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Abstract. We give a new simplifying argument for the proof of the Gevrey regularity of
solutions of non-linear elliptic equations. Our proof relies on a weak form of the Schauder
estimates and therefore, we hope, it can be applied to treat other cases other than the
elliptic one.

In this paper we present a new argument for the proof of the Gevrey regularity of so-
lutions of a non-linear elliptic equation. This kind of results is well-known. We mention
some works of Berstein, Gevrey, Hopf, Lewy, Giraud, Morey, Petrovskii, Friedman,.... who
proved the analyticity of classical solutions of such equations or systems. Recently we
treated the Gevrey regularity of classical solutions of some models of semilinear elliptic
degenerate equations, see [1], [2], [3]. These, we hope, will shed some light for further
research of the Gevrey regularity of solutions of more general classes of non-linear non
elliptic equations (like the Laplacian does for general elliptic equations). But the method
there is based on some geometric properties of explicit fundamental solutions for the prin-
ciple linear part. So it is hard to be extended to treat more general situations. In this
note we present a new method to deal with non-linear elliptic equations. We follow the
scheme proposed by Friedman [4], but our proof here is based solely on the Schauder
estimates. Therefore, we hope, it may be well applied to a general situation, ([5]). We
will actually work in a more general space of functions than the space of Gevrey func-
tions. Let Li be a sequence of positive numbers, satisfying the monotonicity condition
(’;)LiLk_i < C1Lg(i=1,2...;k =1,2...), where C is a positive constant. We note that if
the sequence L, satisfies the monotonicity condition then the sequence C*L;, also satisfies
the same condition for an arbitrary positive constant C. A function F(z,v), defined for
z = (21,...,2y) in a bounded domain Q@ C R™ and for v = (vy,...,v,) € E C CH, is said
to belong to the class C{Ly_,;2, E'} (a is an integer) if and only if F(z,v) is infinitely
differentiable and to every pair of compact subsets 2y C 2 and Ey C E there corresponds
a constant Co such that for (z,v) € Qo x Ey

IEF(z,0)
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(14 g =G4y = sk = a4 1a+ 2.,
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If Flz,v) = f(x), we simply write f(z) € C{Ln,—q;Q}. Note that C{nl;Q},
(C{n!®;Q2}) is the space of all analytic functions (s-Gevrey functions), respectively, in .

For o = (a1, ..., a,) we write D%u for ilalaj;+%m7 where |a| = g+ 4 ay,i = V-1

We focus on the Gevrey regularity of C'*°—solutions. The C'*°—smoothness of a classical
solution of a non-linear elliptic equation may be deduced from a well-known theory (see
[6]). Since we deal with C'°°—solutions, by differentiating the initial equation, we can
always assume that our equation is quasi-linear (if necessary we can consider a system of

equations as well), i. e. of the following form:

Z Aq(z,u, Du, ..., Dﬁu)wgm_lDo‘u = B(x,u, Du, ..., Dﬁu)|ﬁ|§m_1,
la|=m

or in a short form

(1) Z AoaD%u = B.
la|=m

For z,y € Q let us write d, = dist(z,00),d,,, = min(d,,d,). For k = 0,1,2,...,7 €

(0,1),u(x) € C(Q) set

k
* k * *
[u]k,O;Q = SUP \Dﬁu(x)\, [u]k,O;Q = SU‘P dw]Dﬁu(x)], ’u‘k,O;Q = Z[u]j;ﬂa
i o =
DPu(z) — DPu(y)]
Up~q = SU dk+7| ,
[ ]k,'y,Q |,6|=plc T,y |$ — y|,y

(z,y)€Q2xy

|u Z,’y;Q = |U|Z,O;Q + [u]z,'y;Q

k) k ki |U(T) — u(y)]
|u|( q =supd;|u(x)|+  sup  dp———"—.
0,78 e v (z,y)EN2;2#y Y |I - y”y

From the theory of linear elliptic equations the following a priori estimate is well-known
(see [6],[7]):
If v is a solution of a linear elliptic equation

Z aq(x)D = f(x)

lo|=m

with, say, C*°—coefficients, then for v € (0,1) the following weighted Schauder estimate
holds

