides with (X, || ||) [4, 11,
13].

An element f € X is said to be order continuous if ||f,]| | 0 for every sequence {f,} with
|fnl < |f] a.e. and |fn]| | 0 a.e. on Q. A Banach function space X is said to be order continuous
if every element of X is order continuous. It is well known that if X is an order continuous
Banach function space, then X* is order isometric to X’, and this identification will be denoted
by X* ~ X'

Suppose for the moment that X is a Banach function space consisting of real valued functions.
An element ¢ € X* is called an integral functional if for any {f,} € X with 0 < f, | 0 a.e.,
#(fn) — 0. A linear functional ¢5 € X* is called a positive singular linear functional whenever
¢s(f) > 0 holds for all non-negative f in X and for every integral linear functional ¢, 0 < ¢(f) <
¢s(f) for all non-negative f in X implies ¢ = 0. A singular linear functional in X* means the
difference of two positive singular linear functionals in X™*. It is known that the space of integral
linear functionals in X* is order isometric to X’ and a dual space X* is order isometric to X' & X7,
where X ¥ is the space of singular functionals on X [11, 13, 16].

Whenever X is a Banach function space, X (or X°) will denote the set of all order continuous
elements of X. It is easy to show that Xy is an order ideal, which means that it is a closed
subspace with the ideal property. Note that X, is contained in the closure of the family of all
simple functions in X with support of finite measure [4]. It is well known that if X is a Banach
function space with the Fatou property and X, contains all simple functions with support of finite
measure, then (Xg)* ~ X’. In this case X* =~ (X()* @ X, where X3 coincides with X} when X
is a Banach function space consisting of real valued functions (cf. Theorem 102.6, Theorem 102.7
in [13]).

Let Y be a closed subspace of a Banach space X. Y is called an M-ideal of X if there is a
bounded projection P : X* — X* with range Y+ such that for each z* € X*,

[} = P2} + (T = P)="].

We can write this decomposition as X* = Y+ @; Y*. A Banach space X is said to be M -embedded
if X is an M-ideal of its bidual X**. We will use the following facts about M-ideals [7].

Theorem 1.1. Suppose Y is a closed subspace of a Banach space X.

(1) (The 3-ball property) Y is an M-ideal of X if and only if for all y1,y2,y3 € By, allx € Bx
and € > 0 there is y € Y satisfying

le+y: —yl| <1+4+€ foralli=1,2,3.

(i) A Banach space X is M-embedded if and only if every separable subspace of X is also
M -embedded.
(#i1) If X is an M-embedded space, then every separable subspace of X has a separable dual.

For any real functions F' and G, we say that F' is equivalent to G and we write it as F' ~ G
whenever there are constants Cy,Cs > 0 such that C1|F(u)| < |G(u)] < Co|F(u)| for all u in the
domain of the functions. Recall also that for z € C, signz = Z/|z| if 2 # 0 and signz = 1 if z = 0.

The Hahn-Banach type extension of n-homogeneous polynomials has been studied in a number
of papers e.g. [1, 2, 3, 5, 6, 9]. In particular, it is known that every n-homogeneous polynomial on a
Banach space X has a norm-preserving extension to its bidual [1, 2, 5]. Moreover, it is well known
that if a subspace Y of X is an M-ideal, then every bounded linear functional (i.e., 1-homogeneous
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polynomial) on Y has a unique Hahn-Banach extension to X [7]. It has been shown in [3] that it
is no longer true for polynomials. In fact they showed that the norm-preserving extension of an
n-homogeneous polynomial on ¢y to £~ does not need to be unique for n > 2 in real spaces and for
n > 3 in complex spaces. They also showed that every norm-attaining 2-homogeneous polynomial
on a complex ¢y must be finite, that is it depends only on finite many variables. These results have
been further generalized to certain types of Marcinkiewicz spaces in [9].

In this paper, we investigate the Hahn-Banach type extension of norm-attaining n-homogeneous
polynomials on Banach function spaces, generalizing in particular the results in [3, 9]. We also
examine M-ideal properties of function and sequence Marcinkiewicz spaces, including the space
L' + L.

Let us outline briefly the content of this article. In section 2 we show for a large class of Banach
function spaces X that the norm preserving extension of n-homogeneous polynomials on a subspace
of X does not need to be unique for n > 2 in real spaces and for n > 3 for complex spaces. In
particular this statement holds true for any r.i. function space with the Fatou property or an
arbitrary Banach sequence space.

In section 3 we study 2-homogeneous polynomials on a complex symmetric sequence space X.
We define here a notion of a finite polynomial on X** and a special geometric condition of X,
under which any 2-homogeneous polynomial on X attains its norm if and only if it is finite. This
geometric condition yields for instance that no point of Sx is a complex extreme point of Bx.
As a corollary we obtain that every 2-homogeneous norm-attaining polynomial on X has a unique
norm preserving extension to its bidual X**. Finally in this section we present similar results for
bounded functionals that are 1-homogeneous polynomials.

In section 4 we investigate Marcinkiewicz function spaces Mg on I = (0,1) or I = (0, 00).
After collecting some basic properties of My and its order continuous subspace MY, we formulate
conditions on ¥ when M is an M-ideal in My, and we show for wide class of functions ¥, that
My is a bidual of M. It appears also that for ¥(¢) = max{¢, 1}, My coincides with ¥ = L' 4 L°°.
It naturally leads to study M-ideal properties of ¥. We compute the dual norms of 3 equipped
with two different traditional norms, and consequently we find out that X is not an M-ideal in X
under the Marcinkiewicz norm, while it is an M-ideal under the other norm. We also prove that
Yo, under either norms, is not M-embedded. Thus ¥ is the Marcinkiewicz space, which shows that
without additional assumptions on ¥ we are not able to obtain the earlier results in this section.

Sections 5 and 6 are devoted to Marcinkiewicz sequence spaces my. In section 5 we provide
necessary and sufficient condition on ¥ for my to be a bidual of m%, as well as for m, to be an
M-ideal of my. Section 6 is a continuation of section 3 for Marcinkiewicz sequence spaces. The
main result of this section, Theorem 6.8, states several equivalent conditions for the property that
every norm-attaining 2-homogeneous polynomial on m$, is finite. It says among others that it is
equivalent to the condition that no element of the unit sphere of m$, is a complex extreme point
of a unit ball in my. It is also equivalent to the fact that every norm-attaining 2-homogeneous
polynomial on m{, has a unique norm preserving extension to my. Finally any of these conditions
is equivalent to the property that the sequence ¥ = {¥(n)} is strictly increasing. We then partially
extend Theorem 6.8 to a symmetric sequence space X, finding a connection between behaviour
of the fundamental function of X and the existence of complex extreme points of Bx as well as
the condition that 2-homogeneous polynomials are finite on X. We conclude the section with a
corollary stating that m$, or my are never rotund, and with an example of a symmetric sequence
space showing that the fundamental function cannot fully determine extreme points of its unit
ball.

2. EXTENSIONS OF POLYNOMIALS

Let X be a Banach space and Y a closed M-ideal in X. It is well known that a bounded linear
functional on Y has a unique norm preserving extension to X [7]. With polynomials the situation
is different. In [3] (see also [9] for some Marcinkiewicz sequence spaces), it has been shown that
extension of n-homogeneous polynomials from ¢y to £, is not unique for n > 2 for real spaces and
for n > 3 for complex spaces. We shall show a similar result for a large class of Banach function
spaces.
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Now let X be a Banach function space over (€, 1), and let Y be a proper closed subspace of X.
Let’s assume that there exist two disjoint sets F; € B, ¢ = 1,2, such that

Of = p1(f)xe +2(f)xe, f€X,

is a norm-one projection on X, where for ¢ = 1,2, xg, € Y and

1

o= [ £ sex
If X is a real space and n > 2, then we can easily construct an n-homogeneous polynomial
on Y which has two different norm preserving extensions to X. Indeed, let ¢ be a norm-one
linear functional on X which vanishes on Y. Letting now a = ||xg, ||, n-homogeneous polynomial
P(f) = (ap1(f))™ on Y has norm one. It is clear that P; (f) = (a1 (f))™ and Pa(f) = (a1 (f))"—
(a1 (f)"2p? are two distinct norm preserving extensions of P on X.

In the complex case, we can find an n-homogeneous polynomial with two distinct norm preserv-
ing extensions if n > 3. In fact consider the set

S = {(21722) € (Cz : ||21XE1 + ZZXE2|| < 1};
and the function
U(z1,22) = [z21]* + |22)°,  (21,22) € S.

