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Abstract of the paper

We prove an abstract Strichartz estimate, which implies previously unknown
endpoint Strichartz estimates for the wave equation (in dimension n > 4) and
the Schrodinger equation (in dimension n > 3).

Three other applications are discussed: local existence for a nonlinear wave
equation; and Strichartz-type estimates for more general dispersive equations

and for the kinetic transport equation.



Let: (X,dx) measure space, H Hilbert space,
Suppose: Vt € R, we have an operator U(t) : H — L?(X) which obeys

e Energy estimate:
[V@OFl|2 < ClMA V8 VS € B, (1)
e Decay estimate (one of the following): do >0 s.t.

[U®U(s) g, <Clt—s7g]l,. Vt#s Vge L' NL*(X) (2

e
(untruncated decay), or

lUU () g|l,.. <CA+t—s))"7g|l,, VYt s ¥Yge L' NL*X) (3)

I

(truncated decay), where U(s)* : L?(X) — H is the adjoint of U(s).



In particular, we consider the following cases:
X =R", H=L*R"), and

(i) Schrodinger case:

U@ = 2110 = G [T fw)

(ii) Wave case:
U f)(@) = [V Py fl(z) = FH e oy Ff| (@)

where N € 2% and Py is a Littlewood-Paley projection to {|¢| ~ N}.

e U(t) satisfies (1), and

Schrodinger case] for n > 1, U(t) satisfies (2) with o = 7.

wave case| for n > 2, U(t) satisfies (3) with o = 251
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Definition 1.1. We say that the exponent pair (¢, 7) is o-admissible if

2<q,r<oo, (q,r,o)+#(2,00,1), and

_|_

<19

1 o
5 < 5 (4)
r)

If equality holds in (4) we say that (q,r) is sharp o-admissible, otherwise
nonsharp o-admissible.

In particular, when o > 1 the endpoint

20
"o —1

P=(2 )

is sharp o-admissible.
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Theorem 1.2. If U(t) obeys (1) and (2), then the estimates

0Ol sr, = CllS (5)
| [ v Fs)dsly < CIF] ©)
(
||/_ U)U(s)" F(s)ds|| a . < C|F|| ar (7)
hold for all sharp o-admissible exponent pairs (q, ), (q,7), where ¢’ is the
Holder conjugate of ¢ (i.e. é + % =1).

Furthermore, if the decay hypothesis is strengthened to (3), then (5)—(7)

hold for all (sharp and nonsharp) o-admissible (q,r) and (q,r).

e Result on endpoint cases (i.e. ¢ > 1 and (q,r) or (q,7) = P) is new.



Corollary 1.3 (wave case). Suppose that n > 2 and (g, r) and (

2

{ (—02 + Au(t,z) = F(t,z),  (t,2) €[0,T] x R™,

U(Ov ) =/, 87516(0, ) —9g

for some data f, g, F' and time 0 < T' < oo, then

HUHLQ([O,T];LT) + HUHC( 0.1).117v) T HatuHc( 0,T];FIV—1)

< C(HfHH’Y + HgHH’v—l T HFHLEI/([07T]5LW))7

under the assumption

-+ = ——7==4+ = — 2.

n n 1 n
r 2 q’ r’

1
q

q,T) are

n—1_admissible pairs with 7,7 < co. If u is a (weak) solution to the problem

(10)

The constant C' > 0 in (9) is independent of f, g, F,T. Conversely, if (9) holds for
all f,g,F, T, then (q,7) and (g,7) must be “>*-admissible and (10) must hold.

2

Furthermore, when r = oo the estimate (9) holds with the L™ norm replaced

with the Besov norm B,,,. o, and similarly for r = oc.
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Corollary 1.4 (Schrodinger case). Suppose that n > 1 and (gq,r) and

q,r) are sharp T-admissible pairs. If u is a (weak) solution to the problem
2

{ (10, + A)u(t,z) = F(t,z),  (t,x) €[0,T] x R,
u(07 ) = f

for some data f, F' and time 0 < 1" < o0, then
Hu||LCI([O,T];L7“) ™ HUHC([O,T];L?) < C<HfHL2 T HFHLG’([O,T];LF’))v (11)

where the constant C' > 0 is independent of f, F,T". Conversely, if (11) holds

for all f, F,T, then (¢,r) and (q,7) must be sharp 5-admissible.
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First of all, we see that the estimate (5) follows from (6) by duality.