(2) V|50 < 03([0]0,0;9 + |f|(()n?y)9>



where the constant C3 depends only on a finite number of derivatives of the coefficients
an(x), the diameter of Q2. Suppose that we are given a number d. At every point z € Q we
define a ball By(z) with center at z and radius d. Put Qg = U,cqBg(z). For every point
x € Q applying (2) in By(z) we arrive at the following estimate

V]0,0;Q
Q e < Co(029% iy o0, + @ [flo e, )
By using an interpolation inequality we will use (3) in the following form that for every
e > 0, there exists a constant C'(g) such that

Cs3[v]0,0,0,

(4) [Wlm,0:0 < ed[f]1,0,0, + C(e)[flo,0;0, + gm

Denote by p the (complex) dimension of the variables (u, Du, ..., Dﬁu)wgm_l. The next
lemmas are essential in [4].

Lemma 1. There exist a constant Cy such that if g(6) be a non-negative monotone
decreasing function defined in the interval 0 < § < 1 and satisfying

90) < 0(5(1 - ) + =y (N 23)

where C'is an arbitrary constant, then g(¢§) < g\,—(i“l.

Lemma 2. Assume that Q C Q; and F(x1,...,Zn,u, Du, ...,Dﬁu)mgmfl €
C{Lk—2;1,CH}. Then there exist constants Cs,Cg such that for every Hy, Hy > 1, Hy >
CsH? if

[u]k,0;0 < Hpy, 0<k<my
[Wroo < HoHF ™ 'Ly 1, m+1<k<N4+m,2<N;

then

sug‘Do‘}"(xl, ooy Ty Uy, D, Dﬂu)|5|§m_1‘ < C’GHOHfV_lLN_l
S

for every « such that |o| = N + 1.
For the sake of completion we reproduce the proof of this lemma.

Proof. To avoid unnecessary complications all constants C; which appear in the proof
will be chosen such that they are greater than 1. We will write (wi,ws,...,w,) for
(u, Du, ..., Dﬁu)wgm_l. From the Faa di Bruno we see that D*F is a linear combination
terms of the form

] It
aj+kf K H H (Dal’UJl)C(al) ,

jl In kl
8.171 A axn awl ctt awlu/ =1 o
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where k+j=51+-+jn+ki+..+k, <N+1and
ZZO@'C(O&O:04—(]17~~~,jn)-
I o

Since F € C{Lg—_2;,CH}, there exist constants C7 such that

DitkF
ozl .. 9xlr O™ .. owkn
1 n 1 0wy

for 1€ QWeECECCH (j=j1+ - +jnk=k+ - +kujk>2).

< C$+ij—2Lk—2

Hence we can choose constants Cg such that

N+1
sup |[D*F| < 9o X (O]
where X (£) = X1(&) - X2(§) and
N+1 i N+1
X1(8) = X1(v(§)) =1+ Csv(§) + > 08’2—,2“(5),)(2(@ =1+ Cé+ ) 08 = 25
=2 ) 1=2
R H] 2L o8
v(§) = H0(§+ > 1]—,]2€>
=2 ‘

We introduce the following notation: for two infinitely differentiable functions v(§),h(§)
with non-negative derivatives, we say v(¢) < h(€) if and only if v0)(0) < KW (0) for
0 <j < N+ 1. We note that if C' is an arbitrary constant and

v1(§) < h1(§),v2(8) < ha(§)

then

Cv1(§) < Chi(§),v1(&) +v2(&) € hi(&) + h2(§), v1(§v2(§) <K h1(§)ha(§).

We would like to estimate v?(£). We claim that, there exists a constant Cy (independent
of N ) such that

N+1 3
(5) V(€) < O3 (€ + Y Hj;ﬂl):”fj).
71=3

Indeed, to estimate the coefficient of £ in v?(€), we consider the following cases
I) The coefficient of £2, &3 are HE, H3 Lo.