It is clear that 1 is continuous on compact set S, and so there exists (u1, us) € S such that

Y(ur,ug) = max (21, 22) = |u|? + |ug)® = a® + b7,
(z1,22)€S

where a = |u1|, b = |uz|, a® + b* # 0, and (a,b) € S. We have the following result.
Lemma 2.1. There exists (a,b) € S such that for n > 2 and for all (z1,22) € S,
laz1 + bze|™ + |bz1 — azo|™ < (a® + b?)™.
In particular forn > 2 and f € By,
a1 (f) + bpa ()" + [ber(f) — a2 ()" < (a® + )",
and so
a1 (f) +bp2(f)] < a® + b and  [bpi(f) — apa(f)] < a® + 0%
Proof. For n =2 and any (z1,22) € S we have
lazy + bzo|?® + [bzy — aza|? = (az1 + bzo)(aZy + bZo) + (bzy — azy)(bZ1 — aZz)
= (@ +)(|21* + [2]*) < (a® + %)%,
Hence |az; + bza| < a? + b2 and |bz; — azz| < a? 4+ b* on S.

For n > 2 we apply induction. Assuming that the inequality is true for n — 1 > 2, we get for
any (21, 22) € S,

|azy + bza|™ + |bz1 — aze|™ < (a2 + b2){|a21 + bzz\"fl + |bz — a22|”71} < (a2 + b2)”.

Now, since ® is a contraction, ||¢1(f)xe, + ©2(f)xE | = ||2f]| < 1 for any f € Bx. Thus
(p1(f),2(f)) € S and the proof is done. O

Now for n > 3 define a polynomial P on Y as

P(f) = (ap:(f) + bp2(f))".

It is clear that P is an n-homogeneous polynomial on Y with | P|| = (a? + b?)™. In fact it follows
from Lemma 2.1, since we have |P(f)| < (a? + b*)" for f € Bx, and also P(axg, + bxg,) =
(a® + b*)™. Then the following polynomials

Pi(f) = (ap1(f) + b2 (f))",
Py(f) = (apr(f) +bo2(f)" + (a® + b)) (bpr(f) — ap2(£))" " o(f),
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are two distinct norm preserving extensions of P from Y to X, where ¢ € Bx~ is chosen in such a
way that it vanishes on Y and (b1 (f) — apa(f))e(f) # 0 for some f € X. In view of Lemma 2.1,
it is clear that || P|| = (a® + b?)™. Moreover, again applying Lemma 2.1, we get for every f € Bx

[Pa(f)] < lar(f) + bz (H)I" + |a® + 02[[b1 (f) — aga ()"
< (a1 (f) + boa(N)" ™ + [bpr (f) = apa(£)"71)(a® + %) < (a® +b%)",

since n > 3. Since we also have Pa(axg, + bxg,) = (a® + b*)", it follows that || Ps|| = (a® + b?)".
As a conclusion of the above considerations we can state the following result.

Theorem 2.2. Let X be a Banach function space such that there exist two disjoint sets F;, i = 1,2,
such that the projection

o= (o [ et G [ e Tex

is a contractive operator on X. Moreover, assume that Y is a proper closed subspace of X with
X, €Y,1=1,2.

If X is a real space then for n > 2, there exists a norm-attaining n-homogeneous polynomial P
on Y which has at least two norm-preserving extensions to X. In the complex case the similar
statement holds true for n > 3.

If X is a r.i. space with the Fatou property over non-atomic or counting measure then for
any disjoint sets F;, i = 1,2, the projection ® on X has norm one [4]. It is also clear by the
lattice properties, that for a Banach sequence space X, for any distinct ¢, 5 € N, the projection
O(z) = x(i)e; + x(j)e; on X has also norm one. Thus the following corollaries are immediate
consequences of the previous result.

Corollary 2.3. If X is a r.i. space with the Fatou property over non-atomic or counting measure
space, then the conclusion of Theorem 2.2 is valid in X for any proper closed subspace Y in X
with xg, €Y, i1 =1,2.

Corollary 2.4. For any Banach sequence space X the conclusion of Theorem 2.2 is valid in X
for any proper closed subspace Y in X with e;,e; €Y.

Ezample 2.5. In this example we will show that there is a non-symmetric function space with norm
one projection in Theorem 2.2. Suppose that p : @ — [1,00) is a measurable function on a o-finite
measure space (2, B, 1) and define the functional for each f € LY,

T
1= ot

Then Nakano space LP(®) is the family of all measurable functions on Q with the property I (\f) <
oo for some A > 0 with norm

[l =inf{A>0:I(f/A) <1}.

It is easy to show that Nakano space LP(®) is a Banach function space [14] but it is in general, not
symmetric.

Suppose that p(t) has constant values a; > 1 on disjoint measurable sets E;, ¢ = 1,2, respectively
with 0 < uFE; = pFs < oo. Then the projection

(L b 0
of = (o [ )+ (o [ £) e ser®
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is a contraction. Indeed, note that for any A > 0,
A® fP®) /<< 1 / >L” XE < 1 / )‘” XE>
I\ :/ ————du < — | A L+l — |2 2 ) d
(A2 f) S ns |\ IAf] o o, IAf] 0 )
1 / 1 1 1
< o [ e e [
wEL g, A B a1 pEy Jp, A Ey @2
< by b
E: a1 Eo as

MOPO
S/QT dp = I(Af).

This inequality yields that ||®f| < ||f|| for all f € LP®). Moreover we can see that ||xg,| =

N L L
(%) “ i =1,2. So if we further assume that (“szl) o (HT?) “* then the norms of yp,,i =

1, 2, are different although they have the same distribution. Therefore we obtain a non-symmetric
space with norm one projection .

3. 2-HOMOGENEOUS POLYNOMIALS IN R.I. SEQUENCE SPACES

In view of the results of the previews section, our attention turns to 2-homogeneous polynomials
on complex spaces. Let in this section X be a r.i. Banach sequence space. We say that n-
homogeneous polynomial P on X** is finite if there exists m € N such that

m

P(z**) = P(Z(m**,ef)ei)

i=1
for all ** € X**, where e} are bounded linear functionals on X with (e;,z) = z(k). By sym-
metry of X, each permutation o of N induces an isometric isomorphism 7, : X — X such that
Tox = (x(o(1)), -+ ,x(c(n)), ) for every x € X. Then TF* : X** — X** ig also an isometric
isomorphism. Notice that the above definition of a finite polynomial is more general than the one
used before (e.g. [3, 9]). In particular, it can be used for certain cases of non-sequence spaces,
since a bidual X** of a sequence space X may not be a sequence space itself.
We start with the following observation.

Proposition 3.1. An n-homogeneous polynomial P on X** is finite if and only if PoT}* is finite.

Proof. Suppose that P is a finite n-homogeneous polynomial. Then the projection

m
Rx™ = Z <x**, e;'f> e;
j=1

is such that PRa™* = Px**. Let Q = P o T;*. Note that for every k € N, (Tfej, z) = (e}, T,x) =
z(o(k)), and so Tyey = e} ;. Therefore

Q(z**) = P(T:*2**) = P(RT *z**) = P( (T¥* 2 ) ei>

%
i=1

_ p(i@**,T;enei)

Letting s = max{o (i) : i =1,--- ,m}, define
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Clearly s > m and in view of the above equations

QR = P(3- (R i) )
i=1
- P(Z Z (™, €}) <ej, 6;(1')> ei)
i=1j=1
Hence Q = P oT;™ is finite. The converse is clear since P = Po T * o T>*,. O

In the case of 2-homogeneous norm-attaining polynomials we can state the following result.

Theorem 3.2. Let X be a complex r.i. Banach sequence space. Suppose that for each x € By,
there are n € N and € > 0 such that X** =[e1, -+ ,e,] ® G and

(3.1) T+ eBg C Bxs.

Then 2-homogeneous polynomial P on X** is norm-attaining on X, i.e., P(xg) = ||P|| for some
xg € Bx if and only if P is finite.

Proof. Suppose that P is finite. Then the values of P are completely determined by the elements
on finite dimensional subspace of X spanned by {ej,--- ,e,} for some n, which shows that P is
norm-attaining on X.

Conversely suppose that P(zq) = ||P|| =1 for o € Bx. By the assumption, we can choose the
following projection

Let S,, =1 —R,,. Then
(,R'n|X)*>k = Rna (Sn‘X)** = Sn,

and since both R,|x and S,|x are contractions, so |R,|| = [|S,|| = 1. Thus
|P(20 + ASnz™)| = |1 4 2AP (20, Spz™) + A2 P(Spz™)| < |P(x0)| = 1,

for all x** € Bx««, and for all |\| < €, where P is the unique symmetric bilinear form associated
with P. By the Maximum Modulus Theorem,

v

P(zo,Spaz™™) = P(S,2™) =0 for ™" € Bxs~.
Take yo = (0,---,0,z0(n + 1),z0(n + 2),---). Then yo € Bx and S,(yo) = yo. Hence P(yg) =

v

P(x0,y0) = 0, which means that
P(xo(l),~ o 7330(”)’07' ) = P(Jﬁo - yO) = P(‘rO) +P(yO) - 215($07y0) =1

Let
N = min{|J| : P(Zxo(i)ei) =1, JC{1,...,n}},
ied
where |.J| denotes cardinality of J. Now choose a permutation o : N — N such that o({1,...,n}) =

{1,...,n}, |zo(c(1))| > -+ > |zo(o(n))] and o(i) = i for all i > n 4+ 1. Obviously N < n and
|zo(o(N))| > 0 and |zo(o(k))| =0 for all k > N +1. Let Q = PoT*,. In view of Proposition 3.1
we need only to show that @ is finite.

