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Goal

Theorem-Asymptotic stability

Let Q, = (E4, E« + 1), where 7 is positive and sufficiently small. Then for
all Ey € Q, and g € [0,27), there exists a positive number € = €(Ey, ) such
that if

®(0) = € (Y, + ¢o)

where
[gollzr®s) + llgollrr(rs) < €
then . '
O(t) = e~ o B@ dstr® (yp 1 s))
with

E(t),5(t) € L'(R) (=3 lim (E(t),7(t) = (B*,7%))

t—too
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Goal

Theorem A. - Asymptotic stability
and ¢(t) is purely dispersive in the sense that

for ¢ > 2, and

1(x) =7 (t)l| 2 ey = O({t) ™)

as [t| — oo.

$(t)l| s ey = O((t) %)




Goal

Asymptotic stability theorem is reduced to

Proposition A

Assume
|Eo — Ei| <n and | dollr + ||¢ollz <,

for sufficiently small n > 0 and ¢ = €(n) > 0. Then, we have

sup<> {2}~ ¢ (D)l > S llollr + [1boll (1)

sup(t) ¥ |o(t) |2+ S lldollzr + lldollan (2)
teR

and

sup(®)# ((0)| + | E()

) S lloollor + ool e (3)
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Decay estimates

Decay estimate

Let K = —A + V acting on L?(R?), and assume Hypotheses on V. Also,
V satisfies (NR). Let P.(K') denote the projection onto the continuous
spectral part of K. If 1/p+1/g=1, 2 < ¢ < 0o, then

le™* Pe(K)pllze < Coltl =2~/ D ]| o
If ¢ is more regular (v € H'), then

||€itKPc(K)¢||Lq < Cq<t>_(3/2_3/q)(||¢||m + [|]| 1)

A simple consequence is the following local decay estimate

Local decay estimate

Under the same assumption as in the above theorem, let o > 3/2 — 3/q.
Then ‘
I{a) =7 X Pe(K)ll 2 < Cylt]=®/2=>/ ||| 1.
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Introduction of quantities M;(T), j =1,2,3

We introduce quantities M;(T), j = 1, 2,3 corresponding to (1), (2) and (3).
Let 0 < T' < oo. Define

mh«r>=|?g;@>%n@»-a¢anhﬁ,

My(T) = sup (1) 3 (t)]| s
[tI<T
and
M3(T) = sup [[¢(t)[ L2
[t|I<T

Once we have the uniform bound of M;(T) and M»(T) in T, by taking
T — oo, we can prove (1) and (2). We note that M3(T) appears in the
estimation of M;(T), and hence we will additionally control M3(7T') by
Ml(T) and MQ(T)
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Bounds of M;(T')

Lemma A - My(T) bound

Under the assumptions in Theorem A. and definitions of M; and My, we
have

Mo(T) < Co(lldollzr + llollzr)
+ Co (Y, Opop) (My(T) + Ma(T)? + Ma(T)?) + CyMy(T)?,

where Cy (g, 0ptr) — 0 as E — E,.

Lemma B - M;(T) bound
Under the assumptions in Theorem A. and definitions of M;, My and M3,

we have
My (T) < Ci(llgollzr + lldoll )
+ C1(M3(T)? 4+ My(T)* + Ms(T)Mo(T)?),
whenever 0 < |E — E,| < 1.

p T
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Bounds of M;(T')

Lemma C - M;(7T) bound

Under the assumptions in Theorem A. and definitions of M7, My and M3,
we have

M;s(T)? < C3(¢p, 0pvp) (M1 (T)? + Ma(T)? + Ma(T)*) + C5Ma(T)*,

where C3(¢p,0gtg) — 0 as E — E..
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Control of E and ~
We first control |E| and |4|. From

E(t) = (0p¥p, ¥5,) ' Im(F2,¥5,)

and
"/(t) = _<1/1E7 ¢E0>_1RG<F27 ¢E0>7

where
F2 =F2jin + F2n

Falin = (20% — V3,)¢ + V5o
Fan = 205|¢]> + YEd® + |00,
by Holder inequality, we have
|E| < |<8E'¢)anEo>|_1|<F2awEo>|
< 0pYE, ¥B,)| " [Il<w>”(3w% + B V|2 ([ () "7l 2

