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Cubic Schrödinger Equation

Equation

 iut + uxx + u|u|2 = 0,
u = u(x , t) periodic in x
with initial data u(x , 0) = φ(x) ∈ L2

x .

iut + uxx + A(x , t)u + B(x , t)u|u|2 = 0

with A,B real smooth functions in x , t, both periodic in x
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Cubic Schrödinger Equation

Integral equation

u(x , t) = U(t)φ+ i

∫ t

0
U(t − τ)w(τ)dτ,

where U(t) = e i∂
2
x and w := u|u|2.

e i∂
2
x φ = F−1e−ik2

Fφ,

where Fφ =
∫
e−2πixkφ(x)dx
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Wellposedness

Fixed point theorem.

Norm

|||u||| = inf
{∑

k

∫
(1 + |λ− k2|)1+ε|û(k, λ)|2dλ}

u(x , t) =
∑
k

∫
e i(kx+λt)û(k, λ)dλ on T× [0,T ]

ũ = u on T× [0,T ]
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Wellposedness

Inequalities

|||u||| ≤ ‖φ‖2 + γ(T )|||u|||3 for t ∈ [0,T ],

‖u(t)‖2 ≤ ‖φ‖2 + γ(T )|||u|||3 for t ∈ [0,T ],

where γ(T )→ 0 for T → 0.

For sufficiently small T ,
|||u|||, ‖u(t)‖2 . ‖φ‖2.

‖u(t)‖2 = ‖Fu(t)‖l2 = ‖
∫

e iλt û(k, λ)dλ‖2

= ‖
∫

e i(λ+k2)t û(k, λ+ k2)dλ‖2

= ‖
∫

(1 + |λ|)−
1
2
− ε

2 (1 + |λ|)
1
2

+ ε
2 e i(λ+k2)t û(k, λ+ k2)dλ‖2

. |||u|||.
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Wellposedness

Contraction

|||u − v ||| ≤ ‖φ− ψ‖2 + γ(T )(|||u|||2 + |||v |||2)|||u − v ||| for t ∈ [0,T ],

‖u(t)− v(t)‖2 ≤ ‖φ− ψ‖2 + γ(T )(|||u|||2 + |||v |||2)|||u − v ||| for t ∈ [0,T ],

where γ(T )→ 0 for T → 0.

For sufficiently small T ,

|||u − v |||, ‖u(t)− v(t)‖2 . ‖φ− ψ‖2.

NLSE is locally wellposed on [0,T (‖φ||2)].
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Wellposedness

Conservation ∫
T
|u(t)|2dx =

∫
T
|φ|2dx .

Local Wellposedness ⇒ Global Wellposedness

‖u(t)− v(t)‖2 ≤ c(‖φ‖2, ‖ψ‖2)|t|‖φ− ψ‖2
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Wellposedness

L2 − L4 bound

‖
∑
k

∫
e i(kx+λt)û(k, λ)‖L4(T)×[0,1] ≤ c(

∑
k

∫
(1 + |λ− k2|

3
4 )|û(k, λ)|2)

1
2

Restriction Estimates

‖û(k, k2)‖l2 . ‖u‖
L

4/3
x,t
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Modified Equation

Modified Equation


ivt + vxx + PN(v |v |2) = 0,
with data v(x , 0) = φ(x), φ = PNφ,

where PNφ =
∑
|n|≤N φ̂(n)e inx .

v =
∑
|n|≤N vn(t)e inx

Hamiltonian formulation{ dv
dt

= i ∂H
∂v̄

H(φ) = 1
2

∫
T |φ
′|2 − 1

4

∫
T |φ|

4.
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Main Theorem

Proposition 1

Consider the solution u, v to the Cauchy problems{
iut + uxx + u|u|2 = 0,
u(x , 0) = φ(x){
ivt + vxx + PN(v |v |2) = 0,
v(x , 0) = φ(x)

where φ = PNφ. Fix a positive integer N′ and a time t. Then one has an
approximation

