Ch. 5 Determinants

Ring
Determinant functions

Existence, Uniqueness and
Properties



Rings

* Aring is a set K with operations

— (Xy)->Xx+y.
— (Xy)->xy.
— (a) K'is commutative under +
— (b) (xy)z=x(yz)
— (C ) xX(y+z)=xy+xz, (y+z)x=yx+zx
 If xy=yx, then K is a commutative ring.

o If there exists 1 s.t. 1x=x1=x for all x in K,
then K'is a ring with 1.



Fields are commutative rings.
F[x] is a commutative ring with 1.

Z the ring of integers is a commutative
ring with 1. Not a field
Z +12,Z +\2Z, Myn(F), Mpsn(Z), L(V)

Rings with 1. Two are commutative.

Z.. n any positive integer is a
commutative ring with 1.
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+ Definition: M., (K)={An, | 8;in K}, K a
commutative ring with 1.
— Sum and product is defined
— A(B+C)=AB+AC
— A(BC)=(AB)C.
— m=n case: This will be a ring (not
commutative in general)

* We introduce this object to prove some
theorems elegantly in this book.



5.2. Determinant functions
Existence and Uniqueness

« K™n =fnxn matrices over K} = {n tuple of
n-dim row vectors over K}

* n-linear functions
D: K-> K A ->D(A) in K.

— D is n-linear if D(r4,..., Myeeess r,) is a linear

function of r; for each i. r;=ith row.

D(ay,....ca; + oy .yan) = cD(ag,...,qy...,0p)
+  D(ay,.,0ly...,(p)



Example: D(A) := a A(1,ky)...,A(n,k,),
1< ki =n, A(i,)):= A

This is n-linear: n=3, k,=2,k,=3, k;=3
D(A) =cA(1,2)A(2,3)A(3,3)

— D(ay,day+a,’ ,a3) = ca;y(dass+a’ y3)as;
— = cda,8y3853 . CA128 3833

— = dD(ay,a,a;)* D(ay,a; ,a;)

Proof: D(...,a,...)= A(i,k)b
D(....,ca+a’;,...)= (cA(i,k)+A’ (i,k))b

=cD(...,a,...)+D(...,.a ,...).



« Lemma: A linear combination of n-linear
functions is n-linear.

* Definition: D is n-linear. D is alternating if
— (a) D(A)=0 if two rows of A are equal.

— (b) If A’ is obtained from A by interchanging two
rows of A, then D(A)=-D(A").

» Definition: K a commutative ring with 1.

D is a determinant function if D is n-
linear, alternating and D(l)=1.

(The aim is to show existence and uniqueness
of D)



 A1x1 matrix D(A) = A. This is a

determinant function. This is unique
one.

+ A 2x2 matrix. D(A):=A,A,-A,,A,,.
— This is a determinant function
« D(I)=1.
« 2-linear since sum of two 2-linear functions

 Alternating. Check (a), (b) above.
* This is also unique:



D(A) D(A11€1 + Ar2e, D(Az1€1 + Agoer)
D(A;i€1, Agi €1 + Ager) + D(Aj2€2, A€ + Ag€r)
D(Ai1€1,As1€1) + D(Ar1€1, Assea) + D(Aj2€2, Asi€1) + D(Ai2€2, Azer)
A11A21D(€1,€1) + A11A2eD(€1,€2) + A12A21D(€2,€1) + A12A22(€2,€2)

A11 Az — A12An

D(e1,€1) = D(ez,€e2) =0
D(es,€1) = —D(€1,€2) = —D(I) = —1



 Lemma: D nxn n-linear over K.
D(A)=0 whenever two adjacent rows are
equal =» D is alternating.
Proof: We show

— D(A)=0 if any two rows of A are equal.

— D(A’ )=-D(A) if two rows are interchanged.

— (i) We show D(A’ )=-D(A) when two
adjacent rows are interchanged.

- 0=D(..., a+a,,,ata,,,...)
=D(...., a,a,...)+ D(...,a,a.,q,....)
+D(...., a4, a,.... )+D(...,ai+1 y Qipq yeee )



— (ii) Say B is obtained from A by interchanging row i
with row j. I<].
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. D(B)= (-1)20-)-1 D(A), D(B)=-D(A).
— (iii) D(A)=0 if A has two same i, j rows:
Let B be obtained from A so that has same
adjacent rows. Then D(B)=-D(A), D(A)=0.



Construction of determinant functions:

— We will construct the functions by induction
on dimensions.

