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Introduction
oeo
Cubic Schrédinger Equation

ity + Uxx + U|U|2 = 07
u = u(x, t) periodic in x
with initial data u(x,0) = #(x) € L2.

iur 4 s + A(x, t)u + B(x, t)ulu)®> = 0

with A, B real smooth functions in x, t, both periodic in x
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Cubic Schrédinger Equation

Integral equation

u(x, £) = U(t)o + i/ot Wil — e,

52
where U(t) = /% and w := u|ul?.

e;a§¢ _ _7_-—16—,'/<2}-¢>7
where F¢ = [ e 27> ¢(x)dx
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Introduction
O@0000
Wellposedness

Fixed point theorem.

ol = inf {3 [+ 1 = k) fak )PdA)
k

u(x, t) Z/ (ot ik, A)dA on T x [0, T]
k

t=wvonTXx]|[0,T]
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Wellposedness

Inequalities

lull < li¢llz +~(T)luli® for t € [0, ],
lu(®)ll2 < ll¢ll2 +~+(Tlul® for t € [0, ],
where v(T) — 0 for T — 0.

For sufficiently small T,
Ll lu(O)lz S 1
Ju(e)le = 1Fu(e)lle = | | ok A)dAa

— || [ O+ a (k3 + K)A]

1

=1 @R kA k)

S el



Introduction
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Wellposedness

= vIl < llé =l +1(T)Uell® + IvIPlu — vl for ¢ € [0, T],
lu(t) = v(®)llz2 < l¢ — pll2 + A (T)Uull® + IvI*)lu — vl for ¢ € [0, T],
where v(T) — 0 for T — 0.

For sufficiently small T,

lu = vl l[u(®) = v(B)ll2 S 16 = Pll2-

NLSE is locally wellposed on [0, T(||¢||2)]- )
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Wellposedness

Conservation

/T ()P = /T |62

o Local Wellposedness = Global Wellposedness

o [lu(t) — v(t)ll2 < c(llgllz, lll2)t |6 — ll2
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Wellposedness

L2 — [* bound

3 A B 1
I / A1, ) sy oy < € / (1+ A — K2[3) ok, 2)2)}
k k

v

Restriction Estimates

A~ 2
latk, kN2 S Hlull a3
X, t

\
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Main Theorem and Applications
oe

Modified Equation

Modified Equation

ive + Vix + PN(V|V|2) =0,
with data v(x,0) = ¢(x), ¢ = Py,
where Py¢ = Z\"ISN B(n)ei.

o V=73 ,<n va(t)e™
@ Hamiltonian formulation
dv _ ;OH
{ H(®) =3 Jz 161> — § Jx I*.
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oce

Main Theorem

Proposition 1

Consider the solution u, v to the Cauchy problems

{ iut + Uxx + U|U|2 = O7

u(x,0) = ¢(x)
{ in + Vx + PN(V|V|2) = 0,
v(x,0) = ¢(x)

where ¢ = Py¢. Fix a positive integer N’ and a time t. Then one has an
approximation

[P (u(t) = v(t))l2 < e
provided N > N(N’,|t|, €, [|9||2)-
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Main Theorem and Applications
oeo
Application

B(r) = {(p,a)llp|* + |q|* < r*} (ball)
T = {(p, q)|p? + 2 < r?} (cylinder)

Gromovs's squeezing Theorem

B, : some ball in L2(T),
T+ some cylinder in L?(T) w.r.t the kth coordinate (k| < N),
Sn(t) : the flow map associated to modified equation,

4

Sn(t)(Br) C T,(?k) implies R > r.
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Application

5(t) : the flow map corresponding to the cubic NLSE
Proposition 1 = ||PxS(t)Pny — PrSn(t)Pn|| < € provided N > N(k, |t], e, B).

(3
P Sn(t)(PnBr) — PiS(t)(PnBr) as N — oo

Proposition 2

S(£)(B;) € T implies R > r

ball, cylinder : centered at the origin
L? conservation = S(—t)(B; — T,(?k)) C Br

U

S()(B;) € T implies R > r
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Proof of Main Theorem

Lemma 3

Consider the solution u, v to the Cauchy problems

{ iut + Uxx + u\u|2 =0,

u(x,0) = ¢(x)
{ Ve + vxx + v|v\2 =0,
v(x,0) = ¥(x)

and assume ||¢||2 = ||2|2. Then for |t| < T(||¢||2) one has

[P (u(t) = v(EDll2 < 1Py (& — ) |2 + €

provided Ny — Np > Cre~ .
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Proof of Main Theorem