‖PN′ (u(t)− v(t))‖2 ≤ ε

provided N > N(N′, |t|, ε, ‖φ‖2).
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Application

B(r) = {(p, q)||p|2 + |q|2 < r2} (ball)

T = {(p, q)|p2
1 + q2

1 < r2} (cylinder)

Gromovs’s squeezing Theorem

Br : some ball in L2(T),

T
(k)
r : some cylinder in L2(T) w.r.t the kth coordinate (|k| ≤ N),

SN(t) : the flow map associated to modified equation,
⇓

SN(t)(Br ) ⊂ T
(k)
R implies R ≥ r .
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Application

S(t) : the flow map corresponding to the cubic NLSE
Proposition 1 ⇒ ‖PkS(t)PN − PkSN(t)PN‖ < ε provided N > N(k, |t|, ε,B).

⇓

PkSN(t)(PNBr ) −→ PkS(t)(PNBr ) as N →∞

Proposition 2

S(t)(Br ) ⊂ T
(k)
R implies R ≥ r

ball, cylinder : centered at the origin

L2 conservation ⇒ S(−t)(Br − T
(k)
R ) ⊂ Br

⇓

S(t)(Br ) ⊂ T
(k)
R implies R ≥ r
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Proof of Main Theorem

Lemma 3

Consider the solution u, v to the Cauchy problems{
iut + uxx + u|u|2 = 0,
u(x , 0) = φ(x){
ivt + vxx + v |v |2 = 0,
v(x , 0) = ψ(x)

and assume ‖φ‖2 = ‖ψ|2. Then for |t| < T (‖φ‖2) one has

‖PN0
(u(t)− v(t))‖2 ≤ ‖PN1

(φ− ψ)‖2 + ε

provided N1 − N0 > C1ε
−C1 .
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Proof of Main Theorem

Lemma 4

Consider the solution u, v to the Cauchy problems{
iut + uxx + u|u|2 = 0,
u(x , 0) = φ(x){
ivt + vxx + PN(v |v |2) = 0,
v(x , 0) = φ(x)

where φ = PNφ. Then for |t| < T (‖φ‖2) one has

‖PN0
(u(t)− v(t))‖2 ≤ ε

provided N − N0 > C1ε
−C1 .
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Proof of Main Theorem

[0,T ] = ∪J1 [ti , ti+1], where ti+1 − ti < T (‖φ‖2)
For fixed i , compare on [ti , ti+1] the solutions to the initial value problems{

iut + uxx + u|u|2 = 0,
u(x , ti ) = u(ti )(x){
i ũt + ũxx + ũ|ũ|2 = 0,
ũ(x , ti ) = v(ti )(x){
ivt + vxx + PN(v |v |2) = 0,
v(x , ti ) = v(ti )(x)

Then
‖u(ti )‖2 = ‖v(ti )‖2 = ‖φ‖2.
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Proof of Main Theorem

N′ = N1 > N2 > · · · > NJ = N0

Lemma 3
⇓

‖PNi+1
(u(ti+1)− ũ(ti+1))‖2 ≤ ‖PNi

(u(ti )− v(ti ))‖2 + (Ni −Ni+1)−c2 for some c2 > 0

Lemma 4
⇓

‖PNi+1
(ũ(ti+1)− v(ti+1))‖2 ≤ (Ni − Ni+1)−c2 for some c2 > 0

‖PNi+1
(u(ti+1)− v(ti+1))‖2 ≤ ‖PNi

(u(ti )− v(ti ))‖2 + (Ni − Ni+1)−c2

‖PN′ (u(ti+1)− v(ti+1))‖2 ≤
∑

(Ni − Ni+1)−c2
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|||uN0
||| . ‖φN1

‖2 + (N1 − N0)−c5 .