Now take

v = (29(c(1)),...,20(c(N)),0,...).

It is clear that Q(v) = 1 and v € Bx. Thus by the assumption, there exist m € N and € > 0 such
that

(3-2) Qv+ ASmz™)| = |Q(v) + 2AQ(v, Sm™) + N Q(Smz™)| < [Q(v)] = 1,
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for all 2™ € Bx« and for all |A] < e. Again the Maximum Modulus Theorem says that
Q(v,8ma*™) = Q(Sma™) = 0 for all 2** € Bx--. If m < N, then applying the similar argu-
ment as above we could show that Q(vg) = 1 where vo = (v(1),...,v(m),0,...). The latter

however is a contradiction to the choice of N since
1= Q) = PoT3m () = P 3 wali)e)
i€M,

for some My C N with |[My| < N. Som > N. Suppose that m > N. Then we know that for every
x € Bx, |\ <e¢,
lv + ASmz| < 1.

Since X is a r.i. Banach sequence space,
lv+ ASnz|| < 1 for all x € Bx.

Note that Sy is weak*-to-weak* continuous. So weak*-lower semi-continuity of norm and density
of Bx in Bx«+ in weak® topology, imply that

(3.3) [lv+ ASna™|| <1 for all ** € Bxx«=.
So (3.2) holds for m = N. Therefore we may assume that m = N.

Now let z; = (v(1), -+ ,v(m)), 22 = (v(1),v(2) —mv(2), -+ ,v(m)), -, zm = (W(1), -+ ,v(m) —
mo(m)). And let Z; = (2;,0,---) for 1 < j <m. Note that Z; = v.

For any vector z = (z(1),...,2(m)) € C™ we have the identity

_ L@, x(m) 15z 2()y,
( dot nl)z1+-nl§:( / )4.

Therefore for © = (z(1),--- ,z(m),0---), and each z** € By,

where 1;(-) = 2Q(%;,) € X***.
For each 2** € Bx-- we will show that ¢;(S,,2**) = 0. For such an z**, for each |\| < ¢, the
similar argument as before (3.3) shows

||vg + At ma:**|

<1

)

and for each 6 > 0, there is an 6; such that
(Q(vs + A Spua™)] = [Q(v) + (1 — ¥ (A S|

=1Q(vo)| + |1 — € |[1h2(AS ™)
<1,

where vy = (v(1),e?v(2),--- ,v(m),0,---). Let now f(0) = |Q(vg)| and let g() = |1 — €| =

2sin(0/2) for small § > 0. Then |2 (AS;,z**)| < 1;(];()9) for any A < e. Therefore

. 1=fO) .. —f(0)
S ™) ™" Bx} <lim —————= =1 =0.
sup{[ta(Spa™)| 27 € el ) <t 2P0~ =
This implies that for ** € Bx«, o(Spnz**) = 0. Similar calculations show that ¢3(S,z**) =
coo = Py (Sma™) = 0. ie, Q(z + Spma™) = Q(z). Taking x = Ry,z™, Q(z*) = Q(Rpa™ +
Smx™) = Q(Rymax™*), which shows that @ is finite and completes the proof. O
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The geometric assumption (3.1) on X** in the above theorem says among others that no point
of Sx is a complex extreme point of Bx.

Recall that every n-homogeneous polynomial on a Banach space X has a norm-preserving ex-
tension to its bidual X** [1, 2, 5].

Corollary 3.3. Suppose that X is a complex r.i. sequence space and X satisfies (3.1). Then a
2-homogeneous polynomial P on X attains its norm if and only if it is finite.

Proof. Let @ be a norm-preserving extension of P to X**. Then @ attains its norm on By, and
by Theorem 3.2, @ is finite. So there is m € N such that for every x € X,

Pz)=Qx)=Q (Z x(i)ei) =P <Z x(i)ei> )

i=1 i=1
which completes the proof. ([
Corollary 3.4. Suppose that X is a complex r.i. sequence space and X satisfies (3.1). Every

2-homogeneous norm-attaining polynomial P on X has a unique norm-preserving extension to its
bidual X**.

Proof. Let ()1 and Q2 be norm-preserving extensions of P from X to X**. Then, by Theorem 3.2,
Q1 and @2 are finite. So there are mq, ms € N such that for each x** € X**,

Q1(z™) = Q1 (Z <$**7€f>€i> =)D i (i ep) (@ e5)

i=1 i=1j=1
ma ma S

0= (S e ) = 23 iy 7).
s=1 s=1t=1

for some complex numbers a;;, bs;. They are equal on X so that there is [ < min{my,ms} such
that a;; = b;; for all 1 < j <4 <1 and a;; = 0 = bs otherwise. So Q1(z**) = Q2(x**) for every
x** € X**. This completes the proof. ([

It is easy to show that c( satisfies the assumptions of Theorem 3.2, and thus we get immediately
by Corollary 3.4, the following result proved in [3].

Corollary 3.5. [3] Every norm-attaining 2-homogeneous polynomial on a complex ¢y has a unique
norm-preserving extension to . In particular, the polynomial is finite.

It is worth also to add here that at the end of section 6 we state a stronger result (Corollary 6.5)
for some renormings of ¢y and {.
The following example shows that the assumptions on X in Theorem 3.2 are essential.

Ezxzample 3.6. Consider the space £, with the equivalent norm
[zl = lz(1)] + |2(2)] + sup{|z(n)| : n = 3}.

It is not difficult to see that (¢, | ||) is not symmetric and does not satisfy the assumption

(3.1) of Theorem 3.2. It is also clear that ¢y is an order continuous subspace of (s, || ||). So
(co, || N** = (bso, || |])- Define on £, 2-homogeneous polynomials
(k)
P() =2(1)?, Qz)==z(1)*+z(2) ) k=2
k=3

Then P is norm-attaining on ¢ and ||P|| = 1. Note that for each ||z|| < 1, z € {,

Qle1) =1 and |Q(z) <1.

This shows that @ is norm-attaining on ¢y but it is not finite. In addition, choose a norm one
linear functional ¢ on £, which vanishes on cy. Letting

Pi(z) =2(1)* and P(x) = (1) + 2(2)¢(2),
they are both norm-preserving extensions of P to .. Thus the conclusions of Theorem 3.2 and

Corollary 3.4 are not valid for (¢, ]| ||) and (co, || ||), respectively. We shall provide another
example of this sort at the end of section 6 (cf. Example 6.6).
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As for the norm-attaining bounded linear functional, we can obtain the following result.

Proposition 3.7. Suppose X is a complex r.i. sequence space and X satisfies (3.1). Then a
bounded linear functional ¢ on X attains its norm if and only if it is finite. Moreover, every
norm-attaining bounded linear functional on X has a unique norm-preserving extension to X**.

Proof. If ¢ is finite, then it is clearly norm-attaining since its values depends only on a finite
dimensional subspace of X.

Conversely, suppose that ¢(zg) = ||¢|| = 1 for some zy € Bx. Then by the assumption, there
are n € N and € > 0 so that for every |\| < € and for every y = (0,---,0,y(n+1),---) € Bx,

le(zo + Ay)| = [@(zo) + Ap(y)] < 1.
By the Maximum Modulus Theorem ¢(y) = 0 for such an y. So for every z € X, p(S,z) = 0 and

thus
p(x) = szﬁo (e:) = Z (ef, ) p(eq),

i=1
which means that ¢ is finite. Moreover it has a natural extension @ to X**, defined by

n
Py =) (@
i=1
Now, if ¢ has a norm-preserving extension ¢ to X**, then similar arguments as above applied to

¢ and it shows that ¢ is finite. Since @ and ¢ are equal on X, so they must be equal on X** too.
The proof is done. O

4. M-IDEAL PROPERTIES OF MARCINKIEWICZ FUNCTION SPACES My, L' + L AND L' N L

Let L° = L°(I, B, 1) be the space of all Lebesgue measurable functions on I, where I = (0,1)
or I = (0,00), p is the Lebesgue measure on g-algebra B of the Lebesgue measurable subsets of I.
For any f € L° the decreasing rearrangement of f is the function f* defined by

F5(t) =inf{x > 0: py(N) < t},
where pt¢ is the distribution function of f.
Definition 4.1. Let ¥ : [0,00) — [0,00), ¥(0) = 0, ¥ be increasing, and ¥(u) > 0 for u > 0.

Then the Marcinkiewicz space My (called also weak Lorentz space) is the collection of all functions
f € L° such that
b I*

151 = 151l = sup <0

< 00.
Without loss of generality we can add (and we will) in the above definition the assumption that
the function ¥(t)/t is decreasing on (0, 00). In fact, let’s define
U(t) = tinf{U(s)/s:0<s<t}, t>0.

Then it is not hard to show that U is increasing and \/I}(t)/t is decreasing. For instance, if 0 < ¢; < t9
then

U(ty) = tomin{inf{¥(s)/s:0 < s <t1},inf{U(s)/s: t; < s<ty}}
= min{te inf{¥(s)/s:0< s <t;1},U(¢1)}
> ¢y min{inf{U(s)/s: 0 <5 < t;},U(t1)/t1} = U(ty).

