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Preface

Warning: This draft is still temporary and not final. ‘

Let G be a Lie group acting transitively on a manifold X. An (X, G)-geometry is given
by this pair. Furthermore, an (X, G)-structure on an orbifold or a manifold is an atlas of
charts to X with transition maps in G. Here, we are concerned with G = PGL(n+ 1,R)
and X = RP".

Cartan, Ehresmann, and others started the field of (X,G)-structures. Subjects of
(X, G)-structures were popularized by Thurston and Goldman among many other people.
These structures provide a way to understand representations and their deformations giv-
ing us viewpoints other than algebraic ones. Our deformation spaces often parameterize
significant parts of the space of representations.

Since the examples are easier to construct, even now, we will be studying orb, a natural
generalization of manifolds. Also, computations can be done fairly well for simple exam-
ples. We began our study with Coxeter orbifolds where the computations are probably the
simplest possible.

Thurston did use the theory of orbifolds in a deep way. The hyperbolization of Haken
3-manifold requires the uses of the deformation theory of orbifolds where we build from
hyperbolic structures from handlebodies with “scalloped” orbifold structures. (See Morgan
[133].) We do not really know how to escape this step, which was a very subtle point that
some experts misunderstood. Also, orbifolds are natural objects obtained when we take
quotients of manifolds by fibrations and so on. These are some of the reasons we study
orbifolds instead of just manifolds.

Classically, conformally flat structures were studied much by differential geometers.
Projectively flat structures were also studied from Cartan’s time. However, our techniques
are much different from their approaches.

Convex real projective orbifolds are quotient spaces of convex domains on a projec-
tive space RIP" by a discrete group of projective automorphisms. Hyperbolic manifolds
and many symmetric manifolds are natural examples. These can be deformed to one not
coming from simple constructions. The study was initiated by Kuiper [116], Koszul [114],
Benzécri [25], Vey [151], and Vinberg [153], accumulating some class of results. Closed
manifolds or orbifolds admit many such structures as shown first by Kac-Vinberg [107],
Goldman [88], and Cooper-Long-Thistlethwaites [64], [65]. Some parts of the theory for
closed orbifolds were completed by Benoist [20] in the 1990s.

The topics of convex real projective structures on manifolds and orbifolds are currently
developing. We present some parts. This book is mainly written for researchers in this field.

There are surprisingly many such structures coming from hyperbolic ones and de-
forming as shown by Vinberg for Coxeter orbifolds, Goldman for surfaces, and later by
Cooper-Long-Thistlethwaite for 3-manifolds.
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We compare these theories to the Mostow or Margulis type rigidity for symmetric
spaces. The rigidity can be replaced by what is called the Ehresmann-Thurston-Weil prin-
ciple that

e a subspace of the G-character space (variety) of the fundamental group of a man-
ifold or orbifold M classifies the (X, G)-structures on M under the map

hol : Def.(M) — Hom.(7; (M), G)/G

where
— we define the deformation space

Def,.(M) := {(X, G)-structures on M satisfying some conditions denoted by ¢}/ ~

where ~ is the isotopy equivalence relation, and
- Hom,(m (M), G)/G is the subspace of the character space Hom(7; (M),G)/G
satisfying the corresponding conditions to c.

For closed real projective orbifolds, it is widely thought that Benoist’s work is quite an
encompassing one. Hence, we won’t say much about this topic. (See Choi-Lee-Marquis
for a survey [61].)

We focus on convex real projective orbifolds with ends, which we have now accumu-
lated some number of examples. Basically, we will prove an Ehresmann-Thurston-Weil
principle: We will show that the deformation space of properly convex real projective
structures on an orbifold with some end conditions identifies under a map with the union
of components of the subset of character spaces of the orbifold satisfying the correspond-
ing conditions on end holonomy groups. Our conditions on the ends are probably very
generic ones, and we have many examples of such deformations.

In fact, we are focusing on generic cases of lens-type or horospherical ends. To com-
plete the picture, we need to consider all types of ends. Even with end vertex conditions,
we are still to complete the picture leaving out the NPNC-ends. We hope to allow these
types for our deformation spaces in the near future.

The book is divided into three parts:

(Part I): We will give some introduction and survey our main results and give ex-
amples where our theory is applicable.

(Part IT): We will classify the types of ends we will work with. We use the uniform
middle eigenvalue conditions. The condition is used to prove the preservation of
the convexity of the deformations.

(Part III): We will try to prove the Ehresmann-Thurston-Weil principle for the de-
formation spaces for our type of orbifolds. We show the local homeomorphism
property and the closedness of the images for the maps from the deformations
spaces to the character spaces restricted by the end conditions.

We will try to follow the strictly logical progression of the material. However, for each
chapter, we will introduce the main results first.

As an application, we will use the results of the whole of the monograph Chapter 12,
which are the nicest cases. One can consider these as the conclusions of the monograph.

The logical dependence of the monograph is as ordered by the order of appearance.
Appendix A depends only on Chapter 1, and the results are used in the monograph except
for Chapter 1.

We give an outline at the beginning of each part.

As a motivation for our study, we say about some long-term goal: Deforming a real
projective structure on an orbifold to an unbounded situation results in the actions of the
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fundamental group on affine buildings. This hopefully will lead us to some understanding
of orbifolds and manifolds in particular of dimension three as indicated by Ballas, Cooper,
Danciger, G.S. Lee, Leitner, Long, Thistlethwaite, and Tillmann.

There is a concurrent work by the group consisting of Cooper, Long, and Tillmann
with Ballas and Leitner on the same subjects but with different conditions on ends. They
impose the condition that the end fundamental groups to be amenable. However, we do
not require the same conditions in this paper but instead we will use some type of norms
of eigenvalue conditions to guarantee the convexity during the deformations. We note that
their deformation spaces are somewhat differently defined. Of course, we benefited much
from their work and insights in this book and are very grateful for their generous help
and guidance. We also appreciate much help from Crampon and Marquis working also
independently of the above group and us.

We need to lift the objects to S” using Section 1.1.8. We give proofs in the book by
considering objects to be in S” and using the projective automorphism group SL(n +
1,R). We will use proof symbols:

S"S: at the end of the proof indicates that it is sufficient to prove for S” since the
conclusion does not involve RP" nor S”.

S"T: indicates that the version of the theorem, proposition, or lemma for S” implies
one for RPP" often with the help of Proposition 1.4.2.

S"P: indicates that the proof of the theorem for S” implies one for RP" often with
the help of Proposition 1.4.2.

If we do not need to go to S” to prove the result, we leave no mark except for the end
of the proof.

This book generalizes and simplifies the earlier preprints of the author. We were able
to drop many conditions in the earlier versions of the theorems overcoming many limita-
tions. Some of the results were announced in some survey articles [52] and [53].

Finally, to better communicate the ideas, the author made some effort to make the
material more clear and precise, entailing the trade-off of the writing being long, somewhat
technical, and sometimes redundant.

Daejeon,
March, 2024 Suhyoung Choi






Part 1

Introduction to orbifolds and real
projective structures.



Part I aims to survey some preliminary definitions and elementary used facts. These
are standard materials, and there are no new results.

In Chapter 1, we go over basic preliminary materials. We begin with defining geo-
metric structures and real projective structures, in particular convex ones. We discuss the
ends of orbifolds. Affine orbifolds and affine suspensions of real projective orbifolds are
defined. We discuss the linear algebra and estimations using it, orthopotent actions of
Lie groups, higher-convergence group actions, attracting and repelling sets, convexity, the
Benoist theory on convex divisible actions, and so on. We discuss the dual orbifolds of a
given convex real projective orbifolds as given by Vinberg. Finally, we extend duality to
all convex compact sets and discuss the geometric limits of the dual convex sets. Here we
will use a slightly more generalized version of convexity.

In Chapter 2, we give some examples, where our full theory applies. We will fully
explain this in Chapter 12. Coxeter orbifolds and the orderability theory for Coxeter orb-
ifolds using the Vinberg theory will be explained. We discuss the work jointly done with
Gye-Seon Lee, Hodgson, and Greene. We state the work of Heusner-Porti on projective de-
formations of hyperbolic link complements. Also, we state some results on finite-volume
convex real projective structures by Cooper-Long-Tillmann and Crampon-Marquis that
these admit thick and thin decompositions.



CHAPTER 1

Preliminaries

We will go over the underlying theory. In Section 1.1, we discuss the Hausdorff con-
vergences of sequences of compact sets, Hilbert metrics, some orbifold topology, geomet-
ric structures on orbifolds, real projective structures on orbifolds, spherical real projective
structures and liftings. We also classify compact convex subsets of S” in Proposition 1.1.4.
In Section 1.2, we discuss that affine structures and affine suspensions of real projective
orbifolds. In Section 1.3, we discuss the linear algebra and estimation to find conver-
gences, orthopotent groups, proximal and semi-proximal actions, semi-simplicity, and the
higher convergence groups. Higher convergence groups are generalizations of convergence
groups. In Section 1.4, we explain the comprehensive Benoist theory on convex orbifolds,
where he completed theories of Kuiper, Koszul, Vey, Vinberg, and so on, on divisible ac-
tions on convex linear cones as he terms them. In particular, the strict-join decomposition
of properly convex orbifolds will be explained. Lemma 1.4.16 shows that the properly
convex real projective structures are uniquely determined by holonomy groups, which is
a somewhat commonly overlooked fact. In Section 1.5, we explain the duality theory of
Vinberg. We introduce the augmented boundary of properly convex domains as the set
of boundary points and the sharply supporting hyperplanes associated with these points.
The duality map is extended to the augmented boundary. Duality is extended to sweeping
actions also. The duality is extended to every compact convex set in S”, and we discuss
the relationship between the duality and the geometric convergences of the sequences of
properly convex sets.

1.1. Preliminary definitions

As usual, we denote by RP" the projectivization of R"*!. There is a group PGL(n +
1,R) acting effectively and transitively on S".
Given a vector space V, we denote by S(V) the quotient space of

(V—-{0})/ ~ where v ~ wiff v=sw for s > 0.

We denote by S" := S(R"*1). We will represent each element of PGL(rn+1,R) by a matrix
of determinant £+1; i.e., PGL(n+ 1,R) = SLy(n+ 1,R)/(£I). Recall the covering map
psr " = S(R"™1) — RP".

The following notation is used in the monograph. For a subset A of a space X, we
denote by Cly(A) the closure of A in X and bdyA the boundary of A in X. We will omit
the subscript X if X is clear from the context. If A is a domain of a subspace of RP" or S",
we denote by bdA the topological boundary in the subspace. The closure C1(A) of a subset
A of RP" or S" is the topological closure in RP" or in S”. We will also denote by K° the
manifold or orbifold interior for a manifold or orbifold K. Also, we may use K as the
interior relative to the topology of P when K is a domain K in a totally geodesic subspace
P in §" or RP". Define dA for a manifold or orbifold A to be the manifold or orbifold
boundary. (See Section 1.1.4.)
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Let p,q € S". We also denote by pg a minor arc connecting p and g in a great circle
in §". If ¢ # p_, this is unique. Otherwise, we need to specify a point in S” not antipodal
to both. We denote by pzq the unique minor arc connecting p and g passing z.

If p,q € RP", then pg denote one of the closures of a component of / — {p,q} for a
one dimensional projective line containing p, g.

1.1.1. Convex sets in RP" and S". Recall that an affine path in RP" is a complement
of a codimension-one subspace. It has a canonical geodesic structure where each projec-
tive geodesics corresponds to affine geodesics up to parameterizations and conversely. A
convex set in RPP" is a convex subset of an affine patch of RP".

We use a slightly different definition of convexity for S”.

DEFINITION 1.1.1. A convex segment is an arc contained in a great segment. A convex
subset of S™ is a subset A where every pair of points of A connected by a convex segment.

It is easy to see that either a convex subset of S” is contained in an affine subspace, it
is in a closed hemisphere, or it is a great sphere of dimension > 1. In the first case, the set
embeds to a convex set in RIP" under the covering map.

Since an affine patch of RP" always lifts to an open hemisphere in S". Hence, a convex
subset of RP" always lifts to a convex subset of S” which maps to it homeomorphically
under the projection S" — RIP". Hence, the convex subsets of RIP" corresponds to convex
subset of S" contained in an open hemisphere in a one-to-one manner.

DEFINITION 1.1.2. Given a convex set D in RP", we obtain a connected cone C(D)
in R"*! — {0} mapping to D, determined up to the antipodal map. For a convex domain
D C §", we have a unique domain C(D) C R"! — {0}.

A join of two properly convex subsets A and B in a convex domain D of RP" (resp.
S™) is defined as

AxBi={[F+ (1 —1)5)|%.5 € C(D),[7] € A, [¥] € B.r € [0,1]}
(resp. Ax B :={(tx+ (1 —1)y) [¥,y € C(D), (%) € A, (¥) € B,1 € [0,1]})
where C(D) is a cone corresponding to D in R"*!. The definition is independent of the

choice of C(D) in S". In RP", the join may depend on the choice C(D). Note we use
p*B = {p} B interchangeably for a point p.

DEFINITION 1.1.3. Let Cy,...,C, respectively be cones in a set of independent vector
subspaces Vi,...,V,, of R*L In general, a sum of convex sets Ci,...,Cp, in R+ in
independent subspaces V; is defined by

Ci+--+C, = {v|v:El +~'~+8m,6i EC,'}.
A strict join of convex sets €; in S" (resp. in RP") is given as
Qi Q=TI (Cy + -+ +Cp) (resp. II(Cy + - +Cp))

where each C; — {O} is a convex cone with image Q; for each i for the projection IT’ (resp.
D).

PROPOSITION 1.1.4. A closed convex subset K of S" is either a great sphere S© of
dimension iy > 1, or is contained in a closed hemisphere H© in S and is one of the
following:

o There exist a great sphere S/ of dimension jo > 0 in the boundary bdK and
a compact properly convex domain K in an independent subspace of S/ and
K = S/ x Kk, a strict join. Moreover, S is a unique maximal great sphere in K.
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e K is a properly convex domain in the interior of iy + 1-hemisphere. for some i.

e Unless K is a great sphere, 0K = bdsn K and K is homeomorphic to a cell. For a
properly convex compact domain K in RP", 0K = bdpp:K and K is homeomor-
phic to a cell.

PROOF. Let S be the span of K. Then K? is not an empty domain in S. The map
x + d(x,K) is continuous on S. Choose a maximum point xo. If the maximum is < 7/2,
then the elliptic geometry tells us that there at least two point y,z of K closest to xo of
same distance from xy since otherwise we can increase the value of d(-,K) by moving x
slightly. Then there is a closer point on Xy° in K to xo. This is a contradiction. Hence,
K = S, Otherwise, K is a subset of an ip-hemisphere in Sio. (See [43] also.)

The second part follows from Section 1.4 of [36]. (See also [71].) Hence, we obtain
a unique maximal great sphere S/0 in K which is contained in bdK, and K is a union of
jo -+ 1-hemispheres with common boundary S/.

By choosing an independent subspace S"~/0~! to S/, each jj + 1-hemisphere in K is
transverse to S"/0~! and hence meets it in a unique point. We let Kx denote the set of
intersection points. Therefore, K = S/ % K.

There is amap K — Kk given by sending a jo + 1-hemisphere to the intersection point.
Obviously, this is a restriction of projective diffeomorphism from the space of jo+ 1-
hemispheres with boundary S/ to S"~/~!. Since K cannot contain a higher-dimensional
great sphere, it follows that Kk is properly convex also.

For the final item, the fact that K is a join of a great sphere with a properly convex
domain implies this. (]

Given a vector space V, we let P(V) denote the space obtained by taking the quotient
space of V— {0} under the equivalence relation

Vv~ wforv,weV—{0}iff v =sw, fors € R—{0}.

We let [V] denote the equivalence class of ¥ € V—{O}. For a subspace W of V, we denote
by P(W) the image of W — {O} under the quotient map, also said to be a subspace.
Recall that the projective linear group PGL(n+ 1,R) acts on RP”, i.e., P(R"*1), in a
standard manner.
Recall that SL (n+ 1,R) is isomorphic to GL(n+ 1,R)/R. Then this group acts on
S to be seen as a quotient space of R"*! — {0} by the equivalence relation

Vo, ¥, we R {0} if ¥=swfors € RT.

We let (7)) denote the equivalence class of ¥ € R**! — {0}. Given a vector subspace
V € R™!, we denote by S(V) the image of V — {0} under the quotient map. The image
is called a subspace. A set of antipodal points is a subspace of dimension 0. There is
a double covering map pg» : S — RP” with the deck transformation group generated by
o/. This gives a projective structure on S”. The group of projective automorphisms is
identified with SL4 (n+ [,R). The notion of geodesics are defined as in the projective
geometry: they correspond to arcs in great circles in S”.

A collection of subspaces S(V1),...,S(Viy) (resp. P(V1),...,P(Viy)) are independent
if the subspaces V1, ...,V,, are independent.

The group SL+ (n+ 1,R) of linear transformations of determinant 41 maps to the pro-
jective group PGL(n + 1,R) by a double covering homomorphism §, and SL (n+ 1,R)
acts on S” lifting the projective transformations. The elements are also projective transfor-
mations.
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REMARK 1.1.5. Foreach g € PGL(rn+ 1,R) acting on a convex open domain €, there
is a unique lift in SLy(n+ 1,R) preserving each component of the inverse image of Q
under S" — RP". We will use this representative.

1.1.2. The Hausdorff distances used. We will be using the standard elliptic metric
d on RP" (resp. in S") where the set of geodesics coincides with the set of projective
geodesics up to parameterizations. Sometimes, these are called Fubini-Study metrics.

DEFINITION 1.1.6. Given a set, we define
Ne(A) :={x € §"|d(x,A) < €} (resp. Ne(A) := {x € RP"|d(x,A) < €}.)

Given two subsets K| and K, of S” (resp. RP"), we define the Hausdorff distance dy (K, K>7)
between K; and K> to be

inf{€ > 0|K, C Ne(K1),K1 C Ne(Ka)}-
The simple distance d(K),K>) is defined as
inf{d(x,y)|x € K1,Kz}.

We say that a sequence {A;} of compact sets converges to a compact subset A if
{dy(A;,A)} — 0. Here the limit is unique. Recall that every sequence of compact sets
{A;} in S" (resp. RP") has a convergent subsequence. The limit A is characterized as
follows if it exists:

(1.1.1) A :={a € H|a is a limit point of some sequence {g;|a; € A;}}.

See Proposition E.12 of [15] for a proof since the Chabauty topology for a compact space
is the Hausdorff topology (See also Munkres [136].)

We will use the same notation even when A; and A are closed subsets of a fixed open
domain using dy and d.

PROPOSITION 1.1.7 (Benedetti-Petronio). A sequence {A;} of compact sets in RP"
(resp. S™) converges to A in the Hausdorff topology if and only if the both of the following
hold:

o Ifxi; €A;; and {x;j} — x, where ij — oo, then x € A.
o [fx € A, then there exists x; € A; for each i such that {x;} — x.

PROOEF. Since S" and RP" are compact, the Chabauty topology is same as the Haus-
dorff topology. Hence, this follows from Proposition E.12 of Benedetti-Petronio [15]. [

LEMMA 1.1.8. Let {g;} be a sequence of elements of PGL(n+ 1,R) (resp. SLy (n+
1,R)) converging to ge in PGL(n+ 1,R) (resp. SLy(n+1,R)). Let {K;} be a sequence of
compact set and let K be another one. Then {K;} — K if and only if {gi(K;)} — g (K).

PROOF. We use the above point description of the geometric limit. [S™S] ]

An n-hemisphere H in S" supports a domain D if H contains D. H is called a sup-
porting hemisphere. An oriented hyperspace S in S" supports a domain D if the closed
hemisphere bounded in an inner-direction by S contains D. S is called a supporting hyper-
space. If a supporting hyperspace contains a (not necessarily unique) boundary point x of
D, then it is called a sharply-supporting hyperspace at x. If the boundary of a supporting
n-hemisphere is sharply supporting at x, then the hemisphere is called a sharply-supporting
hemisphere at x.
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PROPOSITION 1.1.9. Let K; be a sequence of compact convex sets (resp. cells) of S".
Then up to choosing a subsequence K; — K to a compact convex set (resp. cell) K of S".
Also, a geometric limit must be a compact convex cell when K; are compact convex cells.
If K; is in a fixed n-hemisphere, then so is K.

PROOF. By Proposition 1.1.7, we can show this when K; is a hemisphere. For other
cases, consider sequences of segments and Proposition 1.1.7. (I

The following is probably well-known.

LEMMA 1.1.10. Suppose that one of the following holds:

e K;foreachi,i=1,2,...,is a compact convex domain, and K is one also in S".
e K; is a convex open domain, and K is one also in S".
e K; is a properly convex domain, and K is one also in RP".

Suppose that a sequence {K;} geometrically converging to K with nonempty interior. Then
{bdK;} — bdK.

PROOF. We prove for S”. Suppose that a point p is in bdK. Let B.(p) be an open
e-ball of p. Suppose B:(p) NK; = 0 for infinitely many i. Then p cannot be a limit point
of K by Proposition 1.1.7. This is a contradiction. Thus, B¢(p) NK; # @ for i > N for some
N. Suppose that B.(p) C K; for infinitely many i. Then each point in B¢ (p) — K is a limit
point of some sequence p;, p; € K;. and hence B:(p) C K, p € K?, a contradiction. Hence,
given € > 0, B¢(p) NbdK; # @ for i > M for some M. Then p is a limit of a sequence
Di, pi € bdkK;.

Conversely, suppose that a sequence {pi_,},l’ij € bdK;; where ij — oo as j — oo, con-
verges to p. Then p € K clearly. Suppose that p € K°. Then there is €,€ > 0, with
B¢(p) C K. Now, Ki; has a sharply supporting closed hemisphere H;; at p;; with K;; C H;;.
Since {p;; } — p, we may choose a subsequence k; so that {Hy, } — He. and dyy (Hy,;, He) <
g/4 for a hemisphere H.. Let g € B3g/4(p) — He so that du(q,H) > €/4. Hence,
Be/4(q) € Be(p) — Hy; for all j. Since Ky; C Hy;, no sequence {qy; },qk; € Ki; converges
to g. However, since {Kk/} — K and ¢ € K, this is a contradiction to Proposition 1.1.7.
Hence, p € bdK. Now, Proposition 1.1.7 proves {bdK;} — bdK.

When K; is an open domain in S", we just need to take its closure and use the first part.

For the RP"-version, we lift K; to S to properly convex domains K;. Now, we may
also choose a subsequence so that {K]} geometrically converges to a choice of a lift K’ of
K by Proposition 1.1.7. Since K’ is properly convex, K’ is in a bounded subset of an affine
subspace of S"”. Then the result follows from the S"-version. O

We note that the last statement is false if {K;} geometrically converges to a hemisphere
when lifted to S".

THEOREM 1.1.11. Suppose that K; and K are (resp. properly) convex compact balls
of the same dimension in S" (resp. RP"). Suppose that {K;} — K. It follows that

(1.1.2) {bdK;} — bdK.
This holds also provided K; and K are properly compact convex in RP" with {K;} — K.

PROOF. Since K; and K are of the same dimension, we find g; € SLy (n+ 1,R) so
that g;((K;)) = (K) and {gi} — gw for g € SLi(n+ 1,R). Then {gi(Ki)} — g=(K).
Then {bdg;(K;)} — bdg.(K) by Lemma 1.1.10. Hence, {bdK;} — bdK by Lemma 1.1.8.
[S"P] O
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1.1.3. The Hilbert metric. Let Q be a convex open domain. A line or a subspace of
dimension-one in RP" has a 2-dimensional homogeneous coordinate system. Let [0, s, g, p|
denote the cross ratio of four points on a line as defined by

6-G5—p

§5—Go—p
where 0, p, g,§ denote respectively the first coordinates of the homogeneous coordinates of
0,p,q,s provided that the second coordinates equal 1. Define a pseudo-metric for p,q €
Q, do(p,q) = log||o,s,q, p]| where o and s are endpoints of the maximal segment in Q
containing p,q where o0,q separates p,s. If Q is properly convex, then it is a metric and a
Finsler metric (See [112].) If Q is complete affine, the metric is zero always.

LEMMA 1.1.12. Assume that {K;} — K geometrically for a sequence of properly con-
vex compact domains K; and a properly convex compact domain K. Suppose that two
sequences of points {x;|x; € K{} and {yi|y; € K} } converge to x,y € K° respectively. Then

(1.1.3) {dko (xi,1)} = die(x, ).

PROOF. Let z; and ¢; denote the endpoint of the maximal line containing x; and y;
in K;. Let z and ¢ denote the endpoint of one containing x and y in K. It is easy to see
zi — zand t; — t. Let [; and m; denote the supporting great hypersphere at z; and ¢; for K.
Then /; and m; must converge up to subsequences a supporting great hypersphere at z and
t respectively since the closures of components of their complements are disjoint from K.
This implies that z;#; converges to a subsegment of zf up to subsequences. However, a limit
cannot be a proper segment since otherwise a boundary point of K; converges to an interior
point of K contradicting Theorem 1.1.11. This implies the result. ]

LEMMA 1.1.13 (Cooper-Long-Tillman [67]). Let U be a convex subset of a properly
convex domain'V in S" (resp. RIP"). Let

Ug :={xeVl]dy(x,U) < g}
for € > 0. Then U is properly convex.
PROOF. Given u,v € U, we find
w,t € Q so that dy (u,w) < €,dy (n,t) < €.

Then each point of %v is within € of wt C U in the dy-metric. By Lemma 1.8 of [67], this
follows. [S"S] [l

PROPOSITION 1.1.14. Let Q be a properly convex domain in S" (resp. RP"). Then the
group Aut(Q) of projective automorphisms Q is closed in SLy (n+ 1,R) (resp. PGL(n+
1,R)) acts on Q. Also, the set of elements of g of Aut(Q) so that g(x) € K for a compact
subset K of Q is compact.

PROOF. We prove for S". Clearly, the limit of a sequence of elements in Aut(Q) is an
isometry of the Hilbert metric of Q. Hence, it acts on Q.

For the second part, we take an n-simplex o with a point x in the interior as a base
point.

The space . of nondegenerate convex n-simplices with base points in their interiors
with the Hausdorff topology is homeomorphic to SL (n+ 1,R) since the action of SL 1 (n+
1,R) is simply transitive on .#".

The subspace of simplices of form g(o) for g with g(x) € K, g € Aut(Q) is compact
by the existence of the Hilbert metric: We can show this by using the invariants. The edge
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lengths are invariants. The distance from each vertex to the hyperspace containing the
remaining vertices is an invariant of the action.
We can see that the set of such g is bounded: We can find the bounded set

{hg € Aut(S")|hgog(0o,x) = (0,x)}

since the set of g(o) do not degenerate and g(x) is uniformly bounded away from the
boundary of g(c). Since the simplex ¢ and the basepoint x is fixed, we have &, 0 g =1 for
g(x) € K. Hence the set of {g|g(x) € K} is uniformly bounded.

Since " is diffeomorphic to SLy (n+ 1,R), the closedness of Aut(Q) proves the
result. ]

PROPOSITION 1.1.15. Let Q be a properly convex domain in S" (resp. RP"). Suppose
that a discrete subgroup T of SLy(n+ 1,R) (resp. PGL(n+ 1,R)) acts on Q. Then Q/T is
an orbifold.

PROOF. The second part of Proposition 1.1.14 implies that I" acts properly discontin-
uously. We obtain that Q/T is again a closed orbifold. (We need a slight modification of
Proposition 3.5.7 of Thurston [149].) U

1.1.4. Topology of orbifolds. We summarize Chapter 4 of [S1]. We will only briefly
go over it. An n-dimensional orbifold structure on a Hausdorff space X is given by maximal
collection of charts (U, ¢, G) satisfying the following conditions:

e U is an open subset of R” and ¢ : U — X is a map and G is a finite group acting
onU,

e the chart ¢ : U — X induces a homeomorphism U /G to an open subset of X,

o the sets of form ¢ (U) covers X.

e for any pair of models (U, ¢,G) and (V, y,H) with an inclusion map 1 : ¢ (U) —
¢ (V) lifts to an embedding U — V equivariant with respect to an injective ho-
momorphism G — H. (compatibility condition)

An orbifold 0 is a topological space with an orbifold structure. The boundary 0 & of an
orbifold is defined as the set of points with only half-open sets as models. (These are often
distinct from topological boundary.) A suborbifold N of € is a subspace of X equipped
with maximal collection of charts containing the orbifold charts of form (UNN,¢|U N
N,G|UNN) from &. (See Definition 4.4.2 of [51].) (Note this is more general than other
defintiions.) A boundary components of & is a suborbifold.

Orbifolds are stratified by manifolds. Let & denote an n-dimensional orbifold with
finitely many ends. We will require that & is strongly tame; that is, € has a compact
suborbifold K so that & — K is a disjoint union of end neighborhoods homeomorphic to
closed (n — 1)-dimensional orbifolds multiplied by open intervals. Hence d &' is a compact
suborbifold. (See [148], [1], [108] and [51] for details.)

An orbifold covering map p : 0y — € is a map so that for any point on &, there is a
connected open set U C X with model (U, ¢,G) as above whose inverse image p~! (U) is
a union of connected open set U; of ¢} with models (U, ¢;, G;) for a subgroup G; C G and
the induced chart ¢; : U— U

We say that an orbifold is a manifold if it has a subatlas of charts with trivial local
groups. We will consider good orbifolds only, i.e., covered by simply connected manifolds.
In this case, the universal covering orbifold & is a manifold with an orbifold covering map
po 0 — O. The group of deck transformations will be denote by (&) or T, and is
said to be the fundamental group of €. They act properly discontinuously on & but not
necessarily freely.
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We will follow Section 4.4.2 of [51]. (See Chapter 4 of [100] for manifolds.) A neat
suborbifold N C 0 is a suborbifold such that N C d & and the tangent spaces to N at IN is
transversal to the tangent spaces of d &. Of course, if N = 0, a suborbifold N is considered
neat. Let N(N) denote the subspace of the tangent bundle of & over N consisting of vectors
perpedicular to N. Let € : N — [0,0) denote a real valued function. We denote by Ng(N)
the subspace of normal vectors to N of length < £(x) at each 7,0, x € N. The exponential
map is an embedding from N, (N) to & for sufficiently small €. We call the image tubular
neighborhood of N.

PROPOSITION 1.1.16. We can give a Riemannian metric on O so that 00 is totally
geodesic and a neat submanifold N to be totally geodesic perpendicular to dO. A tubular
neighborhoods are always diffeomorphic to the orbifold product N x (—1,1) or one N x
[0,1) provided N is a union of boundary components.

PROOF. See Section 4.4.2 and Lemma 4.4.1 of [51]. O

1.1.5. Geometric structures on orbifolds. An (X,G)-structure on an orbifold & is
an atlas of charts from open subsets of X with finite subgroups of G acting on them, and
the inclusions always lift to restrictions of elements of G in open subsets of X. This is
equivalent to saying that the orbifold ¢ has a simply connected manifold cover & with
an immersion D : & — X and the fundamental group 7 (0) acts on O properly discon-
tinuously so that 4 : (&) — G is a homomorphism satisfying D oy = k() o D for each
Y€ m(0). Here, m (0) is allowed to have fixed points with finite stabilizers. (We shall
use this second more convenient definition here.) (D,h(-)) is called a development pair
and for a given (X, G)-structure, it is determined only up to an action

(D,h(-)) — (koD,kh(-)k™!) fork € G.

Conversely, a development pair completely determines the (X, G)-structure. (See Thurston
[149] for the general theory of geometric structures.)

Thurston showed that an orbifold with an (X, G)-structure is always good, i.e., covered
by a manifold with an (X, G)-structure. (See Proposition 13.2.1 of Chapter 13 of Thurston
[148].) Hence, every geometric orbifold is of form M /T for a discrete group I' acting on
a simply connected manifold M. Here, we have to understand M /T as having an orbifold
structure coming from an atlas where each model set is based on a precompact open cell
of M on which a finite subgroup of I" acts. (See Theorem 4.23 of [51] for details.)

1.1.6. Real projective structures on orbifolds. A cone C in R"*! — {0} is a sub-
space so that given a vector x € C, sx € C for every s € R,.. A convex cone is a cone that is
a convex subset of R”*! in the usual sense. A properly convex cone is a convex cone not
containing a complete affine line.

Recall the real projective space RP" is defined as R"*! — {0} under the quotient
relation ¥V ~ w iff ¥ = sw for s € R — {O}.

e Given a vector ¥ € R*"! — {0}, we denote by [#] € RP" the equivalence class.
Let IT: R™! — {0} — RP" denote the projection.

e Given a connected subset A of an affine subspace of RP", a cone C(A) C R"*+!
of A is given as a connected cone in R"*! mapping onto A under the projection
I: R — {0} — RP".

e C(A) is unique up to the antipodal map . : R"*! — R"*! given by ¥ — —¥.

The general linear group GL(n + 1,R) acts on R"*! and PGL(n+ 1,R) acts faithfully
on RP". Denote by Ry = {r € R|r > 0}. The real projective sphere S" is defined as
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the quotient of R™"! — {0} under the quotient relation ¥ ~ % iff ¥ = s for s € R,. We
will also use S" as the double cover of RP". Then Aut(S"), isomorphic to the subgroup
SLi(n+1,R) of GL(n+ 1,R) of determinant £1, double-covers PGL(n+ 1,R). Aut(S")
acts as a group of projective automorphisms of S"”. A projective map of a real projective
orbifold to another is a map that is projective by charts to RP". Let IT: R"*! — {0} — RP"
be a projection and let IT : R"*! — {0} — S" denote one for S”. An infinite subgroup I" of
PGL(n+ 1,R) (resp. SLy(n+ 1,R)) is strongly irreducible if every finite-index subgroup
is irreducible. A subspace S of RP" (resp. S") is the image of a subspace with the origin
removed under the projection IT (resp. IT').

A line in RP" or S” is an embedded arc in a 1-dimensional subspace. A projective geo-
desic is an arc in a projective orbifold developing into a line in RP" or to a one-dimensional
subspace of S". A great segment is an embedded geodesic connecting a pair of antipodal
points in S” or the complement of a point in a 1-dimensional subspace in RP". Sometimes
open great segment is called a complete affine line. An affine space A" can be identified
with the complement of a codimension-one subspace RPP"~! so that the geodesic structures
are same up to parameterizations. A convex subset of RP" is a convex subset of an affine
subspace in this paper. A properly convex subset of RP" is a precompact convex subset of
an affine subspace. R” identifies with an open half-space in S” defined by a linear function
on R"*1. (In this paper an affine subspace is either embedded in RP" or S".)

An i-dimensional complete affine subspace is a subspace of a projective orbifold pro-
jectively diffeomorphic to an i-dimensional affine subspace in some affine subspace A" of
RP" or S™.

Again an affine subspace in S” is a lift of an affine subspace in RP", which is the
interior of an n-hemisphere. Convexity and proper convexity in S” are defined in the same
way as in RP".