And
‖uN0

(t)‖2 . ‖φN1
‖2 + (N1 − N0)−c5 .

uk (t) = U(t)φK + i

∫ t

0
U(t − τ)(PKw)(τ)dτ

|||uK ||| ≤ ‖φk‖2 + T c3 (|||u|||2 + ‖φ‖2
2)|||uK+∆|||+ T c3 ∆−c3 |||u|||3.

∫ t

0
U(t − τ)(PKw)(u, u, u)(τ)dτ −

∫ t

0
U(t − τ)PKw(uK+∆, uK+∆, uK+∆)(τ)dτ
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w(u, u, u) = u|u|2 =
∑

k=k1−k2+k3

∫
λ=λ1−λ2+λ3

e i(kx+λt)û(k1, λ1)û(k2, λ2)û(k3, λ3)

∑
k=k1−k2+k3

=

∑
k=k1−k2+k3,k2 6=k1,k3

−
∑

k=k1−k2+k3,k1=k2=k3

+
∑

k=k1−k2+k3,k1=k2

+
∑

k=k1−k2+k3,k3=k2
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∑
k=k1−k2+k3,k1=k2=k3

∫
λ=λ1−λ2+λ3

e i(kx+λt)û(k1, λ1)û(k2, λ2)û(k3, λ3)

=
∑
k

e ikx
∫
λ=λ1−λ2+λ3

e iλt û(k, λ1)û(k, λ2)û(k, λ3)

∑
k=k1−k2+k3,k1=k2

∫
λ=λ1−λ2+λ3

e i(kx+λt)û(k1, λ1)û(k2, λ2)û(k3, λ3)

=
∑
k,k1

∫
λ=λ1−λ2+λ3

e i(kx+(λ1−λ2+λ3)t)û(k1, λ1)û(k1, λ2)û(k, λ3)

=
∑
k,k1

Fu(k1, t)Fu(k1, t)

∫
λ3

e i(kx+λ3t)û(k, λ3)

= (

∫
|φ|2) ·

∑
k

∫
λ
e i(kx+λt)û(k, λ)
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w(u, u, u) =
∑

k=k1−k2+k3,k2 6=k1,k3

∫
λ=λ1−λ2+λ3

e i(kx+λt)û(k1, λ1)û(k2, λ2)û(k3, λ3)

−
∑
k

e ikx
∫
λ=λ1−λ2+λ3

e iλt û(k, λ1)û(k, λ2)û(k, λ3)

+ 2(

∫
|φ|2) ·

∑
k

∫
λ
e i(kx+λt)û(k, λ)
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∫ t

0
U(t − τ)w(u, u, u)(τ)dτ

=

∫ t

0
e ik

2(t−τ)
∑

k=k1−k2+k3,k2 6=k1,k3

∫
λ=λ1−λ2+λ3

e i(kx+λτ)û(k1, λ1)û(k2, λ2)û(k3, λ3)dτ

−
∫ t

0
e ik

2(t−τ)
∑
k

e ikx
∫
λ=λ1−λ2+λ3

e iλτ û(k, λ1)û(k, λ2)û(k, λ3)dτ

+

∫ t

0
e ik

2(t−τ)2(

∫
|φ|2) ·

∑
k

∫
λ
e i(kx+λτ)û(k, λ)dτ

=
∑

k=k1−k2+k3,k2 6=k1,k3

∫
λ=λ1−λ2+λ3

e ikx
e iλt − e ik

2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

−
∑
k

e ikx
∫
λ=λ1−λ2+λ3

e iλt − e ik
2t

λ− k2
û(k, λ1)û(k, λ2)û(k, λ3)

+ 2(

∫
|φ|2) ·

∑
k

∫
λ
e ikx

e iλt − e ik
2t

λ− k2
û(k, λ)
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∫ t

0
U(t − τ)(PKw)(u, u, u)(τ)dτ

=
∑

k=k1−k2+k3,k2 6=k1,k3,
|k|≤K

∫
λ=λ1−λ2+λ3

e ikx
e iλt − e ik

2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

−
∑

k,|k|≤K

e ikx
∫
λ=λ1−λ2+λ3

e iλt − e ik
2t

λ− k2
û(k, λ1)û(k, λ2)û(k, λ3)