(") For any test function G : R x X — C, we have

|// ta:dxdt‘
/ f, th‘_‘/ (F, UGt Hdt‘

i / Gt dtya| < 7], / aw ),

< Ol
which implies (5). O
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Since

| / $)"F(s) dt[, = / / U(t)* F(t))y ds dt,

) follows from the bilinear form estimate

‘// U(t)"G(t)) det|§C||F||L§/LT,,

In fact, is equivalent to (13). (7T method)

It then suffices to prove (13) for
2 <gq,r < o0, é%—% =2, (q,7) # (2,22%) under (1), (2) [Untruncated],

2 <q,r < o0, % +2 <2, (q,r)#(2,2%) under (1), (3) [Truncated].



Case (i): Untruncated decay (2) 12
By the energy estimate (1), we have ||U(¢)*F(t)||g < C||F(t)| 12

uniformly in ¢, which implies

|U@)U(s)*F(s < C||F(s)

M2 < P

Using Riesz-Thorin theorem to interpolate this inequality and (2), we have
\U@)U(s)" F(s)] (5)]

for any 2 < r < oo. Therefore,

L’

LHS of (13) < / / URU(s) F(s), GL),| ds dt

< [ [ lvouesyFe)
<C//\t—s] 7(1-2)

G(t)

Ir I ds dt

F(s)]

G(t)

I ds dt. (A)

L'



e Hardy-Littlewood-Sobolev inequality (cf. Stein [2], Section V.1.2) 13

Let1<p1,p2<oo,0<)\<nbesuchthatpil+pi2+%:2. Then,

[ XD ] < ol

Now, since (g, r) is sharp o-admissible, we see that

1 o o 1 1 2
- == & —+—+0(1——)=2-
qg T 2 ¢ ¢ r

If ¢ < 0o, the nonendpoint assumption (g, 7) # (2, %) implies

2
O<0(1——)<1.
/”i

We apply the Hardy-Littlewood-Sobolev inequality to (A) and obtain (13).

The case ¢ = oo follows directly from (A). O



Case (ii): Truncated decay (3) 14
Since (3) = (2), proof is reduced to Case (i) if (¢, ) is sharp o-admissible.

We consider nonsharp o-admissible exponents, namely,

1 o o
2<q,7 <00, -+ — < —.
q T 2
The same argument as Case (i) shows
LHS of (13) < 0// (111t —s)) Y EG)| L |G@)|, ds dt
R JR

for any 2 < r < oo instead of (A). Applying Young’s inequality, we have

LHS of (13) < C[|(1 4] -])~°"~~

)HLq/2(R)HFHLq L GHL?’LT’

whenever (1 — 2)4 > 1 & q+ < 3.

This concludes the proof of (5) and (6) when (q,r) # P. O
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84. Proof of (5) and (6) for endpoint cases: Step |

Now, we consider the remaining endpoint case

20

0_1), o> 1. (20)

(q,7) =P = (2,

Note that 2 < r < oco. Since P is sharp o-admissible and (3) implies (2),
we only consider the case of untruncated decay (2).
e The same argument as in §3 is not valid. In fact, the Hardy-Littlewood-

Sobolev inequality is not applicable because o(1 — %) = 1.

To show (13), we first decompose LHS dyadically as

LHS of (13) < Z‘/L (U(s)* F(s), U(t)*G(1)),, ds dt|.

]EZ J<|S t|<23+1



By symmetry it suffices to show 16

Z T5(F,G)| < CHFHLE’LQ’

JEZ

G| Lo 1 (22)
where
T.(F,G) = / / (U(s)*F(s), Ut)*G(1))  dsdt.  (21)
t—27+1<s<t—27
The goal of Step | is the following two-parameter family of estimates:

Lemma 4.1. Assume (20). The estimate

T (F, G)| < CQ_j{O_l_G(%JF%)}HF”LfLa’ GHLng’ (23)

) in a neighborhood of (%, 1).

r’or

holds (uniformly) for all j € Z and all (

Q|
S =

)

e Since 0 — 1 —o(+ + 1) =0, we have (22) with >, replaced by sup.

r
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e First of all, we note that for the estimate of T} (F,G) we may assume

that I, G are supported on a time interval of length O(27).

(") We decompose I as F'(s) = > X[i27,(1+1)27)(5)F'(s), and assume that
leZ

(23) holds (uniformly) for F', G supported in time on an O(27) interval.