The complement of a codimension-one subspace W in RIP" can be considered an affine
space A" by correspondence

[1,x1,. .., X0 = (x1,...,%)

for a coordinate system where W is given by xo = 0. The group Aff(A") of projective
automorphisms acting on A" is identical with the group of affine transformations of form

X AT+ D
for alinear map A : R" — R” and b € R". The projective geodesics and the affine geodesics
agree up to parametrizations.
A subset A of RP" or S spans a subspace S if S is the smallest subspace containing A.
We write S = (A). Of couse, we use the same term for affine and vector spaces as well.

We will consider an orbifold & with a real projective structure: This can be expressed
as

e having a pair (dev,/) where dev : & — RP" is an immersion equivariant with
respect to

e the homomorphism 4 : 7 (€) — PGL(n+ 1,R) where & is the universal cover
and 1 (0) is the group of deck transformations acting on &

(dev,h) is only determined up to an action of PGL(n + 1,R) given by
go(dev,h(-)) = (godev,gh(-)g ') for g € PGL(n+1,R).

dev is said to be a developing map and h is said to be a holonomy homomorphism and
(dev,h) is called a development pair. We will usually use only one pair where dev is an
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embedding for this paper and hence identify & with its image. A holonomy is an image of
an element under h. The holonomy group is the image group h(m (©)).

We denote by Aut(K) the group of projective automorphisms of a set K in some space
with a projective structure. The Klein model of the hyperbolic geometry is given as fol-
lows: Let xq,x1,...,X, denote the standard coordinates of R**!. Let B be the interior in
RP" or S" of a standard ball that is the image of the positive cone of x% > x% + - +x,21 in
R"*!. Then B can be identified with a hyperbolic n-space. The group of isometries of the
hyperbolic space equals the group Aut(B) of projective automorphisms acting on B. Thus,
a complete hyperbolic manifold carries a unique real projective structure and is denoted by
B/T forI" C Aut(B). Actually, g(B) for any g € PGL(n+1,R) will serve as a Klein model
of the hyperbolic space, and Aut(gB) = gAut(B)g~! is the isometry group. (See [51] for
details.)

A totally geodesic hypersurface A in @ is a suborbifold of codimension-one where
each point p in A has a neighborhood U in & so that D|A has the image in a hyperspace. A
suborbifold A is a totally geodesic hypersurface if it is covered by a one in &.

1.1.7. Spherical real projective structures. We now discuss the standard lifting: A
real projective structure on & provides us with a development pair (dev,/) where dev :
& — RP" is an immersion and / : 7t (¢) — PGL(n + 1,R) is a homomorphism. Since pgn
is a covering map and & is a simply connected manifold, & being a good orbifold, there
exists a lift dev’ : & — S" unique up to the action of {I,.<7}. This induces a spherical real
projective structure on & and dev’ is a developing map for this real projective structure.
Given a deck transformation y: & — &, the composition dev’ o ¥ is again a developing map
for the real projective structure and hence equals /#'(y) odev’ for 7' (y) € SL+(n+1,R). We
verify that 7’ : 71 (0) — SL4(n+ 1,R) is a homomorphism. Hence, (dev’,/’) gives us a
spherical real projective structure, which induces the original real projective structure.

Given a real projective structure where dev : & — RP" is an embedding to a properly
convex open subset D, the developing map dev lifts to an embedding dev’ : & — S” to an
open domain D without any pair of antipodal points. D is determined up to <7

We will identify & with D or <7 (D) and 7;(¢) with . Then T lifts to a subgroup I'”
of SL4 (n+ 1,R) acting faithfully and discretely on 0. There is a unique way to lift so that
D/T is projectively diffeomorphic to & /T".

THEOREM 1.1.17. There is a one-to-one correspondence between the space of real
projective structures on an orbifold O with the space of spherical real projective struc-
tures on O. Moreover, a real projective diffeomorphism of real projective orbifolds is an
(S",SLy (n+ 1,R))-diffeomorphism of spherical real projective orbifolds and vice versa.

PROOF. Straightforward. See p. 143 of Thurston [149] ( see also Section 1.1.8). [J

Again, we can define the radial end structures, horospherical, and totally geodesic
ideal boundary for spherical real projective structures in obviously. Also, each end has %-
type or .7 -type assigned accordingly compatible with these definitions. They correspond
directly in the following results also.

PROPOSITION 1.1.18 (Selberg-Malcev). The holonomy group of a convex real pro-
Jjective orbifold is residually finite.

PROOF. In this case, dev : & — RP" always lifts an embedding to a domain in S".
I" also lifts to a group of projective automorphisms of the domain in SL4 (n+ 1,R). The
lifted group is residually finite by by Malcev [122]. Hence, I' is thus always residually
finite. [S"S] O
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THEOREM 1.1.19 (Selberg). A real projective orbifold S is covered finitely by a real
projective manifold M and S is real projectively diffeomorphic to M /G for a finite group
G of real projective automorphisms of M. An affine orbifold S is covered finitely by an
affine manifold N, and S is affinely diffeomorphic to N /G, for a finite group G, of affine
automorphisms of N. Finally, given a two convex real projective or affine orbifold S| and
S> with isomorphic fundamental groups, one is a closed orbifold if and only if so is the
other.

PROOF. Since Aff(A") is a subgroup of a general linear group, Selberg’s Lemma
[142] shows that there exists a torsion-free subgroup of the deck transformation group. We
can choose the group to be a normal subgroup and the second item follows.

A real projective structure induces an (S”,SLy (n+ 1,R))-structure and vice versa by
Theorem 1.1.17. Also a real projective diffeomorphism of orbifolds is an (S",SL4(n+
1,R))-diffeomorphism and vice versa. We regard the real projective structures on S and
M as (S",SLi(n+ 1,R))-structures. We are done by Selberg’s lemma [142] that a finitely
generated subgroup of a general linear group has a torsion-free normal subgroup of finite-
index.

For the final item, we can take a torsion-free subgroup and the finite covers of S; and S»
are manifold which are K (7, 1) for identical 7. Hence, the conclusion follows. [S"S] O

1.1.8. A comment on lifting real projective structures and conventions. We sharpen
Theorem 1.1.17. Let SL_(n+ 1,R) denote the component of SL. (n+ 1,R) not contain-
ing I. A projective automorphism g of S” is orientation preserving if and only if g has
a matrix in SL(n+ 1,R). For even n, the quotient map SL(n+ 1,R) — PGL(n+ 1,R) is
an isomorphism and so is the map SL_(n+ 1,R) — PGL(n+ 1,R) for the component of
SL.i(n+ 1,R) with determinants equal to —1. For odd #, the quotient map SL(n+1,R) —
PGL(rn+ 1,R) is a 2 to 1 covering map onto its image component with deck transforma-
tions given by A — +A.

THEOREM 1.1.20. Let M be a strongly tame n-orbifold. Suppose that h : m (M) —
PGL(n+ 1,R) is a holonomy homomorphism of a real projective structure on M with radial
or lens-shaped totally geodesic ends. Then the following hold :

e Suppose that M is orientable. We can lift to a homomorphism K : m (M) —
SL(n+ 1,R), which is a holonomy homomorphism of the (S",SLy(n+ 1,R))-
structure lifting the real projective structure.

e Suppose that M is not orientable. Then we can lift h to a homomorphism h' :
m (M) — SLy (n+ 1,R) that is the holonomy homomorphism of the (S",SLy (n+
1,R))-structure lifting the real projective structure so that the condition (x) is
satisfied.

(x) a deck transformation goes to a negative determinant matrix if and only if it
reverses orientations.

In general a lift W' is unique if we require it to be the holonomy homomorphism of the lifted
structure. For even n, the lifting is unique if we require the condition (*).

PROOF. For the first part, recall SL(n+ 1,R) is the group of orientation-preserving
linear automorphisms of R"*! and hence is precisely the group of orientation-preserving
projective automorphisms of S”. Since the deck transformations of the universal cover M
of the lifted (S",SL4 (n+ 1,R))-orbifold are orientation-preserving, the holonomy of the
lift are in SL(n+ 1,R). We use as /' the holonomy homomorphism of the lifted structure.

For the second part, we can double cover M by an orientable orbifold M’ with an
orientation-reversing Zj-action of the projective automorphism group generated by ¢ :
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M' — M'. ¢ lifts to ¢ : M’ — M’ for the universal covering manifold M’ = M and hence
h($) odev = dev o ¢ for the developing map dev and the holonomy

h($) € SL_(n+1,R).

Then it follows from the first item since dev preserves orientations for a given orientation
of M. (See p. 143 of Thurston [149].)
The proof of the uniqueness is straightforward. (]

REMARK 1.1.21 (Convention on using spherical real projective structures). Suppose
we are given a convex real projective orbifold of form Q/T" for Q a convex domain in
RP" and I" a subgroup of PGL(n+ 1,R). We can also think of Q as a domain in S" and
I' C SLi(n+ 1,R). We can think of them in both ways and we will use a convenient one
for the purpose.

1.1.8.1. Convex hulls.

DEFINITION 1.1.22. Given a subset K of a convex domain Q of an affine subspace
A" in S" (resp. RIP"), the convex hull € 7 (K) of K is defined as the smallest convex set
containing K in C1(Q) C A" where we required C1(Q) is a bounded subset of A",

The convex hull is well-defined as long as € is properly convex. Otherwise, it may be
not. This does not change the convex hull. (Usually it will be clear what Q is by context but
we will mention these.) For RP”, the convex hull depends on Q but one can check that the
convex hull is well-defined on S” as long as Q is properly convex. Also, it is commonly
well-known that each point of the convex hull of a set K has a direction vector equal to
a linear sum of at most n+ 1 vectors in the direction of K. Hence, the convex hull is a
union of n-simplices with vertices in K. Also, if K is compact, then the convex hull is also
compact (See Berger [26].)

LEMMA 1.1.23. Let Q be a convex open set. Let {K;} be a sequence for a compact
set K; in a properly convex domain for each i. Suppose that {K;} geometrically converges
to a compact set K C Q, Then {€ 5 (K;)} — € (K).

PROOF. It is sufficient to prove for S”. We write each element of ¥’ .57 (K;) as a finite
sum ((Z;’Ll Ai,jivi, j)) for ¥; j in the direction of K; and 4; ; > 0. Lemma 1.1.7 implies the
result. [S"T] ([

1.2. Affine orbifolds

An affine orbifold is an orbifold with a geometric structure modeled on (A", Aff(A")).
An affine orbifold has a notion of affine geodesics as given by local charts. Recall that
a geodesic is complete in a direction if the affine geodesic parameter is infinite in the
direction.

e An affine orbifold has a parallel end if the corresponding end has an end neigh-
borhood foliated by properly embedded affine geodesics parallel to one another
in charts and each leaf is complete in one direction. We assume that the affine
geodesics are leaves assigned as above.

— We obtain a smooth complete vector field Xg in a neighborhood of E for
each end following the affine geodesics, which is affinely parallel in the
flow; i.e., leaves have parallel tangent vectors. We call this an end vector
field.
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— We denote by X, the vector field partially defined on & by taking the union
of vector fields defined on some mutually disjoint neighborhoods of the ends
using the partition of unity.

— The oriented direction of the parallel end is uniquely determined in the de-
veloping image of each p-end neighborhood of the universal cover of &.

— Finally, we put a fixed complete Riemannian metric on & so that for each
end there is an open neighborhood where the metric is invariant under the
flow generated by X,;. Note that such a Riemannian metric always exists.

e An affine orbifold has a fotally geodesic end E if each end can be completed by
a totally geodesic affine hypersurface. That is, there exists a neighborhood of the
end E diffeomorphic to g x [0, 1) for an (n — 1)-orbifold X that compactifies
to an orbifold diffeomorphic to Xz x [0,1], and each point of X x {1} has a
neighborhood affinely diffeomorphic to a neighborhood of a point p in dH for
a half-space H of an affine space. This implies the fact that the corresponding
p-end holonomy group h(7; (E)) for a p-end £ going to E acts on a hyperspace
P corresponding to E x {1}.

Recall that an orbifold is a topological space stratified by open manifolds (See Chapter
4 of [51]). An affine or projective orbifold is triangulated if there is a smoothly embedded
n-cycle consisting of geodesic n-simplices on the compactified orbifold relative to ends by
adding an ideal point to a radial end and an ideal boundary to each totally geodesic ends.
where the interiors of i-simplices in the cycle are mutually disjoint and are embedded in
strata of the same or higher dimension.

1.2.1. Affine suspension constructions. The affine subspace R"*! is a dense open
subset of RP"*! which is the complement of (1 + 1)-dimensional projective space RP" !
Thus, an affine transformation is a restriction of a unique projective automorphism acting
on R**!. The group of affine transformations Aff(A"*!) is isomorphic to the group of
projective automorphisms acting on R"*! by the restriction homomorphism.

A dilatation y in an affine subspace R"*! is a linear transformation with respect to
an affine coordinate system so that all its eigenvalues have norm > 1 or < 1. Here, 7 is
an expanding map in the dynamical sense. A scalar dilatation is a dilation with a single
eigenvalue.

An affine orbifold & is radiant if h(m;(0)) fixes a point in R"*! for the holonomy
homomorphism % : 7t (€) — Aff(A"*1). A real projective orbifold & of dimension n
has a developing map dev’ : & — S" and the holonomy homomorphism 4’ : 7, (0) —
SLy(n+1,R). We regard S" is embedded as a unit sphere in R"*! temporarily. We obtain
a radiant affine (n + 1)-orbifold by taking & and dev’ and /": Define D" : 6 x R, — R"*!
by sending (x,7) to rdev’(x). For each element of y € 7 (&), we define the transformation
Y on 0 x R, from

Y () =(v(x), (1)1 () (rdev (x)) )
(1.2.1) for a homomorphism 6 : 7, (€) — R

Also, there is a transformation S, : & x R, — & x R, sending (x,7) to (x,st) for s € R.
Thus,

5 X R+/<Spa7rl(ﬁ)>7p € RJHP > 1
is an affine orbifold with the fundamental group isomorphic to 7; (&) x Z where the de-
veloping map is given by D" the holonomy homomorphism is given by 4’ and sending the
generator of Z to Sp. We call the result the affine suspension of ¢, which of course is
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radiant. The representation of 7; (&) x Z with the center Z mapped to a scalar dilatation is
called an affine suspension of h. A special affine suspension is an affine suspension with
6 =1 identically.

There is a variation called generalized affine suspension. Here we use any Y that is a
dilatation and normalizes /(71 (&) and we deduce that

O xRy /{1, m(0))

is an affine orbifold with the fundamental group isomorphic to (r; (&), Z). (See Sullivan-
Thurston [147], Barbot [10] and Choi [47] also.)

DEFINITION 1.2.1. We denote by C(&) the manifold & x R with the structure given

by D", and say that C(©) is the affine suspension of 0.

Let S; : R™1 — R"*! given by ¥ — ¥, t € R, be a one-parameter family of dilations
fixing a common point. A family of self-diffeomorphisms ¥, on an affine orbifold M
lifting to P, : M — M so that Do W, = S, oD for ¢t € R is called a group of radiant flow
diffeomorphisms.

LEMMA 1.2.2. Let O be a strongly tame real projective n-orbifold.

e An affine suspension O’ of O always admits a group of radiant flow diffeomor-
phisms. Here, {®,} is a circle and all flow lines are closed.

o Conversely, if there exists a group of radiant flow diffeomorphisms where all
orbits are closed and have the homology class [[* X Slﬂ on O x S' with an
affine structure, then O x S' is affinely diffeomorphic to one obtained by an affine
suspension construction from a real projective structure on 0.

PROOF. The first item is clear by the above construction.

The generator of the 7 (S!)-factor goes to a scalar dilatation since it induces the iden-
tity map on the space of directions of radial segments from the global fixed point. Thus,
each closed curve along * x S! gives us a nontrivial homology. The homology direction
of the flow equals [[* x S']] € S(H;(& x S';R)). By Theorem D of [79], there exists a
connected cross-section homologous to

[0 x ] € Hy(O xS",V xSL,R) = H' (6 x S';R)

where V is the union of the disjoint end neighborhoods of product forms in &'. By Theorem
C of [79], any cross-section is isotopic to & x . The radial flow is transverse to the cross-
section isotopic to &' x x and hence ¢ admits a real projective structure. It follows easily
now that & x S! is an affine suspension. (See [10] for examples.) (]

An affine suspension of a horospherical orbifold is called a suspended horoball orb-
ifold. An end of an affine orbifold with an end neighborhood affinely diffeomorphic to this
is said to be of suspended horoball type. This has also a parallel end since the fixed point
in the boundary of R” gives a unique direction.

PROPOSITION 1.2.3. Under the affine suspension construction, a strongly tame real
projective n-orbifold has radial, totally geodesic, or horospherical ends if and only if the
affine (n+ 1)-orbifold affinely suspended from it has parallel, totally geodesic, or sus-
pended horospherical ends.

Again affine (n+ 1)-orbifold suspended have frype %- or 7 -ends if the corresponding
real projective n-orbifold has Z- or .7 -ends in correspondingly.
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1.3. The needed linear algebra

Here, we will collect the linear algebra we will need in this monograph. A source is a
comprehensive book by Hoffman and Kunz [101].

DEFINITION 1.3.1. Given an eigenvalue A of an element g € SL(n+ 1,R), a C-
eigenvector V is a nonzero vector in

RE; (g) :=R"'n (ker(g— A1) —|—ker(g—11)),7t #0,31>0

A C-fixed point is the direction of a C-eigenvector in RP" (resp. S" or CP").

Any element of g has a primary decomposition. (See Section 6.8 of [101].) Write
the minimal polynomial of g as [T/, (x — A;)" for r; > 1 and mutually distinct complex
numbers Aq,...,A,. Define

Cy,(g) =ker(g—A1)" C crtt
where r; = if A; = A ;- Then the primary decomposition theorem states

" =P, (e),
i=1

which is a canonical decomposition.
A real primary subspace is the sum R""' 1 (C; (g) +Cj (g)) for A an eigenvalue of g.

A point [V],¥ € R"™"!is affiliated with a norm u of an eigenvalue if

(1.3.1) VeZu(g):= P G lg)nRL
i€{jllAj|l=n}
Let py,..., 1 denote the set of distinct norms of eigenvalues of g. We also have R"+! =

@ By, (g). Here, %y (g) # {0} if u equals |A;| for at least one i.

PROPOSITION 1.3.2. Let g be an element of PGL(n+ 1,R) (resp. SLi(n+ 1,R))
acting on RP" (resp. S"). Let V and W be independent complementary subspaces where g
acts on. Suppose that every norm of the eigenvalue of any eigenvector in the direction of
V is strictly larger than any norms of the eigenvalues of the vectors in the direction of W.
Let VS be the subspace that is the join of the C-eigenspaces of V. Then

e forx e RP" —II(V) —IL(W) (resp. S" —II'(V) —II'(W)), {g" (x)} accumulates
to only points in TI(VS) (resp. TI'(VS)) as n — oo

o Let U be a neighborhood of x in RP" —T1(V) —TI(W) (resp. S"—TI'(V) —
I (W)). There exists an open subset U' of TI(VS) (resp. TI'(VS)) where each
point of U’ is realized as a limit point of {g"(y)} as n — oo for some y in U.

PROOF. It is sufficient to prove for C"*! and CP". We write the minimal polynomial
of g as [T/, (x — A;)" for r; > 1 and mutually distinct complex numbers A;,...,A,. Let
WC be the complexification of the subspace corresponding to W and VC the one for V.
Then C), (g) is a subspace of WC or VC by elementary linear algebra.

Now, we write the matrix of g determined only up to £I in terms of above primary
decomposition spaces. Then we write the matrix in the Jordan form in an upper triangular
form. The diagonal terms of the matrix of ¢g"” dominates nondiagonal terms in terms of
ratios of the absolute values. The lemma easily follows.

The last part follows by writing x and y in terms of vectors in directions of V and W
and other g-invariant subspaces. (]
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1.3.1. Nilpotent and orthopotent groups. Let U denote a maximal nilpotent sub-
group of SLy (n+ 1,R) given by upper triangular matrices with diagonal entries equal to
1. We let U denote the group of by upper triangular matrices with diagonal entries equal
to 1in SLy(n+1,C).

Let O(n+ 1) denote the orthogonal group of R"*! with the standard hermitian inner
product.

LEMMA 1.3.3 (Iwasawa Decomposition). The matrix of g € Aut(S") can be written
under an orthogonal coordinate system as k(g)a(g)n(g) where k(g) is an element of O(n+
1), a(g) is a positive diagonal element, and n(g) is real unipotent. Also, diagonal elements
of a(g) are the norms of eigenvalues of g as elements of Aut(S").

PROOF. See Theorem 1.3 of Chapter IX of [98]. O

Recall that all maximal unipotent subgroups are conjugate to each other in SL. (n+
1,R). (See Section 21.3 of Humphreys [102].) We define

U= |J kk'= (J kUK
keO(n+1) keSL4 (n+1,R)
The second equality is explained: Each maximal unipotent subgroup is characterized by a
maximal flag. Each maximal unipotent subgroup is conjugate to a standard lower triangular
unipotent group by an orthogonal element in O(n+ 1) since O(n+ 1) acts transitively on
the maximal flag space.

COROLLARY 1.3.4. Suppose that we have for a positive constant Cy, and an element
geSLyi(n+1,R),

1
) <his1(g) Shi(g) <G

for the minimal norm A,41(g) of the eigenvalue of g and the maximal norm A,(g) of the
eigenvalues of g. Then g is in a bounded distance from U’ with the bound depending only
on Cj.

PROOF. Let us fix an Iwasawa decomposition SL1 (n+1,R) = O(n+1)D,;U for a
positive diagonal group D, ;. By Lemma 1.3.3, we can find an element k € O(n+ 1) so
that

g = kk(g)k™'ka(g)k™ " kn(g)k ™!
where k(g) € O(n+1),a(g) € D} ,n(g) € U'. Then kk(g)k~' € O(n+1) and ka(g)k ! is
uniformly bounded from I by a constant depending only on C; by assumption. (I

A subset of a Lie group is of polynomial growth if the volume of the ball Bg(I) radius
R is less than or equal to a polynomial of R. As usual, the metric is given by the standard
positive definite left-invariant bilinear form that is invariant under the conjugations by the
compact group O(n+1).

LEMMA 1.3.5. U’ is of polynomial growth in terms of the distance from L.

PROOF. Let Aut(S") have a left-invariant Riemannian metric. Clearly U is of polyno-
mial growth by Gromov [94] since U is nilpotent. Given fixed g € O(n+ 1), the distance
between gug~' and u for u € U’ is proportional to a constant Cg, Cg > 1, multiplied by
d(u,T). Choose u € U’ which is unipotent. We can write u(s) = exp(si),s > 0 where ii is a
nilpotent matrix of unit norm. g(¢) := exp(¢X),z > 0 for ¥ in the Lie algebra of O(n+ 1) of
unit norm. For a family of g(t) € O(n+ 1), we define

(1.3.2) u(t,s) = g(t)u(s)g(t) ' = exp(sAdy(,)id).
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We compute
du(t
u(t,s)”! ”Elt’ S _ u(t,s)”" (Ru(t,s) —u(t,$)%) = (Ad,( o1 —D(F).
Since i is nilpotent, Ad,,(, ;-1 —is a polynomial of variables #,s. The norm of du(t,s)/dt

is bounded above by a polynomial in s and z. The conjugation orbits of O(rn+1) in Aut(S")
are compact. Also, the conjugation by O(n+ 1) preserves the distances of elements from I
since the left-invariant metric U is preserved by conjugation at I and geodesics from I go to
geodesics from I of same p-lengths under the conjugations by (1.3.2). Hence, we obtain a
parametrization of U’ by U and O(n+ 1) where the volume of each orbit of O(n+1) grows
polynomially. Since U is of polynomial growth, U’ is of polynomial growth in terms of the
distance from L. d

THEOREM 1.3.6 (Zassenhaus [158]). For every discrete group G of GL(n+ 1,R), all
of which have the shape in a complex basis in C"

eiel * . *
0 eiel e *
0 0 : ’
0 0 - €O

there exists a positive number €, so that all the matrices A from G which satisfy the in-
equalities |e’91' —1| < eforevery j=1,...,n+ 1 are contained in the radical of the group,
i.e., the subgroup G, of elements of G with only unit eigenvalues.

Anelement g of GL(n+ 1,R) (resp. PGL(n+ 1,R)) is said to be unit-norm-eigenvalued
if it (resp. its representative) has only eigenvalues of norm 1. A group is unit-norm-
eigenvalued if all of its elements are unit-norm-eigenvalued.

A subgroup G of SLy(n+ 1,R) is orthopotent if there is a flag of subspaces 0 = ¥y C
Y| C--- C Y, =R"! preserved by G so that G acts as an orthogonal group on Yjy1/Y; for
each j =0,...,m— 1 for some choices of inner-products. (See D. Fried [80].)

THEOREM 1.3.7. Let G be a unit-norm-eigenvalued subgroup of SLy (n+1,R). Then
G is orthopotent, and the following hold.:

e [f G is discrete, then G is virtually unipotent.

e [f G is a connected Lie group, then G is an extension of a solvable group by a
compact group; i.e., G/S is a compact group for a normal solvable group S in G.

o If G is contractible, then G is a simply connected solvable Lie group.

PROOF. By Corollary 1.3.4, Gisin U'.

Suppose that G is discrete. Then G is of polynomial growth by Lemma 1.3.5. By
Gromov [94], G is virtually nilpotent.

Choose a finite-index normal nilpotent subgroup G’ of G. Since G’ is solvable, The-
orem 3.7.3 of [150] shows that G’ can be put into an upper triangular form for a complex
basis. Let G/, denote the subset of G’ with only elements with all eigenvalues equal to 1. G,
is a normal subgroup since it is in an upper triangular form. The map G’ — G'/G,, factors
into a map G’ — (S')" by taking the complex eigenvalues. By Theorem 1.3.6, the image
is a discrete subgroup of (S')". Hence, G’'/G, is finite where G/, is unipotent. (Another
proof is given in the Remark of page 124 of Jenkins [105].)

Suppose that G is a connected Lie group. Since a(g) =1 for a(g) for all g € G,
Corollary 1.3.4 shows that G C KUK for a compact Lie group K. Recall that a distal group
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is a linear group whose elements do not decrease norms of vectors. Since U is a distal
group, G is a distal group, and hence G is orthopotent by [62] or [132].

Since G C KUK, it is of polynomial growth, Corollary 2.1 of Jenkins [105] implies
that G is an extension of a solvable Lie group by a compact Lie group.

If G is contractible, G then can only be an extension by a finite group. Since G is
determined by its Lie algebra, G must be solvable by the second item. U

1.3.2. Elements of dividing groups. Suppose that Q, Q C S" (resp. C RP"), is
an open domain that is properly convex but not necessarily strictly convex. Let I', I' C
SLy(n+ 1,R) (resp. C PGL(n+ 1,R)), be a discrete group acting on Q so that Q/T is
compact.

An element of I is said to be elliptic if it is conjugate to an element of a compact
subgroup of PGL(n+ 1,R) or SL. (n+ 1,R).

LEMMA 1.3.8. Suppose that Q is a properly convex domain in RP" (resp. in S"), and
T is a group of projective automorphisms of Q. Suppose that Q/T is an orbifold. Then an
element g of T is elliptic if and only if g fixes a point of Q if and only if g is of finite order.

PROOF. Let us assume Q C S". Let g be an elliptic element of I". Take a point
x € Q. Let ¥ denote a vector in a cone C(Q) C R"*! corresponding to x. Then the orbits
{g"(X)|n € Z} has a compact closure. There is a fixed vector in C(Q), which corresponds
to a fixed point of Q.

If x is a point of Q fixed by g, then it is in the stabilizer group. Since Q/T is an
orbifold, g is of finite order.

If g is of finite order, g is certainly elliptic. [S"T] ]

We recall the definitions of Benoist [23]: For an element g of SLy (n+1,R), we denote
by A1(g),...,Aut1(g) the sequence of the norms of eigenvalues of g with repetitions by
their respective multiplicities. The first one A (g) is called the spectral radius of g.

Assume A (g) # Ay+1(g) for the following definitions.

e Anelement g of SLy(n+ 1,R) is proximal if A;(g) has multiplicity one.

e g is positive proximal if g is proximal and A, (g) is an eigenvalue of g.

e Anelement g of SLy (n+ 1,R) is semi-proximal if A1(g) or —A;(g) is an eigen-
value of g.

e Anelement g of SL (n+1,R) is positive semi-proximal if A (g) is an eigenvalue
of g. (Definition 3.1 of [23].)

e g is called positive bi-proximal if g and g=' is both positive proximal.
e g is called positive bi-semi-proximal if g and g~! is both positive semi-proximal.

1

Of course, the proximality is a stronger condition than semi-proximality.

Let Q be a properly convex open domain in S”. For each positive bi-semi-proximal
element g € I" acting on 2, we have two disjoint compact convex subspaces

Ay :=ANCIQ) and R, := RNCI(Q)

for the eigenspace A associated with the largest of eigenvalues of g and the eigenspace R
associated with the smallest of the eigenvalues of g. Note g|A, and g|R, are both identity
maps. Here, A, is associated with A;(g) and R, is with A,(g), which is an eigenvalue as
well. A, is called an attracting fixed subset and R, a repelling fixed subset.

Let g be a positive bi-semi-proximal element. For g, g € SLy (n+ 1,R),

e we denote by V' :=ker(g — A1 (g)I)™ : R""! — R™*! where m, is the multiplic-
ity of the eigenvalue A, (g) in the characteristic polynomial of g, and
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e by Vf =ker(g— A, (g)I)™ : R" — R"*! where m,, is the multiplicity of the eigen-
value A4, (g).

We denote A, = (Vi) NCI(Q) and R, = (VE) NCI(Q). Clearly,
A, C Ag and R, C Rg.

LEMMA 1.3.9 (Lemma 3.2 of [23]). Suppose a nonidentity projective automorphism
g acts on a properly convex domain. Then g is positive bi-semi-proximal.

The following propositions are related to Section 2, 3 of [67], using somewhat different
apporaches. We denote by ||-|| a standard Euclidean norm of a vector space over R.

LEMMA 1.3.10. Suppose that Q is a properly convex domain in S". Suppose that an
infinite-order element g acts on Q with only single norm of eigenvalue. Then

inf {da(y,g(y))ly € QNQ} =0.
yeQ

PROOF. g fixes a point x in C1() by the Brouwer-fixed-point theorem. If g fix a point
in Q, we are done. Assume x € bdQ is a fixed point of g.

We prove by induction. When dimQ = 0, 1, this is clearly obvious. Suppose that we
proved the conclusion when dimQ =n — 1, n > 2. We now assume that dimQ = n.

We may assume that Q C A" for an affine space A" since Q is properly convex. We
choose a coordinate system where x is the origin of A”. Then g has a form of a rational
map. We denote by Dg, the linear map that is the differential of g at x.

Let S, denote the similarity transformation of A" fixing x. Then we obtain

Sr0g081/ 1 SH(Q) = S(5()).
Recall the definition of the linear map Dg, : R” — R”" is one satisfying

L 180) — () — Dex(y —u)|

— 0.
=0 [y — ull

Hence,
lim r{|g(S1/,(y)) — &(Si /(1)) = S1,Dge(y = u)|| = 0.

Setting u = 0, we obtain
lim [|S, 0 g0 /,(y) — Dgx(y)|| = 0.

We obtain that as r — oo, {S,0g0S] /,} converges to Dg, on a sufficiently small open ball
around x.

Also, it is easy to show that as r — oo, {S,(Q)} geometrically converges to a cone Q o
with the vertex at x on which Dg, acts on.

Let x,, be an affine coordinate function for a sharply-supporting hyperspace of Q taking
0 value at x. It will be specified a bit later. For now any such one will do. Let x(¢) be a
projective geodesic with x(0) = x at # = 0 and x(¢) € Q,x,(x(¢)) = ¢ for t > 0 and let
i=dx(t)/dt #0 att =0. We assumed in the premise that g is unit-norm-eigenvalued.
Then
(133 limda(5(x(1). x(1)) = d, . (Dg:(@).7)

t—0

considering i as an element of the cone . ..: This follows from

da(goS1/r oS, (x(1)),x(1)) = ds, (@) (Sr0g 0 S1/:(S-(x(1))), S, (x(t)))
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since S, : (Q,da) — (S:(Q),ds,(q)) is an isometry. We set x(t) = x(1/r) and obtain
S-(x(1/r)) — i as r — oo. Since S,(Q) = Q, o« as r — oo, (1.1.3) shows that

(1.3.4) {dS,(Q) (S,OgOSl/r(S,(X(l/r))),S,(X(l/}’)))} — dq, ..(Dgx(id), i) as r — oo.

Now, Q7 . is a convex cone of form C(U) for a convex open domain U in the infinity
of A". The space U™ of sharply-supporting hyperspaces of Q7 , at x is a convex compact
set.

Since g acts on a ball U*, g fixes a point by the Brouwer-fixed-point theorem, which
corresponds to a hyperspace. Let P be a hyperspace in A" passing x sharply-supporting
Qf ., invariant under Dg,.

" We now choose the affine coordinate x,, for P so that P is the zero set. There are three
possiblity for £, .. by Proposition 1.1.4:
e a complete affine space,
e a prroperly convex domain, or
e a convex but complete and not properly convex domain

First, suppose that €, .. is a properly convex cone. Projecting Q7 ., to the space Sp-t
of rays starting from x, we obtain a properly convex open domain Q| = R.(Q). Here,
dimQ; <n-—1.

By the induction hypothesis on dimension dim €2, since the Dg,-action has only one-
norm of the eigenvalues, we can find a sequence {z;} in | so that {do, (Dg«(zi),zi)} — 0.
Since Q, .. is a proper convex cone in A", we choose a sequence u; € Qy . with x,(u;) =1
and u; has the direction of z; from x. Let ii; denote the vector in the direction of )7, on
A" where x,(#;) = 1. Since g is unit-norm-eigenvalued, x,(Dgy(4;)) = 1 also. Hence,
the geodesic to measure the Hilbert metric from #; to Dg,(i;) is on x,, = 1. Let P; denote
the affine subspace given by x,, = 1. The projection £, . NP — U from x is a projective
diffeomorphism and hence is an isometry. Therefore, dg_ . (Dgx(i;),4;) — 0.

We can find arcs x;(7) with '

Xu(x;(t)) =t and dx,(t)/dt = ; att = 0.
Also, we find a sequence of points {x;(#;)},#; — 0, so that
do(g(xi(t), xi(t:)) = ds, , (@) (S1/1, ©8 0 (S1/s, (Xi(10))), 11, (Xi (1))
Since {8, (CL(Q))} = Cl(L), and {8y, (xi(t;))} — if; as j — oo, we obtain

{da(g(xi(t)),xi(tj))} — da,...(Dgx (i), ;)
by (1.3.4).
By choosing j; sufficiently large for each i, we obtain

{da(g(xi(z;)),xi(t};))} —= 0.