Lemma 4

Consider the solution u, v to the Cauchy problems

{ iup + Uxx + u|u|2 =0,

u(x,0) = ¢(x)
{ ive + vxx + PN(V|V|2) = 07
v(x,0) = ¢(x)

where ¢ = Py¢. Then for [t| < T(||¢||2) one has

([P (u(t) = v(2))ll2 < €

provided N — Ng > Cre~ €.
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Proof of Main Theorem

[07 T] = U‘lj[t,', t,’+1], where tiy1 — 6 < T(H¢>||2)
For fixed i, compare on [t;, ti+1] the solutions to the initial value problems

iU 4 Uxx + U‘U|2 =0,
u(x, t;) = u(t;)(x)
il + T + )02 = 0,
o(x, t7) = v(t;)(x)
iVt + Vix + PN(V|V|2) = 0»
v(x, ti) = v(t)(x)

Then

lu(t)ll2 = llv(t)ll2 = [I#]l2-
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Proof of Main Theorem

N =Ny > Np> - > Ny = No
Lemma 3

4
1P,y (utivn) — B(tisa))l2 < Nl P (u(ti) — v(t:))ll2 + (Ni — Nig1) ™2 for some c; >0

Lemma 4

4

1P, 1 (8(ti1) — v(tiz1))ll2 < (Ni — Niy1)~ 2 for some ¢ > 0

1P,y (u(tiv) = v(tisa))ll2 < [1Pw; (u(ti) = v(t))ll2 + (Ni = Nita) ™

1P (u(tivn) = vtz < D (N = Nija) ™
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Main Analysis

Numoll < llém ll2 + (N1 — No) =,

And .
lung (O)ll2 S [l ll2 + (N2 — No) ™.

() = Uen + 1 [ Ut = 7)(Prw)(r)dr

= 3
luxcll < llgwllz + TEWul? + gD Nuk+all + TEATS ull.

[ 0t =) (Piw) (w0 — [ UG = m)Pcw(orcsas s s a) )T
0 0



1 Theorem and Applications Main Analysis

w(u,u,u) = uluP = / e/ (A kg, M) i (ka, Aa)ii(ks, As)
k=ky—kp+ks Y A=A1=A2A3

=

k=ky —kp+k3

R >

k=ki—kpt+ks,koF#ky k3  k=ki—kptks,ki=kp=ks  k=ki—kptks,ky=ka  k=ki—ko+k3,ks=ks



Main Analysis

/ BN ok, M)k, 22) ks, )
k=ky —kp+ks,ky=kp=ks Y A=AL=A2+A3

= e"kX/ ek, A1)k, x2)ir(k, Az)
k

A==

/ N 3 kg, 1)K, R2)B(Ks, As)
k=ky —kot+ks ki =hp 7 A=A T A2HA3

:Z/ it =22129)0 3 k| 31 )G 0kL, Aa)ir(k, As)
K,k A=A1—A2+A3

= Fu(k, t)Fu( kl,t)/ e At (K, As)

k,ky

= ([ 1s- > [ a0k, )



Main Analysis

w(u, u, u) = > / A i (ky, M) ii(ka, A2) (K3, Az)
k=ky —ko-tkg ko ky kg Y ATATTA2HAS
fZe"kX/ ek, A1) Dk, A2)i(k, As)
k A=A1—A2+A3

2 168)- 3 [ 000,
k



Main Analysis

/ U(t — 7)w(u, u, u)(7)dr
0

t -
:/ eIkZ(t—T) Z / el (kxtAT) ke, A1) D(ka, A2)(ks, A3)dT
9 k=ky — kot k3 katky k3 Y ATAL— A2+ A3

t ; .
—/ e'kZ(f—T)Ze'kX/ ATk, A1)k, Aa)d(k, As3)dT
0 k A=A1—A2+A3

t
+/ eikz(t—7)2(/|¢|2) . Z/ ei(kx+’\T)fl(k, >\)dT
0 = I

% it _ ik?
= Z / e’ Xﬁﬂ(kh/\1)ﬁ(k2,/\2)ﬁ(k3,>\3)
keky —kpka, Kotk kg ¥ ASAL = A2FAS -

_ Zeikx/

A=A —Aatrs A — K2

v 1973 [ o a0

@At _ qik?t
bk, A1)k, X2)a(k, A3)



