TENSOR PRODUCT AND CORRELATION ESTIMATES WITH
APPLICATIONS TO NONLINEAR SCHRODINGER EQUATIONS

TAKAMORI KATO

ABSTRACT. In this paper, we review Colliander, Grillakis and Tzirakis’ paper
[3]. We establish interaction Morawetz-type (correlation) estimates in one and
two dimensions. We provide a proof in two different ways. Firstly, We follow
the original approach of Lin and Strauss [12] applied to the tensor products of
solutions. Secondly, we give the proof using commutator vector operators acting
on the conservation laws of the equation. By using correlation estimates, we show
the H' scattering for the L2-supercritical nonlinear Schédinger equation. This
result has already been proven by Nakanishi [13]. But the simplified proof is given
in this paper.

1. INTRODUCTION

In this paper, we obtain new a priori estimates for solutions of the nonlinear
Schrodinger equation (NLS) in one and two dimensions. We apply these estimates
to study the global-in-time behavior of solutions to the following Cauchy problem:

i0u + Au = plulP~lu, (t,x) € R x R",
ul=o = up € H*(R"),

(1.1)

where p = +1 and p > 1. (1.1) with g = 1 is the defocusing case and (1.1) with
i = —1 is the focusing case. In the defocusing case, the Hamiltonian is positive

definite. In this paper, we only deal with the defocusing NLS as follows:
i0wu + Au = |ulP"tu, (t,r) € R x R™. (1.2)
Smooth solutions to (1.2) satisfy mass conservation
)12 = o]l
and energy conservation
1 1
E(u(t)) = 3 / (Vu(t)|? da + | / lu|Ptt do = E(u).
Now the scaling is given by

ut, ) = )fp%lu()\_gt, A7)
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for A > 1. If u is a solution of (1.2), then u* is also a solution. The problem is called

H*-critical when s = % — ﬁ. Therefore L?-critical and H!-critical correspond to
p=1+ % and p=1+ ﬁ respectively.
Conjecture. Let p =142, n>1 and uy € L*(R"). L?-critical equation (1.2) is

globally well-posed in L?(R™). Moreover there exist u+ € L?*(R") such that
Hu(t) — eitAui“LQ(Rn) — 0, ast — *oo.

In the subcritical case, the local time T" only depends on the norm of initial data.
But in the critical case the local time depends not only on the norm of initial data
but also the profile. This conjecture has recently been solved by Dondon in [8],
[9] and [10]. He used the interaction Morawetz estimates and minimal blow-up
solutions. For the details, see Dodson’s papers.

In the present paper, we deal with L2-supercritical (H'-subcritical) problem in
one and two dimensions. Our aim is to establish the global well-posedness and
scattering for the L?-supercritical NLS (1.2) in H*(R") for n = 1,2. Nakanishi [13]
already have solved this problem. But his proof is very complicated. Then we give
a simple proof by using the correlation estimates.

The interaction Morawetz inequalities help us to prove global well-posedness and
scattering. Visan [14] and Visan and Zhang [15] established the following Morawetz
inequality for n > 4

_n-=3
D7 () 21 < Nullzeer ul oo g2- (1.3)
In the case n = 3, Collinader, Keel, Staffilani, Takaoka and Tao [6] obtained
lullZazs S Nullzperzllull oo e

Collecting these estimates, we have (1.3) for n > 3. Note that the distribution
—AA|xz| is positive for n > 3 but not positive anymore for n = 1,2. So we need to
construct another approach. Then we use the commutator vector operators acting
on the conservation laws and obtain the following interaction Morawetz inequalities

in one and two dimensions.

Theorem 1.1. (Correlation Estimates in Two Dimensions) Let u be an HY? solu-
tion to (1.2) on the space-time slab I x R?. Then the following estimate holds

IDY2 ()| 2o S el oz llull oo 1o (1.4)
t~x t x
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Theorem 1.2. (Correlation Estimates in One Dimension) Let u be an H' solution
to (1.2) on the space -time slab I x R. Then the following estimate holds

3/2 1/2
10 ()] 3.2 S Ill3 o lull 2 (1.5)
el s S Nl gl ey (1.6)

The correlation estimate in two dimensions (1.4) can be considered as the diagonal,
nonlinear analog of the bilinear refinement of Strichartz established by Bourgain [1].