Suppose that Q. .. is not a properly convex cone. If Q; is a complete affine space, then
we can use the argument very similar to

Now, Q; = R,(Q) is a convex but not properly convex domain. By Proposition
1.1.4, such a set is foliated by complete affine spaces of dimension j, 0 < j <n—1 or
is a complete affine space of dimension n — 1. The quotient space O, := Q;/ ~ with
equivalence relationship given by complete affine subspace is a properly convex open do-
main of dimension < n. Recall that there is a pseudo-metric dg, on £;. Suppose that
dimO, = 0. Then we have we have a sequence y; € Q; so that do,(y;,Dgx(yi)) = 0.
Suppose now that dimO, > 1. Note that the projection 7 : Q; — Oy is projective and
do, (v,z) = do,(7(y), 7(z)) for all x,y € Qi, which is fairly easy to show. The differential
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Dg, induces a projective map D'g, : Oy — O,. Since dimO, < dimQ, we have by the
induction a sequence y; € Oy so that do_(y;,D'g,(y:)) — 0 as i — . We take an inverse
image z; in Q; of y;. Then dgq, (zi,Dg:(zi)) = do, (yi,D'gx(yi)) — 0 as i — co. Similarly to
above, we obtain the desired result. O

We believe that these were already well known by Benoist and Cooper-Long-Tillmann
[67].

PROPOSITION 1.3.11. Let Q be a properly convex domain in S". Suppose that T C
SLi(n+ 1,R) is a discrete group acting on Q so that Q/T is compact and Hausdorff. Let
g be a non-torsion non-identity element. Then the following hold:

e g has two distinct positive eigenvalues associated with Q.

o The largest and the smallest norms of g are realized by positive eigenvalues big-
ger than 1 and less than 1, and g is positive semiproximal.

e [n particular g is not orthopotent, and, hence, g cannot be unipotent.

PROOF. Notice it is sufficient to prove for the case of Q since we can let Q = S§".
Suppose that g acts with a single norm of eigenvalues on a subspace Q with QN Q # 0.
Applying Lemma 1.3.10 where n is replaced by the dimension of Q, we obtain O as the
infimum of the Hilbert lengths of closed curves in a compact orbifold /T". Since Q/T" is
a compact orbifold, there should be a positive lower bound. This is a contradiciton.

Lemma 1.3.9 and the fact that the product of the norms of eigenvalues are 1 proved
this by taking g and g~ . O

We generalize Proposition 5.1 of Benoist [22]. By Theorem 1.1.19 following from
Selberg’s Lemma [142], there is a finite index subgroup I" C I elements of ' are not
elliptic. (In fact a finite manifold cover is enough.)

THEOREM 1.3.12 (Benoist [23]). Suppose that Q is properly convex but not necessar-
ily strictly convex in S". Let I be a discrete group acting on Q so that Q/T is compact and
Hausdorff. Let I" be the finite index subgroup of T without torsion. Then each nonidentity
element g, g € I is positive bi-semi-proximal with following properties:

M (‘5:) >1,2,(g) <1

Ag, Ay CbdQ, Ry, R, C bdQ2 are properly convex subsets in the boundary.
dimA, = dimker(g — LiI) — 1 and dimR, = dimker(g — A,I) — 1.

Let K be a compact set in Q. Then {g'(K)|n > 0} has the limit set in Ay, and
{8'(K)|n < O} has the limit set in R,.

Furthermore, if Q is strictly convex, then A, = Ag is a point in bdQ and R, = Iég is a point
in bdQ and g is positive bi-proximal.

PROOF. By Proposition 1.3.11, every nonidentity element g of I has a norm of eigen-
value > 1. By Lemma 1.3.9, g is positive bi-semi-proximal.

By Proposition 1.3.2, A, is a limit point of {g/(x)|i > 0}. Hence, A, is not empty and
Ag C bdQ. Similarly R, is not empty as well.

Then A, equals the intersection (V) NCI(Q) for the eigenspace V) of g corresponding
to A1 (g). Since g fixes each point of (V;), it follows that A, is a compact convex subset of
bdQ. Similarly, R, is a compact convex subset of bd€2.

Suppose that Ag NQ = 0. Then g acts on the open properly convex domain A ¢MNQasa
unit-norm-eigenvalued element. By Lemma 1.3.10 applied to Ag N, we obtain a contra-
diction again by obtaining a sequence of closed curves of dg-lengths in Q/I" converging
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to 0 which is impossible for a closed orbifold. Thus, Ag C bdQ. As above, it is a compact
convex subset. Similarly, Iég is a compact convex subset of bdQ2.

The second item follows from the second item of Proposition 1.3.2 applied to an open
subset of Q.

Suppose that Q is strictly convex. Then

dimA, = 0,dimA, = 0,dimR, = 0,dimR, = 0

by the strict convexity. Proposition 5.1 of [22] proves that g is proximal. g~' is also

proximal by the same proposition. These are positive proximal since g acts on a proper
cone. Hence, g is positive bi-proximal. O

Note here that Ag may contain A, properly and Rg may contain R, properly also.

1.3.3. The higher-convergence-group. For this section, we only work with S” since
only this version is needed. We considering SL4 (n+ 1,R) as an open subspace of M,,1| (R).
We can compactify SLy(n+1,R) as S(M,,+1(R)). Denote by ((g) the equivalence class of
geSLy(n+1,R).

THEOREM 1.3.13 (The higher-convergence-group property). Let g; be any unbounded
sequence of projective automorphisms of a properly convex domain Q in S". We consider
gi € SLi(n+ 1,R) according to convention 1.1.5. Then we can choose a subsequence of
(&)}, & € SLa(n+1,R), converging 10 (g=) in S(Mys1 (R)) for ge € M1 (R) where
the following hold -
8w is undefined on S(ker g..) and the range is S(Im go.).
dimS(ker g..) + dimS(Imge.) =n—1.

For every compact subset K of S" — S(kergw), {gi(K)} = Kw for a subset K. of
S(Im geo)-

e Given a convergent subsequence {g;} as above, {(ggi)} is also convergent to
(88=) and S(ker gge.) = S(kerge.) and S(Im gg..) = gS(Img..)

{((gig)} is also convergent to (g-g) and

S(kergeg) = g~ ' (S(kergw.)) and S(Img..g) = S(Img.,).

PROOF. Since S(M,,+1(R)) is compact, we can find a subsequence of g; converging
to an element (g« ). The second item is the consequence of the rank and nullity of g... The
third item follows by considering the compact open topology of maps and g; divided by its
maximal norm of the matrix entries.

The two final item are straightforward. (]

LEMMA 1.3.14. (g) can be obtained by taking the limit of g;/m(g;) in M,11(R)
first and then taking the direction where m(g;) is the maximal norm of elements of g; in the
matrix form of g;.

PROOF. This follows since g;/m(g;) does not go to zero. O

This definition was suggested by Goldman.

DEFINITION 1.3.15. An unbounded sequence {g;}, g; € SL+(n+1,R), so that {(g;) }
is convergent in S(M,,+1(R)) is called a convseq. In the above g € My (R) is called
a convergence limit, determined only up to a positive constant. The element (g.) €
S(My41(R)) where {(g:)} — (g=) is called a convergence limit.
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We may also do this for PGL(rn+ 1, R). An unbounded sequence {g;}, g; € PGL(n+
I,R) so that {[g;]} is convergent in P(M,+(R)) is called a convseq. Also, the element
[8o] € P(My11(R)) is {[gi]} — [gw] is called called a convergence limit.

We have more interpretations: We use the KAK-decomposition (or polar decomposi-
tion) of Cartan for SLy (n+ 1,R). We may write g; = kidilAcfl where k;, ki € O(n+1,R)
and d; is a positive diagonal matrix with a nonincreasing set of elements

ayi>ax; > 2 dpyl

Let S([1,m]) denote the subspace spanned by &i,..., &y, and let S([m+ 1,n+ 1]) de-
note the subspace spanned by €41, ...,8,+1. We assume that {k;} converges to ke, {lAcl}
converges t0 ke, and {[a1 a2, ,an11,]} is convergent in RP". We will further require
this for convergence sequences.

For sequence in PGL(n+ 1,R), we may also write g; = kidilAci_ ! where d; is represented
by positive diagonal matrices as above. Then we require as above.

This of course generalized the convergence sequence ideas, without the second set of
requirements above, for PSL(2,R) as given by Tukia (see [2]).
Given a convergence sequence {g;},g; € Aut(S"), we define

(13.5) A:({gi}) =S(Img..)
(1.3.6) N.({g:}) = S(kerg-.)
(1.3.7) A({gi}) =S(Img..) NCI(Q)
(1.3.8) N.({gi}) := S(kerg..) NCL(Q)

For a matrix A, we denote by |A| the maximum of the norms of entries of A. Let U be
an orthogonal matrix in O(n+ 1,R). Then we obtain

1
1.3.9 —|A| < |AU| < 1)|A
(139 — U< AU < (1t DAl

where the second inequality follows since the entries of AU are dot products of rows of A
with elements of U whose entries are bounded above by 1 and below by —1 and we can
multiply U~ to AU to obtain the first inequality. Hence, we obtain for g = kDk~' for
kk e O(n+ 1,R) and D diagonal as above.

1
1.3.10 — D<ol < 12D
( ) (n+1)2| | <lg| < (n+1)7[D|

Recall Definition 1.3.1, we obtain

THEOREM 1.3.16. Let {g;},g: € Aut(S"), be a convergence sequence. We consider
gi € SLi(n+1,R) according to convention 1.1.5. Then we may assume that the following
holds up to a choice of subsequence of g;:
o there exists mgy, 1 <my, <n+1, where{a;;/ai;} —O0for j>m,andaj;/a;> €
for j < my for a uniform € > 0.
o there exists m,, 1 <my; <m, <n+1, where aj7,~/an+1,,' < C for j > m, for a
uniform C > 1, and {aj;/ani1,} — oo for j < m,.
o N.({g:}) is the geometric limit of k;(S([my + 1,n+ 1])).
o A.({gi}) is the geometric limit of AP (g;) = ki(S([1,m4])).
o {g " is also a convergent sequence up to a choice of subsequences, and A.,({ g'hHc

N.({g:}).
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PROOF. We choose a subsequence so that m, and m, are defined respectively and
{k },{k;} form convergent sequences. We denote Do as the limit of {D;/|D;|} and k. and
ke as the limit of {k;} and {k;}. Then we obtain by (1.3.10),

1
(n+1)
for every ¥ € R""!'. Thus, k. o Dw 0 k2! (¥) = 0 if and only if g..(¥) = 0 and, moreover,
images and null spaces of k..o D 0 kz;! and g.. coincide. Hence, we obtain that

53 ko 0 Deo 0k (7)) < |8 (V)] < (n+1) ki 0 Do o k! ()]

S(Imge) = kewS(IM Do) = keoS([1,m,]) and
S(Kker geo) = koo (S(ker Do) = koo ((S([ma + 1,04 1)))).

Hence, the first four items follow.
The last item follows by considering the third and fourth items and the fact that m, >
my. O

When m,, m, exists for {g;} and {k;} and {k;} are convergent for a convergence se-
quence, we say that g; are set-convergent.
We define for each i,

FP(g;) == kiS([1,m, — 1)), and R”(g;) := &S(my,n+ 1)).

We define R. ({g;}) as the geometric limit of {R”(g;)}, and £, ({g;}) as the geometric limit
of {FP(g;)}. We also define

R.({g:}) == R.({8:}) NCUQ), F.({g:}) :== F.({g:}) NCLQ).

LEMMA 1.3.17. Suppose that {g,} and {gl_l} are set-convergent sequences. Then

R({g}) =A({g;"}) and F.({gi}) = N ({gl gl

PROOF. For g; = kidik; ', we have g;! =k 'd; 'k;. Hence AP(g; ') = kiS([my,n +
1]) = RP(g;). We also have Fp( Y = kS([ma +1,n41]). The result follows. O

LEMMA 1.3.18. We also have A.({g'}) C Ay and R.({g'}) C R, for positive bi-semi-
proximal element g with A,(g) > 1.

PROOF. We consider g in C"*!. Write g in the coordinate system where the com-
plexification is of the Jordan form. Let Vé“ denote %, (¢) in R™*! which is a g-invariant
subspace from (1.3.1). There is a complementary g which is a direct sum of %, (g) for
{1 < A1(g)- Then we use Proposition 1.3.2 applied to IT (V') and IT (N2).

For the second part, we use g~ ! and argue using obvious facts R, :qu andA,({g7'}) =

R.({g'}). 0

PROPOSITION 1.3.19. A, ({g}) contains an open subset of A, ({g;}) and hence (A,({gi})) =
A.({g}). Also, R.({g;}) contains an open subset of R.({g:}) and hence (R,({g:})) =
R.({gi})-

PROOF. We write g; = k;D;k; '. By Theorem 1.3.16, A.({g;}) is the geometric limit

of ki (S[l m,)) for some m, as above. g;(U) = k;D;(V;) for an open set U C & and
= k L(U). Since IAclf !'is a d-isometry, V; is an open set containing a closed ball B; of
ﬁxed radlus €. {D;} converges to a diagonal matrix D... We may assume without loss of
generality that {B;} — B where B is a ball of radius &. We may assume B; V1B D B
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for a fixed ball of radius €/2 for sufficiently large i. Then {D;(B)} — Dw(B) C S([1,m4]).
Here, D..(B) is a subset of S([1,m,]) containing an open set. Since {D;(B;)} geometrically
converges to a subset containing D..(B), up to a choice of subsequence. Thus, {k;D;(V;)}
geometrically converges to a subset containing k«Da(B) by Lemma 1.1.8.

For the second part, we use the sequence g; = IAciDl-’ lki’ and Lemma 1.3.17. (]

LEMMA 1.3.20. Suppose that I acts properly discontinuously on a properly convex
open domain Q and {g;} is a set-convergent sequence in I. Suppose that {g;} is not
bounded in SLy (n+ 1,R) and is a set-convergent sequence. Then the following hold:

@ @*({gi})ﬂﬂ=0,

(i) A.({g:})nQ =0,
(i) F({gi})NQ =0, and
iv) N.({g}HhnQ=0.

PROOF. (ii) Suppose not. Since A, ({g;})NQ # 0, A,({g;}) meets Q. Since A, ({gi})
is the set of points of limits g;(x) for x € Q, the proper discontinuity of the action of T’
shows that A, ({g;}) does not meet Q.

(iv) For each x in ©, a fixed ball B in  centered at x does not meet IAci(S([ma +1,n+
1])) for infinitely many i. Otherwise {g7"(B)} converges to a nonproperly convex set in
C1(Q) as m — oo, a contradiction. Hence, the second item follows.

The remainding items follow by changing g; to g;l and Lemma 1.3.17. (|

THEOREM 1.3.21. Let {g;} be a set-convergence sequence in I acting properly dis-
continuously on a properly convex domain Q. Then

(1.3.11) A{g}) =A({ei}) NCUQ) = A, ({gi}) Nbd@,
(1.3.12) Ni({gi}) = N({8:}) N CU(Q) = V. ({gi}) NbdQ,
(1.3.13) R.({gi}) = R.({g:}) NCI(Q) = R.({g:}) NbdQ,
(1.3.14) F({gi}) = £ ({8:}) NCI(Q) = F.({g:}) NbdQ

are subsets of bdQ and they are nonempty sets. Also, we have

(1.3.15) A({e}) c E({:}), A({g})  E({si}),
(1.3.16) R.({gi}) c N.({gi}), R.({gi}) € N.({gi})-

PROOF. By Lemma 1.3.20, we only need to show the respective sets are not empty.
By the third item of Theorem 1.3.13, a point x in A, ({g;}) N CI(Q) is a limit of g;(y) for
some y € Q. Since I acts properly discontinuously, x ¢ Q and x € bdQ2. By taking {g;1 1

we obtain R, ({g;}) NC1(Q) # 0. Since R.({g;}) € N.({g:}) and A.({gi}) C F.({g}), the
rest follows. The last collections are from definitions. O

PROPOSITION 1.3.22. For an automorphism g of Q, and a set-convergence sequence
{gi}, the following hold:

(1.3.17) A.({egi}) = g(A.({ei}), A ({2ig}) = A ({&i}),
(1.3.18) N*({ggi})Z {&}), M. ({gig}) = ' (V. ({&:})),
(1.3.19) ({ggl})— g(F: ({g}»ﬁ({gig})zﬁ({gl}),
(1.3.20) R.({ggi}) = R.({g:}), R.({gig}) = g~ (R.({ai}))-
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PROOF. The fourth and fifth items of Theorem 1.3.13 imply the first and second lines
here. The third line follows from the second line by Lemma 1.3.17. Also, the fourth line
follows from the first line by Lemma 1.3.17. (]

Of course, there are RIP"-versions of the results here. However, we do not state these.

1.4. Convexity of real projective orbifolds

1.4.1. Convexity. An RP"-orbifold is convex if it is projectively diffeomorhic to a
projective quotient of a convex domain in an open hemisphere in S”. (Note that this defi-
nition is more stricter than ones in [46] but conforms to definitions in many literatures.)

In the following, a zero-dimensional sphere S, denotes a pair of antipodal points.

PROPOSITION 1.4.1.

e A real projective n-orbifold is convex if and only if the developing map sends the
universal cover to a convex domain in RP" (resp. S").

e A real projective n-orbifold is properly convex if and only if the developing map
sends the universal cover to a precompact properly convex open domain in an
affine patch of RP" (resp. S™).

e [f a convex real projective n-orbifold is not properly convex and not complete
affine, then its holonomy is reducible in PGL(n+ 1,R) (resp. SLy(n+ 1,R)).
In this case, O is foliated by affine subspaces | of dimension i with the common
boundary CI(I) — I equal to a fixed subspace RPS! (resp. STV in bd6. Fur-
thermore, this holds for any convex domain RP" (resp. S") and the projective
group action on it.

PROOF. We prove for S” first. Since the universal cover is projectively diffeomrophc
to a convex open dpmain, the developing map must be an embedding. The converse is also
trivial. (See Proposition A.2 of [46]. )

The second follows immediately.

For the final item, a convex subset of S” is a convex subset of an affine subspace A",
isomorphic to an affine space, which is the interior of a hemisphere H. We may assume
that D° # 0 by restricting to a spanning subspace of D in S". Let D be a convex subset
of H°. If D is not properly convex, the closure Cl(D’) must be of the form S % K for a
properly convex domain by Proposition 1.1.4.

Since S must be holonomy invariant, the holonomy group is reducible.

For the RIP"-version, we use the double covering map ps: mapping an open hemi-
sphere to an affine subspace. [S"T] (I

PROPOSITION 1.4.2. Let Q be a properly convex domain in S". The image Q' be the
image of Q under the double covering map psn. Then the restriction C1(Q) — C1(Q') is
one-to-one and onto.

PROOF. This follows since we can find an affine subspace A" containing C1(Q2). Since
the covering map restricts to a homeomorphism on A", this follows. (]

1.4.2. Needed convexity facts. We will use the following many times in the mono-
graph.

LEMMA 1.4.3 (Chapter 11 of [148]). Let K be a closed subset of a convex domain
Q in RP" (resp. S") so that each point of bdK has a convex neighborhood. Then K is a
convex domain.
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PROOF. Assume Q C S". We can connect each pair of points by a broken projective
geodesics. Then local convexity shows that we can make the number of geodesic segments
to go down by one using triangles. Finally, we may obtain a geodesic segment connecting
the pair of points. [S™S] O

LEMMA 1.4.4. Let Q be a properly convex domain in RP" (resp. in S"). Let ¢ be a
convex domain in C1(Q) NP for a subspace P. Then either 6 C bdQ or 6? is in Q.

PROOF. Assume Q C S”. Suppose that 6° meets bdQ and is not contained in it en-
tirely. Since Q is convex and bdQ is closed, s N Q for a segment s in ¢ can have only one
component which must be open. Since the complement of 6° NbdQ is a relatively open
set in 0, we can find a segment s C ¢ with a point z so that a component s; of s — {z} is
in bdQ and the other component s, is disjoint from it.

We may perturb s in a 2-dimensional totally geodesic space containing s and so that
the new segment s’ C C1(Q) meets bdQ only in its interior point. This contradicts the fact
that Q is convex by Theorem A.2 of [46]. [S"P] ([

We define ™ := S(R"*!*), i.e, the sphericalization of the dual space R"*+!*.

THEOREM 1.4.5. Suppose that G acts on a convex domain Q in RP" (resp. in S"), so
that Q/G is a compact orbifold. Then if G have only unit-norm eigenvalued elements, then
Q is complete affine.

PROOF. Theorem 1.3.7 shows that G is orthopotent and has a unipotent group U of
finite index. A unipotent group has a global fixed point in S™*, and so does U*. Thus,
there exists a hyperspace P in S" where U acts on. PNCI(Q) # 0 and PNQ = 0 by
Proposition 1.4.13. Thus, Q is in an affine subspace A bounded by P. Also, G acts on A as
a group of affine transformations since every projective action on a complete affine space
is affine. (See Berger [26].) Orthopotent groups are distal. Lemma 2 of Fried [80] implies
the conclusion. [S"T]

(]

1.4.3. The flexibility of boundary. The following lemma gives us some flexibility of
boundary. A smooth hypersurface embedded in a real projective manifold is called strictly
convex if under a chart to an affine subspace, it maps to a hypersurface which is defined by
a real function with positive Hessians at points of the hypersurface.

LEMMA 1.4.6. Let M be a strongly tame properly convex real projective orbifold with
strictly convex dM. We can modify dM inward M and the result bound a strongly tame or
compact properly convex real projective orbifold M’ with strictly convex oM’

PROOF. Let Q be a properly convex domain covering M. We may assume that Q C S".
We may modify M by pushing dM inward. We take an arbitrary inward vector field defined
on a tubular neighborhood of dM. (See Section 4.4 of [51] for the definition of the tubular
neighborhoods.) We use the flow defined by them to modify dM. By the C>-convexity
condition, for sufficiently small change the image of dM is still strictly convex and smooth.
Let the resulting compact n-orbifold be denoted by M’. M’ is covered by a subdomain '
in Q.

Since M’ is a compact suborbifold of M, Q' is a properly embedded domain in Q and
thus, bdQ' NQ = dQ'. dQ' is a strictly convex hypersurface since so is dM’. This means
that Q' is locally convex. A locally convex closed subset of a convex domain is convex by
Lemma 1.4.3.

Where to put this? Right place?



30 1. PRELIMINARIES

Hence, Q' is convex and hence is properly convex being a subset of a properly convex
domain. Sois M. [S"S] O

REMARK 1.4.7. Thus, by choosing one in the interior, we may assume without loss of
generality that a strictly convex boundary component can be pushed out to a strictly convex
boundary component.

1.4.4. The Benoist theory . In late 1990s, Benoist more or less completed the theory
of the divisible action as started by Benzécri, Vinberg, Koszul, Vey, and so on in the series
of papers [22], [21], [23], [24], [18], [17]. The purpose is to generalize these to sweeping
actions with the main result Lemma 1.4.16. The comprehensive theory will aid us much in
this paper.

PROPOSITION 1.4.8 (Corollary 2.13 [23]). Suppose that a discrete subgroup I" of
SLi(n,R) (resp. PGL(n,R)), n > 2, acts on a properly convex (n — 1)-dimensional open
domain Q in S*! (resp, RP"') so that Q/T is a compact orbifold. Then the following
statements are equivalent.

o FEvery subgroup of finite index of I has a finite center:

o FEvery subgroup of finite index of I has a trivial center.

o Every subgroup of finite index of T is irreducible in SL (n,R) (resp. in PGL(n,R)).
That is, T is strongly irreducible.

e The Zariski closure of T is semisimple. (simple?)

o I" does not contain an infinite nilpotent normal subgroup.

e 1" does not contain an infinite abelian normal subgroup.

PROOF. Corollary 2.13 of [23] considers PGL(n,R) and RP"~!. However, the version
for S~ follows from this since we can always lift a properly convex domain in RP"*~! to
one Q in S"~! and the group to one in SL. (1, R) acting on Q by Theorem 1.1.20. O

The center of a group G is denoted by Z(G). A virtual center of a group G is a
subgroup of G each of whose elements is centralized by a finite index subgroup of G. A
group with properties above is said to be a group with a trivial virtual center.

A group G acts on a space X cocompactly if there is a compact subset Y of X so that

X= UgEGgY'

THEOREM 1.4.9 (Theorem 1.1 of [23]). Suppose that a virtual-center-free discrete
subgroup T of SLy(n,R) (resp. PGL(n,R)), n > 2, acts on a properly convex (n—1)-
dimensional open domain Q C S"~! so that Q/T is a compact orbifold. Then every repre-
sentation of the component of Hom(T',SL (n,R)) (resp. Hom(I',PGL(n,R))) containing
the inclusion representation also acts on a properly convex (n — 1)-dimensional open do-
main cocompactly.

When Q/I" admits a hyperbolic structure and n = 3, Inkang Kim [111] proved this
simultaneously for a union of components.

PROPOSITION 1.4.10 (Theorem 1.1. of Benoist [21]). Suppose that a discrete sub-
group T of SL4 (n,R) (resp. PGL(n,R)), n > 2, acts on a properly convex (n— 1)-dimensional
open domain Q in S™ ! (resp, RP" ") so that Q /T is a compact orbifold. Then

e Q is projectively diffeomorphic to the interior of a strict join K := Ky *--- * K
where K; is a properly convex open domain of dimension n; > 0 in the subspace
S" in S" (resp. RP" in RP"). K; corresponds to a convex cone C; C R"*! for
each i.
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Q is the image of Cy + - -+ Cy,.

o Let I} be the image of " to K; for the restriction map of the subgroup I" of m; (X)
acting on each Kj, j =1,...,1p. We denote by I'; an arbitrary extension of T’}
by requiring it to act trivially on K; for j # i and to have 1 as the eigenvalue
associated with vectors in their directions.

e The subgroup corresponding to R0~ acts trivially on each K j and form a posi-
tive diagonalizable matrix group.

e The fundamental group i (X) is virtually isomorphic to a subgroup of R0~! x
Ty - x Ty for (lp— 1)+ X0 ni=n.

o 71 (X) acts on K° cocompactly and discretely and in a semisimple manner (The-
orem 3 of Vey [151)).

o The Zariski closure of T equals R0™" x Gy x --- x Gj,. Each T'j acts on K¢
cocompactly, and G; is an simple Lie group (Remark after Theorem 1.1 of [21]),
and G; acts trivially on K, for m # j.

o A virtual center of m(X) of maximal rank is isomorphic to Zh=1 corresponding

to the subgroup of R=1. (Proposition 4.4 of [21].)

We will often indicate by Z0~! the virtual center of 7;(X). See Example 5.5.3 of
Morris [135] for a group acting properly on a product of two hyperbolic spaces but restricts
to a non-discrete group for each factor space.

COROLLARY 1.4.11. Assume as in Proposition 1.4.10. Then every normal solvable
subgroup of a finite-index subgroup I of I is virtually central in T.

PROOF. If T is virtually abelian, this is obvious.

Suppose that Q is properly convex. Let G be a normal solvable subgroup of a finite-
index subgroup I of I'. We may assume without loss of generality that I acts on each K;
by taking a further finite index subgroup and replacing G by a finite index subgroup of G.
Now, G is a normal solvable subgroup of the Zariski closure 2°(I"). By Theorem 1.1 of
[21], Z(T") equals G| x --- X G X Rﬂ:l and K = K; *--- * K; where G; is reductive and
the following holds:

e if K; is homogeneous, then G; is simple and G; is commensurable with Aut(K;).
o Otherwise, K? is divisible and G; is a union of components of SL (V;)
The image of G into G; by the restriction homomorphism to K; is a normal solvable sub-
group of G;. Since G; is virtually simple, the image is a finite group. Hence, G must

be virtually a subgroup of the diagonalizable group Ri{l and hence is virtually central in
I O

If Ip = 1, T is strongly irreducible as shown by Benoist. However, the images of these
groups will be subgroups of PGL(m,R) and SL(m,R) for m < n. If [y > 1, we say that
such an image in I' is virtually factorizable. Otherwise, such an image a non-virtually-
factorizable group.

An action of a projective group G on a properly convex domain € is sweeping if the
action is cocompact but Q/G is not required to Hausdorff. A dividing action is sweeping.

Recall the commutant H of a group acting on a properly convex domain is the maximal
diagonalizable group commuting with the group. (See Vey [151].)

We have a useful theorem:

THEOREM 1.4.12 (Proposition 3 of Vey [151]). Suppose that a projective group T"
acts on a properly convex open domain Q in RP" (resp. in S"), with a sweeping action.
Then Q equals a convex hull of the orbit T'(x) for any x € Q.
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We generalize Proposition 1.4.10.

PROPOSITION 1.4.13. Suppose that a projective group G acts on an n-dimensional
properly convex open domain Q in'S" (resp. RIP") as a sweeping action. Then the following
hold:

o Let L be any subspace where G acts on. Then LNCI(Q) # 0 but LNQ = 0.

o [fG acts on a compact properly convex set K, then K must meet C1(Q) U7 (C1(Q)).

o Suppose that G is semi-simple. Then all the items up to the last one in the con-
clusion of Proposition 1.4.10 with G replacing 7t (E) without discreteness hold.
In particular, C1(Q) = Ky * - - - x Kj, for properly convex sets K1, ..., Kj,.

e Suppose that G is semi-simple. Then the closure of G has a virtual center con-
taining a group of diagonalizable projective automorphisms isomorphic to 70~
acting trivially on each K.

PROOF. Assume Q C S". Suppose that LN C1(Q) = 0. Then there is a lower bound to
the d-distance from bdQ to L. Let x € Q. We denote the space of oriented maximal open
segments containing x and ending in L by Lg . This is a set homeomorphic to SH™mZ,

Let [ denote the endpoint of LN/ ahead of x. Let lg o denote the endpoint of /M Q
ahead of x, and g | denote the endpoint of /N after x. We define a function f: Q — (0, )
given by

f(x) =inf{log(l+,la0,x,l01)|l € Loy}

where the logarithm measures the Hilbert distance between Ig o and x on the properly
convex segment with endpoints /. and lg 1. This is a continuous positive function. As
x—bdQ, f(x) — 0.

Since f(g(x)) = f(x) forall x € Q and g € G, f induces a continuous map f : Q/G —
(0,00). Here, f can take as close value to 0 as one wishes. This contradicts the compactness
of Q/G.

Suppose that LN Q # @. Then G acts on the convex domain LN open in L. We
define a function f : Q — [0,00) given by measuring the Hilbert distance from LN €. Then
f(x) = o as x = bdQ — L. Again f(g(x)) = f(x) for all x € Q,g € G. This induces
f:9Q/G —[0,%). Since f can take as large value as one wishes for, this contradicts the
compactness of Q/G.

For the second item, suppose that such a set K exists. K and </ (K) are disjoint from
Cl(€). For x € Q, we define Kgq  to be the space of oriented open segments containing x
and ending in K and <7 (K). We define I to be the first point of K N/ ahead of x. Then a
similar argument to the above proof applies and we obtain a contradiction.

Now, we go to the third item. Let G have a G-invariant decomposition R" = V| &
-+ @V, where G acts irreducibly. This item follows by Lemma 2 of [151] since any
decomposition of R" gives rise to a diagonalizable commutant of rank /.

For the fourth item, we prove for the case when G has a G-invariant decomposition
R" =V; @V,. Then by the second item, G acts on K = K| x K, for properly convex domain
K; C S(V;) for i = 1,2. G acts cocompactly on K° and G is a subgroup of G| x Gy x R
where G; is isomorphic to G|K; extended to act trivially on Ky with G;|V;+; = where
the indices in mod 2.

The closure G of G in Aut(K) is a subgroup of G| x G, x R, for the closure G; of G;
in Aut(K;) fori =1,2.

GC{(g1.82.7)|gi € Gii=1,2,r eR_}.
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For a fixed pair (g1,g2), if there are more than one associated r, then we obtain by taking
differences that (I,1,7) is in the group G for r # 1. This implies that G contains a nontrivial
subgroup of R
Otherwise, G is in a graph of homomorphism A : G| x G, — R . An orbit of an action
of this on the manifold FK? x FK7 x R, is in the orbit of the image of A. Hence, each
orbit of a compact set meets (y1,y2) x (0,1) for y; € FK?, i = 1,2, at a compact set. Thus,
we do not have a cocompact action.
Furthermore, if we have a G-invariant decomposition Kj * - -- x K, we can use the
decomposition Kj * (Kp * - - - * K,y ). Now, we use the induction, to obtain the result. [S"T]
O

PROPOSITION 1.4.14. Assume as in Proposition 1.4.10. Then K is the closure of
the convex hull of Ugezlofl Ay for the attracting limit set Ag of g. Also, for any partial

join K := Ki, *--- % K;; for a subcollection {i1,...,i}j}, the closure of the convex hull of
Uyezio-144 NK equals K.

PROOF. We take a finite-index normal subgroup I of " so that Zé’q is the center
of I'. Using Theorem 1.1.19, we may assume that I" is torsion-free. Note that kA, for
any k € I equals Ay 1 = A since kgk™! = g. Thus, I'" acts on Ugezio1 Ag since it is
a ["-invariant set. The interior C of the convex hull of Ugezio-14g is a subdomain in K.
Since C/T” — K°/T” is a homotopy equivalence of closed manifolds, we obtain C = K°
and C1(C) = K by Lemma 1.4.16. X

For the second part, if the closure of the convex hull of Ug czlo-1Ag MK is a proper

subset of K, then the closure of the convex hull of Ugezlo*' Ay is a proper subset of K. This
is a contradiction. [S"S] ([l

THEOREM 1.4.15 (Kobayashi [112]). Suppose that a closed real projective orbifold
has a developing map into a properly convex domain D in RP" (resp. in S"). Then the
orbifold is projectively diffeomorphic to Q /T for the holonomy group T and for the unique,
minimal T-invariant open convex domain Q in D°.

PROOF. This follows since all maximal segments in D are of d-length < 7 — &y for
a uniform & > 0. Hence, the Kobayashi metric is well-defined proving that the orbifold
is properly convex. Hence, the developing image Q is a convex open domain by [112].
Clearly, Q is I'-invariant. It is minimal since for any I'-invariant domain in U, U/T is a
closed orbifold whose orientable manifold finite cover is homotopy equivalent to a mani-
fold finite cover of Q/T. Thus U = Q by a degree argument. Also, Q is unique since it
must be that Q = D°. O

LEMMA 1.4.16 (Domains for holonomy). Suppose that Q is an open domain in an
open hemisphere in S™' (resp. in RP"~1) where a projective group T acts on so that Q /T
is a closed orbifold. Suppose that I" acts on a compact properly convex domain K where
K° # 0. Then

e K° = R(Q) where R is a diagonalizable projective automorphism commuting
with a finite-index subgroup of I with eigenvalues +1 only and is a composition
of reflections commuting with one-another.

o Infact K=K *---xKi where K; = KNP;, J=1,...,k, for avirtually invariant
subspace P; of T where R equals 1 or .

e Q has to be properly convex.
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o [f K° meets with Q, then K° = Q.

PROOF. It is sufficient to prove for S”. We prove by an induction on dimension. For
S! this is clear.