Notice also that My is not trivial if and only if ¥(£) > 0 for ¢ > 0. Finally we have that My = My
with equality of norms. In fact, since U(t) < W(t), ||f]lary < | fllaz, - On the other hand for any

0<s<t,
SLFaPIE
o [ =1t 2e s <X,
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and so
¥(s)

t 1 s N
* =tinf{- e <t} <t inf —2 =V
[ o=t [ rro<s << it TR fl, = SO,

which yields || f|lar, < [|flla-

In view of the above remarks we shall assume further in this section that ¥ : [0,00) — [0, 00),
¥(0) =0, ¥(t) > 0 for t > 0, ¥ is increasing and ¥(t)/t is decreasing on (0,00) i.e., ¥ is quasi-
concave.

Definition 4.2. MY is a subspace of My consisting of all f € My satisfying
t *

lim fo /

t—0+ \I/(t)

toex
lim fo !
t—01, 00 \Ij(t)

=0 in case when I =(0,1),

and

=0 in case when I =(0,00).

Most of the following basic facts about My and M are well known (cf. [11]). We collect them
here for the sake of completeness.

Theorem 4.3. (1) My is a r.i. Banach function space with the Fatou property.

(2) MY # {0} if and only if inf;~o ﬁ =0. If I =(0,1) (resp. I =(0,00)) then the support
of MY is equal to (0,1) (resp. (0,00)), that is there exists h € MY with h > 0 a.e. in I, if
and only if

t

(4.1) ST

. t
(4.2) (resp. tlI>1£ oI 0 and i;l]glll(t) = oo).

(3) If W satisfies condition (4.1) when I = (0,1) (resp. (4.2) when I = (0,00)), then M is
the subspace of all order continuous elements of My .

(4) If U satisfies condition (4.1) when I = (0,1) (resp. (4.2) when I = (0,00)), then M{ is
the closure of all simple (or bounded) functions with support of finite measure.

Proof. (1) It can be shown directly by definition and the properties of decreasing rearrangement
f* (cf. [4]). For (2), it is enough to observe that if x(g) € MY then for 0 <t <a

t
Joxoa  t
t

U(t) U(t)’

and for t > a .
Jo X0 _ _a
U(t) U(t)

We shall show (3), (4) only in the case when I = (0,00). Let 0 < f, < f € MY and f,, | 0. Given
€ > 0, there exist 0 < tg < t; < oo such that

bt bt
o < d . 0

O 70 E R S 10y
By the dominated Lebesgue theorem, there exists N such that for all n > N

/'1 £ < eU(ty).
0

< €.

Hence for n > N,
t t t1
fo I L L
fall € sup 2 -+ sup +
1l o<t<to Y(t)  ti<t<oo V(t)  W(to)
So every element in MY is order continuous. This means that MY is contained in the closure of
all simple (or bounded) functions with support of finite measure. If conditions (4.2) are satisfied,
then the closure of the set of all simple functions with support of finite measure is MY. This proves

< 3e.
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(4). Moreover MY is the subspace of all order continuous elements in My. This shows (3) and
completes the proof. (I

Now, we investigate when MY is an M-ideal in My. The next theorem extends the already
known result for some functions ¥ (cf. [7]).

Theorem 4.4. If I = (0,1) and V satisfies condition (4.1), then MY is an M-ideal in My.
If I = (0,00) and ¥ satisfies conditions (4.2) and additional condition infy~q U (t)/t = 0, then
M\(I), is an M-ideal in My .
Proof. In the proof we shall use the 3-ball property (see Theorem 1.1), that is we show that
for every f € By, every f; € BM‘rI)/,i = 1,2,3, and € > 0 there exists g € BM\% such that
Let first I = (0,1). By density of bounded functions in M{ we can take f; bounded. By the
assumption infysot/¥(¢t) = 0, there exists b > 0 such that for all 0 <t <b
Jo ff _ Mt _ Mb
(t) — w(t) ~ w()
where |f;(z)] < M, z € (0,1), i =1,2,3. Also we choose 0 < ¢ < b such that
C rx
fo / <e.
(b)

< €,

Setting
9= IX{s:1£()1<f* ()}
it is clear that g € BMg. Moreover, for 0 <t <b,i=1,2,3

it =9 _ L fi LU =9 o F*
“em Sww T wm St ug

<l+e

We also have
(f=9)(s) < ["x0,)(5), s€L

Hence for t > b,i =1,2,3

t « ¢ g

fo(fz+f_g) fof §1+e.
() ¥ (b)
Combining the above inequalities we get || f;i + f —g|| < 1 +e.
Now let I = (0,00). Note that for every f € My

< |Ifill +

N 0 L Jo I*
limsup 22— = limsup %"~ < sup “L— < oo,
R T R TO R AT
which means that .
.1 w1 i
i g [ 5=t o =0
Since f; € M\(I),7 there are 0 < by < by such that for all £ < by or all t > by,
toex
fo fi <€,
U(t)
for i =1,2,3. Choose 1 > 0 so small that n% < € and take 0 < ¢ < by for which
1™ _ .
(br)

Setting
9= IXgsm<ifs)1< @)
we have g € M§. Indeed, there is T > 0 such that

f(T)=inf{s >0: pus(s) <T} <n.
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So there is 0 < s < 1 such that ps(s) <T. Hence ps(n) = p{|f| > n} <T and

t T
N A A A
< =
Jim, (1) < fim, U(t) 0

Moreover,

b _ o 1@

li =0.
A gy = gy =0
Fori=1,2,3and 0 <t < by ort > by,
t * t ey t px
fo(fz+f_9) Sfofi-i-f()f <l+e
W(t) U(t)  v()

For i = 1,2,3 and b1 <t< bg,
t N t N . t N t "
JoUi+ =9 _ JoUi+ Fxansmotssr@1) _ Jo fi + JoUxanen)™ + Jo Fxqisisseen)

U(t) () U(t)
b1 ey topx C 1 opx t e C oy
o fit L fi I ! +t77< ob it fy S+ E=b)n [0 F
= 0] V(D) 0 W(by)
b1 o oex
f'* +b177 fb fz ‘H?(bz _bl) bl (bg —bl)
0 2 1
< +ese+ +1l+n—F7 +e¢
U (by) (1) BRI Ty
<1+4e.
These inequalities complete the proof. O

We will see later (Remark 4.8) that the assumption inf;~o U(¢)/t = 0 in the case of I = (0, 00)
cannot be skipped. B

It is well known that if ¥ is quasi-concave, then there is an increasing concave function ¥ on
I such that W(t) < W(t) < 2¥(t) on I (cf. Proposition 5.10 in [4]). It is easy to show that
| [larg ~ || l[ar4- So we can obtain an equivalent norm on My, which is induced by an increasing
concave function on I.

Theorem 4.5. If U satisfies (4.1) in the case when I = (0,1) (resp. (4.2) and inf~o ¥ (t) =0 in
the case when I = (0,00)), then My is the bidual of MS.

Proof. Assume first that W is concave. By conditions (4.1) (resp. (4.2)), MY is the set of all order
continuous elements of My and contains all characteristic functions with support of finite measure.
It follows that (M{)* = (My)', where (My)' is the associate space of My.

If || fllarg < 1, then for all ¢ > 0,
¢
/ fr<ut).
0

Take a simple function gx = > | aiX(0,t;), where 0 <t; < --- < t,, and a; > 0. Then

/g*f* < al(t) = /g*d\Iﬁ
I P I

where the Lebesgue-Stieltjes integral is well-defined since ¥ is continuous on [0, 00). By the Fatou
property for all g in LY,

lollany < [ a*av.
Since ¥(t) is a continuous concave function on I, there is an integral representation
¢
U(t) = / h*(s)ds,
0

on I for some h in L° [4]. Then ||h||r, < 1, and for nay g € L,

[ = [gav.
I I
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So we get the reverse inequality
ol > [ aav.

Therefore the associate space
(My) = {g eI /g*d\I/ < oo},
I

which is a Lorentz space, must be order continuous [11]. In general, if ¥ is not concave then
| lazg = || [Iagq, and hence || [[(ary) = || l(ag)- Since (Mg)' is order continuous, (My)’ is order
continuous too. Then order continuity of (My)’ implies (M$)** = (My)"" = (My)"” = My, by the
Fatou property of || ||asq - This completes the proof.

(|

Notice that the assumption inf;~o ¥U(t) = 0 cannot be skipped in the above theorem (cf. Re-
mark 4.10).
Now let’s turn our attention to spaces

Y=L'+L*® and A=L'NL>,
on I = (0,00). They are equipped with the following norms.