A weaker local-in-time estimate was obtained in [11]

o S T ol zellull oo e,

2
l|u||L?€[07Tl z tefo, T ®

This estimate is very useful since the L} L} norm is the Strichartz norm and enables
us to extend local-in-time solutions to global ones. Moreover this estimate was

improved to the following one by Colliander, Grillakis and Tzirakis [2].

1/6 4/3
i ST ol [l e

2
Jul, (L.7)

A brief proof of (1.7) is given in the subsection 3.1.
Using the Sobolev embedding theorem and (1.4), we can control the L} L8 norm
in two dimensions as follows:
2 1/2(1,,(2
lulZars S D2 (u)] 2 S Nullzezzllel o e
We can use this estimate to obtain a simplified proof of the H! scattering result.

Theorem 1.3. (Asymptotic Completeness in H'(R?)) Let ug € H'(R?). Then
there exists a unique solution to (1.2) when p > 1. Moreover if p > 3, there exist
uy € HY(R?) such that

Hu(t) — eitAui“Hl(Rg) — 0, ast — Foo.

Combining the correlation estimates and the I-method introduced in [5], we obtain

the asymptotic completeness blow H!(R?).
Theorem 1.4. Let uy € H*(R?). Then for each positive integer k > 2, there erists
Sp=1— ﬁ such that the Cauchy problem

i0u + Au = |u|?u,

U|t:0 = Ug

15 globally well-posed and scatters provided s > sp. In particular, there exist uy €
H*(R?) such that

||u(t) — eimui|

o) 0, ast — Foo.
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In this paper, we omit the proof of Theorem 1.4. For the proof, see [3]

2. PRELIMINARIES

In this section, we introduce some notations and the Strichartz estimates.

Definition. A pair of exponents (g, r) is called admissible pair if (¢, 7,n) # (2, 00, 2)
2 n

2T i<
q r 2
For the space-time slab I x R™, we define the Strichartz norm || - ||so(s) as
[ fllsor) == sup

||f||L§L;(1an)-
(g,r):admissible

Then we have the following inhomogeneous Strichartz estimate.

Lemma 2.1. Let I be a compact time interval, to € I, s > 0, and let u be a solution
to

10 + Au = Z F;
i=1
for some functions Fy, Fy,--- , F,,. Then,

1V ]*ullso(ry S [luol

m

: —i—g HVSFH A

e VPR o
1=

for any admissible pair (g;,r;) and 1 <1 < m. Here p' denotes 1/p+1/p' = 1.

3. CORRELATION ESTIMATES FOR ALL DIMENSIONS

We consider solutions of the equation

i0wu + Au = |ulPtu, (t,r) €[0,T] x R™.

(3.1)

This equation has the following momentum conservation laws

—

plt) = /n Im(u(t, x)Vu(t, z)) de = p(0).

We define the Morawetz action as

M,(t) = / Valr) - Tm(u(t, 2)Vult, ) da

where a: R" — R and is convex. Put p = 3|u[* and p'= Im(uVu) corresponding to

the mass density and the momentum density respectively. Now we assume that a
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solution u to (3.1) is smooth since the embedding & C H* is dense. For the details,

see [7]. The equation (3.1) satisfies the following local conservation laws:

dip+0;p’ =0, (local mass conservation),

S —1
Ok + 0;{o + 61 (—Lp+ u | luP*')} =0, (local momentum conservation)
p

where
1
Ojk ‘= ;(pjpk + 0;p0p)
which is a stress tensor. o;; can be rewritten by
o, r = Re(0;u0u).
We are ready to the generalized Virial identity introduced by Lin and Strauss [12].