By Theorem 1.1.19, there is a torsion-free finite-index subgroup I'" in I'. Suppose that
QNK° #0. Then (QNK°) /T is homotopy equivalent to Q/I", a closed manifold. Hence,
QNK?=Q and Q C K°. Similarly, K° C Q. We obtain K° = Q. Also, if QN7 (K?) # 0,
then &7 (K?) = Q°. The lemma is proved for this case.

Proposition 1.1.15 and the second part of Theorem 1.1.19 show that K°/I" is again
a closed orbifold. Suppose that I" is not virtually factorizable with respect to K. Then I
is strongly irreducible by Benoist [21]. K contains the attracting fixed points of bi-semi-
proximal element g of I'. This implies that C1(Q) NCI(K) # @ or C1(Q) N7 (CI(K)) # 0
since Q contains a generic point of S”. By the above paragraph, we may suppose that the
intersection is in bdQNbdK or bdQ N .o (bdK). Then this is a compact convex set invariant
under I'. Hence, I is reducible, a contradiction.

Now suppose that I" is virtually factorizable. Then there exists a diagonalizable free
abelian group D of rank k— 1 for some k > 2 in the virtual center of I" by Proposition 1.4.10.
D acts trivially on a finite set of minimal subspace Py, ..., P; by Proposition 1.4.10. Since
I' permutes these subspaces, a torsion-free finite-index subgroup I of I acts on Py, ..., B;.
Let’s denote f’j =Py *---xPj_1 % Pjipx---x F. Then Q is disjoint from f’j for each j
since otherwise (f’j NQ)/I" — Q/T" is a homotopy equivalence of different dimensional
manifolds.

However, P; N CI(Q) # 0 since we can choose a sequence {g;} of elements g; € D so
that the associated eigenvalues for P; goes to zero and the other eigenvalues goes to infinity
while their ratios are uniformly bounded as i — co.

Again, define K; := KN P;. Since K is properly convex, K *---x K C K. Since the
action of I" on K? is cocompact and proper, Proposition 1.4.10 shows that K = Kj * - - - x K.
We have a projection for K” — K7 for each j obtained from the join structure. Then the
action of I" on K; is cocompact since otherwise K° /T cannot be compact. Also, the action
of I on P; is irreducible by Benoist [21]. The scond item is proved.

We can find a sequence in D converging to a projection II; to each P; with the unde-
fined space P/, We define domains Q; := CI(I1;(Q)) in P;. Since Q is in an open subset in
ahemisphere, there exists a convex hull of C1(Q2), and hence so has Q;foreach j=1,...m.
Then Q; is properly convex by the third item of Proposition 1.4.1 and the irreducibilty of
the action in each factor K in Proposition 1.4.10. Hence € is in a properly convex domain
Q- xQ,.

By Theorem 1.4.15 of Kobayashi, Q equals the interior of Qg *---xQ,. Since I
acts cocompactly on £, it acts on its projection £; in a sweeping manner. Suppose that
QINK7 #0 or QJ N/(K7) # 0. Theorem 1.4.12 shows that K¢ = Qf or «/(KY) =
Qf since I' acts on a convex domain Q7 as a sweeping action. Suppose that QF N K7
or Q%N .o/ (K7) are empty for all j. Then CI(Q;) NK; # 0 or CI(Q;) N/ (K;) # 0 by
Proposition 1.4.13. Since such intersection has a unique minimal subspace containing it,
this contradicts the irreducibility of I"-action on P;.

Hence, it follows that K := (K| - --x K} )? is a subset of Q for K; = K; or K; = </ (K).
Again K'/T" — Q/T" is a homotopy equivalence and hence K’ = Q. Hence, the first item
is proved.

The action of projective automorphisms restricting to I or 27 on each P; gives us the
final part. (See Theorem 4.1 of [61] also.) [S"T] O
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We have the following useful result.

COROLLARY 1.4.17. . Let {h; : T — SL1(n,R)} be a sequence of faithful discrete
representations so that O; :== Q;/hi(T) is a closed real projective orbifold for a properly
convex domain Q; in S" for each i. Suppose that {h;} — he algebraically, he is faithful
with discrete image, and {C1(Q;)} geometrically converges to a properly convex domain
Cl(Q.) with nonempty interior Q.. Then hoo(I) acts on the interior Qo so that the follow-
ing hold:

o Q../he(T) is a closed real projective orbifold.

o Q. /he(T) is diffeomorphic to O for sufficiently large i.

e If U is a properly convex domain where ho(T') acts so that U [ hw(T') is an orb-
ifold, then U = Qo or J(Q«) where J is a projective automorphism commuting
with he (D). In particular, if T is non-virtually-factorizable, then J =1 or <.

PROOF. By Proposition 1.1.15, the quotient Q.. /h.(T") is an orbifold. For the second
item, see the proof of Theorem 4.1 of [61]. The third item follows from Lemma 1.4.16. [

1.4.5. Technical propositions. By the following, the first assumption of Theorem
5.4.3 are needed only for the conclusion of the theorem to hold.

PROPOSITION 1.4.18. If a group G of projective automorphisms acts on a strict join
A = Ay with A| x Ay for two compact convex sets A1 and Ay in S" (resp. in RIP") with
dimA| +dimA; = n— 1, then G is virtually reducible.

PROOF. We prove for S". Let xi,...,x,11 denote the homogeneous coordinates.
There is at least one set of strict join sets A;,A>. We choose a maximal number collec-
tion of compact convex sets A}, ..., A}, so that A is a strict join A *--- %A}, . Here, we have

A] C S for a subspace S; corresponding to a subspace V; C R"*! that form an independent
set of subspaces.

We claim that ¢ € G permutes the collection {A],...,A},}: Suppose not. We give
coordinates so that for each i, there exists some index set /; so that elements of A; satisfy
xj =0 for j € I; and elements of A satisfy x; > 0. Then we form a new collection of
nonempty sets

J={Aing(A)]0<i,j<ngeG}
with more elements. Since

A=g(A)=g(A))* - xg(A),
we can show that each A’ is a strict join of nonempty sets in
T = {AINgAD0< j<1g € G)
using coordinates. A is a strict join of the collection of the sets in J', a contraction to the
maximal property.

Hence, by taking a finite index subgroup G’ of G acting trivially on the collection, G’
is reducible. [S™T] U

PROPOSITION 1.4.19. Suppose that a set G of projective automorphisms in S" (resp.
in RP") acts on subspaces S\, ...,S, and a properly convex domain Q C S" (resp. C RP"),
corresponding to independent subspaces Vi,...,V,, so that V;N\V; = {0} for i # j and
Vi@V, = R Let Q; := CI(Q) NS; for each i, i = 1,...,1y. Let Ai(g) denote the
largest norm of the eigenvalues of g restricted to V;. We assume that

o foreach S;, G;:={g|Si|lg € G} forms a bounded set of automorphisms, and
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e for each S;, there exists a sequence {g; j € G} which has the property

{ Ai(8i)) } — oo for each k,k # i as j — oo.
Ai(8ij)

Then CI(Q) = Q- % Qy, for Q; #0,j=1,....I.

PROOF. First, ; C CI(Q) by definition. Each element of a strict join has a vector that
is a linear combination of elements of the vectors in the directions of Q,...,£;,, Hence,
we obtain

Qpx---xQy C Cl(Q)
since CI(Q2) is convex.

Let z = [¥%;] for a vector ¥, in R""!. We write ¥, = ¥| +--- + ¥, ¥; € V; for each j,
j=1,...,1y, which is a unique sum. Then z determines z; = [V;] uniquely.

Let z be any point. We choose a subsequence of {g; ;} so that {g; ;|S;} converges to a
projective automorphism g; .. : S; — S; and A; j — oo as j — co. Then g; .. also acts on Q;.
By Proposition 1.3.2, {g; j(zi)} = gi(2i) = zi. for a point z; .. € S;. We also have

(1.4.1) =g a(8ie(2i) = & .,l(li}.n 8ij(z)) = 8 om(zicn)-

Now suppose z € C1(Q2). We have {g; j(z)} — zi by the eigenvalue condition. Thus,
we obtain z; . € ; as z; . is the limit of a sequence of orbit points of z. Hence we also
obtain z; € ; by (1.4.1). We obtain Q; # 0. This also shows that CI(Q) = Q; *---*Q
since z € {z1}*---* {z,}.

For the RIP"-version, we lift Q to an open hemisphere in S”. Then the S"-version
implies the RIP"-version. [S"T] O

1.5. The Vinberg duality of real projective orbifolds

The duality is a natural concept in real projective geometry and it will continue to play
an essential role in this theory as well.

1.5.1. The duality. We start from linear duality. Let I" be a group of linear transfor-
mations GL(n + 1,R). Let I* be the dual group defined by {g*~'|g € T'}.
Suppose that T acts on a properly convex cone C in R"*! with the vertex O.

e An open convex cone C* in R"*1* is dual to an open convex cone C in R"*! if
C* C R"1* is the set of linear functionals taking positive values on C1(C) — {O}.
C* is a cone with the origin as the vertex again. Note (C*)* = C, and C must be
properly convex since otherwise C° cannot be open. We generalize the notion in
Section 1.5.4.

e Now I'* will acts on C*. A central dilatational extension T" of I by Z is given
by adding a scalar dilatation by a scalar s > 1 for the set Ry of positive real
numbers.

e The dual I"* of I" is a central dilatation extension of I'*. Also, if I is cocompact
on C if and only if I"* is on C*. (See [86] for details.)

e Given a subgroup I'in PGL(n+ 1,R), the dual group I'* is the image in PGL(n+
1,R) of the dual of the inverse image of I"in SL4 (n+ 1,R).

o We define RP"* as P(R™*1*)).

e A properly convex open domain Q in P(R"*!) is dual to a properly convex open
domain Q* in P(R"*1*) if Q corresponds to an open convex cone C and Q* to its
dual C*. We say that Q* is dual to Q. We also have (Q*)* = Q and Q is properly
convex if and only if so is Q*.
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o We call I" a dividing group if a central dilatational extension acts cocompactly
on C with a Hausdorff quotient. I" is dividing if and only if so is I"*.

e Define " := S(R"*!*). For an open properly convex subset Q in S”, the dual
domain is defined as the quotient in S™* of the dual cone of the cone Cq cor-
responding to Q. The dual set Q* is also open and properly convex but the
dimension may not change. Again, we have (Q*)* = Q.

e If Q is a compact properly convex domain but not necessarily open, then we
define Q* to be the closure of the dual domain of Q°. This definition agrees with
the definition given in Section 1.5.4 for any compact convex domains since a
sharply supporting hyperspace can be perturbed to a supporting hyperspace that
is not sharply supporting. (See Berger [26].)

e Given a properly convex domain Q in S” (resp. RP"), we define the augmented
boundary of Q

(1.5.1) bd*¢Q:={(x,H)|x €bdQ,x € H,
H is an oriented sharply supporting hyperspace of Q} C " x §™*.
Define the projection
T, : bd*Q — bdQ
by (x,H) — x. Each x € bdQ has at least one oriented sharply supporting hy-
perspace. An oriented hyperspace is an element of S™* since it is represented as
a linear functional. Conversely, an element of S” represents an oriented hyper-

space in S™. (Clearly, we can do this for RP" and the dual space RP"* but we
consider only nonoriented supporting hyperspaces.)

THEOREM 1.5.1. Let A be a subset of bdQ. Let A’ := Hgg’_l(A) be the subset of
bd*&(A). Then Hgg |A’: A" — A is a quasi-fibration.

PROOF. We take a Euclidean metric on an affine subspace containing C1(Q). The
sharply supporting hyperspaces at x can be identified with unit normal vectors at x. Each
fiber Hggﬁl (x) is a properly convex compact domain in a sphere of unit vectors through
x. We find a continuous section defined on bdQ by taking the center of mass of each fiber
with respect to the Euclidean metric. This gives a local coordinate system on each fiber by
giving the origin, and each fiber is a compact convex domain containing the origin. Then
the quasi-fibration property is clear now. [S"T] (]

REMARK 1.5.2. We notice that for properly convex open or compact domains ; and
Q, in §" (resp. in RP") we have

(1.5.2) Q) C  if and only if Q5 C Q]

REMARK 1.5.3. A proper-subspace dual K;( with respect to X = RP* or S of a prop-
erly convex domain K in X = RP* or S is the dual domain as obtained from considering
X and corresponding vector subspace only.

We are given a strict join A % B for a properly convex compact k-dimensional domain
A in RP¥ ¢ RP" and a properly convex compact n — k — I-dimensional domain B in the
complementary RP" ! c RP". Let A]Iwk denote the proper-subspace dual in RP* of A

in RP* and B]Jlrw”*k” the proper-subspace dual domain in RP"~*~1* of B in RP"~*~!, RP**
embeds into RP"™* as P(V}) for the subspace V; of linear functionals cancelling vectors in
directions of RP"*~! and RP"*~1* embeds into RP"* as IP(V5) for the subspace V, of
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linear functionals nullifying the vectors in directions of RP*. These will be denoted by
RP¥ and RP" %17 respectively.
Then we have

* _ At 1
(1.5.3) (A% B) = AL * By

Pnfkfl .
This follows from the definition and realizing every linear functional as a nonnegative sum
of linear functionals in the direct-sum subspaces.

Suppose that A C S¥ and B  §" %! respectively are k-dimensional and (n—k—1)-
dimensional domains where S* and S"*~! are complementary subspaces in S”. Suppose
that A and B have respective dual sets A;k - S’”‘,B;n,,(,1 C §"k=1* We embed S¥* and
S"=k=1* to " as above. We denote the images by SK' and S"*~!7 respectively. Then the
above equation also holds with the subscripts exchanged appropriately.

An element (x,H) is bd*2Q if and only if x € bdQ and £ is represented by a linear
functional oy so that og(¥) > 0 for all ¥ in the open cone C(Q) corresponding to  and
o (V) = 0 for a vector ¥y representing x.

Let (x,H) € bd*2Q. The dual cone C(Q)* consists of all nonzero 1-form a so that
o(¥) > 0 for all y € CI(C(Q)) — {O}. Thus, a(V,) > 0 for all o € C* and oy (V) =0, and
oy & C(Q)* since ¥, € CI(C(Q)) — {O0}. But H € bdQ* as we can perturb oy so that it is
in C*. Thus, x is a sharply supporting hyperspace at H € bdQ*. We define a duality map

258 1 bd*eQ — bdheQ*
given by sending (x,H) to (H,x) for each (x,H) € bd*¢Q.

PROPOSITION 1.5.4. Let Q and Q* be dual open domains in S" and S™ (resp. RP"
and RP™).
(i) There is a proper map TI*¢ : bd*2Q — bdQ given by sending (x,H) to x.
(i) A projective automorphism group I acts properly on a properly convex open
domain Q if and only if so T'" acts on Q* (Vinberg’s Theorem 1.5.8).
(iii))  There exists a duality map

248 : bd*EQ — bdAeQ*
which is a homeomorphism.
(iv) Let A C bd*#Q be a subspace and A* C bd*8Q* be the corresponding dual

subspace .@Sg (A). A group T acts on A so that A/T is compact if and only if T*
acts on A* and A* /T is compact.

PROOF. We will prove for S” first. (i) Each fiber is a closed set of hyperspaces at
a point forming a compact set. The set of sharply supporting hyperspaces at a compact
subset of bdQ is closed. The closed set of hyperspaces having a point in a compact subset
of S"*! is compact. Thus, I14g is proper. Clearly, IT42 is continuous, and it is an open map
since bd*2Q) is given the subspace topology from S” x S"* with a product topology where
IT4¢€ extends to a projection.

(ii) See Chapter 4 of [86] or Vinberg [152].

(iii) @gg has the inverse map @é*g.

(iv) The item is clear from (iii). [S"T] (I

DEFINITION 1.5.5. The two subgroups G of I' and G, of I'* are dual if sending
g+ g T gives us an isomorphism G| — G». A setin A C bdQ is dual to a set B C bdQ*
if @ég : HK; (A) — Hggl (B) is a one-to-one and onto map.



1.5. THE VINBERG DUALITY OF REAL PROJECTIVE ORBIFOLDS 39

REMARK 1.5.6. For an open subspace A C bdQ that is C' and strictly convex, .@Sg
induces a well-defined map

A CbdQ — A’ C bdQ*

since each point has a unique sharply supporting hyperspace for an open subspace A’. The
image of the map A’ is also smooth and strictly convex by Lemma 1.5.7. We will simply
say that A’ is the image of 9.

Let RIF’;”I denote the space of concurrent lines to a point x where two lines are equiv-
alent if they agree in a neighborhood of x. Now, RIP’;"I is projectively diffeomorphic to
RP"~!. The real projective transformations fixing x induce real projective transformations
of R}P’Q’]. Let x € S". The space S”~! denotes the space of equivalence classes of con-
curent lines ending at x with orientation away from x where two are considered equivalent
if they agree on an open subset with a common boundary point x. An equivalence class
here is called a direction from x. Note that S"~! is well-defined on RP" as well for x € RP".

For a subset K in a convex domain Q in RP” or S”, let x be a boundary point. We
define R,(K) for a subset K of Q the space of directions of open rays from x in Q. We
defined R, (K) C S)’("l. Any projective group fixing x induces an action on S~ !.

We say that a two-sided open hypersurface is convex polyhedral if it is a union of
locally finite collection of compact polytopes in hyperspaces meeting one another in strictly
convex angles where the convexity is towards one-side.

LEMMA 1.5.7. Let Q* be the dual of a properly convex open domain Q in RP" (resp.
in S"). Then

(i) bdQ is C! and strictly convex at a point p € bdQ if and only if bdQ* is C' and
strictly convex at the unique corresponding point p*.
(1) Q is an ellipsoid if and only if so is Q*.
(iii) bdQ* contains a properly convex domain D = PNbdQ* open in a totally geo-
desic hyperspace P if and only if bdQ2 contains a vertex p with R, () a properly

convex domain. In this case, _@Sg sends the pair of p and the associated sharply
supporting hyperspace of Q to the pairs of the totally geodesic hyperspace con-
taining D and points of D. Moreover, D and R,(Q) are properly convex, and the
projective dual of D is projectively diffeomorphic to R,(Q).

(iv) Let S be a convex polyhedral open subspace of bdQd. Then S is dual to a convex
polyhedral open subspace of bdQ*.

PROOF. We first prove for S”. (i) The one-to-one map @Sg sends each pair (x,H) of
a point of bdQ and the sharply supporting hyperplane to a pair of (H,x) where H is a point
of bdQ* and x is a sharply supporting hyperplane at H of Q*.

The fact that bdQ is C! and strictly convex implies that for x € bdQ, H is unique, and
for H, there is only one point of bdQ2 where H meets bdQ2. Also, this is equivalent to the
fact that for each H € bdQ)*, the supporting hyperspace x is unique and for each x, there is
one point of bdQ* where x meets bdQ*. This shows that bdQ* is strictly convex and C'.

(ii) Let R"*! have the standard Lorentz inner product B. Let C be the open positive
cone. Then the space of linear functionals positive on C is in one-to-one correspondence
with vectors in C using the isomorphism C* — C given by ¢ — Vi so that ¢ = B(Vy,-).
(See [86].)

(iii) Suppose that R,(€2) is properly convex. We consider the set of hyperspaces
sharply supporting Q at p. This forms a properly convex domain: Let ¥V be the vector
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in R"*! in the direction of p. Then we find the set of linear functionals positive on C(Q)
but being zero on 7. Let V be a complementary space of ¥ in R"*!. Let A be given as the
affine subspace V + {¥} of R"*!. We choose V so that C; := C(CI(Q)) N A is a bounded
convex domain in A. We give A a linear structure so that ¥ corresponds to the origin. We
identify this space with V. The set of linear functionals positive on C(Q) and O at V is
identical with that of linear functionals on R positive on Cy: we define

C(D) == {f e R"*| flC(CH(Q)) — {t¥]t > 0} > 0, £(¥) =0}
> Ci:={ge V'|g|G;— {0} > 0} C R"™I".

Here 2 indicates a linear isomorphism, which follows by the decomposition R"+! = {#|t €
R} @& V. Define R.(Cy) as the equivalence classes of properly convex segments in C; ending
at ¥ where two segments are equivalent if they agree in an open neighborhood of V. R,(Q)
is identical with R(Cy) by the projectivization S : R*™! — {O} — S". Hence R}(Cy) is
a properly convex open domain in S(V). Since R(Cy) is properly convex, the interior
of the spherical projectivization S(é;) C S(V*) is dual to the properly convex domain
RL(Cy) C S(V).

Again we have a projection S : R"+!* — {0} — §"*. Define D :=S(C(D)) C S™*. Since
R’(Cy) corresponds to R,(Q), and S(@Vf) corresponds to D, the duality follows. Also, D C
bdQ* since points of D are oriented sharply supporting hyperspaces to © by Proposition
1.5.4 (iii). (Here, we can also use Proposition 5.2.2.)

(iv) From (iii) each vertex of a convex polyhedral subspace of S correspond to a com-
pact convex polytope in the dual subspace. Also, we can check that each side of dimension
i correspond to a side of dimensionn —i— 1. [S"T] O

1.5.2. The duality of convex real projective orbifolds with strictly convex bound-
ary. Since & = Q/T for an open properly convex domain Q in RP” (resp. in S”) the dual
orbifold &* = Q* /T™* is a properly convex real projective orbifold. The dual orbifold is
well-defined up to projective diffeomorphisms.

THEOREM 1.5.8 (Vinberg). Let O be a strongly tame properly convex real projective
open or closed orbifold. The dual orbifold O* is diffeomorphic to ©.

For proof, see Thereom 4.4. 10 in Chapter 4 of [89].

The map given by Vinberg [152] is called the Vinberg duality diffeomorphism. For
an orbifold & with boundary, the map is a diffeomorphism in the interiors &° — 0.
Let & denote the properly convex projective domain covering@. Also, @25 gives us the
diffeomorphism d & — d &*. (We conjecture that they form a diffeomorphism & — &* up
to isotopies. We also remark that 4+ o ¥ may not be identity as shown by Vinberg.)

For each p € Q, let jy o denote the vector in C(Q) with £, (py.q) = 1 for the Koszul-
Vinberg function fy o for C(Q). (See (11.2.1).) Define ﬁ‘*,,g as the 1-form Dfy o (py),
and also define p* as (Dfyvo(Pva)). We obtain a compactification of Q by defining
CI*¢(Q) := QUbDA*EQ by defining for any sequence p; € Q, we form a pair (5, piy)
where j;, is the 1-form in R"* given by '

Dfy(piyv)-

Clearly, a limit point of {5}, , } is a supporting 1-form of C() since it supports a properly

convex domain f;, ! (1,e0) C C(Q). We say that p; converges to an element of bd*¢ if this
augmented sequence converges to it.
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THEOREM 1.5.9. Let Q be a properly convex domain in RP" (resp. in S"), and let Q*
be its dual in RP™ (resp. in S™). Then the Vinberg duality diffeomorphism g : Q — Q*

extends to a homeomorphism .@ég : CIA%(Q) — CI*¢(Q). Moreover for any projective
group T acting on it, :@ég is equivariant with respect to the duality map I' — I'* given by
g gl

PROOF. We assume © C S". The continuity follows from the paragraph above the
theorem since %, is induced by (p,py o) = (Py q,P). and @gg is a map switching the
orders of the pairs also.

Proposition 1.5.4 shows the injectivity of .@gg . The map is surjective since so is Zqo

Ag
and Z,,°.

The equivariance follows since so are Zq and @ég. [S"T] [l

1.5.3. Sweeping actions. The properly convex open set D in RP" (resp. S") has a
Hilbert metric. Also the group Aut(K) of projective automorphisms of K in SL1 (n+ 1,R)
is a locally compact closed group.

LEMMA 1.5.10. Let D be a properly convex open domain in RP" (resp. S") with
Aut(D) of smooth projective automorphisms of D. Let a group G act isometrically on
an open domain D faithfully with G — Aut(D) is an embedding. Suppose that D/G is
compact. Then the closure G of G is a Lie subgroup acting on D properly, and there exists
a smooth Riemannian metric on D that is G-invariant.

PROOF. Assume D C S". Since G is in SL4 (n+ 1,R), the closure G is a Lie subgroup
acting on D properly. Suppose that D C S”.

One can construct a Riemannian metric y with bounded entries. Let ¢ be a func-
tion supported on a compact set F' so that G(F) D D where ¢|F > 0. Given a bounded
subset of G, the elements are in a bounded subset of the projective automorphism group
SL:(n+1,R). A bounded subset of projective automorphisms have uniformly bounded
set of derivatives on S” up to the m-th order for any m. We can assume that the derivatives
of the entries of ¢ up to the m-th order are uniformly bounded above. Let dn be the
left-invariant measure on G.

Then {g*¢u|g € G} is an equicontinuous family on any compact subset of D° up to
any order. For J C D°, supp(g*¢u) NJ # 0 for g in a compact set of G. Thus the integral

&' gudn

geG

of g*¢u for g € G is a C*-Riemannian metric and that is positive definite. This bestows us
a C”-Riemannian metric Up on D invariant under G-action. [S"T] (Il

By Lemma 1.5.10, there exists a Riemannian metric on a properly convex domain Q
invariant under Aut(Q). Hence, we can define a frame bundle FQ where Aut(Q) acts
freely.

PROPOSITION 1.5.11 (Lemma 1 of Vey [151]). Suppose that a projective group G acts
on an (n— 1)-dimensional properly convex open domain Q as a sweeping action. Then the
dual group G* acts on Q* as a sweeping action also.

PROOF. The Vinberg duality map in Theorem 1.5.8 is a diffeomorphism Q — Q*.
This map is equivariant under the duality homomorphism g — g*~! for each g € G. Here,
G does not need to be a dividing action. g
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THEOREM 1.5.12 (Generalizes1.4.15). Suppose that a projective group G sweepingly
acts on a properly convex open domain D in RP" (resp. in S"). Then for any properly
convex open domain Q with Q/G is compact and QN D # 0, Q = D.

PROOF. Suppose not. Then G acts on DN Q as a sweeping manner and DN Q is a
proper subset of D. Let x € DN Q. By Theorem 1.4.12, the convex hull of Gx must equal
both DN Q and D. Hence, D C Q. The converse also holds by the same reason. O

1.5.4. Extended duality. We can generalize the duality for convex domains as was
done at the beginning of Section 1.5; however, we don’t generalize for RP”. Given a closed
convex cone C; in R"*!, consider the set of linear functionals in R""!* taking nonnegative
values in C;. This forms a closed convex cone. We call this the dual cone of C; and denote
it by C7.

A closed cone C, in R™ ! is dual to a closed convex cone C; in R*t! if C, is the set
of linear functionals taking nonnegative values in Cj.

For a convex compact set U in S", we form a corresponding convex cone C(U). Then
we form C(U)* and the image of its projection a convex compact set U* in §"*. Clearly,
(U*)* = U for a compact convex set U by definition.

Also, the definition agrees with the previous definition defined for properly convex
domains. This is straightforward: Functions in C(U)* can be approximated arbitrarily by
functions strictly positive on C(U).

Also, for subspaces such as great sphere S in S” its dual in ™ is a great sphere
S"—=1* For these subspaces, we can give an orientation on S so that we can give the
orientation on S"~~1* g0 that under a fixed metric a basis in the orientation of Siy and
the dual basis of S"~0~!* form the orientation of R"*! inducing the given one on S". In
particular, since S is a pair of antipodal points, an orientation is a choice of a point. The
orientations on S and S"~~!* are said to be dual ones. and the oriented S is dual to the
oriented S" o~ 1*,

Recall the classification of compact convex sets in Proposition 1.1.4.

PROPOSITION 1.5.13.

o Let S be a great sphere of dimension i.
e Let S° be a one of dimension jo with io+ jo+ 1 < n independent of S".
o We also have the join Sotit! of S0 and S/ and its complementary subspace

S§p—io—jo—2,

o Let S"~0~1 be one of dimension n— i — 2 complementary to S where S"~0~jo=2
Sn—io—l

o Letus identify ST as S"~0~1* by taking restrictions of linear maps and S"~0—jo=21
as Stotjotlx,

Let U be a convex compact proper set in S". Then the following hold:
(i): U is a great iy-sphere if and only if U* is a great n — iy — 1-sphere. U* is not
convex if and only ifip =n— 1.
(ii): If U is a strict join of a properly convex domain K of dimension iy in a great
sphere S and a complementary great sphere S/ for iy, jo > 0, then
e U* is a strict join of S""0=i0=2" = So+io+1* and q properly convex domain
KT inSioT =S~ of dimension iy properly dual to K in S© ifig+ jo+1 <
n.
o UtisK' C SO ifig+ jo+1=n.
(iii): If U is a properly convex domain K in a great sphere S© of dimension iy, iy <
n, then U* is a strict join of the proper-subspace dual K' of K in S0t = §n—io—1x



1.5. THE VINBERG DUALITY OF REAL PROJECTIVE ORBIFOLDS 43

and a great sphere S* of dimension n — io — 1 for any choice of the complement
§r—io—1 OfSiO.

(iv): U is a properly convex compact n-dimensional domain if and only if so is U*.

(v): If U is not properly convex and has a nonempty interior, then U* has an empty
interior.

(vi): IfU has an empty interior, then U* is not properly convex and has a nonempty
interior provided U is properly convex.

(vii): In particular, if U is an n-hemisphere, then U* is a point and vice versa.

(viii): IfU° # 0 and U*° # 0, then U and U* are both properly convex domains in
St

(xi): U is contained in a hemisphere if and only if U* is contained in a hemisphere.

PROOF. (i) Suppose that U is a great ip-sphere. Then C(U) is a subspace of dimension
io + 1. The set of linear functionals taking O values on C(U) form a subspace of dimension
n—ip. Hence, U* = S(C(U)*) is a great sphere of dimension n — iy — 1. The converse is
also true.

(i1) Suppose that U is not a great sphere. Proposition 1.1.4 shows us that U is contained
in an n-hemisphere.

Let S™ be the span of U. Here, my = io+ jo + 1. Then U = S/0 x K’ for a great sphere
S/o and a properly convex domain K in a great sphere of dimension iy in S"0 independent
of the first one by Proposition 1.1.4.

C(U) is a closed cone in the vector subspace R"™*!, Then C(U) = RO+ 4 C(K™)
where C(K™) C R0*! for independent subspaces R/0*! and R0*!. Let C(U) denote the
dual of C(U) in R™*!* For f € C(U)', f =0 on R0*! and f|R0*! takes a value > 0 in
C(K™). Hence,

fiRmT = RIOFI g RO 5 R isin {0} @ C(K™)*.

Denote the projection of C(U)" in S™ by U’.

Suppose my = n. Then we showed the second case of (ii).

Suppose mg < n. Then decompose R"+!1 = R0 g R™0+1, We obtain that f € C(U)*
is a sum fi + f> where fj is an element of C(U)’ extended by setting f1|R" ™ ¢ {0} =0
and f, is any linear functional satisfying f|{0} @ R™*! = ( where we indicate by {O}
the trivial subspaces of the complements. Hence, ((f») € S"0* = §"~0~/0=2f Hence, U*
is a strict join of U’ and a great sphere S"~0—/o=27,

(iii) This is obtained by taking the dual of the second case of (ii).

(iv) Since the definition agrees with classical one for properly convex domains, this
follows. Also, one can derive this as contrapositive of (ii) and (iii) since domains and their
duals not covered by (ii) and (iii) are the properly convex domains.

(v) U is as in the second case of (ii).

(vi) If U has the empty interior, then U is covered by (ii) and (iii) or is a great sphere
of dimension < n. (iii) corresponds to the case when the dual of K has nonempty interior.

(vii) The forward part is given by (iii) where K is a singleton in S” and ig = 0. The
converse part is the second case of (ii) where K is of dimension zero and jo =n— 1.

(viii) The item (v) shows this using (U*)* =U.

(xi) Proposition 1.1.4 shows that (ii), (iii), and (iv) cover all compact convex sets that
are not great spheres. (]

We also note that for any properly convex domain K, K C H* C S* for a open hemi-
sphere H;, and a great sphere S/ in an independent space, the interior of K *S/ C H* xS/ is
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in an affine space H*/*1 = H* x H/*! C S". Hence, a join is really a product of a certain
form. We call this an affine form of a strict join.

1.5.5. Duality and geometric limits. Define the thickness of a properly convex do-
main A is given as

min{max{d(x,bdA)|x € A}, max{d(y,bdA")|y € A*}}
for the dual A* of A.

FIGURE 1. The diagram for Lemma 1.5.14.

LEMMA 1.5.14. Let A be a properly convex open (resp. compact) domain in RP"
(resp. S") and its dual A* in RP™ (resp. S"™ ). Let € be a positive number less than the
thickness of A and less than 1d(A', </ (A')) and 1d(A™, o/ (A™)) for a lift A of A to S™
(resp. A' = A). Then the following hold:

o Ng(A) C (A* — CI(Ng (bdA*™)))™.

o [f two properly convex open domains A1 and Ay are of Hausdorff distance < €
for € less than the thickness of each Ay and Ay, then A} and A5 are of Hausdorff
distance < €.

o Furthermore, if Ay C Ngr(A1) and Aj C Ng(Az) for 0 < €' < €, then we have
A5 D A} — CI(Ng (bdA})) and A} O A} — C1(Ngr (bdA)).

PROOF. Using the double covering map ps» and pge« : 8™ — RIP™ of unit spheres in
R and R™!*, we take components of A and A*. It is easy to show that the result for
properly convex open domains in S" and S"* is sufficient.

For elements ¢ € S™, and x € S", we say ¢(x) < 0 if f(v) <0 for ¢ = [f],x =[]
for f € R*1* ¥ € R™!. Also, we say ¢(x) > 0 if f(v) > 0 for ¢ = [f],x = [V] for f €
RnJrl*’ Ve R

For the first item, let y € Ng(A). Suppose that ¢ (y) < 0 for

¢ € CI((A* — CI(Ng (bdA*))) # 0.

Since ¢ € A*, the set of positive valued points of S” under ¢ is an open hemisphere H
containing A but not containing y. The boundary bdH of H has a closest point z € bdA of
distance < €. The closest point 7' to z on bdH is in Ng(A) since y is in Ng(A) — H and 7/
is closest to bdA. The great circle S! containing z and 7’ are perpendicular to bdH since
77 is minimizing lengths. Hence S! passes the center of the hemisphere. One can push
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the center of the hemisphere on S! until it becomes a sharply supporting hemisphere to A.
The corresponding ¢’ is in bdA* and the distance between ¢ and ¢’ is less than €. This is
a contradiction. Thus, the first item holds (See Figure 1.)

For the final item, we have that

Ay C Ngi(Ar),A; C N (Ap) for 0 < e <e.

Hence, Ay C (A} —Cl(Ng (bdA})))*, and A3 D A} — C1(Ng(bdAT)) by (1.5.2), which proves
the third item where we need to switch 1 and 2 also. We obtain N¢(A%) D A} and conversely.
The second item follows. [S"P] O

The following may not hold for RP":

PROPOSITION 1.5.15. Suppose that {K;} is a sequence of properly convex domains
in S" geometrically converging to a compact convex set K. Then {K;'} geometrically con-
verges to the compact convex set K* dual to K.