1
(1.3 115 = int{llgll + Il : =g+ hige hhe == [
0

I£lls; = mf{max{llgl, , [Ihll.c} - f =g+ h,g € L', h € L=},
11l = max{l £l 1 Flloo s
Il = 11 + 11l -

It is obvious that || || and || || are equivalent. The equality in (4.3) is well known and can be
found e.g. in [4]. It is also well known [8] that (X, ||)" = (A, || [[5) and (3, ] )" = (A, ]| [|4)-
Moreover,

So={f€S: lim f*(t) =0},

where ¥ is a subspace of all order continuous elements of ¥ (cf. [4, 11]).
It appears that for certain choice of ¥, the Marcinkiewicz space My coincides with 3, and MY
with ¥g. In fact we have the following result.

Proposition 4.6. The norms || |5, and || ||y are equal if and only if for t > 0
U(0)=0 and V(t)=max{t, 1},

and they are equivalent if and only if for t > 0
U(0)=0 and P(t)~max{t 1}.

Consequently if I = (0,00) and lim;_,o+ U(t) = a > 0 and lim;_, U(t)/t = 5 > 0 then the spaces
MY and g coincide as sets with equivalent norms.

Proof. If || ||as, and || ||z are equal, then for ¢ > 0,
t .
IX(0,0)llw = 0 IX(0,)ll = min{z, 1}.
Hence U(t) = max{t, 1}, for ¢t > 0. Conversely suppose that ¥(¢) = max{t,1} for ¢t > 0. Then
t ek t t 1
1
supfoif :max{ sup / f*,supf/ f*} :/ fr,
¢+>0 max{t,1} o<t<1Jo i>1t Jo 0

which shows that the two norms are equal. The similar calculation shows the condition for the
equivalence of the norms. O
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Let || || be an equivalent norm to || ||s or to || ||s. Then it is not difficult to see that ¢; is
isomorphically embedded in (3o, || ||). Therefore (see Theorem 1.1) (X, || ||) is not an M-embedded
space.

In the next two propositions we calculate the exact norms of the duals (X, || [|s))* and (3, || )",
which provide the answer to the question when ¥ is an M-ideal in . In the sequel || ||; and || ||oo
will denote the norms in L' or L, respectively.

Proposition 4.7. The following equalities hold true.
(S0 lls)* =55 @Sy = (A ]| ) @Sy
Moreover for any F € ¥*,
F = F + Py,
with F» € X3 and

Fi(g) = /gfh

for some f1 € (A, | [[5), and

[Fll = max{]| f1llo » lf1lly + [[F2[[}-
Consequently, g is not an M-ideal of (X,] |y)-

Proof. The equalities (3, || [|2)* = X5 @ X ~ (A, ]| [|A) ® I3 up to equivalence in norms is a
consequence of the well known results on duals in Banach function spaces (cf. Theorem 102.6,
Theorem 102.7 in [13]).

Now let F' € ©* and let F}, = F|s,. Then there is f; € ¥} = ¥’ such that F (9) = [ fig for all
g €Yo and |EFy|| = || fillsr = | filla. Then define Fy(g) = [ fig for all g € ¥, and let Fy = F — F}.
Then Fy|y, =0 and | F1|| = || F1]|-

For each f = g+ h with g € L! and h € L®, we have F»(g) = 0, and so

|F<g+h>|s\/flg +‘/f1h

< filleollglls + [ f1llx 1 2lloo + IE2 2]l
< [ flloollglly + (A2l + 1 F2 D7 lloo
< (llglly + 1Alloc) max{|[ f1lloo, [Lf1llx + [ F2[I}

Therefore, |[F|| < masc{ | f1loo, 11 ll1 + I 2}

Conversely, given € > 0 there exist g € L', h € L* such that ||g|[1 + ||hllec < 1+ € and ||Fy] <
Re F5(h) + €. For each N > 1, Let f = sign(f1)X[o,n) + AX[Nn,00)- Then |f| = xp0,n) + [2IX[N,00)
and so ||f]|s = fol f*<1+e Thus

+ [F2(h)]

N e’}
Re F(f) = /0 1] + Re ( /N flh) + Re Fy(sign(f1)X(0.3) + hX([v.00))

) /ON Al e (/: fih) + Re F3(h)

> [Cineme( [T an) +im) -

IFI 2 (R = e+ Re ([~ pin) +/0N|f1|)

for all € > 0 and all N > 1. Since [y fih — 0 as N — oo, so |F| > [|[Fy| + || f1]l1. Clearly,
IFN > 1Bl = I filla > | filloe- Hence [P = ma{]|fllcs | f1lls + I 511}

Now suppose that ¥ is an M-ideal of ¥. Then there is a projection P : ¥* — X* such that
the range of P is ¥g- and for each F' € ¥*, |[F|| = ||[PF|| + ||(I — P)F||. Note that PF = Fy and
(I = P)F' = Fi so that we can choose fi1 = Xo,1/2) and Iy with [[F3]| = 1. Then by the above
calculations ||F|| = 3/2. But on the other hand we must have ||F|| = |PF| + ||(I — P)F|| =
| Fa|| + || f1]]a = 2, which is a contradiction. O

Therefore
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Remark 4.8. By Proposition 4.6, (%, || ||x) = My, where U(t) = max{t, 1}, t > 0. Thusinf;~q ¥ (t)/t =
1, and so the assumption in Theorem 4.4 is not satisfied. Since ¥y is not an M-ideal in (3, ] ||x),
we see that the assumption inf;~o ¥(¢)/t = 0 cannot be omitted in Theorem 4.4.

The following proposition shows that if we use another equivalent norm in 3, the M-ideal
properties are remarkably changed.

Proposition 4.9. The following equalities are satisfied
Sl ) =50 = (A lla) @1 S5
Moreover for F € ¥*,
F=F +F3,
where Fy € ¢ and

Fi(g) = /gfl,
for some f1 € (A, ||5), and
IE = IE T+ 1l = [[filloe + 20l + I E2]]-
Therefore ¥q is an M-ideal of (3, ] ||s)-
Proof. By the same method as in the proof of the previous proposition, we can get a decomposition

F = Fy + F, with Fo|s, =0, Fi(g9) = [ fig for all g € , and || F1|| = || fillA-
For each f =g+ h € ¥ with g € L' and h € L™,

Fg+ b)) < \/ﬁ(wh)\ T

< (1Al + 1 filloo) maxllglly, 1ol } + 1 F2[ 2]l
< ([f1l + W[ f2lloe) max{{lgl[1, 1Alloo} + 1[I Al
< max{|lgll, [ Alloo} (1 filloo + 2l + [1F2)
Therefore [|F|| < [[f1lloo + I f1llx + [ F2ll-
Conversely suppose that || f1]|cc # 0. For large enough n € N, choose E,, C {|f1| > || fi]lcc —1/n}
with 0 < pFE, < co. Let
XE'Vl
nE,
Given € > 0, choose g € L' and h € L™ so that max{||g||1, [|h]lc} < 1+ € and ||Fz|| < Re Fa(h) +e.
Let

gn = Sign(fl)

hyp = hX[n,oo) + Sign(fl)X[O,n)'
Then ||hpllec <1+ €and ||gn|1 < 1. Hence f, = gn + h, we have || fn]|y; < 1+ €. Consequently

Re F(fn) :Re/flgn—|—Re/f1hn+ReF2(hn)

:/ 7] +/ |f1|+Re/ fih + Re Fy(hy, — sign(f1)X[0,n) + AX[0,n))
E, wEy, 0 n

2 [ flle = 1/n+/0n|f1| +Re/oof1h+ReF2(h)

> flloe — 1/n+/0 Al +Re/ fih+ Bl e

Therefore ||F|| > 2= ([[flloc — £ + [y [f1] + Re [ fih+ || F2| — €). Note that h is independent of

n. Since lim, . [~ fih = 0 and € is arbitrary we obtain || F|| > || fille + [lf1]|x + [|[F2]|, and this
completes the proof. O

Remark 4.10. Note that we have the following equalities (with equivalence of norms)

S (X)) = AT~ AN B A =N @A
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where A* # {0} since A is not order continuous. Thus the bidual of ¢ = MY with U(¢t) =
max{t,1}, ¢ > 0, is not equal to ¥ = My. It shows that the assumption inf;~q¥(¢) = 0 in
Theorem 4.5 cannot be omitted.

It is also interesting to observe that if we define A; as the closure of all simple functions with
support of finite measure in (A, || ||5), then A; also contains an isomorphic copy of ¢; which has
a non-separable dual. Therefore A, with any equivalent norm to || ||a is not M-embedded.

5. M-IDEAL PROPERTIES OF MARCINKIEWICZ SEQUENCE SPACES

In this section we will consider Marcinkiewicz sequence spaces. Assume further that ¥ =
{T(n)} = {¥(n)}5%, is a sequence such that ¥(0) = 0, {¥(n)} is increasing, ¥(n) > 0 for n > 0
and {¥(n)/n} is decreasing.

Definition 5.1. By analogy to the function spaces, the Marcinkiewicz sequence space my consists
of all sequences z = {z(n)} = {x(n)}32, such that
P )

]| = [[#]lmy = sup =2 ———,
n>1

where z* = {z*(n)} is a decreasing rearrangement of {x(n)}.