+ 2(

∫
|φ|2) ·

∑
k,|k|≤K

∫
λ3

e ikx
e iλt − e ik

2t

λ− k2
û(k, λ)
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For ∆ ∈ N∫ t

0
U(t − τ)PKw(uK+∆, uK+∆, uK+∆)(τ)dτ

=
∑

k=k1−k2+k3,k2 6=k1,k3,
|k|≤K,min(|ki |)≤K+∆

∫
λ=λ1−λ2+λ3

e ikx
e iλt − e ik

2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

−
∑

k,|k|≤K

e ikx
∫
λ=λ1−λ2+λ3

e iλt − e ik
2t

λ− k2
û(k, λ1)û(k, λ2)û(k, λ3)

+ 2(

∫
|uK+∆|2) ·

∑
k,|k|≤K

∫
λ3

e ikx
e iλt − e ik

2t

λ− k2
û(k, λ)
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∫ t

0
U(t − τ)(PKw)(u, u, u)(τ)dτ −

∫ t

0
U(t − τ)PKw(uK+∆, uK+∆, uK+∆)(τ)dτ

=
∑

k=k1−k2+k3,k2 6=k1,k3,
|k|≤K,max(|ki |)>K+∆

∫
λ=λ1−λ2+λ3

e ikx
e iλt − e ik

2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

+

∫ t

0
U(t − τ)2(

∫
(|φ|2 − |uK+∆|2)dx)uK (τ)dτ
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∑∫
e ikx

e iλt − e ik
2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

=
∑∫

(1− ψ2(λ− k2))e ikx
e iλt

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

+
∑∫

(1− ψ2(λ− k2))e ikx
−e ik2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

+
∑∫

ψ2(λ− k2)e ikx
e iλt − e ik

2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

where ψ2 = 1 on [−1, 1] and ψ2 = 0 on R− [−2, 2].
Define

c(k, λ) = (1 + |λ− k2|)
1
2

+ ε
2 |û(k, λ)|.

Then ‖c(k, λ)‖l2L2 = |||c|||.
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|||
∑∫

(1− ψ2(λ− k2))e ikx
e iλt

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)|||

= sup
‖a‖

l2L2≤1

∫ ∫ ∑∫
(1− ψ2(λ− k2))e ikx

e iλt

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

̂
(1 + |λ− k2|)

1
2

+ ε
2 a(k, λ)dxdt

Let G(x , t) :=
̂

(1 + |λ− k2|)
1
2

+ ε
2 a(k, λ)

Then
∫ ∫

e ikxe iλtG(x , t) = (1 + |λ− k2|)
1
2

+ ε
2 a(k, λ)

Hence

|||
∑∫

(1− ψ2(λ− k2))e ikx
e iλt

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)|||

≤ sup
‖a‖

l2L2≤1

∑∫
c(k1, λ1)

〈λ1 − k2
1 〉

1
2

+ ε
2

c(k2, λ2)

〈λ2 − k2
2 〉

1
2

+ ε
2

c(k3, λ3)

〈λ3 − k2
3 〉

1
2

+ ε
2

a(k, λ)

〈λ− k2〉
1
2
− ε

2
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|||
∑∫

(1− ψ2(λ− k2))e ikx
e ik

2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)|||

= sup
‖a‖

l2L2≤1

∫ ∫ ∑∫
(1− ψ2(λ− k2))e ikx

e ik
2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

̂
(1 + |λ− k2|)

1
2

+ ε
2 a(k, λ)dxdt

Let G(x , t) :=
̂

(1 + |λ− k2|)
1
2

+ ε
2 a(k, λ). Then

∫ ∫
e ikxe ik

2tG(x , t) = a(k, k2).
And ‖a(k, k2)‖l2 ≤ ‖â(x , t)‖

L
4/3
x,t

. ‖â(x , t)‖L2
x,t

= ‖a(k, λ)‖l2L2

Hence

|||
∑∫

(1− ψ2(λ− k2))e ikx
e ik

2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)|||

≤ sup
‖b‖

l2
≤1

∑∫
c(k1, λ1)