Main Analysis

/0 U(t — 7)(Pxw)(u, u, u)(7)dT

et _ ik?t

k ekt .
= / elxﬁu(kl,)\l)u(kz,)\g)u(k&/\3)
keky —ko-+kg ko ky kg, ¢ ATAL—=A2+A3 -
[k|<K

l)\t 1k2 -
B / — 5 bk, M)k, A2) ik, A3)
k\k|<K A=A1—AatA3 A=Kk

vafiem. 3 [ o SR

K, |k|<K



Main Analysis

For A € N

t
/ U(t — T)Pkw(uk+a, uk+a, uk+a)(T)dT
0

" ixt e1k2 —
> e ik, A)ake, M)k, A3)
Kmky — kp-+hg ko ke oK A=A1— A2+ A3 —

[k| <K, min(]k; ) <K+A

eiAt _ :k2 _—
/ —————i(k, M)k, o) ik, As)
K \k|<K MM—dotrs A=K

2(/|UK+A| > A u“(k A

K, k| <K



Main Analysis

[ 0t = 7w u)r)dr = [ UG =) Prowtucens uksas i a) )T
0 0

" oAt _ k%t
= Z / e' Xﬁﬁ(kh)\1)U(k27)\2)”(k37)\3)
k=ky —kp+kg ko ke kg, Y ATAL=A2+A3
[k| <K ,max(| k;[)>K+A

+ /0 “U(e - )2 / (161 — |uxcsa P)dx)ux ()dr



Main Analysis

l)\t lk t .
Z/ e Mk )ik, A2) ks, As)
_ 2 ikx e
=3 [ - - et
2 Ikx —
+3 [a-var - et 2
ik2t

oo €A — @ikt —
+Z/w2(,\f kz)e’kxﬁu(kl,)q)u(kg,)\z)u(lq,)\3)

u(kl, )\1)U(k2, A2)d(ks, A3)

izt

u(kl, A1) (ko, A2)i(ks, A3)

where ¢¥» =1 on [—1,1] and ¢, =0 on R — [-2,2].
Define L.
c(k,A) = (14 [ = K2)) 2" 2 [a(k, A).

Then [lc(k; M2z = llell-



Main Analysis

ixt

1> / (1 — (A — K2))e 'kX%ka(kl,Al)a(kz‘, Na)a(ks, M)l
:x ei t
@+ |x— k2|)z+za(k,>\)dxdt
Let G(x,t) := (1 + |X —k/2\)\%+%a(k, A)

Then [ [ e eNG(x, t) = (1+ | — k2])2T5 a(k, \)
Hence

At
I Z/(l — Pa(X — k?))e )\e_ 2 Dk, M)i(ke, A2)i(ks, As)|

< C(kl,)\l) C(kg,)\z) C(k3,)\3) a(k,)\)
S l,e 1, 1, 1_e
(M —k2y2t2 (p—k2)2tE (A3 — K2)2T2 (A —K2)27 2

llall2,2<1



Main Analysis

ikt

ikx €
1Y [ = va(h— e
ikt
o ”sup<1//2/(1—w2(,\—k2))e’kx;’7 5 0k, M)k, A2) ks, Aa)
allp,2<

(14 |X — K2|)3F5 a(k, ) dxdt

ke, M) (ko A2) (ks A3)l

—

Let G(x,t) == (1+ |\ — k2|)275 a(k, \). Then [ [ e* e’ tG(x, t) = a(k, k2).
And [la(k, k)]l 2 < [la(x, t)Hsz/ts S a0k, )l iz, = llalk, Al

Hence

ekt
Il Z/(l — (A — k2))eikxmﬁ(k1,Al)ﬁ(kzykz)ﬁ(k&)\a)lll
C(k3,)\3) b(k)

/ C(kl,)q) C(k2,)\2)
(A1 — k)25 (o — k2)2F5 (A3 — k2)2H5 (A= K2)

< sup
llb]l 2 <1



Main Analysis

2
elk

1Y [ 20— K = k0, 2R Rtk )

2. el A= 2)t_
T / / > / a(A — k)l kD S Sy, M) a(ka A2) ks, As)

lall 2,2

(1+|A— k2\)%+%a(k, A)dxdt

Let G(x,t) == (1 + |X — k2)2 5 a(k, ).

. . i(A—K2)t_ .
By Taylor series expansion, we have e?kzl =>2 ] J,( — k2 1(it).

Then [ [ e**e*t(it) G(x, t) = (it} G(x, t)(k, k).
Since u is defined on T X [0, T], we may assume that G(x, t) is same.
(it 6, )k, k) = [ (iVin(r) GOx D)k, 2 = )dr
= [ @@+ ) Eatk k@ - ryr,

where 11 is 1 on [0,1] and 0 on R — [0, 2].