PROOF. Recall the compact metric space of all compact subsets of S” with the Haus-
dorff metric dy. (See p.280-281 of Munkres [136].) K; is a Cauchy sequence under the
Hausdorff metric dg. By Lemma 1.5.14, K} is also a Cauchy sequence under the Haus-
dorff metric of dy of S**. The Hausdorff metric of the space of all compact subsets of S"*
is a compact metric space.

Since each K; is contained in an n-hemisphere corresponding to the linear functional
¢; with ¢;|C(K;) > 0, we deduce that K is contained in an n-hemisphere.

Let K~ denote the limit of the Cauchy sequence {K;}. We will show K = K*.

First, we show K~ C K*: Let ¢, be a limit of a sequence ¢; for ¢; € C(K;") for each i.
By Proposition 1.1.7, it will be sufficient to show (¢« ) € K* for every such ¢.. We may
assume that their Euclidean norms are 1 always with the standard Euclidean metric on R".
We will show that ¢..|C(K) > 0.

Let S denote the unit sphere in R"*+! with a Fubini-Study path-metric d;. The pro-
jection S" — S} is an isometry from d to d;. Then C(K;) NS} — C(K) NS} geomet-
rically under the Hausdorff metric dy 1 associated with d;. Let N¢(U) denote the &-
neighborhood of a subset U of S| under d;. Since K; — K, we find a sequence & so
that N, (C(K;)) S| D C(K) NS} and & — 0 as i — oo.

For any ¢ in R"*!* of unit norm, for every pair of points x,y € St with ¢(x) >0,

(1.5.4) d;(x,y) < 0 implies ¢(y) > —6:

This follows by integrating along the geodesic from x to y considering ¢ as a 1-form of
norm 1.

Since min{¢;|Ng,(C(K;)) NS}} > —¢& by (1.5.4), we obtain ¢;|C(K) NS} > —¢g for
sufficiently large i. Since & — 0, we obtain ¢.,|C(K) NS} >0, and ¢, € C(K)*.

Conversely, we show K* C K*. Let ¢ € C(K)*. Then ¢|C(K) NS} > 0. Define
& =min{¢ (C(K;) NS})}. If & > 0 for sufficiently large i, then ¢ € C(K;)* for sufficiently
large i and (@) € K™ by Proposition 1.1.7, and we are finished in this case.

Suppose € < 0 for infinitely many i. By taking a subsequence if necessary, we assume
that & < O for all i. Let Hy, Hy C S", be the hemisphere determined by the nonnegative
condition of ¢. Then K; — Hy # 0 for every i. Choose a point y; in K; of the maximal
distance from Hy. Then d; (y;,Hy) < §; for 0 < §; < m/2. Since {K;} — K, we deduce
{6;} = 0 as i — o obviously. Assume §; < /4 without loss of generality.

Define a distance function fi(-) :==d;(-,Hy) : S* — Ry. Then y; is contained in a
smooth sphere S5, at the level §; with a fixed center xy. Also, K; is contained in the com-
plement of the convex open ball Bs, bounded by Ss,.
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Now, we will use convex affine geometry. Let H; denote the hemisphere whose bound-
ary contains y; and is tangent to Sg, and disjoint from Bg,. Then y; is a unique maximum
point of f1|K; since otherwise we will have a point with smaller f; by the convexity of
K; and Bs,. And K; is disjoint from Bj, as y; is the unique maximum point. Since K; and
CI(Bs,) are both convex and meets only at y;, dH; supports K; and CI(Bj,) by the hyper-
plane separation theorem applied to C(K;) and C(CI(Bs,)).

We obtained K; C H;. Let ¢; be the linear functional of unit norm corresponding to H;.
Then ¢;|C(K;) > 0. Let s; be the shortest segment from y; to dH; with the other endpoint
x; € 0H;. The center &/ (x¢) of Hy is on the great circle §; containing s;. The center of H;
is on §; and of distance &; from <7 (xy) since d (y;, x;) = &;.

This implies that d(¢, ¢;) = ;. Since §; — 0, we obtain {¢;} — ¢ and K* C K~ by
Proposition 1.1.7. (|



CHAPTER 2

Examples of properly convex real projective orbifolds with
ends: cusp openings

We give examples where our theory applies to. We explain the theory of convex pro-
jective structures on Coxeter orbifolds and the orderability theory for Coxeter orbifolds.
Our work jointly done with Gye-Seon Lee and Craig Hodgson generalizing the work of
Benoist and Vinberg will be discussed. We also explain the vertex orderable Coxeter orb-
ifolds. We state the work of Heusner-Porti on projective deformations of the hyperbolic
link complement and the subsequent work by Ballas. Also, we state some nice results on
finite volume convex real projective structures by Cooper-Long-Tillmann and Crampon-
Marquis on horospherical ends and thick and thin decomposition.

How, these examples fit into this monograph is explained in Chapter 12.

2.1. History of examples

Originally, Vinberg [153] investigated convex real projective Coxeter orbifolds as lin-
ear groups acting on convex cones. The groundbreaking work also produced many exam-
ples of real projective orbifolds and manifolds & suitable to our study. For example, see
Kac and Vinberg [107] for the deformation of triangle groups. However, the work was re-
duced to studying some Cartan forms with rank equal to n+ 1 for n = dim &. The method
turns out to be a bit hard in computing actual examples.

Later, Benoist [24] worked out some examples on prisms. Generalizing this, Choi
[50] studied the orderability of Coxeter orbifolds after conversing with Kapovich about
the deformability. This produced many examples of noncompact orbifolds with properly
convex projective structures by the work of Vinberg. Later, Marquis [125] generalized the
technique to study the convex real projective structures based on Coxeter orbifolds with
truncation polytopes as base spaces. These are compact orbifolds, and so we will not
mention these.

For compact hyperbolic 3-manifolds, Cooper-Long-Thistlethwaite [64] and [65] pro-
duced many examples with deformations using numerical methods. Some of these are
exact computations.

We now discuss the noncompact strongly tame orbifolds with convex real projective
structures.

Also, Choi, Hodgson, and Lee [58] computed the deformation spaces of convex real
projective structures of some complete hyperbolic Coxeter orbifolds with or without ideal
vertices, and Choi and Lee [60] showed that all compact hyperbolic weakly orderable
Coxeter orbifolds have the local deformation spaces of dimension e — 3 where e is the
number of ridges with order > 2. These Coxeter orbifolds form a large class of Coxeter
orbifolds.

We can generalize these to complete hyperbolic Coxeter orbifolds that are weakly or-
derable with respect to ideal vertices. Lee, Marquis, and I will prove in later papers related

47
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ideal-vertex-orderable Coxeter 3-orbifolds have smooth deformation spaces of computable
dimension.

For noncompact hyperbolic 3-manifolds, Porti and Tillmann [139], Cooper-Long-
Tillmann [67], and Crampon-Marquis [68] made theories where the ends were restricted
to be horospherical. Ballas [4] and [5] made initial studies of deformations of complete
hyperbolic 3-manifolds to convex real projective ones. Cooper, Long, and Tillmann [66]
have produced a deformation theory for convex real projective manifolds parallel to ours
with different types of restrictions on ends, such as requiring the end holonomy group to be
abelian. They also concentrate on the openness of the deformation spaces. We will provide
our theory in Part 3.

2.2. Examples and computations

We will give some series of examples due to the author and many other people. Here,
we won’t give compact examples since we already gave a survey in Choi-Lee-Marquis
[61].

Given a polytope P, a face is a codimension-one side of P. A ridge is the codimension-
two side of P. When P is 3-dimensional, a ridge is called an edge.

We will concentrate on n-dimensional orbifolds whose base spaces are homeomorphic
to convex Euclidean polyhedrons and whose faces are silvered and each ridge is given an
order. For example, a hyperbolic polyhedron with edge angles of form 7 /m for positive
integers m will have a natural orbifold structure like this.

DEFINITION 2.2.1. A Coxeter group T’ is an abstract group defined by a group pre-
sentation of form
(Ris (RiRj)"7),i,j €1
where [ is a countable index set, n;; € N is symmetric for i, j and n; = 1, n;; > 2 for i # j.

The fundamental group of the orbifold will be a Coxeter group with a presentation
Riyi=12,....f,(RiR;)"I =1

where R; is associated with silvered sides and R;R; has order n;; associated with the edge
formed by the intersection of the i-th and j-th sides.

Let us consider only the 3-dimensional orbifolds for now. Let P be a fixed convex
3-polyhedron. Let us assign orders at each edge. We let e be the number of edges and e,
be the numbers of edges of order-two. Let f be the number of sides.

For any vertex of P, we will remove the vertex unless the link in P form a spherical
Coxeter 2-orbifold of codimension 1. This make P into a 3-dimensional orbifold.

Let P denote the differentiable orbifold with sides silvered and the edge orders realized
as assigned from P with the above vertices removed. We say that P has a Coxeter orbifold
structure.

In this chapter, we will exclude a cone-type Coxeter orbifold whose polyhedron has a
side F and a vertex v where all other sides are adjacent triangles to F' and contains v and all
ridge orders of F are 2. Another type we will not study is a product-type Coxeter orbifold
whose polyhedron is topologically a polygon times an interval and ridge orders of top and
the bottom sides are all 2. These are essentially lower-dimensional orbifolds. Finally, we
will not study Coxeter orbifolds with finite fundamental groups. If P is none of the above
type, then P is said to be a normal-type Coxeter orbifold.

A huge class of examples are obtainable from complete hyperbolic 3-polytopes with
dihedral angles that are submultiples of 7. (See Andreev [3] and Roerder [140].)
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DEFINITION 2.2.2. The deformation space © (P) of projective structures on a Coxeter
orbifold P is the space of all projective structures on P quotient by isotopy group actions
of P.

This definition was also used in a number of papers [50], [59], and [58]. The topology
on D (P) is given by as follows: D (P) is a quotient space of the space of the development
pairs (dev, i) with the compact open C"-topology, r > 2, for the maps dev : P — RP".

We will explain that the space is identical with CDef,s(P) in Proposition 9.5.1. Also,
CDefg(P) = CDefg  1n(P) by Corollary 12.1.5.

A point p of D(P) gives a fundamental polyhedron P in RP?, well-defined up to
projective automorphisms. By Proposition 9.5.1, ®(P) can be identified with CDef(P).
We concentrate on the space of p € ®(P) giving a fundamental polyhedron P fixed up to
projective automorphisms. This space is called the restricted deformation space of P and
denoted by Dp(P). A point ¢ in Dp(P) is said to be hyperbolic if a hyperbolic structure
on P induces the projective structure; that is, it is projectively diffeomorphic to B/T" for a
standard unit ball B and a discrete group I' C Aut(B). A point p of D(P) always deter-
mines a fundamental polyhedron P up to projective automorphisms because p determines
reflections corresponding to sides up to conjugations also. We wish to understand the space
where the fundamental polyhedron is always projectively equivalent to P. We call this the
restricted deformation space of P and denote it by Dp(P).

The work of Vinberg [153] implies that each element of D(P) gives a convex projec-
tive structure (see Theorem 2 of [50]). That is, the image of the developing map of the
orbifold universal cover of P is projectively diffemorphic to a convex domain in RP3, and
the holonomy is a discrete faithful representation.

Now, we state the key property in this chapter:

DEFINITION 2.2.3. We say that P is orderable if we can order the sides of P so that
each side meets sides of higher index in less than or equal to 3 edges.

A pyramid with a complete hyperbolic structure and dihedral angles that are submul-
tiples of 7 is an obvious example. See Proposition 4 of [50] worked out with J. R. Kim.

An example is a drum-shaped convex polyhedron which has top and bottom sides of
the same polygonal type and each vertex of the bottom side is connected to two vertices on
the top side and vice versa. Another example will be a convex polyhedron where the union
of triangles separates each pair of the interiors of nontriangular sides. In these examples,
since nontriangular sides are all separated by the union of triangular sides, the sides are
either level O or level 1, and hence they satisfy the trivalent condition. A dodecahedron
would not satisfy the condition.

If P is compact, then Marquis [125] showed that P is a truncation polytope; that is,
one starts from a tetrahedron and cut a neighborhood of a vertex so as to change the combi-
natorial type near that vertex only. Many of these can be realized as a compact hyperbolic
polytope with dihedral angle submultiples of 7 by the Andreev theorem [140]. If P is not
compact, we do not have the classification. Also, infinitely many of these can be realized
as a complete hyperbolic polytope with dihedral angles that are submultiples of 7. (D.
Choudhury was first to show this.)

DEFINITION 2.2.4. We denote by k(P) the dimension of the projective group acting
on a convex polyhedron P.

The dimension k(P) of the subgroup of G acting on P equals 3 if P is a tetrahedron and
equals 1 if P is a cone with base a convex polyhedron which is not a triangle. Otherwise,
k(P) =0.
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THEOREM 2.2.5. Let P be a convex polyhedron and P be given a normal-type Coxeter
orbifold structure. Let k(P) be the dimension of the group of projective automorphisms act-
ing on P. Suppose that P is orderable. Then the restricted deformation space of projective
structures on the orbifold P is a smooth manifold of dimension 3f —e — es — k(P) if it is
not empty.

If we start from a complete hyperbolic polytope with dihedral angles that are submul-
tiples of 7, we know that the restricted deformation space is not empty.

If we assume that P is compact, then we refer to Marquis [125] for the complete theory.
However, the topic is not within the scope of this monograph.

DEFINITION 2.2.6. Let P be a 3-dimensional hyperbolic Coxeter polyhedron, and let
P denote its Coxeter orbifold structure. Suppose that ¢ is the corresponding hyperbolic
point of Dp(P). We call a neighborhood of ¢ in Dp(P) the local restricted deformation
space of P. We say that P is projectively deformable relative to the mirrors, or simply
deforms rel mirrors, if the dimension of its local restricted deformation space is positive.
Conversely, we say that P is projectively rigid relative to the mirrors, or rigid rel mirrors,
if the dimension of its local restricted deformation space is 0.

The following theorem describes the local restricted deformation space for a class of
Coxeter orbifolds arising from ideal hyperbolic polyhedra, i.e. polyhedra with all vertices
on the sphere at infinity.

THEOREM 2.2.7 (Choi-Hodgson-Lee [58]). Let P be an ideal 3-dimensional hyper-
bolic polyhedron whose dihedral angles are all equal to 7 /3, and suppose that P is given
its Coxeter orbifold structure. If P is not a tetrahedron, then a neighborhood of the hyper-

A

bolic point in D p(P) is a smooth 6-dimensional manifold.

The main ideas in the proof of Theorem 2.2.7 are as follows. We first show that
@p(f;) is isomorphic to the solution set of a system of polynomial equations following
ideas of Vinberg [153] and Choi [50]. Since the faces of P are fixed, each projective
reflection in a face of the polyhedron is determined by a reflection vector b;. We then
compute the Jacobian matrix of the equations for the b; at the hyperbolic point. This
reveals that the matrix has exactly the same rank as the Jacobian matrix of the equations
for the Lorentzian unit normals of a hyperbolic polyhedron with the given dihedral angles.
By the infinitesimal rigidity of the hyperbolic structure on P, this matrix is of full rank and
has the kernel of dimension six; the result then follows from the implicit function theorem.
In fact, we can interpret the infinitesimal projective deformations as applying infinitesimal
hyperbolic isometries to the reflection vectors

We can generalize the above theorem slightly as Hodgson pointed out.

DEFINITION 2.2.8. Given a hyperbolic n-orbifold X with totally geodesic boundary
component diffeomorphic to an (n — 1)-orbifold . Let X denote the universal cover in
the Klein model B in S”. Let I" be the group of deck transformations considered as
projective automorphisms of S”. Then a complete hyperbolic hyperspace £ covers .
Every component of the inverse image of ¥ is of form g(X) for ¢ € m(X). A point
vy € S" —B — o/(B) is projectively dual to the hyperspace containing ¥ with respect to
the bilinear form B. (See Section 3.1.4.) Then we form the join C := {vs} £ — {vs}.
Then we form € := X U Uger 8(C). C/T is an n-orbifold with radial ends. We call the ends
the hyperideal ends.
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A pointof ®p (};) corresponding to a hyperbolic n-orbifold with hyperideal ends added
will be called a hyperbolic point again. An 3-dimensional hyperbolic polyhedron with pos-
sibly hyperideal vertices is a compact convex polyhedron with vertices outside B removed
where no interior of a 1-dimensional edge is outside B. We will generalize this further in
Section 3.2.1.

COROLLARY 2.2.9 (Choi-Hodgson-Lee). Let P be an ideal 3-dimensional hyperbolic
polyhedron with possibly hyperideal vertices whose dihedral angles are of form 1/ p for
integers p > 3, and suppose that P is given its Coxeter orbifold structure. If P is not a tetra-

hedron, then a neighborhood of the hyperbolic point in © p(P) is a smooth 6-dimensional
manifold.

We did not give proof for the case when some edges orders are greater than equal to 4
in the article [58]. We can allow any of our end orbifold to be a (p, g, r)-triangle reflection
orbifold for p, g, r > 3. The same proof will apply as first observed by Hodgson: We modify
the proof of Theorem 1 of the article in Section 3.3 of [58]. Let 0P denote the union of
end orbifolds of P which are orbifolds based on 2-sphere with singularities admiting either
a Euclidean or hyperbolic structures. Let & : ;(P) — PO(3,1) C PGL(4,R) denote the
holonomy homomorphism associated with the convex real projective structure induced
from the hyperbolic structure. We just need to show

H'(P,s50(3,1)aq,) = 0,H" (0P,50(3,1)44,) = 0.

Recall that a (p, g, r)-triangle reflection orbifold for 1/p+1/g+1/r < 1 has arigid hyper-
bolic and conformal structure. By Corollary 2 of [146], the representation to PO(3,1) is
rigid. The first part of the equation follows. The second part also follows by Corollary 2 of
[146]. These examples are convex by the work of Vinberg [153]. Corollary 12.1.4 implies
the proper convexity.

We comment that we are using Theorem 7 (Sullivan rigidity) of [146] as the general-
ization of the Garland-Raghunathan-Weil rigidity [83] [154].

2.2.1. Vertex orderable Coxeter orbifolds.

2.2.1.1. Vinberg theory. Let P be a Coxeter orbifold of dimension n. Let P be the
fundamental convex polytope of P. The reflection is given by a point, called a reflection
point, and a hyperplane. Let R; be a projective reflection on a hyperspace S; containing a
side of P. Then we can write

Ri=1—0V;
where ¢ is zero on S; and V; is the reflection vector and o (V;) = 2.

Given a reflection group I We form a Cartan matrix A(I") given by a;; := o;(V;).
Vinberg [153] proved that the following conditions are necessary and sufficient for I" to be
a linear Coxeter group:

(C1) a;; <Ofori# j,and a;; =0if and only if a;; = 0.

(C2) a;; =2;and

(C3) fori+# j,ajjaj >4 ora;aj= 40052(%) an integer ;.

The Cartan matrix is a f X f-matrix when P has f sides. Also, a;; = aj; for all i, j if " is
conjugate to a reflection group in O (1,7). This condition is the condition of P to be a
hyperbolic Coxeter orbifold.

The Cartan matrix is determined only up to an action of the group Dy ¢ of nonsingular
diagonal matrices:

A(T) — DA(T)D™" for D € Dy ;.
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This is due to the ambiguity of choices

Q; — 0, Vi > Clv,-,c,- > 0.
Vinberg showed that the set of all cyclic invariants of form a;;,a;,;, - - - a;,i, classifies the
isomorphic linear Coxeter group generated by reflections up to the conjugation.

2.2.1.2. The classification of convex real projective structures on triangular reflection
orbifolds. We will follow Kac-Vinberg [107]. Let T be a 2-dimensional Coxeter orbifold
based on a triangle 7. Let the edges of T be silvered. Let the vertices be given orders
p,q,r where 1/p+1/q+1/r < 1.1f 1/p+1/q+1/r < 1, then the universal cover T of T
is a properly convex domain or a complete affine plane by Vinberg [153]. We can find the
topology of ©(7") as Goldman did in his senior thesis [85]. We may put T as a standard
triangle with vertices €; :=[1,0,0],&, := [0, 1,0],€5 := [0,0, 1].

Let R; be the reflection on a line containing [¢;_1], [€;+1] and with a reflection vertex
[i]. Let a; denote the linear function on R3 taking zero values on €;_; and €;, ;. We choose
V; to satisfy Ot,'(l_;i) =2.

When 1/p+1/g+1/r = 1, the triangular orbifold admits a compatible Euclidean
structure. When 1/p+1/g+ 1/r < 1, the triangular orbifold admits a hyperbolic structure
not necessarily compatible with the real projective structure.

A linear Coxeter group I' is hyperbolic if and only if the Cartan matrix A of I is
indecomposable, of negative type, and equivalent to a symmetric matrix of signature (1,7).

Assume that no p,g,ris2and 1/p+1/g+1/r < 1. Let a;; denote the entries of the
Cartan matrix. It satisfies

apaz) = 4COS2 ﬂ/p,a23a32 = 4-COS2 n/q,a13a31 = 40082 717/1’.
There are only two cyclic invariants ajpa3az; and aj3azpar; satisfying
apayaziazaznay = 64cos’ /pcos’ /gcos? w/r.

Then the triple invariant ajpazaz; € Ry classifies the conjugacy classes of I'. A single
point of R corresponds to a hyperbolic structure. For different points, they are properly
convex by [56].

Since a;; = aj; for geometric cases, we obtain that

apayaz =2° cos(m/p)cos(m/q)cos(/r)

gives the unique hyperbolic points.
We define for this orbifold ©(7") := R the space of the triple invariants. A unique
point correspond to a Euclidean or hyperbolic structure.

EXAMPLE 2.2.10 (Lee’s example). Consider the Coxeter orbifold P with the underly-
ing space on a polyhedron P with the combinatorics of a cube with all sides mirrored and
all edges given order 3 but with vertices removed. By the Mostow-Prasad rigidity and the
Andreev theorem, the orbifold has a unique complete hyperbolic structure. There exists a
six-dimensional space of real projective structures on it by Theorem 2.2.7 where one has a
projectively fixed fundamental domain in the universal cover.

There are eight ideal vertices of P corresponding to eight ends of P. Each end orbifold
is a 2-orbifold based on a triangle with edges mirrored, and vertex orders are all 3. Each
end orbifold has a real projective structure and hence is characterized by the triple invariant.
Thus, each end has a neighborhood diffeomorphic to the 2-orbifold multiplied by (0, 1).
The eight triple invariants are related when we are working on the restricted deformation
space since the deformation space is only six-dimensional.
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2.2.1.3. The end mappings. We will give some explicit conjectural class of examples
where we can control the end structures. We worked this out with Greene, Gye-Seon Lee,
and Marquis starting from the workshop at the ICERM in 2014.

Let .7 be the set of faces of C and give a total order < on .%. A face F' is E,-greater
than F if F < F" and F N F’ is an edge of label 2.

A flexible vertex of a Coxeter orbifold is a vertex of the base polytope where there is
no edge of order 2 ending there. Let ¥ be a set of flexible vertices in C, and let ¥ be a
subset of ¥;. A face F' is ¥ -greater than F if F < F’ and there exists a face F” such that
F<F’and FNF'NF"is a vertex in 7.

A combinatorial polyhedron C is # -orderable if there is no triangular face all vertices
of which are in ¥ and the faces of C can be ordered so that for each face F' of C, the
number of faces which are E;-greater and ¥ -greater than F is less than or equal to 3.

Let dy € denote the disjoint union of end orbifolds corresponding to the set of ideal
vertices 7.

CONJECTURE 2.2.11 (Choi-Greene-Lee-Marquis [57]). Suppose that P with a set of
vertices ¥ is ¥ -orderable, and P admits a Coxeter orbifold structure with a convex real
projective structure. Then the function D (&) — D(dy 0) is onto.

A combinatorial polyhedron C is weakly ¥ -orderable if there is no triangular face all
vertices of which are in ¥ and the faces of C can be ordered so that for each face F of C,
the number of faces which are E,-greater or ¥ -greater than F is less than or equal to 3.
Notice we change the last "and” with or” from the definition for ¥ -orderable.

CONJECTURE 2.2.12 (Choi-Greene-Lee-Marquis [57]). Suppose that P with a set of
vertices V is weakly ¥ -orderable. Suppose P admits a Coxeter orbifold structure with an
ideal or hyperideal end structure. Then the function D (&) — D (dy O) is locally surjective
at the hyperbolic point.

2.3. Some relevant results

For closed hyperbolic manifolds, the deformation spaces of convex structures on man-
ifolds were extensively studied by Cooper-Long-Thistlethwaite [64] and [65].

2.3.1. The work of Heusener-Porti.

DEFINITION 2.3.1. Let N be a closed hyperbolic manifold of dimension equal to 3.
We consider the holonomy representation of N

p:m(N)— PSO(3,1) — PGL(4,R).
A closed hyperbolic three manifold N is called infinitesimally projectively rigid if
H'(m(N),s(4,R)agp) = 0.

DEFINITION 2.3.2. Let M denote a compact three-manifold with boundary a union
of tori and whose interior is hyperbolic with finite volume. M is called infinitesimally
projectively rigid relative to the cusps if the inclusion dM — M induces an injective ho-
momorphism

Hl (”1 (M)75[(47R)Adp) - Hl (8M351(4v R)Adp)'

THEOREM 2.3.3 (Heusener-Porti [99]). Let M be an orientable 3-manifold whose
interior has a complete hyperbolic metric with finite volume. If M is infinitesimally projec-
tively rigid relative to the cusps, then infinitely many Dehn fillings on M are infinitesimally
projectively rigid.
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THEOREM 2.3.4 (Heusener-Porti [99]). Let M be an orientable 3-manifold whose
interior has a complete hyperbolic metric of finite volume. If a hyperbolic Dehn filling N
on M satisfies:

(1) N is infinitesimally projectively rigid,
(i) the Dehn filling slope of N is contained in the (connected) hyperbolic Dehn filling
space of M,
then infinitely many Dehn fillings on M are infinitesimally projectively rigid.

The complete hyperbolic manifold M that is the complement of a figure-eight knot
in S? is infinitesimally projectively rigid. Then infinitely many Dehn fillings on M are
infinitesimally projectively rigid.

They showed the following:

e For a sufficiently large positive integer k, the homology sphere obtained by
%—Dehn filling on the figure eight knot is infinitesimally not projectively rigid.
Since the Fibonacci manifold M is a branched cover of S* over the figure eight
knot complements, for any k € N, the Fibonacci manifold M, is not projectively
rigid.

o All but finitely many punctured torus bundles with tunnel number one are in-
finitesimally projectively rigid relative to the cusps. All but finitely many twist
knots complements are infinitesimally projectively rigid relative to the cusps.

2.3.2. Ballas’s work on ends. The following are from Ballas [4] and [5].

e Let M be the complement in S® of 4; (the figure-eight knot), 5,, 61, or 57 (the
Whitehead link). Then M does not admit strictly convex deformations of its
complete hyperbolic structure.

e Let M be the complement of a hyperbolic amphichiral knot, and suppose that M
is infinitesimally projectively rigid relative to the boundary and the longitude is
arigid slope. Then for sufficiently large n, there is a one-dimensional family of
strictly convex deformations of the complete hyperbolic structure on M(m/0) for
m e Z.

e Let M be the complement in S* of the figure-eight knot. There exists € such that
for each s € (—¢,€), py is the holonomy of a finite volume properly convex pro-
jective structure on M for a parameter p; of representations m; (M) — PGL(4,R).
Furthermore, when s # 0, this structure is not strictly convex.

We also note the excellent work of Ballas, Danciger, and Lee [6] experimenting with more
of these and finding a method to glue along tori for deformed hyperbolic 3-manifolds to
produce convex real projective 3-manifolds that does not admit hyperbolic structures.

2.3.3. Finite volume strictly convex real projective orbifolds with ends. We sum-
marize the main results of two independent groups. The Hilbert metric is a complete
Finsler metric on a properly convex set Q. This is the hyperbolic metric in the Klein model
when Q is projectively diffeomorphic to a standard ball. A simplex with its Hilbert metric
is isometric to a normed vector space, and appears in a natural geometry on the Lie algebra
sl(n,R). A singular version of this metric arises in the study of certain limits of projec-
tive structures. The Hilbert metric has a Hausdorff measure and hence a notion of finite
volume. (See [67].)

THEOREM 2.3.5 (Choi [45], Cooper-Long-Tillmann [67], Crampon-Marquis [68]).
For each dimension n > 2 there is a Margulis constant (1, > 0 with the following property.
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If M is a properly convex projective n-manifold and x is a point in M, then the subgroup of
m (M, x) generated by loops based at x of length less than L, is virtually nilpotent. In fact,
there is a nilpotent subgroup of index bounded above by m = m(n). Furthermore, if M is
strictly convex and finite volume, this nilpotent subgroup is abelian. If M is strictly convex
and closed, this nilpotent subgroup is trivial or infinite cyclic.

THEOREM 2.3.6 (Cooper-Long-Tillmann [67], Crampon-Marquis [68]). Each end of
a strictly convex projective manifold or orbifold of finite volume is horospherical.

THEOREM 2.3.7 ((Relatively hyperbolic). Cooper-Long-Tillmann [67], Crampon—
Marquis [68]). Suppose that M = Q/T is a properly convex manifold of finite volume
which is the interior of a compact manifold N, and the holonomy of each component of N
is topologically parabolic. Then the following are equivalent:

1 Qs strictly convex,

2 9QisC!,

3 @ (N) is hyperbolic relative to the subgroups of the boundary components.
Here, the definition of the term “topologically parabolic” is according to [67]. This

is not a Lie group definition but a topological definition. We have found a generalization
Theorem 10.3.1 and its converse Theorem 10.3.4 in Chapter 10.






Part 2

The classification of radial and totally
geodesic ends.



The purpose of this part is to understand the structures of ends of real projective n-
dimensional orbifolds for n > 2. In particular, we consider the radial or totally geodesic
ends. Hyperbolic manifolds with cusps and hyperideal ends are examples. For this, we
will study the natural conditions on eigenvalues of holonomy representations of ends when
these ends are manageably understandable. This is the most technical part of the mono-
graph containing a large number of results useful in other two parts.

We begin the study of radial ends in Chapter 3. We will divide the class of radial ends
into the class of complete affine radial ends, the class of properly convex ends, and the
class of convex but not properly convex and non-complete affine ends. We define lens and
horospherical conditions for these ends. We give some examples of these radial ends.

In Chapter 4, we study the theory of affine actions. This is the major technical section
in this part. We consider the case when there is a discrete affine action of a group I acting
cocompactly on a properly convex domain Q in the boundary of the affine subspace A"
in RP" or S". We study the convex domain U in an affine space A" whose closure meets
with bdA" in Q. We can find a domain U having asymptotic hyperspaces at each point
of bdQ if and only if I satisfies the uniform middle eigenvalue condition with respect to
bdA". To prove, we study the flow on the affine bundle over the unit tangent space over
Q generalizing parts of the work of Goldman-Labourie-Margulis on complete flat Lorentz
3-manifolds [91]. We end with showing that a T-end has a CA-lens neighborhood if it
satisfies the uniform middle eigenvalue condition.

In Chapter 5, we study the properly convex R-end theory. Tubular actions and the dual
theory of affine actions are discussed. We show that distanced actions and asymptotically
nice actions are dual. We explain that the uniform middle eigenvalue condition implies the
existence of the distanced action. The main result here is the characterization of R-ends
whose end holonomy groups satisfy uniform middle eigenvalue conditions. That is, they
are generalized lens-shaped R-ends. We also discuss some important properties of lens-
shaped R-ends. Finally, we show that lens-shaped T-ends and lens-shaped R-ends are dual.
We end with discussing the properties of T-ends as obtained by this duality.

In Chapter 6, we investigate the applications of the radial end theory such as the stabil-
ity condition. We discuss the expansion and shrinking of the end neighborhoods. We will
show the openness of the lens condition in Theorem 6.1.1, which is one of the central result
needed in Part III. We will also prove Theorem 6.0.4, the strong irreducibility of strongly
tame properly convex orbifolds with generalized-lens shaped ends or horospherical - or
T -ends.

In major technical Chapter 7, we discuss the R-ends that are NPNC. First, we show
that the end holonomy group for an NPNC-end E will have an exact sequence

1 —=N—h(m(E)) — Ng — 1

where Ny is in the projective automorphism group Aut(K) of a properly convex compact
set K, N is the normal subgroup of elements mapping to the trivial automorphism of K, and
K°/Nk is compact. We show that X is foliated by complete affine subspaces of dimension
> 1. We explain that an NPNC-end satisfying the transverse weak middle eigenvalue
condition for NPNC-ends is a quasi-joined R-end under some natural conditions. A quasi-
joined end is an end with an end-neighborhood covered by the join of a properly convex
action and a horoball action twisted by translations (see Definition 7.1.2.) For virtually
abelian groups, Ballas-Cooper-Leitner [8], [9] had covered much of these material but not
in our generality.
We will also classify the complete affine ends in the final chapter 8 of this part.



CHAPTER 3

Introduction to the theory of convex radial ends

In Section 3.1, we will discuss the convex radial ends of orbifolds, covering most el-
ementary aspects of the theory. For a properly convex real projective orbifold, the space
of rays for each R-end gives us a closed real projective orbifold of dimension n — 1. The
orbifold is convex. The universal cover can be a complete affine subspace (CA) or a prop-
erly convex domain (PC) or a convex domain that is neither (NPNC). We discuss objects
associated with R-ends, and examples of ends; horospherical ones, totally geodesic ones,
and bendings of ends to obtain more general examples of ends.

In Section 3.2, we discuss some examples of these.

3.1. End structures

3.1.1. End fundamental groups. Let & be a strongly tame real projective orbifold
with the universal cover & and the covering map p &- A compact smooth orbifold O whose
interior is & is called a compactification of &'. There might be more than one compactifi-
cations. A strongly tame orbifold & in our paper always will come with a compactification
O which is a smooth orbifold with boundary. When we say ¢, we really mean & with &
Each boundary component of & is the ideal boundary component of € and is an end of 0.

An end neighborhood U of € is an open set U where ¥y UU forms a neighborhood
of an ideal boundary component ¥x corresponding to an end E.

Let & denote the universal cover or & with the covering map p ;. Let I' be the deck
transformation group of & — & which also restricts to the deck transformation group of
0— 0.

Each end neighborhood U, diffeomorphic to Sg x (0,1) for an (n — 1)-orbifold S,
of an end E lifts to a connected open set U in &. We choose U and the diffeomorphism
Ju U — Sg x (0,1) that Sg x (0, 1] is also diffeomorphic to a tubular neighborhood of a
boundary component of & corresponding to U. A subgroup I'; of I" acts on U where

p; )= J &)
gem (0)
Each component U is said to be a proper pseudo-end neighborhood.

e An super-exiting sequence of sets Uy, Us,--- in & is a sequence so that for each
compact subset K of & there exists an integer N satisfying p}l (K)NU; = 0 for
i>N.

o A pseudo-end neighborhood sequence is a super-exiting sequence of proper pseudo-
end neighborhoods

{Uili=1,2,3,...}, where Uiy C U; for every i.