Then, t is restricted to [(I4+1)27, (I+3)2’) whenever s € [127, (I+1)27),

since the integral in s, ¢ is restricted to {t—27T! < s < t—27}. Therefore,

T (F, )| <> 1T (Xpzs 11y20) Fs X129 (1431201 G|

leZ
< ggile ety IXp29 e vy2n Fll 2o (X1 020 0090200 G L2
leZ
| ) 1/2 , 1/2
<C27it (Z HXW,<z+1>2j>FHLng') (Z HX[(lJrl)Qj,(l+3)2j)GHL§Lg’)
leZ leZ

[

< CQ_j{U_l_G(%_F%)}HFHL%L%/ GHL%Lg"



e We shall prove (23) for the exponents
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Case (i) a=b=00

From the estimate (A) (with 7 = oo) and the restriction to {t — 2/*! <

s <t— 27}, we have
T5(F,G)| < CQ—UjHFHL%L}CHGHL%L}C'

Recall that F', G are restricted in time to an interval of length O(27). We

apply Holder’s inequality in time to obtain
T;(F,G)| < 02_(0_1)‘7”F||L%L;HG”L?L&E’

which is the desired estimate.
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Case (i) 2<a<r,b=2

Note that Case (iii) is parallel to (ii).

We bring the integration in s inside the inner product in (21) to obtain

T, (F, Q)] </\</_ U(s)* F(s) ds, U(t)*G(t)) | dt

27+1
t—27
<[ v F s v col,
gsupH/ I(e_ait1 1-201(5)F(s)] d5||H./ U@ G|, d.
teR R

Since 2 < a < 1, we can take ¢(a) such that (¢(a), a) is sharp o-admissible
and (q(a),a) # P. By the nonendpoint Strichartz estimate (6) proved in §3

and Holder's inequality in ¢, we obtain



21
H/ X(t 2i+1 t— 23]( )F(S)} dSHH

< C||X(t—2j+1,t—2j]FHLg(a)’Lg/ < C'Qj(ﬁ_%)HFHL%Lg”
uniformly in 2.

By the energy estimate (1) and Holder's inequality in ¢, we have
[ o cll,de < 6]y, < 0226 1y,
Combining these estimates, we have

T;(F,G)| < C2/1D||F|| ...

Gl e
This is nothing but (23), since

1 I 1 1
q(a)’:1_@:1_0(5_5):_(0_1_0(5
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85. Proof of (5) and (6) for endpoint cases: Step |l

o If we apply Lemma 4.1 directly for a = b = r, then we obtain

T;(F,G)| < CHFHLng’

GHL%L;’ (25)

for each j € Z (uniformly), which clearly won’t sum to give (22).

Observation: To see how to sum up in 7, we begin with the model case.

Assume that F' and g have the special form

F(t,z) = f(t) - 27" xpw (@), Gto)=g(t) 27" xp, (@),

—~

where k, k € Z and E(t), E(t) are sets of measure 2% and ok respectively

for each ¢. Note that |[F'[| 27 ~ || f]| L2,

GHL%L;’ ~ gl



By Lemma 4.1, it holds that 23

T;(F, Q)| < 27120 GO R, G|, 0

< 09Il TR} gk

(uniformly) for all j € Z and (£, 1) in a neighborhood of (&, 1). Note that
o—1 2 11 1 1 11 1 1
o o v r a v or' r b

Then, the above estimate is simplified to

T (F G)| < 9k~ JU)(———)Q(k ja)(___)HFHLQLT'

Gll g (26)

Take e > 0 sufficiently small so that the estimate is valid for 1, + € {% £¢}.
Now, for each j € Z we choose - =, b S {1 + ¢} appropriately to obtain

TP, G)| < 21721 By, |6
which does imply (22). O
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e This observation suggests that (25) is only sharp when F' and G are

both concentrated in a set of size 279. However, such functions can only
be critical for one scale of j. That's why we expect to obtain (22) for

general F, G from Lemma 4.1.

e Also note that this argument requires a two-parameter family of estimates
as Lemma 4.1, while the Strichartz estimates for nonendpoint case was

obtained from a one-parameter family of estimates (namely, a = b).

To apply the above argument in the general case, we use the following

lemma to decompose F', G so that each piece has a form similar to the above.