Proposition 3.1. If a is conver and u is a smooth solution to (1.2). Then the

following estimate holds:

/0 /n(—AAa(x))|u(t,:v)|2 dtdx < sup |M,(t)]. (3.2)

(0,7]

Proof. The Morawetz action M,(t) can be rewritten into

Mo (t) = 2 / (@hapi dr.

By using the local momentum conservation laws, we have

Oy M, (t) = 2/ (Ora)Oypy, dx
) ) p—1
= -2 /n(aka)aj{ai + 5i<—Ap + m|u|p+1)} dx

= 2/ (0;0ka)0 ) da — 2/ (97a)Np dx + %/ (OFa)|u[P™ dx

= 4/ (0,0ka) Re(0;udu) dx +/ (—AAa)|u)? dv

n

2 1
+ Ap+l) AalulP*t de.
p—1 Jgn

Since a is convex,
ajaka Re(@ﬂ@ku) Z 0.

In addition, the trace of the Hessian 0;0;a, which is Aa, is positive. Therefore we

obtain

/n(—AAa)|u(t,x)|2 dr < 0 M,(t),
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which shows the desired estimate (3.2). O

3.1. Interaction Morawetz Inequalities. In this subsection, we want to establish
the interaction Morawetz inequalities by using the tensor product of two solutions
to (3.1). Now the derivative D denotes D* = —A.

Proposition 3.2. Let u be an H'/? solution to (3.1). Then the following inequality
holds forn >3

1D ()| g S Neallzgenz ll] e e (33)
Define the tensor product u := (u; ® ug)(t, z) for z in
R™ 72 .= {(931,$2) c 13 ER™, 29 € an}
by the formula
(u1 @ ug)(t, z) = uy(t, x1)us(t, z2).
Let u; be solutions to idyu; + Au; = F; where F; = |u;[P~'u; for ¢ = 1,2. Put
F=F ®uy+ F, ®u;. Then u = u; ® uy solves
i0u + Au = F. (3.4)

We have that p = L|ul? = 1|ui|?|ug|? and py, = Im(wudy(uius)). The equation
(3.4) has the following local conservation laws:
Opr. + 0;{ol + 0L(=Lp+G)} =0

where

p—1 9 9
G=—(Fi®|u + 5 ®|u > 0.
p+1(1 ’2| 2 |1|)—

We define the Morawetz action corresponding to u; ® uy as

M2 (t) = 2/ Va - Im(u; ® u2V(u1 ® ug)) da

R"1 QR"2
= Mo (ur(t))[uzll72 + Ma(uz ()|l | 72

In this setting, V = (V,,, V,,) and A = A, + A,,. If uw is a solution to (3.1), by

using Proposition 3.1, we obtain for a convex function a that

T
/ / (—AAG)| (w1 @ us) (¢, 7) 2 didz < sup |[ME(2)]. (3.5)
0 nRR" (0,77
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We choose a(x) = a(zy,x2) = |x1 — 23| for x = (z1,22) € R* @ R". A simple

calculation yields that

Co0{z =25} for n =3,

—ANa(zx) =

where ¢y is some positive constant. Substituting —AAa into (3.5) and choosing

u1 = ug, we have that in the case n = 3
/ lu(t, z)[* dtde < sup |[ME2(t)|.
R3 [0,7]
In the case n > 4, we have
/ / (lu? + =5 ) (@0)lult, 21)| dide; S sup [ME(2)] (3.6)
n [0,7]

We can write

n |z =y

o~

since for n > 4 the distribution Fourier transform of x|~ is given by |-|=3(§) =

|€ |_(”_3). By using the Plancherel theorem, we have
lu(t, z2)| 9 g ~(n—3) 2 2
[t o)y a2 dide = [ [ DO futt, )P utt, 2) do
RixRe |T1 — T2 o JRrr

e

D=5 (lup)| dtdz < sup |ME2(1)).
[0,7]

_n=3
D™= (Juf?)

Then we obtain for n > 4

[ L.