59
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e Two pseudo-end sequences {U;} and {V;} are compatible if for each i, there
exists J such that V; C U; for every j, j > J and conversely for each j, there
exists / such that U; C V; forevery i, i > I.

e A compatibility class of a proper pseudo-end sequence is called a p-end of €.
Each of these corresponds to an end of & under the universal covering map pg.

e For a pseudo-end E of &, we denote by T'; the subgroup I'y where U and U is
as above. We call I';; a pseudo-end fundamental group. We will also denote it by
71 (E). They are independent of the choice of U up to natural canonical inclusion
homomorphisms by following Proposition 3.1.1.

e A pseudo-end neighborhood U of a pseudo-end E is a I'z-invariant open set
containing a proper pseudo-end neighborhood of E. A proper pseudo-end neigh-
borhood is an example.

(From now on, we will replace “pseudo-end” with the abbreviation “p-end”.)
As a summary, the set of boundary components of & has a one-to-one correspondence
with the set of p-ends of &.

PROPOSITION 3.1.1. Let E be a p-end of a strongly tame orbifold ©. The p-end
fundamental group Tz of E is independent of the choice of U.

PROOF. Given U and U’ that are end-neighborhoods for an end E, let U and U’ be p-
end neighborhoods for a p-end E that are components of p~! (U) and p~! (U’ respectively.
Let " be the component of p~!(U") that is a p-end neighborhood of E. Then 'y injects
into I'; since both are subgroups of I'. Any ¢-path in U in the sense of Bridson-Haefliger
[32] is homotopic to a ¢¥-path in U” by a translation in the I-factor. Thus, m (U") —
71 (U) is surjective. Since U is connected, any element y of I'; is represented by a ¢/-path
connecting xo to ¥(xp). (See Example 3.7 in Chapter II1.¥ of [32].) Thus, I'; is isomorphic
to the image of m; (U) — 7 (&). Since T» is surjective to the image of m (U") — m(0),
it follows that I';7» is isomorphic to I'; and '/ O

3.1.2. Totally geodesic ends. Suppose that an end E of a real projective orbifold &
of dimension n > 2 satisfies the following:

e The end has an end neighborhood homeomorphic to a closed connected (n— 1)-
dimensional orbifold B times a half-open interval (0, 1).

e The end neighborhood completes to an orbifold U’ diffeomorphic to B x (0, 1]
in the compactification orbifold &. Here, U’ is an end-neighborhood of E com-
patible with &. This is the compatiblity condition with the compactifiction &.
(We assumed that & always comes as the interior of some compact manifold &’
with a diffeomorphism to & here where the the diffeomorphism restricted to ¢
is isotopic to the identity. )

e The subset of U’ corresponding to B x {1} is the ideal boundary component.

e Each point of the added boundary component has a neighborhood projectively
diffeomorphic to the quotient orbifold of an open set V in an affine half-space P
so that V N dP # 0 by a projective action of a finite group. This implies that the
developing map extends to the universal cover of the orbifold with U’ attached.

The completion is called a compactified end neighborhood of the end E. The boundary
component Sg is called the ideal boundary component of the end. Such ideal boundary
components may not be uniquely determined as there are two projectively nonequivalent
ways to add boundary components of elementary annuli (see Section 1.4 of [44]). Two
compactified end neighborhoods of an end are equivalent if the end neighborhood con-
tains a common end neighborhood whose compactification projectively embed into the
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compactified end neighborhoods. (See Definition 9.1.1 for more detail.) The equivalence
class of compactified end-neighborhoods is called a totally geodesic end structure (T-end
structure) for an end E.

We also define as follows:

e The equivalence class of the chosen compactified end neighborhood is called a
totally geodesic end-structure of the totally geodesic end. The choice of the end
structure is equivalent to the choice of the ideal boundary component.

e We will also call the ideal boundary Sg the end orbifold (or end ideal boundary
component) of the end.

RP" has a Riemannian metric of constant curvature called the Fubini-Study metric.
Recall that the universal cover & of & has a path-metric induced by dev : & — RP". We
can Cauchy complete & of this path-metric. The Cauchy completion is called the Kuiper
completion of ©. (See [46].) Note we may sometimes use a lift dev : & — S” lifting the
developing map and use the same notation.

A T-end is an end equipped with a T-end structure. A T-p-end is a p-end E correspond-
ing to a T-end E. There is a totally geodesic (n — 1)-dimensional domain S in the Cauchy
completion of & in the closure of a p-end neighborhood of E. Of course, S 5 covers Sg.
We call § ; the p-end ideal boundary component. We will identify it with a domain in a
hyperspace in RP" (resp. S") when dev is a fixed map to RP" (resp. S").

DEFINITION 3.1.2. A lens is a properly convex domain L in RPP" so that dL is a union
of two smooth strictly convex open disks. A properly convex domain L is a generalized
lens if AL is a union of two open disks, one of which is strictly convex and smooth and the
other is allowed to be just a topological disk. A lens-orbifold (or lens) is a compact quotient
orbifold of a lens by a properly discontinuous action of a projective group I acting on each
boundary component as well. Also, the domains or an orbifold projectively diffeomorphic
to a lens or lens-orbifolds are called lens.

(Lens condition for T-ends): The ideal boundary is identified by as a totally geo-
desic suborbifold in the interior of a lens-orbifold in the ambient real projective
orbifold containing & where f is a map from a neighborhood of the ideal bound-
ary to a one-sided neighborhood in the lens-orbifold of the image.

If the lens condition is satisfied for a T-end, we will call it the lens-shaped T-end. The inter-
section of a lens with & is called a lens end neighborhood of the T-end. A corresponding
T-p-end is said to be a lens-shaped T-p-end.

In these cases, S is a properly convex (n— 1)-dimensional domain, and Sg isa (n—1)-
dimensional properly convex real projective orbifold. We will call the cover L of a lens
orbifold containing Sg the CA-lens of Sz where we assume that 71 (E) acts properly and
cocompactly on the lens. LN & is said to be lens p-end neighborhood of E or § o

We remark that for each component d;L for i = 1,2 of L, 9;L/T" is compact and both are
homotopy equivalent up to a virtual manifold cover L/I" of L/T for a finite index subgroup
I'. Also, the ideal boundary component of L/T” has the same homotopy type as L/T"” and
is a compact manifold. (See Selberg’s Theorem 1.1.19.)

3.1.2.1. p-end ideal boundary components. We recall Section 3.1.2. Let E be an end
of a strongly tame real projective orbifold &'. Given a totally geodesic end of & and
an end neighborhood U diffeomorphic to Sg x [0,1) with an end-completion by a totally
geodesic orbifold Sk, we take a component U; of p~!(U) and a convex domain § 5, the
ideal boundary component, developing to a totally geodesic hypersurface under dev. Here
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E is the p-end corresponding to E and U, . There exists a subgroup I'z acting on Sz. Again
Sg := Sz /T is projectively diffeomorphic to the end orbifold to be denote by Sg or Sz.

o We call SE a p-end ideal boundary component of &.
e We call S; an ideal boundary component of &

We may regard Sz as a domain in a hyperspace in RP" or S".

3.1.3. Radial ends. A segment is a convex arc in a 1-dimensional subspace of RP"
or S". We will denote the closed segment by Xy if x and y are endpoints. It is uniquely
determined by x and y if x and y are not antipodal. In the following, all the sets are required
to be inside an affine subspace A" and its closure to be either in RP” or S".

Let & denote the universal cover of & with the developing map dev. Suppose that an
end E of a real projective orbifold satisfies the following:

e The end has an end neighborhood U foliated by properly embedded projective
geodesics.

e Choose any map f: R x [0,1] — & so that f|R x {¢} for eacht is a geodesic leaf
of such a foliation of U. Then f lifts to f: R x [0, 1] — & where devo f|R x {t}
for each 7,7 € [0, 1], maps to a geodesic in RP” ending at a point of concurrency
common for every ¢.

The foliation is called a radial foliation and leaves radial lines of E. Two such radial folia-
tions .%# and .%; of radial end neighborhoods of an end are equivalent if the restrictions of
Z1 and %, in an end neighborhood agree. A radial end structure is an equivalence class
of radial foliations.

Remember that & always comes with a smooth compact orbifold & with boundary
so that & is its boundary. We will fix a radial end structure for each end of &' coming
from a smooth foliation whose leaves end transversely to the boundary of &. This is the
compatibility condition of the R-end structure to &.

To explain further, an end neighborhood U is compatible to € if it a product form g x
(0,1) where each X x {t} is transverse to the radial foliation for sufficiently small r and
the diffeomorphism f : U — X x (0, 1) extends to U union the ideal boundary component
corresponding to E as a diffeomorphism to g x (0, 1].

A R-end is an end with a radial end structure. A R-p-end is a p-end with a p-end
neighborhood covering a radial end neighborhood with induced foliation. Each lift of the
radial foliation has a finite path-length induced from dev. A pseudo-end (p-end) vertex
of a radial p-end neighborhood or a radial p-end is the common endpoint of concurrent
lift of leaves of the radial foliation, which we obtain by Cauchy completion along the
leaves. Note that dev always extends to the pseudo-end vertex. The p-end vertex is defined
independently of the choice of dev. We will identify with a point of RP" (resp. S") if dev
is an embedding to RP" (resp. S").

(See Definition 9.1.1 for more detail.)

REMARK 3.1.3. (End-compactification structures) If we have a compactification &”
of & not diffeomorphic to 0, and choose @' instead of @, all these discussions have to
take place with respect to 7 By the s-cobordism theorem of Mazur [128], Barden [12]
and Stallings and the existence theorem 11.1 of Milnor [130], there are tame manifolds
with more than one compactifications. (This is due to Benoit Kloeckner in the mathemat-
ics overflow. See also Section 9.3.) However, notice that the radial structure determine the
diffeomorphism type of & since each flow line determines the unique boundary points and
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the set of flow lines passing a codimension-one transversal ball determines the diffeomor-
phism types. However, the converse is true up to isotopies by the isotopy uniqueness part
of the tubular neighborhood theorem, which also holds for orbifolds (See [?].)

Two rays [ and m with some arclength-parameterizations in Q is asymptotic if
do(1(t),m(t)) < C for a constant C for all + > 0
(See Section 3.11.3 of [74]).

LEMMA 3.1.4 (Benoist [22]). Let [ be a line in a properly convex open domain Q in
RP" (resp. S"), n > 2, ending at x € bdQ). Let m be a line ending at x also. Then for a
parametrization L(t) of | there is a parametrization m(t) of m so that do(m(t),1(t)) < C for
a constant C independent of t. Furthermore, m and | are asymptotic rays.

PROOF. We will prove for S". We choose a supporting hyperplane P at x. Then
PNCI(Q) is a properly convex domain. We choose a codimension-one subspace Q of P
disjoint from PN CI(Q) and a parameter of hyperplanes P; passing /(¢) and containing Q.
We denote m(t) = mN P,. For convenience, we may suppose our interval is [0, 1) and that
1(0) and m(0) are the beginning point of / and m. Let J denote the 2-dimensional subspace
containing / and m. Now, m(t),I(t) are on a line £, NJ. The function ¢t — dq(I(t),m(t))
is eventually decreasing by the convexity of the 2-dimensional domain £ NJ since we can
draw four segments from x to /(¢),m(¢) and the endpoints of m(¢)I() NQ and the segments
to the endpoints always moves outward and the the segments to /(¢),m(¢) are constant.
Hence, do(I(t),m(t)) < C'dg(1(0),m(0)) for a constant C’' > 1. (See also Section 3.2.6 and
3.2.7 of [22] For eventual decreasing property, we don’t need the C'-boundary property of
Q)

Finally, we may use the arclength parameterizations by taking discrete equidistantly
places elements in [ and m respectively and a triangle inequality argument: We can show
that the parameterizations are related by constants. Then we increase the intervals. [S"S]

O

Following Lemma 3.1.5 gives us another characterization of R-end and the condition
R.(U) =R,(Q).

LEMMA 3.1.5. Let Q be a properly convex open domain in RP" (resp. S"), n > 2.
Suppose that 0 = QT is a noncompact strongly tame orbifold. Let U be a proper end
neighborhood and let U be a connected open set in Q covering U. Let T'; denote the
subgroup of T acting on U. Suppose that U is foliated by segments with a common endpoint
x in bdQd. Suppose that I'y; fixes x. Then the following hold:

o ' acts properly on R.(U) if and only if every radial ray in U ending at x maps
to a properly embedded arc in U.
o Ifthe above item holds, then R,(Q) = R,(U) and x is an R-p-end vertex of 0.

PROOF. Itis sufficient to prove for S". The forward direction of the first item is clear:
If a leaf | does not embedd properly, then there exists a sequence g; € I'y so that the
direction of g;(I) accumulates to a point of R,(U). The properness of the action of I';
contradicts this.

For converse, suppose that g;(K) N K # 0 for infinitely many mutually distinct g; € I'y
for a compact set K C R,(U). Then there exists a sequence p; € K so that g;(p;) — P,
Pe € K. We can choose a compact set K C Q so that the ray /; ending at x in direction p;
has an endpoint p; € K; for each i.

problem.. I keep switch-
ing between length pa-
rameterization and other-
wise.. Wierd.. CHeck
this..
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We can choose ¢; on /; so that g;(¢;) — ¢e for ge in Q since the direction of g;(/;) is
in K and its endpoint is uniformly bounded away from x.

By Lemma 3.1.4, we can choose a point g; on /1 so that do(g;,g;) < C for a uniform
constant C. Thus, do(gi(¢:),8i(g:)) < C. We can choose a subsequence so that g;(g;) — ¢.
for a point ¢., in Q with dg(gw,qL.) < C. This implies that /1 is not properly embedded in
U. This is a contradiction.

For the second item, we have R,(U) C R,(Q) clearly. Let / be a line from x in
U, and let m be any line from x in Q. For a parametrization of / by [0,1), we obtain
do(l(t),m(t)) < C,t €]0,1), for a uniform constant C > 0 and a parameterization m(t) of
m by Lemma 3.1.4. Since / maps to a properly embedded arc in U, and bd4U is compact,
it follows that dg(I(t),bdU N Q) — oo as t — 1. This implies that m(t) € U for suffi-
ciently large ¢. Therefore m has a direction in R, (U). Hence, we showed R, (U) = R,(Q).
[S™T] O

Let Q be a properly convex domain in RP" so that & = Q/T for a discrete subgroup
I' of automorphisms of Q. The space of radial lines in an R-end lifts to a space R,(Q)
of lines in Q ending at a point x of bdQ. By above Lemma 3.1.5, T', acts properly on
R.(Q) since we assume that we have radial ends only. The quotient space R,(Q)/I'; has
an (n — 1)-orbifold structure by Lemma 3.1.5. The end orbifold X associated with an
R-end is defined as the space of radial lines in &. It is clear that Xz can be identified
with R,(Q)/T’. By the compatibility condition from the beginning of Section 3.1.3, X is
diffeomorphic to the component of & — & corresponding to E. The space of radial lines
in an R-end has the local structure of RP"~! since we can lift a local neighborhood to &,
and these radial lines lift to lines developing into concurrent lines. The end orbifold has an
induced real projective structure of one dimension lower.

For the following, we may assume that all subsets here are bounded subsets of an
affine subspace A”.

e An n-dimensional submanifold L of A" is said to be a pre-horoball if it is strictly
convex, and the boundary dL is diffeomorphic to R"~! and bdL — dL is a single
point. The boundary dL is said to be a pre-horosphere.

e Recall that an n-dimensional subdomain L of A" is a lens if L is a convex domain
and JL is a disjoint union of two smoothly strictly convex embedded open (n —
1)-cells 0L and 0_L.

e A cone is a bounded domain D in an affine patch with a point in the boundary,
called an end vertex v so that every other point x € D has an open segment vx° C
D. A trivial one-dimensional cone is an open half-space in R! given by x > 0 or
x < 0. Acone D is ajoin {v}+A for a subset A of D if D is a union of segments
starting from v and ending at A. (See Definition 1.1.2.)

e The cone {p} * L over a lens-shaped domain L in A", p & CI(L) is a lens-cone if
it is a convex domain and satisfies

- {p}*L={p} *dL for one boundary component d L of L and
— every segment from p to d, L meets the other boundary component d_L of
L at a unique point.

e As a consequence, each line segment from p to d. L is transverse to dyL. L is
called the /ens of the lens-cone. (Here different lenses may give the identical
lens-cone.) Also, {p}*L— {p} is a manifold with boundary d, L.

e Each of two boundary components of L is called a fop or bottom hypersurface
depending on whether it is further away from p or not. The top component is
denoted by d. L and the bottom one by d_L.
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e An n-dimensional subdomain L of A" is a generalized lens if L is a convex
domain and dL is a disjoint union of a strictly convex smoothly embedded open
(n—1)-cell d_L and an embedded open (n— 1)-cell d L, which is not necessarily
smooth.

e A cone {p} L is said to be a generalized lens-cone if

- {p}+*L={p}*dLL,p &CI(L) is a convex domain for a generalized lens L,
and
— every segment from p to dy L meets d_L at a unique point.
A lens-cone will of course be considered a generalized lens-cone.

e We again define the top hypersurface and the bottom one as above. They are
denoted by d L and d_L respectively. d; L can be non-smooth; however, d_L is
required to be smooth.

o A totally-geodesic submanifold is a convex domain in a subspace. A cone-over
a totally-geodesic submanifold D is a union of all segments with one endpoint a
point x not in the subspace spanned by D and the other endpoint in D. We denote
it by {x} *D.

We apply these to ends:

DEFINITION 3.1.6.

Pre-horospherical R-end: An R-p-end E of & is pre-horospherical if it has a pre-
horoball in & as a p-end neighborhood, or equivalently an open p-end neigh-
borhood U in & so that bdU N & = bdU — {v} for a boundary fixed point v. E
is pre-horospherical if it has a pre-horoball in & as a p-end neighborhood. We
require that the radial foliation of E is the one where each leaf ends at v.

Lens-shaped R-end: AnR-p-end E is lens-shaped (resp. generalized-lens-shaped ),
if it has a p-end neighborhood that is projectively diffeomorphic to the interior
of L {v} under dev where

e Lis alens (resp. generalized lens) and

e h(m (E)) acts properly and cocompactly on L,
and every leaf of the radial foliation of the p-end neighborhood ends corresponds
to a radial segment ending at v. In this case, the image L is said to be a CA-lens
(resp. gCA-lens) of such a p-end. A p-end end neighborhood of E is (general-
ized) lens-shaped if it is a (generalized) lens-cone p-end neighborhood of E.

An R-end of 7 is lens-shaped (resp. totally geodesic cone-shaped, generalized lens-
shaped) if the corresponding R-p-end is lens-shaped (resp. fotally geodesic cone-shaped,
generalized lens-shaped ). An end neighborhood of an end E is (generalized) lens-shaped
if so is a corresponding p-end neighborhood .

An end neighborhood is lens-shaped if it is a lens-shaped R-end neighborhood or T-
end neighborhood. A p-end neighborhood is lens-shaped if it is a lens-shaped R-p-end
neighborhood or T-p-end neighborhood.  Of course it is redundant to say that R-end or
T-end satisfies the lens condition dependent on its radial or totally geodesic end structure.

DEFINITION 3.1.7. A real projective orbifold with radial or totally geodesic ends is
a strongly tame orbifold with a real projective structure where each end is an R-end or a
T-end with an end structure given for each. An end of a real projective orbifold is (resp.
generalized ) lens-shaped or pre-horospherical if it is a (resp. generalized) lens-shaped or
pre-horospherical R-end or if it is a lens-shaped T-end.

3.1.3.1. p-end vertices. Let O be areal projective orbifold with the universal cover &
We fix a developing map dev in this subsection and identify with its image. Given a radial
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end of & and an end neighborhood U of a product form E x [0, 1) with a radial foliation,
we take a component U; of p~!(U) and the lift of the radial foliation. The developing
images of leaves of the foliation end at a common point x in RP".
e Recall that a p-end vertex of & is the ideal point of leaves of U;. (See Section
3.1.3.) When dev is fixed, we can identify it with its image under dev. It will be
denoted by v if its p-end neighborhoods correspond to a p-end E.
o Let S’\}gl denote the space of equivalence classes of rays from v diffeomorphic

to an (n — 1)-sphere where 7; (E) acts as a group of projective automorphisms.
Here, m; (E) acts on vz and sends leaves to leaves in Uj.

e Given a p-end E corresponding to vz, we define £z := RVE,(ﬁN) the space of
directions of developed leaves under dev oriented away from vz into a p-dend
neighborhood of & corresponding to E. The space develops to S™! by dev as
an embedding to a convex open domain.

e Recall that £z /T is projectively diffeomorphic to the end orbifold to be denoted
by X or by Xz. (See Lemma 3.1.5.)

e We may use the lifting of dev to S”. The endpoint ¥’ of the lift of radial lines will
be identified with the p-end vertex also when the lift of dev is fixed. Here, we
can canonically identify S;lfl and S"~! and the group actions of I'z on them.

3.1.4. Cusp ends. A parabolic algebra p is an algebra in a semi-simple Lie algebra
g whose complexification contains a maximal solvable subalgebra of g (p. 279-288 of
[150]). A parabolic group P of a semi-simple Lie group G is the full normalizer of a
parabolic subalgebra.

An ellipsoid in RP" = P(R"*1) (resp. in §" = S(R"*!)) is the projection C — {0} of
the null cone

C:= {# e R""|B(¥,X) = 0}
for a nondegenerate symmetric bilinear form B : R"*! x R"™! — R of signature (1,n).
Ellipsoids are always equivalent by projective automorphisms of RP". An ellipsoid ball is
the closed contractible domain in an affine subspace A" of RP" (resp. S") bounded by an
ellipsoid contained in A”". A horoball is an ellipsoid ball with a point p of the boundary
removed. An ellipsoid with a point p on it removed is called a horosphere. The vertex of
the horosphere or the horoball is defined as p.

Let U be a horoball with a vertex p in the boundary of B. A real projective orbifold that
is projectively diffeomorphic to an orbifold U /I",, for a discrete subgroup I', C PO(1,n)
fixing a point p € bdB is called a horoball orbifold. A cusp or horospherical end is an
end with an end neighborhood that is such an orbifold. A cusp group is a subgroup of a
parabolic subgroup of an isomorphic copy of PO(1,n) in PGL(n+1,R) orin SO (1,n) in
SL.(n+ 1,R). A cusp group is a unipotent cusp-group if it is unipotent as well.

By Corollary 8.1.1, an end is pre-horospherical if and only if it is a cusp end. We will
use the term interchangeably but not in Chapter 3 where we will prove this fact.

3.1.4.1. Lie group invariant p-end neighborhoods. We need the following lemma
later.

A p-end holonomy group is the image of a p-end fundamental group under the holo-
nomy homomorphism. If its universal cover & embeds to S” or RP", then / is injective
and hence p-end holonomy group is isomorphic to the p-end fundamental group. A end
holonomy group is the image of an end fundamental group.

LEMMA 3.1.8. Let O be a convex strongly tame real projective n-orbifold, and let
O be its universal cover in RP" (resp. in S"). Let U be a p-R-end neighborhood of a
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p-end E in € where a p-end holonomy group I’z acts on. Let Q be a discrete subgroup of
I'z. Suppose that G is a connected Lie group virtually containing Q so that G/GNQ is
compact. Assume that G acts on the p-R-end vertex vg and iE- Then (Ngeq g(U) contains
a non-empty G-invariant p-end neighborhood of E.

PROOF. We first assume that & C S” and Q C G. Let F be the compact fundamental
domain of G under GN Q. It is sufficiently to prove for the case when U is a proper
p-end neighborhood since for any open set V containing U, N,c;8(V) contains a p-end
neighborhood (N, g(U). Hence, we assume that bd ;U /T'z is a smooth compact surface.
Let Fy denote the fundamental domain of bd ;U .

Let F be a compact fundamental domain of G with respect to Q. Let L be a compact
subset of £z and let L denote the union of all maximal open segments with endpoints v B
and vz _ in the direction of L.

We claim that (\,ep g(U) = Nge&(U) contains an open set in L. We show this by
proving that N, g(U) N1 for any maximal / in L has a lower bound on its d-length. The
lower bound is uniform for L.

Suppose not. Then there exists sequence g; € F and maximal segment /; in L so that the
sequence of d-length of g;(U) NI; from vz goes to 0 as i — oo, The endpoint of g;(U) N;
equals g;(y;) for y; € bd sU. This implies that {g;(y;)} = vz.

Now, y; corresponds to a direction u; € iE. Since F is a compact set, u; corresponds
to a point of a compact set F (L), which corresponds to a compact set £y of bd ;U with
directions in F~'(L). Hence, y; € Fy, a compact set. Since vz is a fixed point of G,
and y; C Fy for a compact subset Fyy of S™ not containing vg, this shows that g; form an
unbounded sequence in SL1 (n+ 1,R). This is a contradiction to g; € F.

We have a nonempty set

U:=(1U)=)sU)

gcG g€eF

containing an open set in U. G acts on U clearly. We take the interior of U. If G only
virtually contains I'z, we just need to add finitely many elements to the above arguments.
[S"S] ]

LEMMA 3.1.9. A p-end vertex of a horospherical p-end cannot be an endpoint of a
segment in bd0.

PROOF. Suppose that bd& contains a segment s ending at the p-end vertex v 5. Then
s is on an invariant hyperspace of I';. Now conjugating I'z into an (n — 1)-dimensional
parabolic or cusp subgroup P of SO(n, 1) fixing (1,—1,0,...,0) € R"*! by say an element
h of SLy(n+ 1,R). By simple computations using the matrix forms of I'z;, we can find
a sequence {g;},g € h[zh~! C P so that {g;(h(s))} geometrically converges to a great
segment. Thus, for A~ 'g;h € Tz, the sequence {h~'g;h(s)} geometrically converges to a

great segment in C1(&). This contradicts the proper convexity of &. [S"T] O

3.1.5. Unit-norm eigenvalued actions on ends. Here, we will collect useful results
on unit-normed actions resulting in Proposition 3.1.14 and Lemma 3.1.15.

LEMMA 3.1.10.

o Suppose that a closed connected projective group G acts properly and cocom-
pactly on a convex domain Q in S" (resp. RP"). Then G acts transitively on Q.
(Benoist [21]).
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o Suppose that T is a uniform lattice in a closed connected group G acting on
a convex domain Q in S" ( resp. RP" ). Suppose that T acts properly and
cocompactly on Q. Then G acts transitively on Q.

PROOF. For the second item, we claim that G acts properly also. Let £ be the funda-
mental domain of G with I action. Let x € Q. Let F’ be the image F(x) := {g(x)|g € F}
in Q. This is a compact set. Define

Tp i= {g € Tg(F(x)) NF (x) # 0}.

Then I'f is finite by the properness of the action of I'. Since an element of G is a product
of an element g’ of " and f € F, and g’ f(x) = x, it follows that g’F(x) N F(x) # @ and
g € T Hence the stabilizer G, is a subset of ['p/F, and G, is compact. G becomes a
Riemannian isometry group with respect to a metric on Q. The second part follows from
the first part since G must act properly and cocompactly. [S"T] (]

LEMMA 3.1.11. Suppose that a simply connected isometry Lie group G acts smoothly
on a simply connected manifold M with a metric so that each stabilizer is trivial. Suppose
that dimG = dimM and G is a closed subgroup of the isometry group of M. Then G acts
transtiviely on M.

PROOF. This follows since the orbit should be an open and a closed set. (I

PROPOSITION 3.1.12. Let N be a discrete group or an n — 1-dimensional connected
Lie group where all the elements have only eigenvalues of unit norms acting on a convex
n— l-domain Q in S" (resp. RIP") projectively and properly and cocompactly. Then Q
is a complete affine space. If N is a connected Lie group, then N is a simply-connected
orthopotent solvable group.

PROOF. Again, we first prove for the S"-version. First consider when N is discrete. By
Theorem 1.3.7, N is an orthopotent Lie group. Theorem 1.4.5 proved that Q is a complete
affine space.

Now, consider the case when N is a connected Lie group. By Lemma 3.1.10, N acts
transitively on Q. N has an N-invariant metric on Q by the properness of the action.
Consider an orbit map N — N(x) for x € Q. If a stabilizer of a point x of Q contains a
group of dimension > 1, then dimN > dim €. The stabilizer is a finite group. Hence, N
covers L finitely. Since Q is contractible, the orbit map is a diffeomorphism. Hence, N is
contractible.

By Theorem 1.3.7, N is a solvable Lie group.

Now, Q cannot be properly convex: Otherwise, By Fait 1.5 of [21], N either acts
irreducibly on Q or Q is a join of domain Qj,...,Q, where N acts irreducibly on each Q;.
Since a solvable group never acts irreducibly unless the domain is O-dimensional by the
Lie-Kolchin theorem, €2 is a simplex or a point. (See Theorem 17.6 of [102].) Then N has
to be diagonalizable and this is a contradiction to the unit-norm-eigenvalued property since
N acts cocompactly unless n —1 = 0. If n — 1 = 0, the conclusion is true.

Now suppose that € is not properly convex but not complete affine. Then Q is foliated
by ip-dimensional complete affine spaces for iy < n. The space of affine leaves is a properly
convex domain K by discussions on R-ends in Section 3.1.6. Hence, N acts on K. The
stabilizer N; is ip-dimensional since the N-action is simply transitive. Hence, N/N; acts on
a properly convex set K satisfying the premises. Again, this is a contradiction.

Hence, Q is complete affine. [S"S] O
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Given a subgroup G of an algebraic Lie group, a syndetic hull . (G) of G is a solvable
Lie group with finitely many components so that .”(G)/G is compact. (See Fried and
Goldman [82] and D. Witte [156].)

LEMMA 3.1.13. Let N be a closed orthopotent Lie group in SL4 (n,R) acting on R"
inducing a proper action on an n — 1-dimensional affine space A"~ that is the upper half-
space of R" quotient by the scalar multiplications. Suppose that N acts cocompactly on
A" Then there is a connected group N, with the following properties:

N/NNN, and N,/N NN, are compact.

N, is homeomorphic to a cell,

N, acts simply transitively on A",

N, is the unipotent subgroup in SLt(n,R) of dimension n— 1 of N normalized
by N.

PROOF. Since N is orthopotent, there is a flag of vector subspaces {0} =V, C V| C
-+« C V,, = R" preserved by N where N acts as an orthogonal group on Vi /V; for each
i=1,...,m—1. Here, A"~ ! is parallel to the vector subspace V,,_; of dimension n — 1.
(See Chapter 2 of Berger [26].)

Hence, there is a homomorphism N — @' O(Vi11/V;). Let N, denote the kernel.
Then N, is a unipotent group with compact N/N,.

We define N, to be the Zariski closure of N, in SL4 (n,R). Now, N, is a unipotent Lie
group, and N, /N, is compact by Malcev [123].

Since N, also acts on A", N, /N/ is compact, and N/, acts properly, it follows that
N, acts properly on A”~!. By Lemma 3.1.10, N, acts transitively on A”~!. The action has
trivial stabilizer since N, is unipotent. This implies N, is homeomorphic to A", ]

PROPOSITION 3.1.14. Let U is in an open domain in S" (resp. RIP") radially foliated
from a point p € bdU with smooth bdU — {p}. Suppose U is in a properly convex domain.
and let N be an n — 1-dimensional a connected Lie group with only unit norm eigenvalues
acting on U and fixing p. Suppose that it acts on R,(U) properly and cocompactly. Then
U is the interior of an ellipsoid and N is a unipotent cusp group and acts transitively and

freely onbdU — {p}

PROOF. We first assume U C S”. By Proposition 3.1.12, R,(U) = A is complete
affine. N acts on R,(U) as a unipotent Lie group. Thus, N is a simply-connected unit-
norm-eigenvalued solvable Lie group by Proposition 3.1.12.

By Lemma 3.1.13, there is a unipotent group N, where N/NNN, and N,/NNN, are
compact. Since N, is isomorphic to a unipotent subgroup, and N NN, is a lattice in N and
one in N,.

It follows that each element of geodesic in N passing an element of N NN, is also
unipotent being an exponential of a nilpotent element. The compactness of N,/N NN,
implies that these tangent vectors form a dense set in the tangent space the identity at N,
as we can see from the central series extension by free abelian groups. It follows that
NNN, =N, and so N, C N. Since they have the same dimensions and are connected,
N,=N.

We will now show that U is the interior of an ellipsoid. We identify p with [1,0,...,0].
Let W denote the hyperspace in S” containing p sharply supporting U. Here, W cor-
responds to a supporting hyperspace in S;’,’l of the set of directions of an open hemi-
sphere R, (U) and hence is unique supporting hyperplane at p and, thus, N-invariant. Also,
W NCI(U) is a properly convex subset of W.
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Let y be a point of U. Suppose that N contains a sequence {g;} so that

{gi(y)} = x0 € WNCI(O) and xo # p;

that is, x in the boundary direction of A from p. Let U; = C1(U)NW. Let V be the smallest
subspace containing p and U;. The dimension of V is > 1 as it contains xy and p.

Again the unipotent group N acts on V. Now, V is divided into disjoint open hemi-
spheres of various dimensions where N acts on: By Theorem 3.5.3 of [150], N preserves a
full flag structure Vy C V| C --- C V;, = V. We take components of complement V; — V;_.
LetHy .=V —V;_.

Suppose that dimV = n — 1 for contradiction. Then Hy NU; is not empty since oth-
erwise, we would have a smaller dimensional V. Let hy be the component of Hy meeting
U;. Since N is unipotent, hy has an N-invariant metric by Theorem 3 of Fried [80].

We claim that the orbit of the action of N is of dimension n — 1 and hence locally
transitive on Hy: If not, then a one-parameter subgroup N’ fixes a point of Ay. This group
acts trivially on Ay since the unipotent group contains a trivial orthogonal subgroup. Since
N’ is not trivial, it acts as a group of nontrivial translations on the affine subspace H°. We
obtain that N'(U) is not properly convex. This is absurd. Hence, an orbit of N is open in
hy, and N acts locally simply-transitively without fixed points.

Since N has trivial stabilizers on Ay, there is an N-invariant Riemannian metric on Ay .
The orbit of N in hy is closed since hy has an N-invariant metric, and N is closed in the
isometry group of hy. Thus, N acts transitively on Ay since dimN = dimhy.

Hence, the orbit N(y) of N for y € Hy NU; contains a component of Hy. This contra-
dicts the assumption that C1(U) is properly convex (compare with arguments in [68].)

Suppose that the dimension of (V) is < n—2. Let J be a subspace of dimension 1
bigger than dimV and containing V and meeting U. Let J5 denote the subspace of A"~!
corresponding to the directions in J. Then Jy is sent to disjoint subspaces or to itself under
N. Since N acts on A transitively, a nilpotent subgroup N; of N acts on Jx transitively.
Hence,

dimN; = dimJy = dimV,
and we are in a situation immediately above. The orbit Ny(y) for a limit point y € Hy
contains a component of V —V,_; as above. Thus, N;(y) contains the same component, an
affine subspace. As above, we have a contradiction to the proper convexity since the above
argument applies to Nj.