Definition: n>1. A nxn matrix over K.
A(l[)) (n-1)x(n-1) matrix obtained by
deleting ith row and jth column.

If D is (n-1)-linear, A nxn, define
D;(A) = DIA(i])].
Fix J. Define

E;(A) : Z( 1) A;; Dy (A)



 Theorem 1: n>1.
— E; is an alternating n-linear function.
— |f D is a determinant, then E;is one for
each |.

* This constructs a determinant function
for each n by induction.

» Proof: D;(A) is linear of any row except
the ith row.
— A; Dy(A) is n-linear
— E;is n-linear



— We show E;(A)=0 if A has two equal
adjacent rows.

« Say a,=a,,,. D[A(i|j)] =0 if i=k, k+1.
Ej (A) — (—1)k+jAijkj (A) + (_1)k+1+jA(k+l)jD(k+l)j(A)

o = Qk41, Akj = Ak+1)j> Drj(A) = Dey1);(4)

* Thus E;(A)=0. E;is alternating n-linear function.
— If D is a determinant, then so is Ej.

EJ (Inxn) = E(_l)i+jlllej (I) = (_1)2j511D]j (I) = D(I(n—l)x(n—l)) = 1
i=1



» Corollary: K commutative ring with 1.
There exists at least one determinant

function on KMn,
e Proof: Kx1 K2x2 exists

Kn-1xn-1 exists -> K™ exists by Theorem
1.



Uniqueness of determinant
functions

Symmetric group Sn

={f:{1,2,...,n} -> {1,2,...,n}|f one-to-one, onto}
Facts: Any f can be written as a product of
interchanges (i,)):

— Given f, the product may be many.

— But the number is either even or odd depending
only on f.

Definition: sgn(f) = 1 if fis even, =-1 if f is odd.



 Claim: D a determinant
D(€s1y.eey€on) = £D(€1,...,€6,) = £1

D(€51y.evy €gn) = SGNO

* Proof: D(é1,-+€sn) is obtained from |
by applying t1, - ,tm to D(l).
— Each application changes the sign of the
value once.

« Consequence: sgn is well-defined.



We show the uniqueness of the
determinant function by computing its
formula.

Let D be alternating n-linear function.
A a nxn-matrix with rows a,,...,a,.
e,..., €, rows of |.

o; — ZA(’L,])EJ
71=1



3
=
||

D(EJ A(l,j)éj, a9, ..., Ozn)
Zkl A(1,k1)D(ek, , g, ..., tn)

Q9 =— Z A(2, k2)€k2
ko

D(€k,, Dy, A(2,k2)é€x,, ..., an)
Zk2 A(2,k0)D (€, s €kpy veey Qp)
Dok, AL k1) 3oy, A(2,k2)D(€k, , €ky s -oey Oin)

D(ek,, 2, ...,an)

D(A)

* By induction, we obtain
D(A) = Zkl,kg,...,kn A(l’ kl)A(z’ kz) -+ A(n, kn)D(ekl s €k eeey Ekn)



D(€k,y..r €k, ) =0 o
o If {ki,..,k.} 1S not distinct.

* Thus {1,...,n}->{k,,....k,} is a
permutation.

D(A)= )  A(1,01)A(2,02)--- A(n,on)D(€s1, ...., €on)

ocES,

D(A) = ) sgnoA(l,01)A(2,02) - A(n,on)D(I)

cES,

det(A) = Z sgnoA(1,01)A(2,02) --- A(n,on)

ocES,



* Theorem 2: D(A) = det(A)D(l) for D alternating
n-linear.

— Proof: proved above.

* Theorem 3: det(AB)=(detA)(det B).

* Proof: A, B nxn matrix over K.
— Define D(A)=det(AB) for B fixed.
— D(a4,...,a,)= det(a,B,...,a,B).
— D is n-linear as a -> aB is linear.
— D is alternating since if a;=a ,,{, then D(A)=0.



— D(A) =det A D(l).
— D(l) = det(IB)=det B.
— det AB = D(A)=detA det B.
* Fact: sgn:S, -> {-1,1} is a homomorphism.
That is, sgn(ot)=sgn(o)sgn(t).
* Proof: 6 =0,...0,, T=1,...T
interchanges. ot = 0,...0,T;... T
* Another proof:
sgn(ot) = det(ot(l))= det(o(I)t(I))
= det(o(I))det(t(I)) = sgn(o)sgn(t)