We combine the two estimate and it follows that for n > 3

|7 (JuP up M ()]

s

On the other hand, we estimate the action term M2(¢). It is enough to estimate
M, (u(t)) since

M (8) = Ma(ua(t))luallzz + Ma(ua()) [JuallZs-
Note that Va(xz) = 7. The Cauchy Schwarz inequality shows that
"
—U
|l

[ Ma(u(®))] S llull 72

1/2°
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By using the Hardy inequality, we have
x
IV ()l < 19l

Interpolating this estimate and ||%uHL2 < |lu||z2, we obtain |||i—|u||H1/2 S lwll gige.
Therefore it follows that

| Ma(u(t)] < llull;

e

which implies that the following interaction Morawetz inequality for n > 3 holds
D7 (|Juf? <
H (lul )HLng ~ ||U||L;>°L§||U||L?OH;/2-

This estimate is appeared in [7] and [15].

We remark that the above method breaks down for n > 3 since the distribution
—AA|xz| is not positive anymore. Then we introduce the function f : [0,00) —
[0, 00) such that

Z(1-log ) if0<a< L
fl@) =< 100z if x > M,

smooth and convex for all z

where M is a large parameter determined later. When we choose a(z1,z5) = f(|z1—
x9|) for (z1,79) € R?* X R?, a is convex and
47 1
~A8a = by +O(755):
In this setting, we can use the analogous method in the case n > 3. Taking

MNTl/z( [l ge 2 )2/3
HUHL?OH;/Q ’

we get the following interaction Morawetz inequality in two dimensions

4/3 2/3
i, oee < T Nll e el 72

which is a better estimate than one established by Fang and Grillakis [11].

3.2. Commutator Vector Operators and Correlation Estimates in Dimen-
sion n > 2. We drive the correlation estimates by using commutator vector oper-
ators acting on the conservation laws of the equation (3.1). Recall the Morawetz

action

T
M2 (t) = 2/ / Va- In1(u1 ® uaV(up ® uQ)) dtdz,dxs
0 R"1 @R"™2
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for the tensor product of solutions u = (u; @ ug)(t, z) where z = (x1,x2) € R" @ R".
We consider the special case uy = ug, a(xy,x2) = |r1 — x| for n > 2 and observe
that
€Ty — T2 T2 I
Ve alry, x = = -V , T2).

We can view M (t) := MP2(t) as

MZ*(t) = 2/ / e — = {p(t, z1)p(t, x2) — P(t, x2)p(t, 1) }daydaodt.

’xl - fC2|

Note that

D—(n—1)f(x):/ f) dy.

e [T =]
Now we define the vector operator X as
X = [z, D-"1].

We change notations and write x; = « and x2 = y. Then the action term M (¢) can

be rewritten

M(t) = ([z,D"" V]p | p) = (Xp | ).

We investigate the property of the commutator vector operator X. Notice that

2w = [ =)

We calculate the differentiation of X and have

|z —yl?

||
T
?ﬁ
8
s
QL
<

A direct calculation shows that

o —yPlg? — ((z —y)- @)
|z —yf?

<rjk |QJQk> >0

9

which implies that ;X" is a positive definite operator. Moreover it follows that
()? flg)y=—(f ])? g) from the Fubini theorem. Thus X is an antisymmetric operator.

We recall that the local mass and momentum conservation laws:

S -1
Oipr + aj{ag + 0 (=Lp+ §+ ; |u,p+1)} =0,

where 0 = p~ (pjpr + Okpd;p). We differentiate the action term and have

OM(t) =—(@ip | X -7) = (p| X - 0p).
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We divide 0, M (t) into four parts as follows:

OM(t) = —(0; X pi. | pj) + (o | 9;X"p)
+ (=00 | 0XF9) + L (u ™ 0,Xp)
=P +P+ P+ P
where
Py = (p~'0;p0kp | 8;X*p),
Py = (p~'pipk | 9;X"p) — (p; | 8;X"pr),
—(80X ) = —(p | V- Xp),
fa—§+1WMH|v Xp).
Since 0; X ¥ is positive definite, P, is positive. Note that
V-X=08X =(n—-1)D"""

By using the Plancherel theorem, we have

—(n— _n=3 _n=3
P3=<D2p!(n—1)D( Vp)=(n—1)0(D""2 p| D™= p)

() g

Moreover

p—1 1 —(n—1
P, = p+ — 1\p~— (=1
(i L Jul™ ] (n = 1) p)

Cp=D=1) [ |u(t,z)Pu(t,x)]?
- 2p+1) / |z — y|

By changing variables, we compute P, to obtain

dxdy > 0.