〈λ1 − k2
1 〉

1
2

+ ε
2

c(k2, λ2)

〈λ2 − k2
2 〉

1
2

+ ε
2

c(k3, λ3)

〈λ3 − k2
3 〉

1
2

+ ε
2

b(k)

〈λ− k2〉
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|||
∑∫

ψ2(λ− k2)e ikx
e iλt − e ik

2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)|||

= sup
‖a‖

l2L2

∫ ∫ ∑∫
ψ2(λ− k2)e i(kx+k2t) e

i(λ−k2)t − 1

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)

̂
(1 + |λ− k2|)

1
2

+ ε
2 a(k, λ)dxdt

Let G(x , t) :=
̂

(1 + |λ− k2|)
1
2

+ ε
2 a(k, λ).

By Taylor series expansion, we have e i(λ−k2)t−1
λ−k2 =

∑∞
j=1

1
j!

(λ− k2)j−1(it)j .

Then
∫ ∫

e ikxe ik
2t(it)jG(x , t) = ̂(it)jG(x , t)(k, k2).

Since u is defined on T× [0,T ], we may assume that G(x , t) is same.

̂(it)jG(x , t)(k, k2) =

∫
(̃it)jψ1(τ)Ĝ(x , t)(k, k2 − τ)dτ

=

∫
(̃it)jψ1(τ)(1 + |τ |)

1
2

+ ε
2 a(k, k2 − τ)dτ,

where ψ1 is 1 on [0, 1] and 0 on R− [0, 2].
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‖ ̂(it)jG(x , t)(k, k2)‖l2 ≤ ‖a(k, k2 − τ)‖l2 ≤ ‖e
−ixτ â(x , t)‖

L
4/3
x,t
≤ ‖e−ixτ â(x , t)‖L2

x,t
.

Hence

|||
∑∫

ψ2(λ− k2)e ikx
e iλt − e ik

2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)|||

≤ sup
‖b‖

l2
≤1

∑∫
c(k1, λ1)

〈λ1 − k2
1 〉

1
2

+ ε
2

c(k2, λ2)

〈λ2 − k2
2 〉

1
2

+ ε
2

c(k3, λ3)

〈λ3 − k2
3 〉

1
2

+ ε
2

b(k)

〈λ− k2〉
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|||
∑∫

e ikx
e iλt − e ik

2t

λ− k2
û(k1, λ1)û(k2, λ2)û(k3, λ3)|||

≤ sup
‖a‖

l2L2≤1

∑∫
c(k1, λ1)

〈λ1 − k2
1 〉

1
2

+ ε
2

c(k2, λ2)

〈λ2 − k2
2 〉

1
2

+ ε
2

c(k3, λ3)

〈λ3 − k2
3 〉

1
2

+ ε
2

a(k, λ)

〈λ− k2〉
1
2
− ε

2

+ sup
‖b‖

l2
≤1

∑∫
c(k1, λ1)

〈λ1 − k2
1 〉

1
2

+ ε
2

c(k2, λ2)

〈λ2 − k2
2 〉

1
2

+ ε
2

c(k3, λ3)

〈λ3 − k2
3 〉

1
2

+ ε
2

b(k)

〈λ− k2〉

Define a(k, λ) = b(k)

〈λ−k2〉
1
2
− ε

2

.
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∑∫
c(k1, λ1)

〈λ1 − k2
1 〉

1
2

+ ε
2

c(k2, λ2)

〈λ2 − k2
2 〉

1
2

+ ε
2

c(k3, λ3)

〈λ3 − k2
3 〉

1
2

+ ε
2

a(k, λ)