Lemma 5.1. Let 0 <p < ooand f € LP. Then there exist 25

{Ck}kez C [O, OO), {Xk:}kEZ C L° such that

(i) f(z) = > crxr(z),

kez
(i) [|xkllL < 27%/P and meas{ z ! xk(z) #0} <228,

(iii) flenller < 2MFVP( fllzo.

By applying Lemma 5.1 with p =7’ to F(t) and G(t), we have

Fto)= 3 et 2),  Gt2)= 3 GOXG(L), (a9
EZ keZ

where for each t € R and k € Z the function xx(t, -) satisfies
HXk(ta )HLOO S 2-]6/7*’7 meas{ X ‘ Xk(t,x) # O} S 2. 2]{7

and similarly for x7z. Moreover, ci(t) and ¢;(t) satisfy the inequalities

Mex@llgllpe < CNFN oy GO |2 < CllGl 2, (30)



We are now ready to prove (22). By the decomposition (29) we have

Y ITHFEGI< D> | Tilerxr: cxz)|.

JEZL k,EEZ JEL

But by Observation at the start of §5, Lemma 4.1 gives
T (cuxn, G| < €277 R0 oy | L f2 .

for some € > 0. Summing in j, we have

DOITEG) <O Y7 (L k= k)2 H e 1o

JEL k. kEZ
1 \k— érU'\"' |k~ W\
\, |-kl /o /
[CIRE :
mn;[k,zx W\&X;zkl\lég iy
o a6

26
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Note that the quantity wy, := (1 + |k|)27¢¥! is summable, and RHS of the

above estimate has the form >~ |ck || r2 (w(y * €0yl L2) -

We apply Young’s inequality: | Y fi(w * 9)i| < 1wl ]| fllez gl

to obtain

Z ’Tj(Fv G)‘ < CHHCk”LQH% HHEEHLQHQ-
jET "
Interchanging the L2 and ¢2 norms and using " < ¢2, we obtain

S IT(E,G)| < Clen®)],

JEZ

o 1@l [

(22) then follows from (30), concluding the proof of (5), (6) for endpoint. O
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We now proceed to the proof of Lemma 5.1. Let f € LP, 0 < p < o0.

Define the distribution function A(a) of f for a > 0 by
Aa) =meas{ z | |f(z)] > a }.

Note that A(«) is non-increasing and right-continuous.

For each k£ € 7, we set
ap =inf {a>0|A(a) < 2" }.
From definition we see that

0 < ap < 00, ag Is non-increasing in k, lim o = HfHLOO e 10, 0],

k— —o0

AMag) < 2% and Mag —0) > 2% if o, > 0. (B)
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Finally, we define

Cl — Zk/pozk,
(

o Xanir,on] [ F@) f(2)  if ag >0,

Xk(T) = < |
0 if ap =0 (= aga1).

\

Property (i) is straightforward. For (ii), the L> bound is easily verified.

Since

xw 7 0) CHf(x)] > anya

we have
meas{xx # 0} < AMagy1) < 281

where we have used (B).
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It remains to verify (iii). If we know a priori that

cl = 2kl < oo,
D =) 2]

keZ keZ

then we have

Z 2%aj, = Z(2k+1 —2%)ay = Z 28 (o — Wpoy1):

keZ keZ keZ

Let us take a non-increasing sequence {«; } C [0, 00) such that

( .
ap > ap > g1, O > og/2 if ap > apaq,

Q. — O if A — Oy 1-

Note that ay > o), > ag41 and o < 2a, for all k € Z. Furthermore,

from (B) we have 2F < \(ah) < 2F*+1 whenever a > i1, which implies
k +



k
Y 2Kl —ab )<Y Aeg)(eh —ab ) <> 2F(ah —ab

keZ keZ

Since RHS is absolutely summable, we have

Z < 22)‘ ak O‘k+1)

keZ keZ

=23 (Maj) — Aaj_y))ab

keZ
— 21—|—p (Of/ )p/

é {o. <|f(z)|<o 1}
<207 £[J%,

which shows (iii).

keZ

dx

ar < 2a,)

).

31
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In the general case, we first define a non-negative function f¥ for K € N by

(a_x  if |f(2)] > a_xk,

o) = |f(@)| ifag >|f(z)] > ax,
0 if |f(x)] < ag.