P, = /Rann{%pj($)pk(l’) - pj(y)pk(x)}rj,k(a:, y) dxdy
(

)
p(x) Py)

1 P(y)
:aéww{mw““”“”+ pla) 1Y)

—pj rjk x,y) dxdy

/ p(z) [P y
Rann ?J x
| p(@) [p(y)
{ p(y)pj(x)— p<x)pj(y)}7“j,k($,y) dxdy
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If we define the two-point momentum vector as

then we have
Py = (JJ, | (0;X%)) >0
since 9; X" is positive definition. Thus
(n—3)

HD_T<|U|2)H?;§ < O M(1).

We integrate in time to have

(n

1D (u) ][ S sup [M(2)].

[0,7]
On the other hand,

[M(®)] = {lz, D" Vip | p)] < lpsllzalllz, D=Vl
< lpsllze Mz, D™V peellpll 2o

Following the Hardy inequality and interpolation, ||p;|j,1 < HuHZ1 2. Moreover
[z, D==V]|| 1, 1 is bounded by 1 since
—(n—1) _ r—Yy 1
D) = [ SV g dy for fe 1L
e |2 =yl
Therefore |M(t)] < Hu(t)HQLQHu(t)H?LIl/2 For all n > 2, we have the correlation
estimate

_n=3
1077 Qe gz = Mol rzllul ey

3.3. Correlation Estimate in One Dimension. We would like to prove the
following correlation estimate in one dimension by using the Gauss-Weierstrauss

summability method:

3/2 1/2
102l lazz < Null2 gl

for solutions of one dimension NLS id;u + Au = |u[P~ u. Recall the local mass and

momentum conservation laws as follows:

Op + Ozp = 0,

—1
9 8,4 =1 (p? 2y _ p P+ .
R e e e L
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We define the action term as

where

a(z —y) = erf(x ; y) = /0’”;” e dt

is the scaled error function. Its derivative is

2

&Uerf(x — y) = 1exp(—%) >0,

€ 9

which is the heat kernel in one dimension. Clearly,
sup [M(1)] 5 lullzge 2 lll e (3.7)

We can write M (t) = (Xp | p) where X is defined as

Xp@) = [ et(*=2) 1) ay.

3

We easily check (Xp | p) = —(p | Xp), which implies X is an antisymmetric operator.

We calculate the time derivative of the action term to obtain
AM() = — (D4 | Xp) — (p | XOup) (3.5)
Applying the local mass and momentum conservation laws to (3.8), we have
OM(t)= P, + Py + Py + P,
where
Pr=(p"'py | X'p), Pri=(p"'p* | X'p) — (p | X'p),
Pai= {(=pua) | X'0), Prim D™ | X

These terms can be rewritten

]_ T—Y\2
Hz/‘ fﬁ”l%ﬂ@W@ZQ
R

XRS p(x)
p—1 1 _jz—yye 1
P=td [ Lo dody 2 0
p+1Jrire

= [ e 0w~ pe)pta) ) dod.

xR € p(m)
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By using change variables and symmetry, P, is rewritten into

P [ %””ﬂﬁ@%w+ﬂ9%w4mm@}w@

2 «R €

1 z y
/ )2 x d:vdy >0
2 RxR 5 y

Following the Plancherel’s theorem, we have

1 _(T—y
& :/ e )Zp(y)(_pm(x)) dxdy
RxR €

:/R<ée—(;)2 * p) (2)(—paz(x)) d
- [eo(-S)er@ =0

Notice that
lim (¢~ 4 p) (2) = ()

in the distribution sense. Thus we obtain

) 1
l%a:/@@mzﬂ@mm@7

-1
lim Py = —— (x)]u(x)|p+1dx =

p+3
tim Py = Jul

Pz
2(p+ 1) LA
Collecting the above estimates, we have

1

20 ([ul)7: < aM(),

p—
2(p+1)

Integrating in time and using (3.7), we obtain

lulf} 3% < 9:M(2).