〈λ− k2〉
1
2

+ ε
2

≤
∫ ∫

F 3
1 F2dxdt

where F̂1(k, λ) = c(k,λ)

(1+|λ−k2|)
3
8

, F̂2(k, λ) = a(k,λ)

(1+|λ−k2|)
3
8

Hence ∫ ∫
F 3

1 F2dxdt ≤ ‖F1‖3
4‖F2‖4 ≤ c · ‖c‖3

l2
k
L2
λ

= c|||u|||3.
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−k2 + k2
1 − k2

2 + k2
3 = −2k2

2 + 2k1k2 + 2k3k2 − 2k1k3 = 2(k1 − k2)(k2 − k3).

Hence

max(|λ1 − k2
1 |, |λ2 − k2

2 |, |λ3 − k2
3 |, |λ− k2|) ≥

1

2
|k2 − k1||k2 − k3|.

Actually

|λ1 − k2
1 |+ |λ2 − k2

2 |+ |λ3 − k2
3 |+ |λ− k2|

≥ |(λ1 − k2
1 )− (λ2 − k2

2 ) + (λ3 − k2
3 )− (λ− k2)|

= | − k2 + k2
1 − k2

2 + k2
3 |.

And |k − ki | ≤ |k1 − k2|+ |k3 − k2|. Assumption |k| ≤ K ,max |ki | > K + ∆ and
k2 6= k1, k3(|k2 − k1|, |k3 − k2| ≥ 1) gives

max(|λ1 − k2
1 |, |λ2 − k2

2 |, |λ3 − k2
3 |, |λ− k2|) ≥ ∆
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if − 1
2
< b′ ≤ b < 1

2
, then for any 0 < T < 1 we have

‖(1 + |λ− k2|)b
′ ̂ψ1(t/T )u‖l2

k
L2
λ
≤ T b−b′‖(1 + |λ− k2|)b û‖l2

k
L2
λ

By interpolating with the trivial case b′ = b, we may assume that b′ = 0

‖ ̂ψ1(t/T )u‖l2
k
L2
λ
≤ T b‖(1 + |λ− k2|)b û‖l2

k
L2
λ

for 0 < b <
1

2
.

Two cases : 〈τ − k2〉 ≥ 1
T

, 〈τ − k2〉 ≤ 1
T

.

1. 〈τ − k2〉 ≥ 1
T

:

‖ ̂ψ1(t/T )u‖l2
k
L2
λ

= ‖(1 + |λ− k2|)−b(1 + |λ− k2|)b ̂ψ1(t/T )u‖l2
k
L2
λ

≤ T b‖(1 + |λ− k2|)b û‖l2
k
L2
λ
.
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2. 〈τ − k2〉 ≤ 1
T

:

‖u(t)‖L2
x

= ‖Fu(t)‖l2
k

≤ ‖
∫
〈τ−k2〉≤ 1

T

|û(τ, k)|dτ‖l2
k

= ‖
∫
〈τ−k2〉≤ 1

T

〈τ − k2〉−b〈τ − k2〉b|û(τ, k)|dτ‖l2
k

≤ T b− 1
2 ‖(
∫
〈τ−k2〉≤ 1

T

〈τ − k2〉2b|û(τ, k)|2dτ)
1
2 ‖l2

k

= T b− 1
2 ‖(1 + |λ− k2|)b û‖l2

k
L2
λ

Hence

‖ ̂ψ1(t/T )u‖l2
k
L2
λ

= ‖ψ1(t/T )u‖L2
x,t

≤ (

∫ T

0
(T b− 1

2 ‖(1 + |λ− k2|)b û‖l2
k
L2
λ

)2dt)
1
2

≤ T b‖(1 + |λ− k2|)b û‖l2
k
L2
λ
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∑∫
c(k1, λ1)

〈λ1 − k2
1 〉

1
2

+ ε
2

c(k2, λ2)

〈λ2 − k2
2 〉

1
2

+ ε
2

c(k3, λ3)