\

It is easy to see that
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If we define the distribution function \* (a) and the sequence {af }kez

for each fK as before, then

0 If > a_g, 0 if &k > K,
AK(&)=<)\(04) ifoa_g > a> ag, a§:<o¢k if K >k>—K,
Aak) ifa<oag, la_g ifk<-K,

so that
ZQk(akK)p = Z 2FaP +a_k Z 2F < o0
kEZ —K<k<K k<—K
for any K € N. Therefore, we can apply the previous argument and obtain
> 2l <y 2%y <2 FRL, < 2l
—K<k<K kEZ

Letting K — oo verifies (iii), which concludes the proof of Lemma 5.1. O



86. Alternate proof for Step | 34

In §5, we have deduced the strong (¢;) summability in L2L" x L2L"

from the weak (£5°) summability in L2L% x L2LY with (a,b) around (r,r).

Such a situation is similar to the Marcinkiewicz interpolation theorem,
which asserts that the strong boundedness
T :LP — LP
of an operator 1" is deduced from the weak boundedness
T . LPr — [P1:50 T . LP2 — [P2:°°
if 1 <p; <p<pz <oo

Marcinkiewicz interpolation theorem is one of the simplest consequences
in real interpolation theory. In fact, we can rephrase the previous derivation

of (22) from Lemma 4.1 by using existing results in real interpolation theory.
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Real interpolation method

Let (Ap, A1) be a pair of “compatible” Banach spaces. For parameters
0 <60 <1landl < q < oo, wedefine the real interpolation spaces (Ao, A1)p.4

as the spaces of all the elements a in

A0+A1:{ao+a1|a06Ao, CL1€A1}

such that the norm

o a dt\
filsgane, = ([ [t Claokas +thalla)] )

is finite, with the usual modification when ¢ = oc.



We will need the following two interpolation space identities.
e [Triebel [3], Sections 1.18.2 and 1.18.6]
(LiLge, LELE), , = LPLE?

forlgpo#plSoo,min{po,pl}<2,0<9<1,%:1_9+i.

e [Bergh, Lofstrom [1], Section 5.6]
(6337 égf)eu = (
for s #s1 € Rand s = (1 — 0)sg + 0s;.

Here, LP'? denotes Lorentz spaces which satisfy
LPP =[P, LPT — [P for1<p<oo, 1<q <gz <00,

and /9 stands for weighted sequence spaces defined via the norm

{aitiezll o = {27 a5} ezl 0

36
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With the notion of weighted sequence spaces /4, the estimate (23) can be

regarded as boundedness

T:LIL% x LiLY — (504, (31)

where T' = {T; } jez is the vector-valued bilinear operator and

ﬁ(a,b):cf—l—a(%—l—%),

and the claimed estimate (22) is rewritten as

T:L2L" x L?L" — ¢}. (C)
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We will use the following bilinear interpolation theorem:
Lemma 6.1. ([1], Exercise 5(b) of Section 3.13)

Let (Ag, A1), (Bo, B1), (Co,C) be “compatible” pairs of Banach spaces.

Suppose that the bilinear operator 7' is bounded as
T:AOXBO—>C0, A1><BO—>01, onBlﬁCl.
Then, we have boundedness

T : (Ao, Ay) x (By, B1) — (Co, C1)

0a,paq OB,PBYq 0,q

whenever

1 1
O<9A703<9:9A+9B<17 1§pAapB>CI§007 — + — > 1.
pA DB
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We set, with € > 0 sufficiently small,

11
—e, — =42,

al a’ 1
A():BO:L?LQ;O, AlzBlngLxl, -
aq T

ao

Then, by Lemma 4.1 (or (31)) the assumption in Lemma 6.1 is satisfied with

Co=1ly5e,  C1 =17,
b
We apply Lemma 6.1 with pe
1 | \\‘JA‘OX%N
Oa=0p=, pa=pp=2  q=1 & D
’ vl /A \(r'r>
- Ny
to obtain the boundedness Yoo 1 p e B
pairare gl
T - LQL’I”/,Q > LQLT/,Z N gé ¥ e Ty A
R At t~x )

which implies the claim (C) because of the embedding L™ «— L™2. O



e There is also a one-parameter real interpolation theorem as follows:

Lemma. ([1], Exercise 4 of Section 3.13)
If the bilinear operator 1" is bounded as
T:Ayg x Bg — Cy, A; x By — (f,
then we have
T: (Ao, A1), % (Bo.B1), , — (Co,Ch)
whenever

0<o<l, 1<q<o0.

However, we only deduce from this lemma
72717 2717 !
T:LyLT x LyL! — 03,

and this is not sufficient because ' = 02_4(:1 > 1.

0,q

40
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