IT) The coefficient of £7(j > 4) is

OHI L. o 12 HITL, L s
6 H2< 1 j 1 j >
(©) o\ G- +§ NG -\

The second sum in (6) can be estimated in the following way

L)\QLJ)\2

, Ly oL, 2
: HJ —4 HJ_4max A—2Lj—x-2 ( > <
— A (=) LT (=21 — —2'A2 ]—,\—1)
._4 '_3 _4
W S L
=D A j-A=2 (=
Therefore we have (5). Now by induction we can easily deduce that

N+ prj—i—1 ;
. . ay H’ Li_; &
7 Cz—lﬂz( 7 1 7—1 >’ 29< i< N

j=it1
and finally
V() < O HY TN

Next, it is easy to verify that X1(0) = 1, X2(0) = 1, X! (0) = CsHo, X4(0) = Cs, X2 (0) =
CgH()LO + CE%CQH(%LO S 208HOH1L0 if we take H1 Z CgCgHO and XQ(j)(O) = Cng_g for
Jj=2.

We now compute Xl(])(()) when 3 < j < N + 1. Since

2
X3 ( ) <1+ CgHof + (CSH()LO + 08 CgHOL()) 52

NN (CsHoH] 2Ly o | CIC'HiL; o A= CiCa ‘HiH] " 'Li_sL;i 1y
S ( L T . 3 e )¢
= j! J! = il —i+1)!

it follows that
X9(0) < CsHoHI *Lj 5+ CICI"HJL, o+

+ZCZCZ YH{H] " T Lia L1
il(j—i+1)!

(for j =2

_ ChsHoH? ?j1L; 5 % 1
< Cy1oHoH! L, 1 J <
e 2T ) ;'(i—wu—wl)(j—i)—

CraHoH] > L; o,
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by taking H1 > (CgCgH())z.
Therefore by taking H; > (CsCoHg)? = C5HZ we obtain

dVHLX () pRIVANY (j Nl
- = XD 0) xS (0) <
DY ()X 0x{ 0 <
CsCiuNHoHN Ly o+ CiuHoHY 'Ly 1 +CY ™ Ly 1+ (N +1)CY T HyLy o+
N-1 .
2(N+ 1)NC§VH()H1L()LN,3 + Z (N{I— 1) 014H0H{_2Lj—20é\7+1—jLN—j—l <
j=3

(the final sum is absent if N < 3) C’15H0va_1LN_1.

Hence

sup| D*F| < C1sHoHy' 'Ly—1 =: CeHoH{' "' Ly_1.0
e

Lemma 3. Under the same hypotheses of Lemma 2 with k < N + m replaced by k <
N +m — 1 then

SUB‘DO‘}—| < Cig[u)Ngm.0:0 + CoHoHY ™™ Ly 1
ze

for every o such that |a| = N + 1.

Proof. Indeed, as in the proof of Lemma 2 all the terms in D*F can be estimated by known

bounds for [u]x.0.0 (0 <k < N+m—1) except terms of the form (%) " DB+,
m—1

There are no more than n™~! such terms and each term is bounded by

S 8(D5u))B|:m_1)[u]N+m,O;Q-

TEC

‘( OF

Therefore the conclusion of Lemma 3 follows.[]
The well-known result that we are to prove is:

Theorem. Suppose that A,,B € C{Ly_2;Q,CH}. If u is a C°°—solution of (1) which in
turn is elliptic at u, 1. e.

> Ao(x,u,Du, ..., DPu) g1 <m_16” # 0

|a|=m
for every (z,€&) € Q x R"\0. Then u € C{Lg—nnm—1;}. In particular, if A,,B are analytic
(s-Gevrey) functions then so is u.

Proof. Since the theorem is purely local it suffices to prove that for every point zg € ),
there exists a neighborhood O(xzg) such that u € C{Ly_y,—1;0(x0)}. Denote by B,(xz¢)
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the ball with center at x¢ and radius p. Without loss of generality we can assume that for
p < 2 the closed ball B,(x) belongs to 2. We will prove by induction that there exist two
constants Hy, Hy > 1 such that

[ulr,0.8, < Ho for 0 <k <m,

H,
2—p

k—m—1
) Ly ppq for m+1<k 1< p<2.