Similarly define mY, as a subspace of my consisting of all x € my satisfying

n
x*(k
lim 721“:1 (k) = 0.
wse U(n)
Notice that reasoning analogously as in the previous section for function spaces, the assumption
that {¥(n)/n} is a decreasing sequence is not a real restriction.

We have the following basic facts about my and m{,.

Theorem 5.2. (1) mg is a r.i. Banach function space with the Fatou property.
(2) mY # {0} if and only if lim,,—, o ¥(n) = co.
(3) If limy— 0o ¥(n) = 00, then mY, is a non-trivial subspace of all order continuous elements

of my.

(4) The following conditions are equivalent.
(@) |Zllmy = |2]lco for all x € o (Tesp. ||Z||my = 2]l for all x € Lo ).
(D) |Z|lmg = |Zlloo for all € ¢y (resp. ||Z||me = ||Z]lco for all z € ¢p).

(¢) U(n)=n for allmn € N (resp. ¥(n) =n for alln € N).

Proof. Condition (1) is immediate and (2) is clear if we note that e; € mY is equivalent to

lim,, . 1/%(n) = 0. For (3), note that mY contains all characteristic functions with support of
finite measure by (2), so it contains all order continuous elements [4]. The proof that any = € m%,
is order continuous is very similar to the function case, so we omit it. Finally we shall prove that
4(a) is equivalent to 4(c). Let’s assume first that two norms are equal. Then for n € N,

lex + -+ en| U
e P enm = _— =
' v U(n)

For the converse, if we assume W(n) = n for n € N, then for any z € {,
1 n
Zlloo = ¥ (1) = sup — 2" (k) = ||z .
[l (1) nz};n; (k) = ll2llme

The remaining equivalences can be proved in a similar way. O

Given the sequence {¥(n)} define the function W(t) = 3% W(i)x[;,i11)(t) on [0,00). Obviously
VUlnugoy coincides with {¥(n)}. The following result we shall use further.

Lemma 5.3. There is a concave continuous function ¥ on [0,00) such that ¥ < ¥ < 3 on [1,0)
and ¥(0) = 0.
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Proof. Fix x > 1. For 0 <t < «,

w0 ¥
t
and for [z] < [t],
V(O _ W) _ W) _ 7 o) _ V)
e I N O
where for real y € R, [y] is the greatest integer less than or equal to y. Hence for every ¢ > 0 and

x>1,
\Il(t)§(1+%)\ll(a:) and U(t) < tU(1).

Therefore there is a minimal concave function ¥ such that for each ¢ > 0, z>1,
() < U(t) < min{(1 + %)\Il(x),t\ll(l)}.
Then for every x > 1 and ¢ > 0,
V()< (1+ 2%)@(33) —30(z) and  T() < 1U(1).

So lim,_g+ W(t) = 0. Therefore W(¢) is a continuous concave function on [0, c0). O

Now, we are ready to investigate when my is the bidual of my, and when mY, is an M-ideal of
my. The following theorems show that the situation is simpler than that of the non-atomic case.

Theorem 5.4. The space my is the bidual of m$, if and only if lim,,_,~ ¥(n) = co.

Proof. If lim,, o, ¥(n) < oo, then by Theorem 5.2 (2), m%, = {0}. So my cannot be the bidual of
mY, since my # {0}.
For the converse, suppose that lim, . ¥(n) = co. Then by Theorem 5.2 (2) and (3), mY, is

the order continuous subspace of my and it contains all simple functions with support of finite
measure. Hence (m%)* ~ (my)’. So if we show that (my)’ is order continuous, then (m%)** ~
((mg)")* ~ (myg)” = myg, and the proof is done.

Note that by Lemma 5.3, there is an equivalent norm induced by the concave function \Tl, that
is

If [|[2]|;mg <1, then

Y= (y*(1)7 Y (n),0,---),

the summation by parts shows that

Dot (k)y (k) <>y (R)(W(k) - U(k - 1))
k=1

k=1
Then by the Fatou property, for any y = {y(k)},
[Yll(m gy < Zy*(k)(\ff(k) Pk - 1)).

Note that there is an mtegral representation \Il fo h*(s)ds for some h € L°. This shows that,

if we take z(k) = W(k) — U(k — 1) for all k € N, then the sequence {z(k)} is decreasing and for
each n € N|

Yot ) _ ¥n)
V) W)
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This means that ||z|| = 1 and for all y,

doat(ky (k) =Yy (k)W (k) — W (k - 1)).
k=1

k=1
Hence

19llomgy = > y* (k) (T (k) — U (k - 1)),
k=1

for all y. Therefore we obtain the following formula
(o)
[Wlomgy = S v () (B (k) — Bk — 1))
k=1

and this implies that (mg)" and hence (my)’ is order continuous [11]. O

In view of Theorem 5.2 (4), if ¥(n) = n, then mY = ¢y and my = € with equality of norms,

and thus mY, is an M-ideal of my [7]. The next theorem extends this result to a broader class of

functions ¥ and improves already existing results in certain class of my (cf. [7]).

Theorem 5.5. Assume that lim,,_ o \I’El") =0 and lim,,_,o, ¥(n) = co. Then mY, is an M-ideal
in its bidual my.

Proof. First observe that if z € myg, then
5 he @ (K) 2y ()

n
*(k
lim sup M = limsup 2 < sup

WP g ) P T oy S T ey S

and in view of the assumption lim,, .~ w =0,

Jim () = lim 2> (k) =

In the proof we shall use the 3-ball property (cf. Theorem 1.1) and the same technique as in [7],
that is we show that for every z = {a(n)} € B, every x; = {z;(n)} € B, with finite support,
i=1,2,3, and € > 0 there is y € mY, such that ||z +x; —y|| < 1+¢, i =1,2,3. First assume that
forall i =1,2,3,

max{j: z;(j) #0} = k; =k,
and

j=1 j=1
Next pick up N such that for all n > N, z;(n) = 0 and
|a(n)| < min{4, a™(k)},

where § = min; 27 (k). Then define the sequence y = {y(n)} by y(n) = a(n) if n < N and y(n) =0
otherwise. If z;(n ) =a(n)+xz;(n) —y(n), then zX(j) = zF(j) for j < k and z7(j) < a*(j) for j > k.
Hence for n < k,

Z?:1 25 (J)

S St
and for n > k,
Z?:1 27 (7) Z?:1 a*(j)
T T B

Therefore ||z + z; —y|| < 1.
In general case, we may assume that z is not an element of m§,. In this case, we cannot have
x € £1. Hence we can find | > k; for all ¢ = 1,2, 3, such that
ki

l
Y oai) < Ya'()

j=1
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Define £ as follows: If x;(n) # 0 then let §;(n) = z;(n). At Il — k; indices where z;(n) = 0, let
&(n) = a (a > 0 is chosen later), otherwise let &;(n) = 0. The number « should be chosen so
small that for all i = 1,2,3, ||x; — &|| < € and

n

l
> G0 =D a"():

j=1
By the first part of the proof, there exists y € m§, such that
&

— <1
o+ - — gl <
Hence ||z + z; — y|| <1+ 2¢, which completes the proof. O
Theorem 5.2 (4) shows that lim, \I'i") = B > 0 if and only if m% = ¢y up to equivalent
norms. Therefore if lim,,_, o @ = 3 > 0, then myg can be renormed so that m?l, is an M-ideal of

its bidual my, since ¢ is an M-ideal of £o,. But mY, with its original norm does not need to be
an M-ideal of my if we drop the assumption lim, ., ¥(n)/n = 0, as we can see in the following
example.

Ezample 5.6. Let ¥(0) =0, ¥(n) = max{2,1} for n € N. Then my = {s with norm
ey 3" (1) +27(2)) 3% k12 (k)
Jelly = sup {2 (1), SN2 LAl

4 ’ 2n
that is equivalent to || ||so-norm. Then (¢, || ||w) is not an M-ideal of (Yo, || ||w)-
Proof. Let x1 = e1+3e3, 3 = e1— 362, 3 = —e1+5ea, and let z = 2/3. Note that ||z;| = [|z[| = 1.

Then there is no y € co such that [|z;4+z —y[lw < 2. Observe the following formulas for any y € ¢y,
21+ 2 —yl=(5/3—-y@), 11 =y(2),12/3-yB)I,...),
22+ 2 —y| = (15/3—y(D)],10-y(2)],12/3-yB),...),
lzs+z -yl = (11/3+y(D)],[1 =y(2)],12/3 =yB)l....).
Then max{|5/3—y(1),1/34+y(1)|} > 1 for all scalars y(1). Therefore for each y € ¢¢ there is ¢ such
that (z; +x —y)*(1) > 1 and note that lim,, ., [2/3 —y(n)| = 2/3, so that (z; + = —y)*(2) > 2/3

for all ¢ = 1,2,3. This means that for every y € ¢ there is some ¢ such that ||x; + = — y|lv >
3/4(1 +2/3) = 5/4. This completes the proof. O

This example shows that we cannot omit the additional conditions in Theorem 5.5.