Therefore, points such as xp € W Nbd(&) — {p} do not exist. Hence for any sequence
of elements g; € I', we have {g;(y)} — p. Hence,

bdU = (bdUN &) U{p}.

Clearly, bdU is homeomorphic to an (n — 1)-sphere.

Since U is radial, this means that U is a pre-horospherical p-end neighborhood. (See
Definition 3.1.6.) Since N acts transitively on a complete affine space R,(U), and there is
a 1 to 1 radial correspondence of R,(U) and bdU — {p}, it acts so on bdU — p. Since N is
unipotent and acts transitively on bdU — { p}, Lemma 7.12 of [68] shows that U is bounded
by an ellipsoid. Choose x € U, then N(x) C U is an horospherical p-end neighborhood also.
Since Aut(U) is the group of hyperbolic isometry group of U with the Hilbert metric, it
follows that N is the cusp group. [S"T] ]

LEMMA 3.1.15. Assume that O is a properly convex real projective orbifold with an
end E with the universal cover O in'S" (resp. RP"). Suppose that E is a convex end with a
corresponding p-end E. Suppose that eigenvalues of elements of Iz have unit norms only.
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Then Ty is conjugate to a subgroup of a parabolic subgroup in SO(n, 1) (resp. PO(n, 1)),
and a finite-index subgroup of Tz is unipotent and E is horospherical, i.e., cuspidal.

PROOF. We will assume first & C S*. By Theorem 1.3.7, I'; is virtually orthopotent.
By Proposition 3.1.12, iE is complete affine, and I'z; acts on it as an affine transformation
group. By Theorem 3 in Fried [80], T'; is virtually unipotent. Since ¥z /T’ is a compact
complete-affine manifold, a finite-index subgroup F' of I'; is contained in a unipotent Lie
subgroup acting on iE. Now, by Malcev [123], it follows that the same group is contained
in a simply connected unipotent group N acting on S” since F' is unipotent. The dimension
of N is n— 1 = dim%; by Theorem 3 of [80].

Let U be a component of the inverse image of a p-end neighborhood so that vg € bdU.
Assume that U is a radial p-end neighborhood of vz. The group N acts on a smaller open
set covering a p-end neighborhood by Lemma 3.1.8. We let U be this open set from now
on. Consequently, bdU N & is smooth.

Now N acts transitively and properly on £z by Lemma 3.1.10 since F acts properly
on it and N/F is compact. N acts cocompactly on i,; since so does F, FF C N.

By Proposition 3.1.14, N is a cusp group, and U is a p-end neighborhood bounded by
an ellipsoid.

Since I'; has a finite extension of N as the Zariski closure, the connected identity
component N is normalized by I';.

Also, for element g € I'; — F, suppose g(x) € U. Now, g(bdU — {vz}) is an orbit of
g(x) for x € bdU — {v3}). Hence, g(bdU —{vz})) C U. Hence g" is not in F for all n, a
contradiction. Also, g(x) cannot be outside C1(U) similarly. Hence, I'z; acts on U. Also,
I'; is in a conjugate of a parabolic subgroup. [S"T] g

3.1.6. R-Ends. We classify R-ends into three classes: complete affine ends, properly
convex ends, and nonproperly convex and not complete affine ends. We also introduce
T-ends.

Recall that an R-p-end E is convex if £z is convex. Since ¥z is a convex open do-
main, it is contractible by Proposition 1.1.4, and it always lifts to S” as an embedding. By
Proposition 1.1.4, a convex R-end is either

(i): complete affine (CA),
(ii): properly convex (PC), or
(iii): convex but not properly convex and not complete affine (NPNC).

We follow mostly the article [52] with slight modifications.

3.2. Examples

EXAMPLE 3.2.1. The interior of a finite-volume hyperbolic n-orbifold with rank n —
1 horospherical ends and totally geodesic boundary forms an example of a noncompact
strongly tame properly convex real projective orbifold with radial or totally geodesic ends.
For horospherical ends, the end orbifolds have Euclidean structures. (Also, we could allow
hyperideal ends by attaching radial ends. See Section 3.2.1.)

EXAMPLE 3.2.2. For examples, if the end orbifold of an R-end E is a 2-orbifold based
on a sphere with three singularities of order 3, then a line of singularity is a leaf of a radial
foliation. End orbifolds of Porti-Tillmann orbifold [139] and the the double of a tetrahedral
reflection orbifold are examples. A double orbifold of a cube with edges having orders 3
only has eight such end orbifolds. (See Proposition 4.6 of [52] and their deformations are

This should be a theo-
rem. I think...

move these examples at
the end here?
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computed in [58]. Also, see Ryan Greene [93] for the theory. These are explained again in
Section 12.2.)

3.2.1. Examples of ends. We will present some examples here, which we will fully
justify later.

Recall the Klein model of hyperbolic geometry: It is a pair (B, Aut(B)) where B is the
interior of an ellipsoid in RP" or S" and Aut(B) is the group of projective automorphisms
of B. Now, B has a Hilbert metric which in this case is the hyperbolic metric times a
constant. Then Aut(B) is the group of isometries of B. (See Section 1.1.6.)

From hyperbolic manifolds, we obtain some examples of ends. Let M be a complete
hyperbolic manifold with cusps. M is a quotient space of the interior B of an ellipsoid in
RP" or S" under the action of a discrete subgroup I" of Aut(BB). Then some horoballs are
p-end neighborhoods of the horospherical R-ends.

We generalize Definition 2.2.8. Suppose that a noncompact strongly tame convex real
projective orbifold M has totally geodesic embedded surfaces Sy, .., S, homotopic to the
ends. Let M be covered by a properly convex domain M in an affine subspace of S".

e We remove the outside of S;s to obtain a properly convex real projective orbifold
M’ with totally geodesic boundary. Suppose that each S; can be considered a
lens-shaped T-end.

e Each §; corresponds to a disjoint union of totally geodesic domains (¢, .S:,-_”,- in
M for a collection J. For each S~,-, i C M, a group I ; acts on it where S~,', i/Tijis
a closed orbifold projectively diffeomorphic to S;.

e Suppose that I'; ; fixes a point p; ; outside M.

e Hence, we form the cone M; j := {p; j} *S; ;.

e We obtain the quotient M; ;/I'; ; — {pi ;} and identify Sl-yj/l“,-ﬁj to S; ; in M’ to
obtain the examples of real projective manifolds with R-ends.

e ({pi;}=*Si;)° is an R-p-end neighborhood and the end is a totally geodesic R-
end.

The result is convex by Lemma 10.1.2 since we can think of S; as an ideal boundary com-
ponent of M’ and that of M; ;/T; j — {pi ;}. This orbifold is called the hyperideal extension
of the convex real projective orbifold as a convex real projective orbifold. When M is hy-
perbolic, each S; is lens-shaped by Proposition 3.2.3. Hence, the hyperideal extensions of
hyperbolic orbifolds are properly convex.

We will fully generalize the following in Chapter 5. We remark that Proposition 3.2.3
also follows from Lemma 12.1.2. However, we used more elementary results to prove it
here.

PROPOSITION 3.2.3. Suppose that M is a strongly tame convex real projective orb-
ifold. Let E be an R-p-end of M. Suppose that

e the p-end holonomy group of 7t (E)
— is generated by the homotopy classes of finite orders or
— is simple or
— satisfies the unit middle eigenvalue condition
and
o E has a my(E)-invariant n — 1-dimensional totally geodesic properly convex do-
main D in a p-end neighborhood and not containing the p-end vertex in the
closure of D.

Then the R-p-end E is lens-shaped.
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PROOF. Let M be the universal cover of M in S". E is an R-p-end of M, and E has
a 7y (E)-invariant n — 1-dimensional totally geodesic properly convex domain D. Since
D/ 7t<E ) is homotopy equivalent to RgE(ﬁ ) for the end vertex Vz, D cannot just project
to a subspace of codimension higher than 1. Hence, D projects to an open domain. By
Theorem 1.4.15, D projects onto )i,;, and hence D is transverse to radial lines from vz.

Under the first assumption, since the end holonomy group I' is generated by elements
of finite order, the eigenvalues of the generators corresponding to the p-end vertex vz equal
1 and hence every element of the end holonomy group has 1 as the eigenvalue at vj.

Now assume that the the end holonomy groups fix the p-end vertices with eigenvalues
equal to 1.

Then the p-end neighborhood U can be chosen to be the open cone over the totally
geodesic domain with vertex vz. Now, U is projectively diffeomorphic to the interior of a
properly convex cone in an affine subspace A". The end holonomy group acts on U as a
discrete linear group of determinant 1. The theory of convex cones applies, and using the
level sets of the Koszul-Vinberg function, we obtain a one-sided convex neighborhood N
in U with smooth boundary (see Lemmas 4.1.5 and 4.1.6 of Goldman [86]). Let F be a
fundamental domain of N with a compact closure in &.

We obtain a one-sided neighborhood in the other side as follows: We take R(N) for
by a reflection R fixing each point of the hyperspace containing £ and the p-end vertex.
Then we choose a diagonalizable transformation & fixing the p-end vertex and every point
of £ so that the image 2 o R(F) is in &. It follows that Z o R(N) C & as well. Thus,
NUZoR(N) is the CA-lens we needed. The interior of the cone {v;}* (NUZoR(N)) is
the lens-cone neighborhood for E. [S"S] [l

A more specific example is below. Let 333 denote the 2-orbifold with base space
homeomorphic to a 2-sphere and three cone-points of order 3. The 3-orbifolds satisfying
the following properties are the example of Porti-Tillman [139] or the hyperbolic Coxeter
3-orbifolds based on an ideal 3-polytopes of dihedral angles 7/3. (See Choi-Hodgson-Lee
[58].)

The following is more specific version of Lemma 12.1.2. We give a much more ele-
mentary proof not depending on the full theory of this monograph.

PROPOSITION 3.2.4. Let O be a strongly tame convex real projective 3-orbifold with
R-ends where each end orbifold is diffeomorphic to a sphere S333 or a disk with three
silvered edges and three corner-reflectors of orders 3,3,3. Assume that the holonomy
group of m(O) is strongly irreducible. Then the orbifold has only lens-shaped R-ends or
horospherical R-ends.

PROOF. Again, it is sufficient to prove this for the case & C S>. Let E be an R-p-end
corresponding to an R-end whose end orbifold is diffeomorphic to 33 3. It is sufficient to
consider only S3 3 3 since it double-covers the disk orbifold. Since I'; is generated by finite
order elements fixing a p-end vertex vz, every holonomy element has the eigenvalue equal
to 1 at vj. Take a finite-index free abelian group A of rank two in I' ;. Since X is convex, a
convex projective torus 72 covers I finitely. Therefore, £z is projectively diffeomorphic
either to

e a complete affine subspace or
o the interior of a properly convex triangle or
e a half-space

by the classification of convex tori by Nagano-Yagi [137] found in many places including
[86] and [16] and Proposition 1.4.1. Since there exists a holonomy automorphism of order
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3 fixing a point of iE’ it cannot be a quotient of a half-space with a distinguished foliation
by lines. Thus, the end orbifold admits a complete affine structure or is a quotient of a
properly convex triangle.

Suppose that Xz has a complete affine structure. Since Ay, (g) =1 for all g € 'y,
the only possibility from Theorem 8.1.4 is when I'; is virtually nilpotent and we have a
horospherical p-end for E.

Suppose that £ has a properly convex open triangle 7" as its universal cover. A acts
with an element g’ with the largest eigenvalue > 1 and the smallest eigenvalue < 1 as a
transformation in SL4 (3,R) the group of projective automorphisms at S%E_. As an element
of SL4(4,R), we have Ay, (g') = 1 and the product of the remaining eigenvalues is 1, the
corresponding the largest and smallest eigenvalues are > 1 and < 1. Thus, an element of
SL. (4,R), g’ fixes v; and v, other than Vv in directions of vertices of T'. Since I'; has an
order three element exchanging the vertices of 7", there are three fixed points of an element
of A different from vz, v;_. By commutativity, there is a properly convex compact triangle
T C S? with these three fixed points where A acts on. Hence, A is diagonalizable over the
reals.

We can make any vertex of T to be an attracting fixed point of an element of A. Each
element g € I'; conjugates elements of A to A. Therefore g sends the attracting fixed points
of elements of A to those of elements of A. Hence g(T) =T forall g € T'z.

Each point of the edge E of CI(T) is an accumulation point of an orbit of A by tak-
ing a sequence g; so that the sequence of the largest norm of eigenvalues A;(g;) and the
sequence of second largest norm of the eigenvalue A,(g;) are going to 4o while the se-
quence log|A;(gi)/A2(gi)| is bounded. Since Ay, = 1, writing every vector as a linear
combination of vectors in the direction of the four vectors, this follows. Hence d7 C bd&
and T C C1(0).

IfT°Nbd0 # 0, then T C bdd by Lemma 1.4.4. Then each segment from v; ending
in bd & has the direction in CI(Xz) = T’. Tt must end at a point of 7. Hence, & = (T xvz)°,
an open tetrahedron ¢. Since the holonomy group acts on it, we can take a finite-index
group fixing each vertex of ¢. Thus, the holonomy group is virtually reducible. This is a
contradiction.

Therefore, T C ¢ as T Nbd& = (0. We have a totally geodesic R-end, and by Proposi-
tion 3.2.3, the end is lens-shaped. (See also [37].) [S"S] O

The following construction is called “bending” and was investigated by Johnson and
Millson [106]. These give us examples of R-ends that are not totally geodesic R-ends. See
Ballas and Marquis [7] for other examples.

EXAMPLE 3.2.5 (Bending). Let & have the usual assumptions. We will concentrate on
an end and not take into consideration of the rest of the orbifold. Certainly, the deformation
given here may not extend to the rest. (If the totally geodesic hypersurface exists on the
orbifold, the bending does extend to the rest.)

Suppose that & is an oriented hyperbolic manifold with a hyperideal end E. Then E
is a totally geodesic R-end with an R-p-end E. Let the associated orbifold X for E of
O be a closed 2-orbifold and let ¢ be a two-sided simple closed geodesic in £g. Suppose
that E has an open end neighborhood U in & diffeomorphic to g x (0, 1) with totally
geodesic boundary bdU N & diffeomorphic to . Let U be a p-end neighborhood in &
corresponding to E bounded by iE covering Y. Then U has a radial foliation whose
leaves lift to radial lines in U from vg.
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Let A be an annulus in U diffeomorphic to ¢ x (0,1), foliated by leaves of the radial
foliation of U. Now a lift & of ¢ is in an embedded disk A’, covering A. Let g. be the deck
transformation corresponding to ¢ and c. Suppose that g. is orientation-preserving. Since
gc 1s a hyperbolic isometry of the Klein model, the holonomy g, is conjugate to a diagonal
matrix with entries 1,471, 1,1, where 2 > 1 and the last 1 corresponds to the vertex vg.
We take an element kj, of SL (4,R) of form in this system of coordinates

1 0 00
01 00
(3.2.1) 00 1 0
00 b 1

where b € R. k; commutes with g.. Let us just work on the end E. We can “bend” E by
kbi

Now, k; induces a diffeomorphism kp of an open neighborhood of A in U to another
one of A since k, commutes with g.. We can find tubular neighborhoods N; of A in U and
N, of A. We choose N; and N, so that they are diffeomorphic by a projective map k5. Then
we obtain two copies A and A, of A by completing U — A.

Give orientations on A and U. Let N; _ denote the left component of N; —A and let
N> 1 denote the right component of N, —A.

We take a disjoint union (U —A) LIN; LIN, and

o identify the projectively diffeomorphic copy of Ni _ in Ny with N _ in U — A by
the identity map and
o identify the projectively diffeomorphic copy of N> | in N> with N> 4 in U — A by
the identity also.
We glue back N; and N, by the real projective diffeomorphism k; of a neighborhood of N
to that of N». Then Ny — (N1, UA) is identified with N, 4 and N, — (N2 UA) is identified
with Ny _. We obtain a new manifold.

For sufficiently small b, we see that the end is still lens-shaped. and it is not a totally
geodesic R-end. (This follows since the condition of being a lens-shaped R-end is an open
condition. See Section 11.2.)

For the same c, let k; be given by

s 00 0
0 s 0 0
(3.2.2) 00 5 0
000 1/

where s € R. These give us bendings of the second type. For s sufficiently close to 1, the
property of being lens-shaped is preserved and being a totally geodesic R-end. (However,
these will be understood by cohomology.)

If sA < 1 for the maximal eigenvalue A of a closed curve ¢ meeting ¢ odd number of
times, we have that the holonomy along ¢ has the attracting fixed point at vz. This implies
that we no longer have lens-shaped R-ends if we have started with a lens-shaped R-end.






CHAPTER 4

The affine action on a properly convex domain whose
boundary is in the ideal boundary

In this chapter, we will show the asymptotic niceness of the affine actions when the
affine group I" acts on a convex domain £ in A" and a properly convex domain in the ideal
boundary of A". We will find a properly convex domain in A" with boundary in Q. The
main tools will be Anosov flows on the affine bundles over the unit tangent bundles as in
Goldman-Labourie-Margulis [91]. We will introduce a flat bundle and decompose it in an
Anosov-type manner. Then we will find an invariant section. We will prove the asymptotic
niceness using the sections. In Section 4.1, we will define asymptotic niceness and flow
decomposition of the vector bundles over UQ/I". In Section 4.2, we begin with a strictly
convex domain Q with a hyperbolic I and the main result Theorem 4.1.1. We define
proximal flows and decompose the vector bundle flows into contracting and repelling and
neutral subbundles. In Section 4.2.2, we show that contracting and expansion properties of
the contracting and repelling subbundles, with a somewhat technical argument involving
pulling-back. However, the neutral subbudles here are more of a generalized type than what
they had. We obtain the neutralized sections as Goldman-Labourie-Margulis did. We will
prove the main result for strictly convex Q at the end of this section using the neutralized
sections to obtain asymptotic hyperspaces. In Section 4.3, we will generalize these results
to the case when Q is not necessarily strictly convex. They are Theorems 4.3.1 and 4.3.8.
A basic technique here is to make the unit tangent bundle larger to an augmented unit
tangent bundle by blowing up using the compact sets of hyperspaces at the endpoints of
geodesics. The strategy to prove the second main result is analogous to the strictly convex
case for Q. In Section 4.4, we discuss the lens condition for T-ends obtained by the uniform
middle eigenvalue condition. We will end by finding strictly convex smooth hypersurfaces
approximating any convex boundary components for these types of domains. Except for
Section 4.4, we will work only in S” for simplicity.

4.1. Affine actions

Let I be an affine group acting on the affine subspace A" with boundary bdA” = S/~
in ", A" is an open n-hemisphere. Let U be a properly convex invariant [-invariant
domain with the property in A":

CI(U)NbdA” = CI(Q) C bdA”

for a properly convex open domain Q. To begin with, we assume only that € is properly
convex. We also assume that Q/T" is a closed orbifold. The action of I" on S" or RP" is
said to be a properly convex affine action. Also, (I',U,Q) is said to be a properly convex
affine triple.

A sharply supporting hyperspace P at x € dC1(Q) is asymptotic to U if there are no
other sharply supporting hyperplane P at x so that P’ N A" separates U and PN A". In

71
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this case, we say that hyperspace P is asymptotic to U. We will use the abbreviation AS-
hyperspace to indicate for asymptotic sharply supporting hyperspace.

Let (T',U,Q) be a properly convex affine triple. A properly convex affine action of I"
is said to be asymptotically nice if with respect to U if I acts on a compact subset

J:= {H|H is an AS- hyperspace in S" at x € dCI(Q),H ¢ S '}

where we require that every sharply supporting (n — 2)-dimensional space of Q in S% ! is
contained in at least one of the element of J. As a consequence, for any sharply supporting
(n —2)-dimensional space Q of €, the set

Hyp:={H € J|H D Q}
is compact and bounded away from bdA" in the Hausdorff metric dy.

THEOREM 4.1.1. We assume that T is a hyperbolic group with a properly convex
affine action. Let T have an affine action on the affine subspace A", A" C S", acting on
a properly convex domain Q in bdA”. Suppose that Q/T is a closed n — 1-dimensional
orbifold, and suppose that T satisfies the uniform middle-eigenvalue condition. Then T"
acts on a properly convex open domain U with following properties:

o (T,U,Q) is a properly convex triple, and T is asymptotically nice with the prop-
erly convex open domain U, and

o if any open set U’ so that (T,U’,Q) is a properly convex triple, then the AS-
hyperspace at each point of dCI(Q) exists and is the same as that of U. That is
[ is also asymptotically nice with respect to U’.

DEFINITION 4.1.2. A subspace U of R" is expanding under a linear map L if || L(u)|| >
C||u|| for every u € R”" for a fixed norm ||-|| of R” and C > 1.

A subspace U of R" is contracting under a linear map L if ||L(u)| < C|ju| for every
u € R”" for a fixed norm ||-|| of R” and 0 < C < 1.

The expanding condition is equivalent to the condition that all the norms of eigenval-
ues of L|U are strictly larger than 1. (See Corollary 1.2.3 of Katok and Hasselblatt [110].)

In this section, we will work with S” only, while the RIP" versions of the results follows
from the results here in an obvious manner by Results in Section 1.1.8 and then projecting
back to RP".

For each element of g € T,

] T il(g) Bg
@.1.1) h(g) = ( A ()
0 Az(8)

where Bg is n x 1-vector and /i(g) is an n x n-matrix of determinant +1 and Az(g) > 0. In
the affine coordinates, it is of the form

T 1.
X h(g)x+ b,.
T T A

Let A1 (g) denote the maximal norm of the eigenvalue of g, g € I'. If there exists a uniform
constant C > 1 so that

4.1.2)

A1(g)
Az (8)

then I is said to satisfy the umec with respect to the boundary hyperspace.

(4.1.3) C 'lengthg (g) < log < Clengthg(g), g<€Tz—{I},
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By taking g~ ! instead, we obtain the equivalent condition:
A
(4.1.4) C 'lengthy (g) < [log )L" ((g)) ‘ < Clengthg(g), geT'z—{1},
£\8

This implies that
(4.1.5) Ai(g)/Ag(g) > 1 and A,(8)/Az(g) <1

as we can see by taking the inverse of g.
We denote by .Z : Aff(A") — GL(n,IR) the homomorphism g — M, taking the linear

part of an affine transformation g : x — ngJrBX to M, € GL(n,R).

LEMMA 4.1.3. Let I be an affine group acting on the affine subspace A" with bound-
ary bdA" in S" satisfying the uniform middle eigenvalue condition with respect to bdA”".

Then the linear part of g equal to /l 11+ T fz(g) has a nonzero expanding subspace and a
£\8) "
contracting subspace in R". (I

4.1.1. Flow setup. The following flow setup will be applicable in the following. A
slight modification is required later in Section 4.3.

We generalize the work of Goldman-Labourie-Margulis [91] using Anosov flows: We
assume that I has a properly convex affine action with the triple (I',U,Q) for U C A".
Since Q is properly convex, Q has a Hilbert metric. Let 7Q denote the tangent space of Q.
Let UQ denote the unit tangent bundle over €. This has a smooth structure as a quotient
space of TQ2 — O/ ~ where

e (O is the image of the zero-section, and
e vV~ wif Vand w are over the same point of Q and V = sw for a real number s > 0.

Let A" be the n-dimensional affine subspace. Let i : I' — Aff(A") denote the repre-
sentation as described in (4.1.2). We form the product UQ x A" that is an affine bundle
over UQ. We take the quotient A := UQ x A" by the diagonal action

g(x,i) = (g(x),h(g)i) for g e T,x € UQ, i € A".
We denote the quotient by A which fibers over the smooth orbifold UQ/T" with fiber A".

Let V" be the vector space associated with A”. Then we can form V := UQ x V" and

take the quotient under the diagonal action:

g(x,ii) = (g(x),Z(h(g))u) for g e ', x € UQ, i € V"
where % is the homomorphism taking the linear part of g. We denote by V the fiber bundle
over UQ/T with fiber V".

There exists a flow @, : UQ/T" — UQ/T for t € R given by sending ¥ to the unit
tangent vector to at o(¢) where @ is a geodesic tangent to ¥ with a(0) equal to the base
point of ¥. This flow is induced from the geodesic flow &; : UQ — UQ.

We define a flow on ®; : A — A by considering a unit-speed-geodesic flow-line [ in
UQ and considering / x A" and acting trivially on the second factor as we go from V to
@, (V) (See remarks in the beginning of Section 3.3 and equations in Section 4.1 of [91].)
Each flow line in UX lifts to a flow line on A from every point in it. This induces a flow
D, A — A

We define a flow on . (®;) : V — V by considering a unit-speed geodesic-flow line /
in UQ and and considering / x V" and acting trivially on the second factor as we go from
¥ to &, (¥) for each 7. This induces a flow .2 (®;) : V — V. (This generalizes the flow on
(91].)
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We let ||| 4per denote some metric on these bundles over UZL/T" defined as a fiberwise
inner product: We chose a cover of Q/I" by compact sets K; and choosing a metric over
K; x A" and use the partition of unity. This induces a fiberwise metric on V as well. Pulling
the metric back to A and V, we obtain a fiberwise metric to be denoted by |-[|gper-

We recall the trivial product structure. UQ x A" is a flat A"-bundle over UQ with a
flat affine connection VA, and UQ x V" has a flat linear connection VV. The above action
preserves the connections. We have a flat affine connection VA on the bundle A over UX
and a flat linear connection VV on the bundle V over UZX.

REMARK 4.1.4. In [91], the authors uses the term “recurrent geodesic”. A geodesic
is “recurrent” in their sense if it accumulates to compact subsets in both directions. They
work in a compact subsurface where geodesics are recurrent in both directions. In our
work, since Q/T is a closed orbifold, every geodesic is recurrent in their sense. Hence,
their theory generalizes here.

4.2. The proximal flow.

We will start with the case when I is hyperbolic and hence when Q must be strictly
convex with dCI(Q) being C! by Theorem 1.1 of [22].

In the case when the linear part of the affine maps are unimodular, Theorem 8.2.1 of
Labourie [117] shows that such a domain U exists but without showing the asymptotic
niceness of the group. Also, when the linear part of I" is a geometrically finite Kleinian
group in SO(n, 1), Barbot showed this result in Theorem 4.25 of [11] in the context of
globally hyperbolic Lorentzian spacetimes. We believe our theory also generalize to the
case when .Z () is convex cocompact. Fried also found a solution using cocyles [81] with
informal notes in the same context but in the dual picture of R-ends as in Chapter 5.

The hyperbolicity of I" shows that Q is strictly convex by Benoist [22]. We will gener-
alize the theorem to Theorem 4.3.1 without the hyperbolicity condition of I". Furthermore,
we will show that the middle eigenvalue condition actually implies the existence of the
properly convex domain U in Theorem 4.3.1. Also, the uniqueness of the set of asymptotic
hyperspaces is given by Theorem 4.3.8.

The reason for presenting weaker Theorem 4.1.1 is to convey the basic idea of the
proof of the generalized theorem.

4.2.1. The decomposition of the flow. We are assuming that I" is hyperbolic. Since
Y :=Q/I' is a closed strictly convex real projective orbifold, UX := UQ/I" is a compact
smooth orbifold again. A geodesic flow on UQ/T" is Anosov and hence topologically
mixing. Hence, the flow is nonwandering everywhere. (See [20].) I" acts irreducibly on €,
and dCI(Q) is C!. Denote by ITg : UQ — Q the projection to the base points.

We can identify bdA" = S(V") = S"~! where g acts by .Z(g) € GL(n,R). We give a
decomposition of V into three parts V., V(,V_:

e For each vector i € UQ, we find the maximal oriented geodesic / ending at the
backward endpoint d/ and the forward endpoint d_I € dCI(Q). They corre-
spond to the 1-dimensional vector subspaces V_ (if) and V_(ii) C V.

e Recall that JCI(Q) is C' since Q is strictly convex (see [22]) There exists a
unique pair of sharply supporting hyperspheres H, and H_ in bdA" at each of
d+l and d_1. We denote by Hy = H, N H_. It is a codimension 2 great sphere in
bdA" and corresponds to a vector subspace V(i) of codimension-two in V.
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e For each vector i, we find the decomposition of V' as V. (it) @ Vo(ii) & V_(ii)
and hence we can form the subbundles V., Vy, V_ over UQ where

V=V,.aVaV_.

The map UQ — JC1(Q) by sending a vector to the endpoint of the geodesic tangent to it is
C'. The map dCI(Q) — # sending a boundary point to its sharply supporting hyperspace
in the space . of hyperspaces in bdA” is continuous. Hence V., V(, and V_ are con-
tinuous bundles. Since the action preserves the decomposition of V, V also decomposes
as

4.2.1) V=V,®VidV_.

For each completeﬂgeodesic 1 in Q, let [ denote the set of unit vectors on / in one of
the two directions. On [, we have a decomposition
V| =V, |l@Vy|leV_| of form
[x V4 (ii), ] x Vo(ii),] x V_ (i) for a vector ii tangent to /
where we recall:
e V. (i) is the space of vectors in the direction of the backward endpoint of l.

e V_ (i) is the space of vectors in the direction of the forward endpoint of l.
e V(i) is the space vectors in directions of Hy = H, NH_ for dl.

That is, these bundles are constant bundles along /.

Suppose that g € T" acts on a complete geodesic [ with a unit vector # in the direction
of the action of g. Then V_ (i) and V(i) corresponding to endpoints of [ are respectively
eigenspaces of the largest norm A, (g) of the eigenvalues and the smallest norm A,(g) of
the eigenvalues of the linear part £ (g) of g. Hence

e on V_(ii), g acts by expending by

M(g)

422 > 1,
22 A5(8)

and

e on V_ (ii), g acts by contracting by
An(8)

4.2.3) < 1.
Az (8)

There exists a flow ®, : UQ — UQ for t € R given by sending ¥ to the unit tangent
vector to at a(r) where o is a geodesic tangent to vV with ¢¢(0) equal to the base point of .

We define a flow on ®, : A — A by considering a unit-speed geodesic-flow line Tin
UQ and considering I x A" and acting trivially on the second factor as we go from V to
<i>,(\7) (See remarks in the beginning of Section 3.3 and equations in Section 4.1 of [91].)
Each flow line in UX lifts to a flow line on A from every point in it. This induces a flow
D, A — A

We defined a flow on ®; : V — V by considering a unit-speed geodesic-flow line  in
UQ and and considering [xV and acting trivially on the second factor as we go from Vto
<I>,( V) for each ¢. (This generalizes the flow on [91].) Also, .¥ (CID,) preserves V+, Vo, and
V_ since on the line /, the endpoint d../ does not change. Again, this induces a flow

ZL®@),: V>V, V., -V, ViV, V_>V_.
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We let ||-||¢ denote some metric on these bundles over UL/I" defined as a fiberwise
inner product: We chose a cover of Q/I" by compact sets K; and choosing a metric over
K; x A" and use the partition of unity. This induces a fiberwise metric on V as well. Pulling
the metric back to A and V, we obtain a fiberwise metrics to be denoted by ||-||.

By the uniform middle-eigenvalue condition, V satisfies the following properties for
e UQ/T:

e the flat linear connection VY on V is bounded with respect to ||-||per-
e hyperbolicity: There exists constants C,k > 0 so that

— 1 by
(424) Hg(q)l)(v)“ﬁber 2 E exp(kt) HVHﬁber asf — oo

for v € V, and
(42.5) 12(@0)(Plper < Cexp(—k) [Tl a5 —

forve V_

Using Proposition 4.2.1, we prove this property by taking C sufficiently large according to
t1, which is a standard technique.

4.2.2. The proof of the proximal property. We may assume that I" has no finite
order elements by taking a finite index group using Theorem 1.1.19. Also, by Benoist
[22], elements of I" are positive bi-proximal. (See Theorem 1.3.12.)

We can apply this to V_ and V_ by possibly reversing the direction of the flow. The
Anosov property follows from the following proposition.

Let V_ ; denote the subset of V_ of the unit length under ||| 4,

PROPOSITION 4.2.1. Let Q/T" be a closed strictly convex real projective orbifold with
hyperbolic fundamental group I'. Then there exists a constant t| so that

Hg(q)f)(‘_;)Hﬁber < C‘”v”ﬁber"_} € V_and H"g(q))*f(‘_;)Hﬁber < é”‘_}’”ﬁbeﬁv € V+
fort >ty and a uniform C, 0 < C < 1.

PROOF. Itis sufficient to prove the first part of the inequalities since we can substitute
t — —t and switching V with V_ as the direction of the vector changed to the opposite
one.

By following Lemma 4.2.5, the uniform convergence implies that for given 0 < € < 1,
for every vector ¥ in V_ 1, there exists a uniform T so that for t > T, £ (®,)(V) is in an
e-neighborhood U, (Sp) of the image Sy of the zero section. Hence, we obtain that £ (P),
is uniformly contracting near Sp, which implies the result. (]

Now, we will prove Lemma 4.2.5; but we need some preliminary material:

REMARK 4.2.2. We need to only prove the following for a finite index group of I"
since the contracting properties are invariant under finite regular covering maps. Hence,
we may assume that each element is proximal or semi-proximal by Theorem 1.3.12.

LEMMA 4.2.3. Let T act properly discontinuously on a strictly convex domain €.
Assume that g; is a sequence of distinct positive bi-proximal elements of I'. Suppose that
the sequence of attracting fixed point a; and that of repelling fixed point {r;} of g; form
sequences converging to distinct pair of points. Then

(4.2.6) {lengthg (gi)} — oo
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PROOF. Since {a;} — a, and {r;} — ry, the segment @;7; passes a fixed compact
domain U in Q for sufficiently large i. Suppose that lengthg, (g;) < C for a constant C. Then
gi(U) passes a;r; for each i. Hence, g;(U) is a subset a ball of radius 2L+ C. Since {g;}
form a sequence of mutually distinct elements, this contradicts the proper discontinuity of
the action of I". O

LEMMA 4.2.4. Let Q be strictly convex and C'. We choose a subsequence {g;} of
positive-bi-proximal elements of T so that the sequences {a;} and {r;} are convergent for
the attracting fixed point a; € C1(Q) and the repelling fixed point r; € C1(Q) of each g;.
Suppose that

{a;} = a, and {r;} — r, for a.,r. € ICH(Q),a # ry.

Suppose that g; is an unbounded sequence. Then for every compact K C CI(Q) — {r.},
4.2.7) {gi(K)} — {a.}

uniformly.

PROOF. Each g; acts on an (n — 3)-dimensional subspace W,, in S%! disjoint from
Q. Here, W,, is the intersection of two sharply supporting hyperspaces of Q at a; and
ri. The set {W,,} is precompact by our condition. By the C I_property, we may assume
that {ng} — W, for an n — 3-dimensional subspace W, that is the intersection of two
hyperspaces supported at a, and r.. Also, W, NCI(Q) = 0 by this property.