Main Analysis

eV Gx, D)k, KOl < llalh, K2 = )l < e 80k, ) ass < lle™ ™ 80x, 1),

Hence

2
At elk

D R N A PR S R S TP B)

/ c(ki, M) c(ka, A2) c(ks, A3) b(k)
(M — K2)2TE (A — k2)2¥5 (A5 — k2)2+E (A —K?)

< sup
ll6ll 2 <1



Main Analysis

I)\L' lk t

1Y [ e Stk M)l )k, A
c w / c(kl,)\ll) c(kz,)\gl) i c(kg,)\3l) i a(k,)\l)_E
llallp2<t (M —k)2T5 (g —k2)2TE (A3 — k)2FE (A — Kk2)273
b e / c(kl,)\ll) c(/Q,AZl) F c(k3,)\31) E b(k)Q
llbll 2 <1 (M — k2275 (o — k2)3+5 (A3 — k2)2T5 (A —K?)
Define a(k, \) = — 2K

1
(A—k2)2772



Main Analysis

Z/ k17/\1) C(k27>\2) C(k37)\3) a(k7>‘)
Ar = KB)TTE (g — KB)2VE (N — KB)2TE (A= k2272

< / / F3 Fadxdt

where Fy(k,\) = —<kA)_ F 3) = —2lkd)
(1+|x— kQ\)8 (1+\>\7k2|)

3
8

Hence
[ [ et <IRIZIFNs < ¢ llely g = cllul’.



Main Analysis

— k% 4+ K2 — k3 4+ K2 =

—2k2 + 2ky ko + 2ksko — 2ki k3 = 2(ky — ko) (ka — k3).
Hence

max(|A1 — k7, |X2 = K31, [As — K3, |A — K%[) > S|ke — kallka — kal.

N | =

Actually

AL = KE|+ h2 = k3| + [As — k3| + A — K2

> (M= k) = (e = k) + (s = k) = (A = &%)

=|— k®+ Kk — k3 + K3|.
And |k — ki| < |ki — ko| + |k3 — kz|. Assumption |k| < K, max |k;| > K + A and
ko # ki, k3(|ko — k1|, |ks — ka| > 1) gives

max(|A1 — kf|, X2 — K31, [As — K1, (A = K%) > A



Main Analysis

if7%<b/§b<%,thenforany0< T < 1 we have

(L + A= &2))* Pa(t/T)ull iz < T2+ 1A - k2|)bu”IEL2>\

By interpolating with the trivial case b’ = b, we may assume that b’ =

_ R 1
ler(e/ Dallgiz < TEIL+ X = k2%l g for 0< b < -

(
L (r—k) >4

la(e/Tullpz = L+ 1A = L)@+ A = KZ)Pya(t/ Tullpiz

< TP+ A - k2|)ba||/fL§~



Main Analysis

y / (r — K2)=b(r — K2)Bla(r, K)|d7 |
(=K< 3 £

(r — kY22 |a(r, k)|2d7) 2| 2

(r—k)< k

= TP73)(1+ 1A - K2 Tllpiz

Hence
la(e/Tullpiz = Ia(t/ Tullzz

T . 1
< ([T HI@ A= DTl Va)?
0

ST+ A - kQ‘)ba“/§L§



Main Analysis

k17/\1) c(kQ,)\z) c(kg,)\g) a(k,>\)
> [ o

—K2)2VE (Ng — K2)2VE (A3 — K2)2TE (A — k2)23
g//Fszdxdt
= = k,A)
here Fr(k,\) = —<(eX) _ Fr(k, n) = —akd)
where Fy(k, \) (1+\>\—k2\)%+6 (ks ) (1+|>\7k2|)%+5

Hence
/ / FFodxdt < R3] Falla < TRA=S Ju].



Main Analysis

/Ot U(t — 7)(Pkw)(u, u, u)(7)dr

- /0 UGt = 7) [Prwlurcea, ukcsa, uksa)(r)dr + 2 [ 10 = lucraPYu] (r)ar

I"l < TEA=S|ul®
And

I /(;t u(t — T)(/(|¢5|2 — luksaP)dx)u (T)dr|

< (Nurc+all® + 1)1 /0 U(t = 7)uk(r)d||

< T ukrall(lux+all® + lI¢11)



Main Analysis

u(®) = U(O)ow +1 [ Ut — 7)(Prw)()dr

luxll < llékllz + T Uul® + @12 Nuksall + TSATS|ufl.

