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KdV equation

We consider

Periodic KdV equation

(KdV) ou = u@xu+8§u, t>0, €T
uw(0,z) =u’(z), €T

where T = R/27Z and w is a real valued.

Goal

Our goal is to obtain the well-posedness of (KdV) in Sobolev space
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Conservation law

If u is a solution of (KdV), then

Conservation law

We can assume f()% )dz: = O by the transform u — u — p,

x+—>x—,utfor,u:2if
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Initial condition

Definition
For s € R,

H* -

1 grs

fre =

21

o]

1/2

= Z ’k|2s|fk|2 y Lo = Z\{0}7

kEZo
1

—ikx
o f( Je " dx.

1] g7
F@)da =0, [Ifll. < oo} ,

0 For u C([O,T];Hs), () = ()i = 5= Jo
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Integral form

(KdV) can be rewritten
1

. 3 ,
u(t) = el%2y0 4 2/ (=%, (u(t/)Q) dt'.
0

We put
o(t) = e Piu(t), v =0 (ie. v(t) = e luy(t)).
Equation for v is following:

Integral form of KdV

t
(K0) o(t) = UO+/0 By (v,v)(t)dt'.

Where 1
Bi(v,w)y := 511@ E elBFRR2ty g,
k1+ko=k
kl,kQGZO
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]
Main Theorem

Theorem (BIT11, Thm 4.6, 5.5, 6.5, 6.6, 6.7)

QO Lets>0. (KdV)is uncondltlonally globally well-posed in H®. More
precisely, for any T'> 0 and v0 € H¥, there exists an unique solution
v e C([0,T]; H*) of (K0O) ont € [O T] Furthermore, the
data-to-solution map S : H® 3 v° +— v € C([0,T); H?) is Lipschitz
continuous.

Q let—-1<0<0andT >0. If
1001 g0 + 1wl go < M

holds for some M > 0, then v = S(v°) and w = S(w®) satisfy

10 = wll oo 077,50y < Co(M,8)C1L(M, 0)" ||[v° — || go-
((0,T};H?)

Main tools are “Normal form method” and “Time averaging induced

squeezing”.
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-
Difficulty

Since Bj(v,v) contains a derivative (i.e. there is a derivative loss), we
cannot close the iteration argument in C([0,T]; H®) for (KO).

Point

To recover the derivative loss, we will use the Normal form method.

We use the following symbols:

*

> eyY.oy o= %

ki+ko=k ki+ko=k ki+ko+ks=k ki1+ko+ks=k
k1,k2€Z0 k1,k2,ks€Zo
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First reduction

For the solution of (K0), we have
(Ow), = Bi(v,v)g

1 *
— ilk Z 613kk1k2tvk1 Vky

k1+ko=k

1 * ei3kk1k2t

=—0 — 5 Uk, Uk

6 ki1k 1o
kitho=k 12
1 * ei?)kklkgt

-4 Z (wﬂ atka + (8tvk1)vk2)

6 ok kiko

. %@(Bg(i},l))k) o1

by using the differentiation by parts in time.
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First reduction

By the symmetry (for k; and k2) and the equation 0,v = Bi(v,v),
1 * €i3k’]€1k’2t

I =- — Vg atvk
3 k1k ! 2
kitho=k L2
1 * ei3kk1]€2t
= g valBl (’U,’U)k2

k1 -‘rk:z—k
3(kk1ko+kaafB)t

:é Z Z —vklvavg

k1+ko=k a+p=ks

i * ei3(k1+k2)(ka+ks)(ks+k1)t
== V1 Vky Vg
6 kl 1 2 3
k1+ko+k3z=k
ko+ks#£0
7
=: gRg(v,v,v)k.