Lp+3 =

10 ([ul*) 1222 S Nullzze 2 el e
3
||U||Zpr+3Lg+3 S ||U||?ig°L3||U||L;>OH;-
Recalling that the scaling is
uMt, x) = )\_ﬁu(A’Qt, A),

we can verify that a priori one dimensional estimate

3
||U||Z§+3Lg+3 S ||U||?i;;°Lg ||u||L;>°H;-

is scale invariant.

13
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4. THE PROOF OF THE H! SCATTERING RESULTS

In this section, by using the correlation estimate, we prove the global well-
posedness and the scattering of the Cauchy problem
i+ Au = |ulP~tu, p>3,
t uf ™, 2 (4.1)
U|t:0 =Ug € Hl(R2)

This proof is very simplified compared to Nakanishi’s one [13]. Combing (1.4) and
the Sobolev embedding theorem, we obtain
lullZazs S Nullzpors lull 21

By using the mass and energy conservation laws, we can control the L} L8 norm as

follows:
lullpsrs S C(E(uo)). (4.2)
To prove the scattering, we have to control the following Strichartz norm:

[ullsr := sup [[(V)ullLgr;-

it

Q=
S Im

We divide the real line into finitely many subintervals {I;}7_, such that for each I;

we have
||U||L;1L§(1j) ~ 0.
It is enough to show that
[ullsrzy) < Nuollars (4.3)

which implies that ||ul|st < ||wol|#:-
We will suppress the I; notation for what follows. By Lemma 2.1 and interpola-

tion, we have
HuHsl §||U0||H1 + ”<V>|U|p_1U”L?/3Li/3

Sluolla + (V) ull oz [ul = jars s

Sl + s lll5 s ol 5
where
dp—1—¢) 8(p—1—¢)
9 = 3—¢ » 0= 2—¢ ’
Thus we have
p—1l—e

lullsr S Nuollarr + 0%[lull st |l Fao o
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By using the Sobolev embedding theorem, we observe that for p > 3 + §
||U||Lq0L’”0 < |||V|au||L§0L;1

where
dp—1—¢) p—3—¢/4
_— a - — —

T = y = .
2p—5—¢ p—1—¢

Since the pair of exponents (qo, 1) are admissible, it follows that
[l oo 0 S (V) ull o S flul]sr

Thus we have
lllsicry < ool + =l

and by a continuity argument for £ small we obtain (4.3).
We now prove that there exists u;, € H'(R?) such that

[u(t) — ™ uy | @ — 0, ast — oco.
We define v(t) = e~#2u(t) where u is an H* solution to (4.1). Then v satisfies
t
ot) = up — i / e (ufP 1) () ds.
0
For any 0 < 7 < t,
t .
v(t) —o(r) = —i/ e 752 (|uP~ u)(s) ds.
By Lemma 2.1 and the Sobolev embedding, it follows that
[v(t) — o(T)|| 1 (r2) NH ‘U|p71“HL4/3 23 ([t xR2)
,SHUHEL? L8H ‘51 (It.,7))°
which implies that ||v(t) — v(7)||z: is bounded from (4.2) and (4.3). Therefore
|v(t) = o(7T)|| @2y = 0, as t, 7 — oo.
This shows that u, € H*(R?) is well-defined as follows:

Uy = Ug — z/ e 58 (|uP~ u) (s)ds.
0

Remark. By using the correlation estimates in one dimension (1.5) and (1.6),
an analogue simplified proof of the scattering for the L2-supercritical NLS in one

dimension appeared in [4].
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