〈λ3 − k2
3 〉

1
2

+ ε
2

a(k, λ)

〈λ− k2〉
1
2

+ ε
2

≤
∫ ∫

F 3
1 F2dxdt

where F̂1(k, λ) = c(k,λ)

(1+|λ−k2|)
3
8

+ε̃
, F̂2(k, λ) = a(k,λ)

(1+|λ−k2|)
3
8

+ε̃

Hence ∫ ∫
F 3

1 F2dxdt ≤ ‖F1‖3
4‖F2‖4 ≤ T c3 ∆−c3 |||u|||3.
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∫ t

0
U(t − τ)(PKw)(u, u, u)(τ)dτ

−
∫ t

0
U(t − τ)

[
PKw(uK+∆, uK+∆, uK+∆)(τ)dτ + 2(

∫
(|φ|2 − |uK+∆|2)dx)uK

]
(τ)dτ

|||”||| ≤ T c3 ∆−c3 |||u|||3

And

|||
∫ t

0
U(t − τ)(

∫
(|φ|2 − |uK+∆|2)dx)uK (τ)dτ |||

≤ (|||uK+∆|||2 + ‖φ‖2)|||
∫ t

0
U(t − τ)uK (τ)dτ |||

≤ T c3 |||uK+∆|||(|||uK+∆|||2 + ‖φ‖2)
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uk (t) = U(t)φK + i

∫ t

0
U(t − τ)(PKw)(τ)dτ

|||uK ||| ≤ ‖φk‖2 + T c3 (|||u|||2 + ‖φ‖2
2)|||uK+∆|||+ T c3 ∆−c3 |||u|||3.

Choosing T sufficiently small, depending on |||u|||, ‖φ‖2, and hence ‖φ‖2, we get

|||uK ||| ≤ c4‖φk‖2 + δ|||uK+∆|||+ ∆−c3 .

where δ > 0 is a sufficiently small constant.
A straightforward iteration r times yields

|||uK |||
≤ (c4‖φk‖2 + δ‖φk+∆‖2 + · · ·+ δr‖φk+r∆‖2) + δr |||uK+r∆|||

+ (1 + δ + · · ·+ δr−1)∆−c3

. ‖φk+r∆‖2 + δr‖φ‖2 + ∆−c3
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|||uK ||| . ‖φK+r∆‖2 + δr‖φ‖2 + ∆−c3

Assuming N1 > N0 (N1 is sufficiently large), for an appropriate choice of r ,∆

(Take ∆ such that N1 − N0 = −c3 ln ∆−ln ‖φ‖2
ln δ

·∆ and let r be −c3 ln ∆−ln ‖φ‖2
ln δ

).

Then δr‖φ‖2 = ∆−c3 ≤ (N1 − N0)−c5 for some c5 > c3.
Hence

|||uN0
||| . ‖φN1

‖2 + (N1 − N0)−c5 .

And
‖uN0

(t)‖2 . ‖φN1
‖2 + (N1 − N0)−c5 .
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Lemma 3

Lemma 3

Consider the solution u, v to the Cauchy problems{
iut + uxx + u|u|2 = 0,
u(x , 0) = φ(x){
ivt + vxx + v |v |2 = 0,
v(x , 0) = ψ(x)

and assume ‖φ‖2 = ‖ψ‖2. Then for |t| < T (‖φ‖2) one has

‖PN0
(u(t)− v(t))‖2 ≤ ‖PN1

(φ− ψ)‖2 + ε

provided N1 − N0 > C1ε
−C1 .
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Lemma 3