+1130vE, 2 lol7s + II¢EOIIL4II¢II§4}
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Control of E and 4

and

91 < [(¥E, ¥5,) |7 |(F2, ¥B, )|
< (msm,)| [ll<$>”(3¢% + 9, )V l|2 (@) 7 e

+ 130 5vm |12l + 5o s N8l

Using the definitions of M (T") and M,y (T),
E()] < Co(p, m,) ()2 (M(T) + Ma(T)? + My(T)?)

and
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Proof of Proposition A
We assume that Lemmas A, B and C hold true. We remove M3(T) in

My(T) < Ci(lollr + lldoll )
+ C1(Ma(T)? + Ma(T)® + M3(T) M (T)?),

by using
My(T)? < C3(¢p, Opor) (Mi(T)? + Ma(T)? + Ma(T)*) + C5Ma(T)*.
Then we have
Mi(T) < Ci([[gollzr + | gollm) + CL(Ma(T)? + Ma(T)*) (4)
for 0 < |E — E.| < 1. Substitution of (4) into
M(T) < Ca(ligoll 4 + llollmr)
+ Co (¢, Ipe) (Mi(T) + Ma(T)? + Ma(T)?) + CyMs(T)?,
vields
My(T) < Ci([lgollLr + [l ollerr) + CoMa(T)? + CaMa(T)* + CaMa(T)*.
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Proof of Proposition A

This can be rewritten as
Mo(T) f(M3(T)) < L,

where f(z) =1 — Cyx — C322 — Cyx® and L = Cy1(||¢ollzr + |0l m)-
For positive constants Cy, C3, Cy, we can know that there exists z¢ > 0 such
that

xof(xo) = supxf(x)
x>0

and z f(z) is increasing on (0, zg).
Let |Ey — E.| = 2n, where n > 0 will be chosen sufficiently small such that

Ce(e, ¥E,), Cy (Ve ¥E,) < n?

and

zo f(wo)

ni(n) < 20

We choose Cye < nf(n).
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Proof of Proposition A

If
¢ollzr(rs) + llPollm(ms) <€,
we know
L <nfy) < o010
and

M3(0) = [l¢ollrs < e<n.
By the continuity of M>(T"), we have My(T') < n and therefore M7 (T) < Chn

for some C > 0. Hence, we have from

|B(t)] < Cr(tp, ) {t) ™2 (My(T) + Ma(T)? + My(T)?)

and
F(6)] < Cy($r, v, ) () ™2 (My(T) + My(T)? + Ma(T)?)
that
|E| < Cpn?(t)~2 (5)
and
4] < Cyn ()3, (6)
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Proof of Proposition A

Integration of (5) and (6) yields

3
2

T
/_ BO]+ )] di < O, (7)

where C is independent of 1" and 7.
By choosing 7 sufficiently small, (7) ensures that

t
B - Bol < [ 1E()| ds < Ot <, <T.
0
and thus
sup{t : |E(t) — Eo| < n} = 0.

Taking T' — oo, we have

and
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Proof of Lemma A
We first consider ||@||z4. Recall

6(t) = U(t, 0)Pu(H (Eo))do — i / U(t, 8) P.(H(Eo))F (s) ds,

where
F=F+F,
F1 =Yg — iE0pyE,
F2 = F21in + Fanl,
Faiin = (297 — w2Eo)¢ + Y30,
Fanl = 205[¢> + Y¢® + |9]%0.
We use

e Po(K )l < Co(t)™ 2D ([l o + 11461 1)

for the linear part and
e Po(K) Lo < Clt] =273/ D|) | 1

for the nonlinear part to obtain that
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Proof of Lemma A

t
6(®)]lzs < IU(E,0)¢o] s + / |U(t, s)P.(H(Eo))F| 1+ ds
<75 (lgoll 5 + lioll)
t
+c / It —s|~ 1 [wa)nwuﬁ +E0|0pvell, 4
+113v% + vh)ol 4 + [13¢eloPl s + |||¢|2¢||L%] ds
< Gty 3 (| doll L + llbollan)

(8)

t
+02/ [t —s| 3T+ I+ 111+ 1V +V]ds.
0
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Proof of Lemma A
¢ Estimation of I.