Choosing T sufficiently small, depending on ||u, [|¢]|2, and hence |||

2, we get
lukll < calldllz + Slluxsall + A7,

where § > 0 is a sufficiently small constant.
A straightforward iteration r times yields

luxl

< (calléullz + Sl dusallz + - -+ + 8"l ¢ktrall2) + 6" lluktrall
+(1+6+---+67HA™S

S Nbkrralle + 0 9l + AT



Main Analysis

lukll S llék+ralla +6"llglla + A7

Assuming Ny > N (N; is sufficiently large), for an appropriate choice of r, A

(Take A such that N; — Np = %}I"MHZ - A and let r be %}I"W”Z)

Then 0"||pll2 = A3 < (N1 — Np) ™~ for some ¢5 > c3.
Hence

Numoll < llém ll2 + (N1 — No) ™.
And

llune ()12 S llém ll2 + (N2 = No) ™.
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Proof of lemmas
[¢] le]e]e}

Lemma 3

Lemma 3

Consider the solution u, v to the Cauchy problems

{ iut + Uxx + u\u|2 =0,

u(x,0) = ¢(x)
{ Ve + vxx + v|v\2 =0,
v(x,0) = ¥(x)

and assume ||¢||2 = ||2||2- Then for |t| < T(||¢||2) one has

[P (u(t) = v(EDll2 < 1Py (& = P)l2 + €

provided Ny — Np > Cre= .
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[e]e] lele}

Lemma 3

(u—v)(t) = U(t)(¢ — ) + i/ot u(t — 7)[w(u, u,u) — w(v, v, v)|(7)dr

The difference expression for u and v are both bounded by TSA=S(|ul|® + ||v|I®)
t

I [ Ut = D)(Prw)(a,u)(r)dr
0

- /0 U(e = ) [Prwluncs o, i as i) (7T +2( [ (19 = lucaP)dun] (r)ar]
< TEAS(Jul + IvVI®)

1/ CU(t = T)(Pkw)(v, v, v)(r)dr

t
= /0 U(t — 7)[Pkw(vkta, vkra, vikra)(T)dT + 2(/(le2 — vk talP)dx)uk] (T)d7||
STSAS(|Jull® + IvI®)
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Lemma 3

Since

[1opax= [ wpox

t
/ U(t — 7)[Pkw(uksa, ukta, uk+a)(T)dT — Puw(vkina, Uk+a, vkt )(T)
0

we obtain

+2 [ (0P = i) = ([ lucraPeyu + ([ vicsalPau (r)dr

w(u, u,u) — w(v, v,v) = |ul?u— |u>v + |u>v — u|v|? + u|v|? — v]v|?
— JuP (= v) + (@ — ) + [vPP(u— v)
gives

t
|||/ U(t — 7)[Pcw(uksa, uk+a, uk+a)(T)dT — Pkw(vikin, vk+a, Vik+a)(T)
0

+2 [ (0P = vi) = ([ lucraPeyu + ([ vicsalPau (r)ar

2 2
S Telukvall” + lverall”™ + o) luk+a — vicrall
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Lemma 3

For sufficiently small T, one gets
luk — vkl < llox — bill2 + dlluksn — vikyall + A7
and also
luk(t) = vik(D)ll2 < llok — xll2 + Sllukta — virall + AT
Iterate and gets for N1 > Ny
Nung = vy Il < Ny — ¥y ll2 + (N1 — No) =

and
lung (1) — v (D)l2 < |y — tomy ll2 + (N1 — No) ™
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Proof of lemmas
[e] lele)

Lemma 4

Lemma 4

Consider the solution u, v to the Cauchy problems

{ iup + Uxx + u|u|2 =0,

u(x,0) = ¢(x)
{ ive + vxx + PN(V|V|2) = 07
v(x,0) = ¢(x)

where ¢ = Py¢. Then for [t| < T(||¢||2) one has

([P (u(t) = v(2))ll2 < €

provided N — Ng > Cre~ €.




Proof of lemmas
[e]e] o)

Lemma 4

(u—v)(t) = i/ot u(t — 7)[w(u, u,u) — w(v, v, v)|(7)dT

Hence
t
(ux — vi)(t) = i/ u(t — 7)[Pkw(u, u,u) — Pkw(v, v, v)|(7)dT
0
provided K is kept less than N. As in the proof of Lemma 3, one obtains

luk — vill < Olluksa — vigall + AT

and
lux (t) = vik(B)ll2 < dllukt+a — vikrall + AT



Proof of lemmas
oooe
Lemma 4

Iterating and keeping K + rA < N yields
luk = vl < 6"(Null + IvIl) + A7,

Hence for Np < N
‘"UNU — N\g ||| S (N - N0)7CS

and
llumg (1) — vivg (£)ll2 < (N = No) ™.
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