(u − v)(t) = U(t)(φ− ψ) + i

∫ t

0
u(t − τ)[w(u, u, u)− w(v , v , v)](τ)dτ

The difference expression for u and v are both bounded by T c3 ∆−c3 (|||u|||3 + |||v |||3)

|||
∫ t

0
U(t − τ)(PKw)(u, u, u)(τ)dτ

−
∫ t

0
U(t − τ)

[
PKw(uK+∆, uK+∆, uK+∆)(τ)dτ + 2(

∫
(|φ|2 − |uK+∆|2)dx)uK

]
(τ)dτ |||

. T c3 ∆−c3 (|||u|||3 + |||v |||3)

|||
∫ t

0
U(t − τ)(PKw)(v , v , v)(τ)dτ

−
∫ t

0
U(t − τ)

[
PKw(vK+∆, vK+∆, vK+∆)(τ)dτ + 2(

∫
(|ψ|2 − |vK+∆|2)dx)uK

]
(τ)dτ |||

. T c3 ∆−c3 (|||u|||3 + |||v |||3)
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Lemma 3

Since ∫
|φ|2dx =

∫
|ψ|2dx

we obtain∫ t

0
U(t − τ)

[
PKw(uK+∆, uK+∆, uK+∆)(τ)dτ − PKw(vK+∆, uK+∆, vK+∆)(τ)

+ 2

∫
(|φ|2)(uK − vK )− (

∫
|uK+∆|2dx)uK + (

∫
|vK+∆|2dx)vK

]
(τ)dτ

w(u, u, u)− w(v , v , v) = |u|2u − |u|2v + |u|2v − u|v |2 + u|v |2 − v |v |2

= |u|2(u − v) + uv(ū − v̄) + |v |2(u − v)

gives

|||
∫ t

0
U(t − τ)

[
PKw(uK+∆, uK+∆, uK+∆)(τ)dτ − PKw(vK+∆, vK+∆, vK+∆)(τ)

+ 2

∫
(|φ|2)(uK − vK )− (

∫
|uK+∆|2dx)uK + (

∫
|vK+∆|2dx)vK

]
(τ)dτ |||

. T c3 (|||uK+∆|||2 + |||vK+∆|||2 + ‖φ‖2)|||uK+∆ − vK+∆|||
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Lemma 3

For sufficiently small T , one gets

|||uK − vK ||| ≤ ‖φK − ψK‖2 + δ|||uK+∆ − vK+∆|||+ ∆−c3

and also

‖uK (t)− vK (t)‖2 ≤ ‖φK − ψK‖2 + δ|||uK+∆ − vK+∆|||+ ∆−c3

Iterate and gets for N1 > N0

|||uN0
− vN1

||| ≤ ‖φN1
− ψN1

‖2 + (N1 − N0)−c5

and
‖uN0

(t)− vN1
(t)‖2 ≤ ‖φN1

− ψN1
‖2 + (N1 − N0)−c5
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Lemma 4

Lemma 4

Consider the solution u, v to the Cauchy problems{
iut + uxx + u|u|2 = 0,
u(x , 0) = φ(x){
ivt + vxx + PN(v |v |2) = 0,
v(x , 0) = φ(x)

where φ = PNφ. Then for |t| < T (‖φ‖2) one has

‖PN0
(u(t)− v(t))‖2 ≤ ε

provided N − N0 > C1ε
−C1 .
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Lemma 4

(u − v)(t) = i

∫ t

0
u(t − τ)[w(u, u, u)− w(v , v , v)](τ)dτ

Hence

(uK − vK )(t) = i

∫ t

0
u(t − τ)[PKw(u, u, u)− PKw(v , v , v)](τ)dτ

provided K is kept less than N. As in the proof of Lemma 3, one obtains

|||uK − vK ||| ≤ δ|||uK+∆ − vK+∆|||+ ∆−c3

and
‖uK (t)− vK (t)‖2 ≤ δ|||uK+∆ − vK+∆|||+ ∆−c3
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Lemma 4

Iterating and keeping K + r∆ < N yields

|||uK − vK ||| ≤ δr (|||u|||+ |||v |||) + ∆−c3 .

Hence for N0 < N
|||uN0

− vN0
||| ≤ (N − N0)−c5

and
‖uN0

(t)− vN0
(t)‖2 ≤ (N − N0)−c5 .
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