K1) < Oy, i) (8) 3 (My(T) + Ma(T)? + Ma(T)?)
ey < Cy(bp, bi,)(8) "2 (My(T) + My(T)? + Mo (T)?). (9)
o Estimation of I1.

B < Co(i, m,) ()3 (My(T) + Ma(T)? + My(T)?)
implies

I1 < Cu(Wp, ¥m,)(s)” 3 (Mi(T) + Ma(T)? + M(T)?). (10)

< Estimation of I11.
By Holder inequality, we have

T < |[(2)7 (3¢5 + ¥, )| e ]| (2) =7 ¢l 2 (11)

August 21-25, 2017 18 / 31



Proof of Lemma A

o Estimation of IV.
By Holder inequality, we have

1V < 3||vgl|allgll7s. (12)

o Estimation of V.
We have

V=gl (13)

Substitution of (9)-(13) into (8) yields, with the definitions of M;(T'),
J=123,

l(t)] e < CL{t) ™% (ol Lt + llollmr)
+ CZWE,(?E?/JE)/O [t — s|_%[<s>‘% + <3>—%] ds
X (My(T) + Ma(T)? + Ma(T)?)

t
+ 03/ |t —s|7%(s)" 7 dsMs(T)>.
0
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Proof of Lemma A

Lemma
For a < 1,

/ t |t — s|7*(s)™F ds < C(a, B)(t)~ ™M@ Hi=D, (15)
0

Multiplication of both sides of (14) by ()% and taking supremum over
|t| < T, after applying (15) to the right-hand side of (14), yields

M (T) < Ci(ll¢ollzr + [I¢ollz1)
+ C5(Yp, 0pYp) (M1 (T) + Ma(T)? + Ma(T)?)
+ Oy Myo(T)3

where C4(Yg, 0ptpr) — 0 as E — E,.
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Proof of Lemma B

We consider [[(z)~7¢(t)| 2 similarly as in the proof of Lemma A, but we
take a trick near s =t at the nonlinear part in order to handle the
nonintegrable time singularity of the operator (x)~°U(t, s)P.(H(Ep)). From

o(t) = U (t,0) Pu(H(Eo))do — i / U (t, 3) P.(H(Eo))F(s) ds,

we have
1)~ $()z2 < ey Ut 0)gol| o2
+ / ()~ U(t, ) Pu(H (Eo) JE(s)|| = ds
) (16)

4 [ e U PHE) P10 ds
t—1

=:A+B+D.
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Proof of Lemma B

o Estimation of A

By
€K Po(K) |l Lo < Co(t)~ B30 ()| 1o + 91| a1),
we have .
A< Ct)"2(llgollr + lldoll ). (17)
o Estimation of B
By '
()~ e K P(K )| 2 < Colt|” B2/ |19p| o,
we have

B [ ) U P E)E()] 1 ds
R (18)
< [ = H IR s
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Proof of Lemma B

Similarly as the estimations of I — V in the proof of Lemma A, we have
IF(s)llss
< Il (Wn, e |7 [I16@)7 (305 + ¥k, a2 l2) =62
+ 13m0, 2 ll6l3s + b, e Nl
+ 105l (O, v | @) (30 + ¥, o laalle) “llze (5,
+ 1308, 2 ll6l3 + b, s Nl
+ 127 (393 + 03, eIl glls

+3[[vel ¢l
+ [lplI3s
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Proof of Lemma B

The interpolation of the L? norm between L? and L* yields

lollzs < 2210l (20)

and hence, substitution of (19) and (20) into (18), with the definitions of
M;(T), 7 =1,2,3, yields

chlea@EwE)/o = sl () 4 () ) ds
x (M1 (T) 4+ Ma(T)? + M2 (T)?)
t—1
—|—/ [t — s|_%<s>_% dSMB(T)MQ(T)Z
0

< C1(Yp, Opve) ()2 (Mi(T) + Ma(T)? + M(T)?)
+ Cz<t>_%M3(T>M2(T)2-
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Proof of Lemma B

¢ Estimation of D
For D, we divide F into two parts: Fy;, denotes the linear part of F in terms
of ¢ of the form

Fiin = —(VE, Vr,) "VrRe(F21in, Vi)
— i(Op¥E, YE,) ' OptpIm(Fa tin, Uk,
+ F21in

and Fy,; is the nonlinear functional of F dependence on ¢ as
Frni =F — Fiin.