6. POLYNOMIALS ON MARCINKIEWICZ SEQUENCE SPACES
This section is a continuation of section 3 in the case of Marcinkiewicz sequence spaces. Let
U = {T(n)} = {¥(n)}>2, be like in section 5, that is ¥(0) = 0, ¥ is increasing, ¥(n) > 0 for
n > 0 and {¥(n)/n} is decreasing. Note first that if lim,,_,., ¥(n) = oo, then mY, is a non-trivial
proper ideal of my. Indeed, for ¥ from Lemma 5.3,

{U(k) = Uk — D}iz1 €mg =my  but {T(k) = U(k— 1)}z & m§ =my,.

Notice that {¥(k) — U(k — 1)}x>1 is a decreasing sequence, since U is concave. In section 5 we
also showed that if in addition ¥ satisfies one of the conditions

¥(n)=n or lim 2n)

n—oo N

:07

then mY is an M-ideal of its bidual my. As we know, this implies the uniqueness of the Hahn-

Banach extension of bounded linear functionals from mY, to my [7].

On the other hand, the M-ideal property does not affect too much the uniqueness of n-
homogeneous polynomial norm-preserving extension when n > 2. In section 2, we showed that in
real case, for every n > 2, we could construct an n-homogeneous polynomial on m$, which had two
different norm-preserving extensions to my, and in complex case, we could find an n-homogeneous
polynomial with two distinct norm-preserving extensions if n > 3. In the following lemma, we state
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the conditions when mY, satisfies the assumptions of Theorem 3.2. This in turn gives interesting
conclusions about norm-preserving extension to my of norm-attaining 2-homogeneous polynomials

0
on my,.

Lemma 6.1. Assume thatlim, ., ¥(n) = oo and {¥(n)} is strictly increasing. Then for each x €
B , there existn € N and € > 0 such that for eachy € By, y = (0,-+,0,y(n+1),y(n+2),---),

and for each [N <, ||z + Ay|| <1 holds.

P, %
Proof. We may assume that ||z|| = 1. Since limg_ ﬁ)(l) = 0, we can find the maximum
integer n; € N such that

Joll = 1= S

Thus for every k > ni + 1,

1

k
> a*(i) = ¥(my) and Zz*(z) < U(k)

i=1

Take .
a_lmax{Zi\I]l(Z)m:anlJrl} > 0.

We note that z*(n1) # 0. Indeed, if we suppose that z*(ni) = 0, then

ni—1

Z:r =) a*(i) = U(ny) < ¥(n; — 1),

i=1

which is a contradiction to the fact that W is strictly increasing.
Note that for z € mY,

which yields

1
lim — (k)= 1 * li =0.
neréoan (k) im z*(n) = lim |z(i)] =0

kil n—oo 1—)()0
Thus we can choose n > nq so that for all ¢ > n + 1,
. 1
lz(7)] < ix*(nl)

Take e—min{% a} >0andlet y = (0,---,0,y(n+1),y(n+2),---) € Bp,. Fix A with
|A| < e. Then for i > n+1, |le;|||y(é)] < 1 and so

o)+ (o] < £ Tl e

2 2
Thus for each k < nq,

< a*(nqg).

k k

> (@) (i) = Y2t (i) < k),
i=1 i=1
and for each k > nq,

k k
> (@4 Ay) (@ gz +aZy < (1—a)¥(k)+ a¥(k) = U(k).

i=1
Therefore ||z + Ay|| <1 and the proof is completed. O

Lemma 6.1 and Theorem 3.2 imply the following result.

Theorem 6.2. Let {U(n)} satisfy the assumptions of Lemma 6.1. Let P be a 2-homogeneous
polynomial on complex my. Then there exists xo € By such that P(zo) = ||P|| if and only if P
1s finite.
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So Corollaries 3.3 and 3.4 can be applied to m{,. The next corollary is a generalization of the
analogous result in [9] for the spaces my with strictly concave U.

Corollary 6.3. Let {¥(n)} satisfy the assumptions of Lemma 6.1. A 2-homogeneous polynomial
on complex space mY, attains its norm if and only if it is a finite polynomial. Furthermore it has
a unique norm-preserving extension to its bidual my.

The next result on norm-attaining bounded linear functionals on m{,, follows from Lemma 6.1
and Proposition 3.7.

Corollary 6.4. Let {U(n)} satisfy the assumptions of Lemma 6.1. A bounded linear functional
on complex space mY, attains its norm if and only if it is a finite polynomial. Furthermore it has
a unique norm-preserving extension to its bidual my.

In view of Theorem 5.2 and the preceding corollaries, we get the following result.

Corollary 6.5. If lim, .o, ¥(n)/n > 0, then mY, = ¢y and my = ls up to norm equivalence.
Suppose that {¥(n)} satisfies the assumptions of Lemma 6.1 and lim, ., ¥(n)/n > 0. Then
every norm-attaining bounded linear functional on complez (co, | |l,,,) is finite and has a unique
extension to its bidual (oo, || |I,,,, ). Moreover, every 2-homogeneous norm-attaining polynomial on
complez (co, || |l,,,) is finite and has a unique extension to its bidual (bec, || I],,,,)-

Note that mY, in the above corollary may not be an M-ideal of my as we could see in Example 5.6.
Moreover, not every renorming of ¢y and /., guarantees the hypothesis of Corollary 6.5. In fact,
in Example 3.6 we constructed a non-symmetric norm || || equivalent to || ||oo such that the last
conclusion of Corollary 6.5 failed. However we can ask another question, whether or not, in ¢y
equipped with an equivalent symmetric norm, every 2-homogeneous norm-attaining polynomial is

finite and has a unique extension to its bidual {,,? But, as we see below, both answers are negative.
Ezample 6.6. Let ¥(0) = 0, ¥(n) = max{n, 2} for n € N. Then, by Theorem 5.2(4), mg = {+ and
0 — o with 2 (D4 (2)

v = ¢o with norm ||z|| = =—=5—=
polynomials on £,

, which is equivalent to || || -norm. Consider 2-homogeneous

x(1)2 z(1)? 2(2) = x(2k — 1) + 2(2k)
P(z) = 1 and Q(z) = 1 + 5 ; ok .
Clearly, P is a norm-attaining polynomial at x = 2e; and ||P|| = 1. Moreover, for every z €
Blow |l 1,07
z(1) 2 |z(2k — 1) |+ |z(2K)|
Q)| <| % Z
k=
[z(1)] 2)| v (2)
<5 Z
<\x<1)|+|x<2>\ _r e
< 5 < 5 <
Therefore @ is also norm-attaining at 2e; € By, ) and |Q] = 1. But @ is not finite.

Furthermore, choose a norm one linear functional ¢ on ({w, || |[,,,, ) Which vanishes on c. Letting

z(1)? | 2(2)
+ ——p(z),
1 5 P(@)
we obtain two distinct norm-preserving extensions of P from ¢y to
So if ¥ is not strictly increasing we cannot, in general, obtain Lemma 6.1 and its consequences.

Note also that my is a symmetric space not satisfying the assumption (3.1) of Theorem 3.2.

Ezample 6.7. Let ¥(0) = 0, ¥(n) = max{y/n,2} for n € N. Then m{, is an M-ideal of its bidual
my (see Theorem 5.5) with norm

and Py(z) =

k * (5 k /e
ol = lolly = max{ max 2=t T g 2im 7O L
ke{1,2,3,4} 2 k>5 \/E



EXTENSIONS OF POLYNOMIALS AND M-IDEAL PROPERTIES IN BANACH FUNCTION SPACES

Then exactly the same P, @, P;, i = 1,2, as in the previous example can be used to show that
P;, i =1,2, are two distinct norm-preserving extensions of P from m$, to my. Notice also that Q
is norm-attaining on m$, but is not finite.

So even though mY, is an M-ideal of my, we cannot obtain the result similar to Corollary 6.4
without the assumption (3.1) of Theorem 3.2.

We can see that the preceding examples are parts of the general situation.
Theorem 6.8. Let lim,, o, ¥(n) = co and my, mY be complex spaces. The following conditions
are equivalent.
(1) W is strictly increasing.
(2) For each z € By, there are n € N and € > 0 such that for every y = (0,---,0,y(n +
1),--+) € By and for every |\ <, ||z + A\y|| < 1.

(3) No element in S,,0 is a complex extreme point of B,,o .
w v
(4) No element in S,,0 is a complex extreme point of By, .
(5) Ewery norm-attaining 2-homogeneous polynomial on mY, is finite.
(6) Every norm-attaining 2-homogeneous polynomial on m?l, has a unique morm-preserving

extension to my.
(7) Every norm-attaining bounded linear functional on m$, is finite.

Proof. By Lemma 6.1, (1) = (2) holds and (2) = (3) = (4) is clear by definition.
Suppose for the rest of the proof that W is not strictly increasing. Then there is n € N such
that ¥(n) = ¥(n+1). Set

N/ n)
To = ; "
We know that \I/(") < \I'(k) for each k, 1 < k < n. This yields
ko oy

sup >z 2o(8) _ k¥ (n) -1

e>1 Y(k) k>1 n¥(k)
So xg € Sm% . We shall show that xg is a complex extreme point of B,,,. Suppose that there is
y € myg such that ||xg + Cy|| <1 for all || < 1. Then

\D(ln)zn: ¥(n) +Cy(i)‘§zn:w§1, for all || < 1.

i=1 i=1

Consider the analytic function f : Bg — ¢1, defined by

= ﬁ é <\II7(;L) + Cy(i)) €;.