O We used the transform (v, 8, ka) — (k2, ks, ko + k3), in the forth equality.
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First form of KdV

(K0) can be rewritten

First form of KdV

1
(K1) v(t):v0+6(32(v,v)() Bs(v,v)( —/RgU’U’U (t")dt'.
where
* €i3kk1k‘2t
BQ(U, U)k = WU}glvkz,
kytka=k 172
* 13(k1+k2)(ka+k3)(ks+k1)t
R3(u,v,w)y = ) +kz+:k . ‘ I Uy Uy W -
lkz-ﬁk:sio
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Estimate for R3

Remark

For s > 1/2, we have

|1 B3, v, w)|| s S vl grs 101 s 0] s

But for s < 1/2, we cannot obtain the same estimate.
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Resonant and Nonresonant
We put

k= (ki ka, ks) € Zo, (k) := (k1 + k) (ks + k3) (ks + k1)

> - > 3 - %

k1+ko+ks=k ki+ko+ka=k ki+ko+ks=k k1+ko+ks=k
k1,kz2,k3,k2+k37#0 k1,k2,k3,k2+k3#0
®(k)=0 B (k)0

and define

res
Ukey Vky Wheg
Ryes(wv,w) =y Ualhets
k1+ko+ks=k !
nres o130 (F)t
Rsnres (u7 v, U)) = Uy Vo Wiy -
k1+ka+ks=k

Then R3(u,v,w) = Rgres(t, v, w) + Rapres(u, v, w).
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Calculation for the resonant part

We note that

res

)RS SIS DI

kit+kotks=k  m=1 (k1,ks,k3)ESm

Siiki+hky=0, ky+ks#0, ks+k1 =0 k= (—k,k k)
Syiky+hy =0, ky+hs#0, ks+h #£0ek=(j,—jk), il #k
Sy ki 4+ ko #£0, ko+ks#£0, ks+k1 =0 k= (j,k,—5), il #k

Therefore

3
vklvk2vk3
RSres(UaU>U) = § § T
1

=1 (k17k27k3)657n

V_kUEVE ViV_;V ViVEU_5
_ T 4 § A + E Q
- . ' J ) ‘ J
J€Zo,|j|#k J€Zo,|j|#k
2
|vk|
= Vg = Ares(V) k.
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Second reduction for nonresonant part

For the solution of (K0), we have

RBnres (U> v, U)
nres o130 (F)t
= Uk Uk, Uk
k 1 2 3

ki+ko+ks=k
1 5 nres eigq,(];')t
—5-0t Z = Vky Vky Uks
31
byt ths=k K12 (K)

1 nres zd@( t

k)
3 ki+ko+kz= k (k)

=: %&/(Bg(’u,v,v)k) — 11

((atvlﬂ )Uk?Q Vkg + Uk, (8tvk2)vk3 + Uk, vkzatvka)

by using the differentiation by parts in time.
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Second reduction for nonresonant part

By the symmetry (for k2 and k3) and the equation 0,v = B (v,v),
1 nres i3®(k)t
1= °
L k1+ko+ks=k kl(I)( )
1 nres o130 (F)t
- 2 = (Bl (va)lﬂvlkas + 20k, v, B1 (va)k:s)
3 kot hy—i M1 (R)

1
= 6B4(v,v,v,v)k.

((Ovky ) Vky Uiy + 20k, Uiy Or Uk

!
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Second form of KdV

(K1) can be rewritten

Second form of KdV

(K2) o(t) =2 + ¢ (Ba(w,0)(¢) — Ba(v,0)(0)

- 15 (Bs()(0) ~ By(0)(0)

g

i (4e0)) - gBs0IE) ) at

Where B3(v) := Bs(v,v,v), By(v) := By(v,v,v,v),

nres RELIOL
Bs(u,v,w)y := E ————=— Uk, Uky Vky
ki+ko+ks=k qu)(k)
nres ci3® ()t
By (u7 v, w, @)k = = (Bl (u7 v)kl Wiy Phs + 2Uk, Vg, By (w7 @)ks)
b tha ks =k F12(K)
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Existence and a priori estimate

Theorem (BIT11, Thm 4.6)

Let s >0 and T > 0. There exists the solution v € L>([0,T]; H®) of
(KO). Furthermore, v satisfies the equations (K1) and (K2) and a priori
estimate

HUHLoo([o,T};Hs) < M(s, T, ||UO||Hs)‘

Existence of the solution is proved by Galerkin approximation and
compactness argument. For the detail of the proof of existence, see proof
of Thm 4.6 in [BIT11].