The Minkowski inequality yields
t
D < [ ) U5 P (o) Funs) 22 ds
t—1

s [ ) U8 P (o) P51 (22)

—1

= D1 + DQ.
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Proof of Lemma B

For Dy, '
() =7 "X Pe(K)9l|z2 < Cqlt]~ 27D o,

and Holder inequality yield, with the definition of M1 (T),

t
Dy<C [ fe= sl E[|(m vm) | sl g 1) (34 + 03, ), s

t—1
+10pvE, Ve ) 108 Ell, 4 [(2)7 (3¢E + ¥E,)¥E |12

+ 112)7 (30% + ¥, )les] @) Il ds
t

< C(¢E75E¢E)/ It —s|"3(s)"% dsM;(T).

t—1

Since

Nlw

t
/ 6 — s (s ds < ()%,
t—1

we obtain

Dy < C(vbg, dpbp)(t) ™% My (T). (23)
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Proof of Lemma B

For D5, similarly as the estimations I, 1, IV and V, we have for o > 1/4
that

Dy < /H (@)= || [U (¢, 8) Pe(H (Eo)))Fmi(s)|[ L+ ds

t
< G dpin) [ 1t= sl (0 + I0(e) 1) ds

tf
t
4O / it — s/~ %6(s) 2. ds.
t—1
With the definition of Ms(T'), the time integration yields
Dy < C1 (4, Optp) ()~ (Ma(T)? + Ma(T)?) + Co(t) " T Mu(T)®.  (24)
Hence, substitution of (23) and (24) into (22) yields

D < C1($g, 9pve){t) ™% (My(T) + M2(T)? + My(T)?%)
+ Co(t) ™2 My(T)?.
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Proof of Lemma B

We substitute (17), (21) and (25) into (16). Then multiplication of both
sides of (16) by ()2 and taking supremum over [t| < T yields

Mi(T) < Ci(lldollzr + [ doll 1)
+ Co(Vg, 0pYp) (M1 (T) + Ma(T)? + Ma(T)?)
+ Cy M3 (T) My(T)?
+ C3(¢pg, 0pve) (M1 (T) + My(T)? + My(T)3) 4+ C4Mo(T)3.

The choice of sufficiently small 0 < |F — E,| < 1 implies

My (T) < Ci(ll¢ollzr + [l¢ollz1)
+ C1(M(T)? 4+ Ms(T)? + M3(T)M(T)?).
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Proof of Lemma C

From
igy = [H(Eo) — Eo]¢ + [Eo — E(t) +7(t)]¢ + F,

a direct calculation gives us that
GO0l =2t [ F @0 da
< [ IF@lo(@)] o
< [ [Flws@)] + Blogwe()] + (ve)? + b, (@) io(w)
+3¢p(@)|o(@)]* + |¢(x) *o(2)||6(z)] da.
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Proof of Lemma C

From
|E| < |(0pvE, ¥E,)| " |(F2, ¥,
< Opvm, Yu,)| " [Il<w>”(3¢% + )V, | 211 (x) 7 ¢ L2
+ 3¢ EYm, || 2]16ll74 + |\¢E0||L4||¢>||3i4}
and

1 < (e, YEe) | 7 (F2, i)
< [(Wp: Yme) ™! [II(@“(W% + 98, )Wl 21l (2) 7|2
+I3¢EvE, L2167 + II¢E0HL4II¢II‘°£4]7
a similar estimates in the proofs of Lemmas A. and B. can be seen to imply
d
Zle® iz < CL(m, 0pYe)(t) > (My(T)? + Ma(T)? + Mp(T)")
+ Oy (t) 3 My (T)™.

Integration of (26) implies
M3(T)* < Cs(¢p, Optbp)(Mi(T)? + My(T)? + Ma(T)*) +C5 Ma(T)*.
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Thank You
for Your Attention!!