Then || f(¢)||; has maximum 1 at { = 0. Since Sy, consists entirely of complex extreme points, the
strong form of the Maximum Modulus Theorem holds true (cf. Theorem 3.1 in [15]), and thus f
is constant. Therefore y(i) = 0 for 1 <14 < n. For each y(k), k > n,

n

1
U(n+1) Z

=1

n+1 * i
‘llfln) . Cy(i)’ N m - ; M <1, forall [¢[<1.

This implies that

n

n+1 Zz;

U(n)
n

Sy (k)]
v(n)

<1, forall |(|] <1

+ Cy(i)| +

U(n) Sy (k) -
n Z)‘ + U(n+ 1 - (n) ;

L lcy(®)l

U(n)

So we obtain y(k) = 0 for any k& > n. Therefore y = 0 and z( is a complex extreme point of
By, Thus we showed the equivalence of (1), (2), (3) and (4). Now, let’s take 2-homogeneous
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polynomials on my

(z(1) + - -+ 2(n))?

e
() 4+ zn)? | zn41) s x(k+n+1)
ey = T(n)? T ; T(1)2F

Observe that P(zg) = Q(x¢) = 1. So P is a norm-attaining 2-homogeneous polynomial. We can
see that @ is also norm-attaining. Indeed, for each ||z| < 1,

Q(x)] < ("T(l) +"'+lx(n)> | lant 1)) 3 ;;;(1)
k=1

U(n) U(n) (1)
lz(1)[ + -+ |x(n)| | |z(n+1)]
= () e
(1) + -+ z*(n+1)
= U(nt1) <L

in view of the assumption that U(n) = ¥(n + 1). Hence, we get a norm-attaining 2-homogeneous
polynomial on mY, which is not finite. So (5) = (1) is proved. Choose further a norm one linear
functional ¢ on my which vanishes on m%,. Letting for = € my,

(@(1) + -+ x(n))
U(n)? ’

(z(1) +---+a(n)®  z(n+1)
U(n)? T+ 1)@

we can easily see that they are two distinct norm-preserving extensions of P to my. This proves

(6) = (1). Finally, we will construct a norm-attaining bounded linear functional which is not

finite. Define a linear functional ¢ on mY as follows

Pl(l‘) =

PQ(.T) =

[e e}

z(1) +- - +z(n) 1 z(n +k)
T(n) TP

p(r) =

k=1

Then ¢(zg) =1, ||¢]| = 1, and ¢ is not finite. Indeed, for each ||z|| < 1, by the Hardy-Littlewood
inequality [4],

(1) + -+ 2*(n) 1 Sz (n+k)
()| < T * T ,; o
(1) + -+ 2*(n) 1 Sz*(n+1)
= W(n) 0 kz::l o"
(1) + -+ 2*(n) +2*(n+1)
= T(n+ 1) =1

This proves (7) = (1).
In order to complete the proof we observe that (2) = (5), (6) by Corollary 6.5 and that (2) = (7)
by Proposition 3.7. (|

Corollary 6.9. Let lim, ., ¥(n) = oo and my, mY be real or complex spaces. Then both mY,
and myg are not rotund.

Proof. If ¥ is strictly increasing then the hypothesis is an immediate corollary of Lemma 6.1, which
is valid for both real and complex spaces.
Suppose now that ¥ is not strictly increasing. Then there is n € N such that ¥(n) = ¥(n + 1).
Let
n—1
T = Z ae; + ae, + bey i1,
i=1
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n—1
Y = Z ae; + be, + aepi1,
i=1
where a > b > 0. Then z* = y* = z, and
il = [yl a a 2a an an+b an+b an+b
= =—max{ ——, ————, -~ — —
=1y U(1) U(2a)W(n) U(n+1)

since {ﬁ} is increasing. Moreover,

* n—1
b b
Tty _ (W> =Y aei+ e, A0

U(n+1) U(n)’

2 2 P 2 2
So
:UerH_ o {(nl)a (n—1a+ (a+b)/2 (nl)aJraer}
2 U(n—1)’ U(n) T U(n+1)
—max { G R ) o
U(n—1)" ¥(n) U(n) '
Thus a sphere of the space m{, has a line segment, and so the space is not rotund. O

Suppose now that X is a complex r.i. sequence space with the Fatou property. We will apply
Theorem 6.8 to X. Let ® and ¥ be the norm fundamental functions of X and X’ respectively,
which are defined by ®(0) =0 = ¥(0) and for each n € N,

O(n) =ller - Fenlly, and  ¥(n)=ler+-- +enllx -
It is well known [4] that ® and ¥ are quasi-concave and for each n € NU {0},
O(n)¥(n) =n.

Given X with the norm fundamental function ®, define the Marcinkiewicz sequence space myg with

the following norm
o x*(k D(n) v
g3 B} - {#25 ).
neN =1

neN

Then the norm fundamental function of my is ®, and |z, < ||lz|/x for all z € X ([4]). This
implies that if x € Sx is a complex extreme point of B,,,, then x is a complex extreme point of
Bx.

In the proof of Theorem 6.8, we showed that if U is not strictly increasing then there isann € N

such that N
¥(n)
o — Z " €;
=1
is a complex extreme point of B,,,. Note that

¥(n)

p lex + - +enllx = -
Hence if ¥ is not strictly increasing, then xg is a complex extreme point of Bx. Note also that
if ¥ is not strictly increasing, then we can take @ and ¢ as in the proof of Theorem 6.8. Since
ll,,, < llzllx, @ is 2-homogeneous norm-attaining polynomial on X and ¢ is norm-attaining
bounded linear functional on X. Moreover they are not finite. Thus we proved the following
proposition.

lzoll x =

Proposition 6.10. Suppose a complex r.i. sequence space X with the Fatou property has a norm
fundamental function ® such that {%} s not strictly decreasing. Then Bx has a complex extreme
point. Moreover, there is a norm-attaining 2-homogeneous polynomial on X which is not finite,

and there is a norm-attaining bounded linear functional on X which is not finite.

Corollary 6.11. Let X be a complex r.i. sequence space with the Fatou property. Assume no point
of Sx is a complex extreme point of Bx. Then the norm fundamental function of its associate
space X' is strictly increasing.
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Now, we present a simple but useful fact about complex extreme points of unit ball for r.i.
sequence spaces.

Proposition 6.12. Suppose X is a complez r.i. sequence space and suppose that xo € X is an
order continuous element of X. Then xo € Sx s a complex extreme point of Bx if and only if
is a complex extreme point of Bx.

Proof. Observe that if T : X — X is an isometric isomorphism, then T' preserves the complex
extreme points of Bx.

Let zy € Sx and xg be an order continuous element. Then lim, . z§(n) = 0. So there is
a permutation o of N such that |zo(c(n))| = xi(n) for each n € N. Let A, = sign(zo(c(n)) for
n € N. Define an isometric isomorphism 7" on X as follows

Tx = {\z(oc(n)}, =ze€X,

Then Txg = z§, and so z is a complex extreme point of Bx if and only if 2§ is a complex extreme
point of Bx. (Il

Ezample 6.13. We shall show that the converse of Corollary 6.11 does not hold in general, even
though X is an order continuous symmetric sequence space. Let X be the set of all complex

sequences = such that
o0

]| = > (vn—vn=1)z"(n) < 0.
k=1
Since the sequence {y/n — v/n — 1} is decreasing, (X, || ||) is a Lorentz space and it is order con-
tinuous [11, 12]. The norm fundamental functions ® and ¥ of X and X', respectively, are equal
and ®(n) = /n = ¥(n) for all n € N.

We shall show that every point of Sx is a complex extreme point of Bx. By Proposition 6.12,
we have only to show that every point z* € Sx is a complex extreme point of Byx. Let z* € Sx
and y € X be such that ||z* + Cy|| < 1 for all || < 1. Then by the Hardy-Littlewood inequality
(4],

o0 o0
> (W= vVn=T)[z"(n) +Cy(n) < Y (Vn—vVn=T1)@" +(y)*(n) < 1.
n=1 n=1
The function f : B¢ — ¢; defined by
oo
FQ) =D (V= =T) (& (n) + Cy(n)) en,
n=1
is analytic and [/ f(¢)[|, attains its maximum at ( = 0. By the Maximum Modulus Theorem
(Theorem 3.1 in [15]), f is constant. Hence y = 0, and z* is a complex extreme point of Bx.

Note that even though both ® and ¥ are strictly increasing concave functions and X is order
continuous, we cannot obtain the converse of Corollary 6.11.

Note also that although mY, is order continuous and it has the same norm fundamental function
as X, no point of Sm% is a complex extreme point of B,,, since V is strictly increasing. Therefore
we cannot completely determine the extreme point of r.i. space X by its norm fundamental
function.
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