(7) [l < Ho (

Hence the desired conclusion follows. Since u € C°°(£2), we can always find constants
Hy, H; big enough such that (7) satisfies for 0 < k < 2m + 3. Assume that (7) holds for
k=N-+m—1,N >m+ 4. We shall prove (7) for k = N +m. Now, for 0 < § <1 let us
write B, B’ respectively for Bg_g(xo),B2_w(mo). Put gn(6) = [u]N+m,0:B-

Since both sides are smooth, by D® —differentiating (with |o/| = N) the equation (1) we
obtain:

> ADYDYu)=— > DY A.D+ DY B

|aj=m |a|=m

123
D (a )DO‘_“ A DO = Fy+ Fo+ F5 in Q.

/
|a]=m 0<a’ <a’ o
Applying (4) for Q = B,Qy = B',d = % we have

! 86 C Nm u . B
8) [D¥umon < < ([Filiop + [Foliop + [Faliop) + — 5L]N’O’B

N
C(e)([Filo,0;8 + [F2lo,0,5 + [F3lo,0,87)-

By Lemma 2, from the inductive assumptions we deduce that

NH, \N-2 Hy\N—2
L N Ty s < CroH, (—) Ln_o,
1)5) N—-2 > 19410 5 N-—-2

(9) maX{[fi]o,o;B', [fQ]0,0;B’} < 018H0<(N _
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« "o adta
[F3Jo0:pr < Z Z (a/)[Da Aalo,0;5/ (DT ulo0,p <

|a|=m 0<a”’ <a’

CooNHoLy—a = Hl) )

(N —1

" NH N_3
> X C?lﬂg(zlxm) Ly—2-jarLjari-1 <

la]=m 1< | |[<N -2

- . N=2 o]
H{\N-2 H,\N-3
camitnn ()" s cani () Y ety S
la’|=1 \ N—3
H.\N-2
CooHoLn -1 <Tl> +
N—2
Hy\N-3 N
CosHZ Ly — <_> -
2441 N-1 5 |;1 ’Oé”‘(N—’a//D(N—b(”‘—1) >~
H{\N—2
(10) 025H0<7) Ly
if we take Hy > Hy.
By Lemma 3, from the inductive assumptions we see that
NHl N-1
(1]‘) max{[f1]1,0;8'7 [FQ]I,O;B’} S CQG[U]N—F’I?’L,O;B’ —+ 027H0<m> LN—I S
H{\N-1
C26[“]N+m,O;B’ + CosHy (T) Ly_q,

O{H /_a// a a//
[F3l1,0.8" < Z (O/)[DO‘ Aal1,0,8/ D)oo+
|

al=m 0<a’ <o’

O// , . .
Z Z (O/)[Da ~ Aao,0; [DYT i 00

|a|=m 0<a/ <o’

Coo N [U]N4-m,0;B"+

<

NH; \N-2
> > 030H§(Z/)<m> Ln-1-jar Ljar) -1+

laf=m 1<|a” |<N -1

7 NH N—2
S (D)) i

la]=m 1< | |[<N—-2



N-1
H \N—2
CooN[u]N+m.0.8 + Cs2HG Ly o <71> ( Z

(% ()
T Z
la/|=1 ( N—2 la/|=1

Coo N [U]N4m,0,B"+

N-1
H,y 1
<
Contit(5) < >, =D 3, G |a~|—1>> :

=1 i

H
Co9 N [u]N+m,0;B/ +C34NH0< 51> LN_1 <
(12)

Co9N[u|N+m.0.8° + Cs5NHy (

H
1) LN—l

o

if we take H; > Hy.
Therefore combining (8)-(12) we obtain

[u) N fm,0;B < %(C?)GN[ IN+m,0;B + 037NH0<[§1> LN_1>+

Cas HoHY "™ 'Ly_m-1N

- +C(e )039H0<}§1> Ly_1 <

SN-1
H

Cseed[u ]N+mOB/+C37€5H0< (;) LN—1+

CaoHoHN "™ 1L n_ H

40410 (;N_l N-1 INGIE )039H0< 51) LN—1~

Now choose ¢ such that ¢ < min{ﬁ, m} we arrive at

<5<1_l>>+H0H 1N 1<C’40 +C(€)039 N 1 )

(6) < -
gn gnN N SN-1 Hf{n I, 50, .

10

Hence by Lemma 1 we have

N-1 c C(e)C
on(6) < CyHoHy " "Ly- < o T (€H)1 n 2(1)4>
N(0) = .
5N—1

0(8)039 <

If we choose H; big enough such that 040 + =g < f we arrive at

AN
(U] N+m,0:B = gn(0) < Hy ( 5 ) Ln_;.

That is the same as (7) for k = N +m,d = 2 — p. The proof of the theorem is therefore
completed. []
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