Remark

Existence for s = 0 follows from existence for s > 0 and Lipschitz estimate
for s = 0 (See, proof of Thm 6.6).
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|
Key estimates to obtain a priori estimate

A priori estimate is proved by using following estimates:

Proposition (BIT11, Lemm A.2, A7, A.13, A.16)

For s > 0, we have

1) 1182, )l grove S lfull el ol for 0 < e < 1.

2) 118w, 0,0) ve S Ilull N0l ol . for 0 < e < 2
)

)

V||
3) ||Ba(u, v, w, ¢)| |l - for 0 < e < 1/2.

wl

ga ol gl |wl | s
iIOHvHH for 0 <e<1.

frote Sl

v

(
(
(
(

4) || Ares(0)|l grote S|

Remark

The estimate (1) holds also for —3/4 < s <0 and 0 < e < 3/4.
The estimate (2) holds also for s > —1/4.
The estimate (4) holds also for s < 0.

For the detail of the proof of a priori estimate, see proof of Thm 4.4 in [BIT11].
Study for (BIT11) e
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-
Difficulty

We put y(t) := v(t) — v". Then (K2) can be written

(K2)' y() ~ 3 Bale®, ) (1) = £ Bay, ) (1) — 12 (Bsly +0)(t) ~ Bs(1)(0))
5 [ (Al 0) = gaty + 0000 )

1 1 i
=i - —Jy—=J5).
( 67" 1877 63)

Difficulty
Lipschitz constant in L>°([0,T]; H®) is not small because of .J. ’

0 If ¢ > 0 is small enough (thus y is also small in L°([0,T]; H*) since
y(0)=0), then J; and J3 have a small Lipschitz constant by the estimate
for Bo, B4, Ares and the smallness of y.
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Time averaging induced squeezing

For n € N, we define

ug if k| <n
Hotse = ([Tntu)i = { (f if |k| >n
I, :=Id—1I,
R:(az)reso(% v,w) 1= Ranres(u, I_pv, II_w)
Ri(%z)resl(u? v, w) = Ranres(u, v, w) — Rgﬁ)reso(u, v, w).

Before second reduction, we split R3nres as Ranres = Réﬁ)reso + Réﬁlesl and
(n)

3nres0-

apply the reduction to only R
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Third form of KdV

(K2)' can be rewritten
Third form of KdV

(K3) (1) — 3 Ba(oy)(1)

1 1 n n
= B0, 9)(®) - 35 (B +")(0) - B ()(0)
.t
Z n ]-
5 /0 <Arcs(y +0O)#) + R (g + 00)(F) — 6B§3> (y + vO)(t’)) dt'.
Where
Bigg) (U) = B3 (’U, I1_,v, H—n”)y
(n) nres eig(}.(g)t
B (v) :== ———— (B1(v,0) gy T g, Ty 0y
ki+ko+ks=k qu)(k)

+2vg, g, 11, By (v, U)ks) .
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Key estimates

The uniqueness and Lipschitz dependence in C([0, T'; H?#) for s > 0 (also for
s > —1 with H%-bounded initial data) is proved by following estimates.
Proposition (BIT11, Lemm 6.1, A.6, A.12, A.14, A.15)
(1) Forany0 < s<1anda>0,
1Rt (0, w0) |z S 1+l ol [0l e [0l .-
(2) For any —7/4 < s <0,
1B2(u, v)ll g+ S lull grol|v]| g7

(3) For any s > —1, there exists o > 0 such that

1855 (0) = B ()l g« S n (el g0 + [el] o)l = wll

(4) For any —3/2 < s < 1/2,

1B (0) — BEg ()] o S (0] g0 + 11| 70)? |0 — ]| 176
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