Let n; denote the complete geodesic connecting a; and r;. Let 1. denote the one
connecting a, and r,.. Since W, is the intersection of two sharply supporting hyperspaces
of Q at a, and r,, N has endpoints a,, r., and Q is strictly convex, it follows (1) "W, = 0.

We call P, N Q for the n — 2-dimensional subspace P; containing W,, a slice of g;. The
closure of a component of Q with a slice of g; removed is called a half-space of g;.

Let H; denote the half-space of g; containing K. Since {Cl1(n;)} and {W,, } are geomet-
rically convergent respectively, and (M) N W. = 0, it follows that {g;(P;)} geometrically
converges to a hyperspace containing W.. passing a.. Therefore, one deduces easily that
{gi(H;)} — {a.} geometrically. Since K C H;, the lemma follows. O

The line bundle V_ lifts to V_ where each unit vector i on Q one associates the line
V_ ;i corresponding to the starting point in dCI1(€2) of the oriented geodesic / tangent to it.

V_ |l equals I x V_ ;. Z(®), lifts to a parallel translation or constant flow £ (®), of form

LEMMA 4.2.5. Suppose that Q is strictly convex with dC1(Q) being C', and T acts
properly discontinuously and cocompactly on Q satisfying the uniform middle eigenvalue
condition. Then {||.L(®):|V_| gper} — O uniformly ast — oo,

PROOF. Let F be a fundamental domain of UQ under I'. It is sufficient to prove this
for .Z(®), on the fibers of over F of UQ with a fiberwise metric ||*||gpe-

We choose an arbitrary sequence {x;}, {x;} — x in F. For each i, let V_; be a Eu-
clidean unit vector in V_; := V_(x;) for the unit vector x; € UQ. That is, V_; is in the
1-dimensional subspace in R”, corresponding to the backward endpoint of the geodesic /;
in Q determined by x; in dC1(Q) and in a direction of C1(Q).

We will show that

{2 /(®) i) | e

which is sufficient to prove the uniform convergence to 0 by the compactness of V_ ;.

} — 0 for any sequence f; — oo,
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FIGURE 1. The figure for Lemma 4.2.5. Here y;,y; denote the images
under Ilg the named points in the proof of Lemma 4.2.5.

It is sufficient to show that any sequence of {#;} — oo has a subsequence {z;} so that

{12(@) (%7 )| e} = O-

This follows since if the uniform convergence did not hold, then we can easily find a
sequence without such subsequences.

Lety; := (i)ti (x;) for the lift of the flow &. By construction, we recall that each ITg (vi)
is in the geodesic /;. Since we have the sequence of vectors {x;} — x, x;,x € F, we obtain
that {/;} geometrically converges to a line /. passing Ilg(x) in Q. Let y, and y_ be the
endpoints of /. where {IT1o(y;)} — y—. Hence,

{7} =y A(-0)} = -

Find a deck transformation g; so that g;(y;) € F and g; acts on the line bundle V_ by
the linearization of the matrix of form of (4.1.1):

Z(gi): V_ — V_ with
i, V) = (8i(vi),Z(8i)(V)) where

1 7 <7 ~ ~
mh(&') Vo) = V(%) = V_(gi(n))-

(Goal): We will show {(g;(i),-Z(gi)(V—.i))} — O under ||-||pe- This will complete

the proof since g; acts as isometries on V_ with ||-||gpe,-

(4.2.8) Z(gi) =

Also, we may assume that {g;} is a sequence of mutually distinct elements up to a choice
of subsequences since gfl (F) contains y; and y; forms an unbounded sequence.

Since g;(I;) N F # 0, we choose a subsequence of g; and relabel it g; so that {g;(/;)}
converges to a nontrivial line L. in Q.
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By our choice of /;, y;, g; as above, and Remark 4.2.2, we may assume without loss of
generality that each g; is positive bi-proximal since Q is strictly convex.

We choose a subsequence of {g;} so that the sequences {a;} and {r;} are convergent
for the attracting fixed point a; € C1(Q) and the repelling fixed point r; € C1(Q) of each g;.
Then

{a;} — a. and {r;} — r, for a,,r. € ICI(Q).
(See Figure 1.)

Suppose that a, = r.. Then we choose an element g € I so that g(a.) # r, and replace
the sequence by {gg;} and replace F by F Ug(F). The above uniform convergence condi-
tion still holds. Then for the new attracting fixed points a’ of gg;, we have {a/} — g(a.)
and the sequence {r.} of repelling fixed point 7 of gg; converges to r, also by Lemma
5.3.8. Hence, we may assume without loss of generality that

ay # 1y
by replacing our sequence g;.
Now, Lemma 4.2.4 shows that for every compact K C C1(Q) — {r.},

(4.2.9) {8i(K)} — {a.}

uniformly.

Suppose that both y. ,y_ # r,. Then {g;(/;)} converges to a singleton {a. } by (4.2.9)

and this cannot be since L., C Q. If
r« =y4 and y_ € ICI(Q) — {r.},

then {g;(y:)} — a. by (4.2.9) again. Since g;(y;) € F, this is a contradiction. Therefore
re =y_ and y4 € dCI(Q) — {r.}.

Let d; = (V) denote the other endpoint of /; from (V_ ;).

o Since {(V_;)} — y— and {/;} converges to a nontrivial line /., it follows that
{d; = (¥4+,;)} is in a compact set in ICL(Q) — {r,}, and {d;} — y+.

e Then {gi(d;)} — a. as {d;} is in a compact set in ICI(Q) — {r.}.

e Thus, {g:/((V-:))} = € dCI(Q) where a, # y' holds since {g;(/;)} converges
to a nontrivial line /., in Q as we said shortly above.

Also, g; has an invariant great sphere Sf’fz C bdA" containing the attracting fixed
point a; and sharply supporting Q at @;. Thus, r; is uniformly bounded at a distance from
SP=2 since {r;} —y_ = r. and {@;} — a. with S"~? geometrically converging to a sharply
supporting sphere "2 at a,.

Let ||-||; denote the standard Euclidean metric of R”.

e Since {Ilo(yi)} — y—, Hq(y;) is also uniformly bounded away from a; and the
tangent sphere 7! at a;.
e Since {(V_;)} — y—, the vector ¥_; has the component ¥ parallel to r; and the
component % in the direction of S!~2 where ¥_ ; = ¥ + .
e Since {r;} = r. =y_ and {(V_;)} — y—, we obtain {HVfHE} — 0 and that
1
=p
!l <c
for some constant C > 1.
e g; acts by preserving the directions of S:”z and r;.
Since {g;((¥_))} converging to y, y' € dCI(Q), is bounded away from S} 2 uniformly,
we obtain that
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e considering the homogeneous coordinates

(Z(e)(#): Z(e) (7)),
we obtain that the Euclidean norm of
AN
(EZEBICHI®

is bounded above uniformly.

Since r; is a repelling fixed point of g; and ||17f’ ||  is uniformly bounded above, {-#(g;) (")} —
0 by (4.1.3) and (4.2.6).

{Z(g1)(#)} — 0 implies {-£(g:)(7)} — 0

for ||-|| ;. Hence, we obtain

(4.2.10) {I£ () (V-)llgr = 0.

Recall that .Z(®), is the identity map on the second factor of UQ x V".
8i(-Z (), (xi, 7)) = (8i (), £ (8:) (V-1)) € F x V.
is a vector over the compact fundamental domain F of UQ.
(8i(vi),Z (8i)(V-))
is a vector over the compact fundamental domain F of UQ.
{ Hf(gi)(ci),i)(xi, V_) HE} — 0 implies { Hf(g,) (@,i)(x,', Vo) Hﬁber} —0

since g;(x;) € F and |- 4, and ||-|| z are compatible over points F. Since g; is an isometry

Of || [ber» We conclude that { ||.£(®,) (x, ¥ )| gpert — O O

4.2.3. The neutralized section. We denote by I'(V) the space of sections UL — V
and by I'(A) the space of sections UL — A. Recall from [91] the one parameter-group of
operators D®; ., on I'(V) and &; , on I'(A). In our terminology D®; , = .Z(®;). Recall
Lemma 8.3 of [91] also. We denote by ¢ the vector field generated by this flow on UX.

A section s : UX — A is neutralized if

(4.2.11) Vs €Vo.

LEMMA 4.2.6. If y €T'(A), and
t+— D®P, . (y)
is a path in T'(V) that is differentiable at t = 0, then

d

i o (D). (y) = Vé(w)-

Recall that UX is a recurrent set under the geodesic flow.

LEMMA 4.2.7. A neutralized section so : UL — A exists. This lifts to a map §y : UQ —
A so that §ooy = yo§y for each v inT" acting on A =TUQ x A".
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PROOF. Let s be a continuous section UX — A. We construct VA+ by projecting the
values of V to V. and VA0 by projecting the values of V to V(. We decompose

Vo (s) = Vit (s)+ V' (5)+Vy (s) €V

so that Vgi (s) € Vi and V‘;‘) (s) € Vg hold. This can be done since along the vector field
¢, V1 and Vj are constant bundles. By the uniform convergence property of (4.2.4) and
(4.2.5), the following integrals converge to smooth functions over UX. Again

so=s+ /0 (DD,). (VA (5))di — /0 (DD_). (VA" (s))dr
is a continuous section and V‘$ (s0) = Vgo (s0) € Vo as shown in Lemma 8.4 of [91].
Since UX is connected, there exists a fundamental domain F so that we can lift sq to
5, defined on F mapping to A. We can extend 5, to UQ — UQ x A", O

Let N2(A") denote the space of codimension two affine subspaces of A”. We denote
by G(Q) the space of maximal oriented geodesics in Q. We use the quotient topology on
both spaces. There exists a natural action of I" on both spaces.

For each element g € I' — {I}, we define N2(g): Now, g acts on bdA” with invariant
subspaces corresponding to invariant subspaces of the linear part £ (g) of g. Since g and
g~ ! are positive proximal,

e a unique fixed point in bdA” corresponds to the largest norm eigenvector, an
attracting fixed point in bdA", and
e a unique fixed point in bdA" corresponds to the smallest norm eigenvector, a
repelling fixed point
by [20] or [17]. There exists an .Z(g)-invariant vector subspace Vg complementary to the
sum of the subspace generated by these eigenvectors. (This space equals V(i) for the
unit tangent vector # tangent to the unique maximal geodesic /, in © on which g acts.) It
corresponds to a g-invariant subspace M(g) of codimension two in bdA".

Let ¢ be the geodesic in UX that is g-invariant for g € T". §o(¢) lies on a fixed affine
subspace parallel to Vgo by the neutrality, i.e., Lemma 4.2.7. There exists a unique affine
subspace N;(g) of codimension two in A" containing $y(¢). Immediate properties are
Na(g) = N2(g™),m € Z — {0} and that g acts on Na(g).

DEFINITION 4.2.8. We define S'(dC1(Q)) the space of hyperspaces P meeting A"
where PNbdA" is a sharply supporting hyperspace in bdA" to Q. We denote by S(dCI(Q))
the space of pairs (x,H) where H € §'(dC1(Q)), and x is in the boundary of H and in
ICIQ).

Define A to be the diagonal set of JCI(Q) x dC1(Q). Denote by A* = dCI(Q) x
dCI(Q) — A. Let G(Q) denote the space of maximal oriented geodesics in Q. G(Q) is in
a one-to-one correspondence with A* by the map taking the maximal oriented geodesic to
the ordered pair of its endpoints.

LEMMA 4.2.9. G(Q) is a connected subspace.

PROOF. We obtain the proof by generalizing Lemma 1.3 of [91] using a bi-proximal
element of I". [22]. Or one can use the fact that UQ is connected. (Il
PROPOSITION 4.2.10.

o There exists a continuous function § : UQ — N (A") equivariant with respect to
I'-actions.
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o Given g € I and for the unique unit-speed geodesic Z;, in UQ lying over a geo-

desic I, where g acts on, §(1;) = Na(g).
e This gives a continuous map

51 G(Q) = ICI(Q) x ICI(Q) — A — Ny(A")

again equivariant with respect to the I'-actions. There exists a continuous func-
tion
T: A" = S(ICI(Q).

PROOF. Given a vector i € UQ, we find §o(if). There exists a lift ¢, : UQ — UQ of
the geodesic flow ¢,. Then §o(¢,(i)) is in an affine subspace H" 2 parallel to Vj for i by
the neutrality condition (4.2.11). We define §(i) to be this H" 2.

For any unit vector #' on the maximal (oriented) geodesic in Q determined by i, we
obtain §(ii') = H"~2. Hence, this determines the continuous map §: G(Q) — N»(A"). The
I'-equivariance comes from that of §p.

For g €T, ii and g(i) lie on the liftlz, of the g-invariant geodesic Zg in UQ provided u

is tangent to . Since g(o(ii)) = 5o(g(&)) by equivariance, g(5o(ii)) lies on §(i#) = $(g(if))

in UQ by the third paragraph before the proposition. We conclude g(§(i§)) = §(Ig), which
shows N> (g) = f(i;,)
The map § is defined since dC1(Q) x IC1(Q) — A is in one-to-one correspondence with
the space G(Q). The map 7 is defined by taking for each pair (x,y) € A*
e we take the geodesic [ with endpoints x and y, and
e taking the hyperspace containing §(/) and its boundary containing x.

O

4.2.4. The asymptotic niceness. We denote by /(x,y) the hyperspace partin 7(x,y) =
(x,h(x,y))-

LEMMA 4.2.11. Let U be a I g-invariant properly convex open domain in R" so that
bdU NbdA" = CI(Q). Suppose that x and y are attracting and repelling fixed points of an
element g of T in dCI(Q). Then h(x,y) is disjoint from U.

PROOF. Suppose not. /'(x,y) := h(x,y) N A" is a g-invariant open hemisphere, and x
is an attracting fixed point of g in it. (We can choose g~ ! if necessary.) Then U Nh(x,y) is
a g-invariant properly convex open domain containing x in its boundary.

Suppose first that 4’(x,y) has a limit point z of g~"(u) for some point u € h'(x,y) NU.

Here, y is the smallest eigenvalue of the linear part of g so that y is the attracting fixed
point of a component of A" — /(x,y) containing U for g~!. The antipodal point y_ is
the attracting fixed point of the other component A" — /(x,y). Take a ball B in U with a
center u in the convex set U NA(x,y) Then {g " (u)} converges to z as n — oo. Let uj,up
be two nearby points in B so that uju; is separated by #'(x,y) and wju; NH (x,y) = u.
Then {g " (w1uz)} geometrically coverges to yzUy_z for some sequence n;. Hence C1(U)
cannot be properly convex.

If the above assumption does not hold, then an orbit g~"(u) for u € U N/ (x,y) has a
limit point only in the boundary of 4’(x,y). Since g is biproximal, x is the repelling fixed
point of /' (x,y) under g~!. Hence, a limit point y’ is never x or x_.

Since y’ is a limit point, y’ € CI(U). It follows y' € CI(Q). Now, x,y" € C1(Q) implies
xy’ C bdA”™ C CI(Q). Finally, xy’ C d/'(x,y) for the sharply supporting subspace dh'(x,y)
of C1(Q) violates the strict convexity of Q. (See Definition 6.0.3 and Benoist [20].)

O
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Lemma 4.2.12 will be generalized to Lemma 4.3.7 with a proof generalized word-for-
word.

LEMMA 4.2.12. Let U be a I g-invariant properly convex open domain in R" so that
bdU NbdA”" = CI(Q). Let T acts on strictly convex domain Q with dQ being C' in a
cocompact manner. Let (x,y) € dCI(Q) x d(C1(Q) — A. Then

T(x,y) does not depend on'y and is unique for each x.

K (x,y) := h(x,y) N A" contains §(xy) but is independent of y and h(x,y) = h(x).
The map 7' : IC1(Q) — S(ICI(Q)) induced from T is continuous.

if any open set U’ so that (T,U’,Q) is a properly convex triple, then the AS-
hyperspace at each point of dCI(Q) exists and is the same as that of U.

PROOF. Let /; be an augmented geodesic in UQ with endpoints x and z oriented
towards x. Consider a connected subspace .Z; of UQ of points of maximal augmented
geodesics in Q ending at x. The space of geodesic leaves in %, is in one-to-one correspon-
dence with dC1(Q) — {x}. We will show that 7 is locally constant on .%; showing that it is
constant.

Let [; denote the lift of /; in UQ. Let S be a compact neighborhood in %, of a point
y of [ transverse to I;. Any two rays of geodesic flow @ : § x R — UQ are asymptotic on
Zxny) by Lemma 3.1.4.

Let y € [;. Consider another point y € § C UQ with with endpoints x and 7 where
(x,2), (x,7) € A"

Choose a fixed fundamental domain F of UQ. Let {y; = ®;,(y)},y: € [, be a sequence
whose projection under Il convergs to x. We use a deck transformation g; so that g;(y;) €
F. Then g;((l;)) = t(gi(l})) is a hyperspace containing g;(x) and §(g;(I1)).

Let v, denote a vector in the direction of the end of /; other than x. Equation (4.2.4)
shows that {||.Z(®;)|V4 | gper} — © as t — oo Since g; is isometry under ||-||sp.,, and
CiD,l. (v) = y; and g;(y;) € F, it follows that the V_, -component of g;(y;, ¥, ) satisfies

(4.2.12) {12 (&) V)l iper f — =

Since g;(y;) € F and under the Euclidean norm since over a compact set F the metrics are
compatible by a uniform constant, we obtain {||.Z(g;) (V4 )|z} — ee.

Since the affine hyperplanes in 7((x,z)) and 7((x,z’)) contain x in their boundary, they
restrict to parallel affine hyperplanes in A. Suppose that the affine hyperspace part of
7(x,z) differs from one of 7((x,7') by a translation by a constant times V.. This implies
that the sequence of the Euclidean distances between the respective affine hyperspaces
corresponding to

8i(7((x,2)) and gi(7((x,7))
goes to infinity as i — oo.

Now consider @ (S x [t;,#;+ 1]) C UQ, and we have obtained g; so that g;(P(S x [f;,#; +
1])) is in a fixed compact subset P of UQ by the uniform boundedness of ®(S x [t;,£; + 1]))
shown in the second paragraph of this proof. There is a map E : UQ — A* given by
sending the vector in UQ to the ordered pair of endpoints and supporting hyperspaces of
the geodesic passing the vector. Since § is continuous, To E |ﬁ is uniformly bounded. The
above paragraph shows that the sequence of the diameters of 7o E|g;(P(S x [t;, 7+ 1])) can
become arbitrarily large. This is a contradiction. Hence, 7 is constant on .%.

This proves the first two items. The third item follows since 7’ is an induced map.
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Define H(x) to be the open n-dimensional hemisphere in S” bounded by the great
sphere containing the affine hyperspace 7/(x) and containing Q. Let

0= () HNA"
x€dCI(Q)

We claim that for any x,y in dCI(Q), #'(x,y) is disjoint from U: By Theorem 1.1 of
Benoist [20], the geodesic flow on Q/I" is Anosov, and hence the set of closed geodesics
in Q/T is dense in the space of geodesics by the basic property of the Anosov flow. Since
the fixed points are in JCI(Q), we can find sequences {x;},{x;} — x and {y;},{yi} =y
where x; and y; are fixed points of an element g; € " for each i. If #'(x,y) NU # 0, then
W (x;,y;) NU # @ for i sufficiently large by the continuity of the map 7 from Proposition
4.2.10. This is a contradiction by Lemma 4.2.11

In particular this also holds for U and U’ in the premise.

Now, we show that the affine hyperspace part of T(x) is an AS-hyperspace for U:
Suppose that for x € JCI(Q), the AS-hyperspace Q with Q # T(x). Then the hemisphere
Hg bounded by Q contains U. By the above disjointness of (x,y) to U, Hp C H(x).
Then again we choose a segment /; ending at x. Then we choose sequences g; as above
in the proof before (4.2.12). This shows as above the sequence of the Euclidean distances
between the respective affine hyperspace parts of

gi(t(x)) and gi(Q)

goes to infinity. Proposition 4.3.6 shows that {g;(7(x))} is in the image of 7, a compact
set. The set of suppprting hyperplanes of U is bounded away from bdA” since they have
to be between those of the image of T and U. Since g;(Q) is still a supporting hyperplane
of U, the equation is a contradiction.

Now, we can replace U with U’. The existence of an AS-plane at each point follows
by the argument above that 4'(x,y) is disjoint from U’ now replacing U. The forth item
follows by the paragraph above also.

O
Proof of Theorem 4.1.1. Let
U= () HxNA"
x€CIQ)
Then this follows from Lemma 4.2.12.
|

4.3. Generalization to nonstrictly convex domains

4.3.1. Main argument. Now, we drop the condition of hyperbolicity on I". Hence,
Q, Q C bdA", is not necessarily strictly convex. Also, Q is allowed to be the interior of
a strict join. Here, we don’t assume that I" is not necessarily hyperbolic, and hence, it is
more general. Also, we obtain an asymptotically nice properly convex domain U in A"
where I acts properly on.

THEOREM 4.3.1. Let I" have an affine action on the affine subspace A", A" C §",
acting on a properly convex domain Q in bdA". Suppose that Q/T is a closed n— 1-
dimensional orbifold, and suppose that I satisfies the uniform middle-eigenvalue condi-
tion. Then T is acts on a properly convex open domain U with the following properties:

o (ILU,Q) is a properly convex triple, and T is asymptotically nice with the prop-
erly convex open domain U, and
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o if any open set U’ so that (T,U’',Q) is a properly convex triple, then the AS-
hyperspace at each pair of a point x of dC1(Q) and a strictly supporting hyper-
plane of Q in bdA" at x exists and is the same as that of U. That is U’ is also
asymptotically nice.

The proof is analogous to Theorem 4.1.1. Now Q is not strictly convex and hence
for each point of dC1(Q) there might be more than one sharply supporting hyperspace in
bdA". We generalize UQ to the augmented unit tangent bundle

(43.1) UAQ:= {(¥,H,,Hy)| X € UQ is a direction vector at a point
of a maximal oriented geodesic /3 in Q,
H, is a sharply supporting hyperspace in bdA" at the starting point of /3,
H, is a sharply supporting hyperspace in bdA” at the ending point of /z}.

Here, we regard X as a based vector and hence has information on where it is on / and
H, and H,, is given orientations so that € is in the interior direction to them. This is not
a manifold but a locally compact Hausdorff space and is a metrizable space. Since the
set of sharply supporting hyperspaces of Q at a point of dCI(Q) is compact, UA2Q/T is
a compact Hausdorff space fibering over Q/T" with compact fibers. The obvious metric
is induced from Q and the space S of oriented hyperspaces in S”. We also write ITA2 :
UAeQ — Q the obvious projection (¥, H,, Hp) = Mg (%).
From Section 1.5, we recall the augmented boundary 94¢C1(Q). We define

A*AE = 9AECI(Q) X IECI(Q) — (TTag X [Tag) ' (ARE)
where A*8 is defined as the closed subset
{(x,y)]x,y € dC1(Q),x =y or Xy C ICI(Q)}.

Define G*2(Q) denote the set of oriented maximal geodesics in Q with endpoints aug-
mented with the sharply supporting hyperspace at each endpoint. The elements are called
augmented geodesics. There is a one to one and onto correspondence between A*A2 and
G*¢(Q). We denote by (x,/1)(y,h2) the complete geodesic in Q with endpoints x,y and
sharply supporting hyperspaces /4; at x and 5, at y.

LEMMA 4.3.2. GA%(Q) is a connected subspace.
PROOF. We can use the fact that UA2Q is connected. O

Now, we follow Section 4.1.1 and define A = UA2Q x A", V = UA2Q x V", A by
UA2Q x A"/T and V := UA2Q x V"/T" and corresponding subbundles V., V_,Vq, V.,
V_, and V,. We define the flows ®,,®,, ®,, . Z(®,),.Z(P;) by replacing UQ by UAQ
and geodesics by augmented geodesics and so on in an obvious way.

For each point x = (¥, H,, H) of UA%Q,

e we define V(x) to be the space of vectors in the direction of the backward
endpoint of I,

e V_(x) that for the forward endpoint of I,

e Vj(x) to be the space of vectors in directions of H, N Hj,.

For each x € UA2Q,
V=V, (x) @ Vo(x) &V_(x).

This gives us a decomposition. V=V, &Vo®&V_, and V=V, & VoS V_. Clearly,
V. and V_ are topological line bundles since the beginning and the endpoints depend
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continuously on points of UA2Q. Also, Vy is the vector subspace of R” whose directions
of nonzero vectors form H, N Hj,. Since (H,, H,) depends continuously on points of UA2Q,
we obtain that Vy is a continuous bundle on UA2Q.

Obviously, the geodesic flows exists on UA2Q using the ordinary geodesic flow with
respect to the geodesics and not considering the augmented boundary.

There exists constants C,k > 0 so that

- 1 .
(4-3-2) Hg(q)t)(v)“ﬁber 2 Eexp(kt) HVHﬁber ast — oo
forve V, and
(433) ||$((I)l‘)(‘7)”ﬁber < CCXp(—kl) ”‘_;Hﬁber ast — oo
forve V_.

We prove this by proving {||.Z(®;)|V_|lsper} — O uniformly as r — oo i.e., Proposi-
tion 4.2.1 under the more general conditions that Q is properly convex but not necessarily
strictly convex. We generalize Lemma 4.2.5. We will repeat the strategy of the proof
since it is important to check. However, the proof follows the same philosophy with some
technical differences.

We first need

LEMMA 4.3.3. Let g be a sequence of elements of I. Suppose that an(ﬁ(gj)) —0as
Jj = 0. Then ani1(g;)/ My (gj) — 0 as j — oo provided the sequence of word-length of g;
goes to the infinity.

PROOF. Suppose that lengthg(g;) is bounded. Then we can conjugate g; by an el-
ement k; so that k;g jkj_l sends an element of a fundamental domain F of Q to a point
of a bounded distance from it. Hence, there are only finitely element Ay,...,h;. Hence
gji= kj._lhijkj forij=1,...,1. Then Ay,(g;) = Av; (hi;) taking finitely many values.

Since a,11(g)) = a,,(lAz(gj))/ﬂwE~ (gj)H%, the conclusion follows in this condition.

It is now sufficient to consider when the sequence lengthg (g;) is converging to infinity.
Then the uniform middle eigenvalue condition implies that

exp(—Clengthg (g7)) < Any1(87)/Av; (g5) < exp(—C~'lengthg(g;))

implies that 4, +1(g;)/Av;(g;) — 0. Let |s|r denote the length of a segment in R"*! under
the fixed Euclidean metric. We have 4,11(g;) > an+1(g;) since we can consider segments
in a eigendirection of g; and we have at least that amount of shrinking of a segment and

g ()&
sz
Hence, the result follows. (This is related to [31], [27] and [28].) U

an+1(g) = min{ s is a segment in R"*! } .

LEMMA 4.3.4. Assume that Q is properly convex and " acts properly discontinu-
ously satisfying the uniform middle eigenvalue condition with respect to bdA". Then
{19:|V_|lsber } = O uniformly ast — oo.

PROOF. We proceed as in the proof of Lemma 4.2.5. It is sufficient to prove the
uniform convergence to 0 by the compactness of V_ ;. Let F' be a fundamental domain of
UALQ under T. It is sufficient to prove this for .#(®), on the fibers of over F of UA2Q
with a fiberwise metric ||| gper-

We choose an arbitrary sequence {x; = (¥, Hy,,Hp,) € UA$Q}, {x;} — x in F where
a;, b; are the backward and forward point of the maximal oriented geodesic passing X; in
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FIGURE 2. The figure for Lemma 4.3.4.

Q. For each i, let V_ ; be a Euclidean unit vector in A\ (x;) for the unit vector x; € UALQ.
That is, V_ ; is in the 1-dimensional subspace in R", corresponding to the forward endpoint
of the geodesic determined by X; in JCI(Q).

Let x; be as above convergin to x in . Here, (V_ ;) is an endpoint of /; in the direction
given by x;. For this, we just need to show that any sequence of {#;} — oo has a subsequence
{tj} so that { |-< (Cf),j)(xi, v_j)|| ﬁber} — 0. This follows since if the uniform convergence
did not hold, then we can easily find a sequence without such subsequences.

Lety; := Cf>ti (x;) for the lift of the flow ®. By construction, we recall that each HgAzg (vi)
is in the geodesic /;. Since we have the sequence {x;} — X, X;,x € F, we obtain that {/;}
geometrically converges to a line /., passing Hgg(x) in Q. Let y; and y_ be the endpoints

of L. where {TIp(y;)} — y_. Hence,

{7} =y A0} =y

(See Figure 1 for the similar situation.)
Find a deck transformation g; so that g;(y;) € F, and g; acts on the line bundle V_ by
the linearization of the matrix of form (4.1.1):

gi: V_ — V_ given by
%

(i, V) = (8i(vi),-Z(gi)(¥)) where
1 A - - N
(4.3.4) Z(8i) = mh(&) :V_(yi)=V_(xi) = V_(g:i(y:))-

We will show {(g;(yi),-Z(gi)(V-,))} — O under ||-||4pe,- This will complete the proof

since g; acts as isometries on V_ with || ||gper-
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Since g(y;) € F for every i, we obtain
gi(li) NF #0.

Since g;(I;) NF # 0, we choose a subsequence of g; and relabel it g; so that {Hgg(gi(l,-))}
converges to a nontrivial line [.. in Q.

Remark 4.2.2 shows that we may assume without loss of generality that each element
of I is positive bi-semi-proximal.

We recall facts from Section 1.3.3. Given a generalized convergence sequence g;, we
obtain an endomorphism g.. in M, (R) so that {(g;)} — (g) € S(M,(R)). Recall

A.({gi}) :=S(Img.) NCI(Q) and N, ({gi}) := S(kerg..) NCI(L2).

We have A.({gi}),N«({gi}) C dCI(Q) are both nonempty by Theorem 1.3.21.
Up to a choice of subsequence, Theorem 1.3.13 implies that for any compact subset K
of C1(Q) — N.({gi}), there is a convex compact subset K, in A,,

(4.3.5) {gi(K)} = K. C A,.

Suppose that y_ € CI(Q) — N.({g;}). Then {gi(yi)} — § € A.({gi}) since y; are in a
compact subset of C1(Q) — N, ({g;}) and (4.3.5). This is a contradiction since g;(y;) € F.
Hence, y_ € N.({gi}).

Let d; = (V1 ;) denote the other endpoint of /; than (V_ ;) as above. Let d., denote the
limit of d; in JCI1(L2). We deduce as above up to a choice of a subsequence:

o Since {(V_;)} — y—,y- € Ni({gi}) and {/;} converges to a nontrivial line /., C
Q and N, ({g;}) is compact convex in dC1(€2), it follows that {d;} is in a compact
setin dC1(Q) — N, ({g:}).

e Then {gi(di)} — a. € A.({gi}) by (4.3.5), since {d;} is in a compact set in
ICI(Q) — N.({gi}).

e Thus, {g;((V_,))} =y € dCI(Q) —A.(g;) holds since {g;(/;)} converges to a
nontrivial line in Q.

Let m, be obtained for {g;} as in Theorem 1.3.16. Recall that ||-||; denote the stan-
dard Euclidean metric of R"”. Write g; = k,-D,fci_ ! for k,-,IAci € O(n,R), and D; is a positive
diagonal matrix of determinant £1 with nonincreasing diagonal entries.

e Since {(V_;)} — y_, the vector V_ ; has the component ¥’ parallel to N”(g;) =
ki(S([ma+1,n])) and the component ¥ in the orthogonal complement (N”(g;))* =
ki(S([1,m,))) where ¥_; = ¥ 4. We may require [V_il g = 1. (We remark

{771} = 1and {57z} =0

since {V_;} converges to a point of N, ({gi}).

o {HX(g,)(V{’)HE} — 0 by Theorem 1.3.16 and Lemma 4.3.3 since the sequence
of the word length of g; goes to infinity while g; moves a point far away to a point
of the fundamental domain.

e Since {g;((V_,)))} converges to y', y' € dCI(Q) —A.(gi), {gi((V-:))} is uni-
formly bounded away from A, ({g;}).

Because of the orthogonal decomposition k;(S([mq + 1,n]) and k;(S([1,m])), and the
fact that g; = kiD;k; ', and {(Z(g:))} — (&) in S(M,(R)), it follows that {.Z(g;)(#)}
either converges to zero, or {((-Z(gi)(#)))} converges to A,({gi}) by Theorem 1.3.16.
We have

{Z(g1)()} — 0 implies {-£(g:)(7)} — 0
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for ||| since otherwise {((-Z(g:)(¥)))} converges to a point of A, ({g;}) C F.({gi}) and
hence {g;((V_,))} cannot be converging to y'.
Hence, we obtain {-Z(g;)(V_ )} — O under |-|| ;. Now, we can deduce the result as in
the final part of the proof of Lemma 4.2.5
]

Now, we find as in Section 4.2.3 the neutralized section s : UA8Y — A with V‘(‘;‘s € Vp.

Since we are looking at UALQ, the section s : UAEQ — N, (A™), we need to look at the
boundary point and a sharply supporting hyperspace at the point and find the affine sub-
space of dimension n — 2 in R", generalizing Proposition 4.2.10. We generalize Definition
4.2.8:

DEFINITION 4.3.5. We denote by $42(9/2C1(Q)) the space of pairs ((x, HNbdA"), H)
where H € §'(dCI(Q)), and x is in the boundary of H and (x, H NbdA") € dA¢CI(Q).

PROPOSITION 4.3.6.

e There exists a continuous function § : UAQ — Ny(A™") equivariant with respect
to I'-actions.

o Given g € I and for the unique unit-speed geodesic l; in UALQ lying over an
augmented geodesic l, where g acts on, §(Iy) = {Na(g)}.

o This gives a continuous map

FAE 1 9MECI(Q) x IMECI(Q) — (TMag X [Tag) ' (A%E) — Ny (A™)

again equivariant with respect to the I'-actions. There exists a continuous func-
tion
TAe A*A2 y §AS(9CI(Q)).

PROOF. The proof is entirely similar to that of Proposition 4.2.10 but using a straight-
forward generalization of Lemma 4.2.7. ]

We generalize Proposition 4.2.12. We will define 7' : UA2Q — §42(9CI(Q)) as a
composition of 742 with the map from UA2Q to A*A¢. This is a continuous map. Here,
we don’t assume that I" acts on a properly convex domain in A" with boundary Q. Hence,
it is more general and we need a different proof. We just need that the orbit closures are
compact.

LEMMA 4.3.7. Let an affine group T acts on an affine subspace A" on a properly
convex domain € in the boundary of an affine subspace A". Let I" acts on a properly con-
vex domain Q with a cocompact and Hausdorff quotient and satisfies the uniform middle
eigenvalue condition with respect to bdA™. Let ((x,hy), (y,h2)) € A*AL. Then

o 2¢((x,h1),(y,h2)) does not depend on (y,h) and is unique for each (x,hy).

o h((x,h1),(y,h2)) contains §8((x,h1), (y,h2)) but is independent of (y,hy).

o h((x,h),(y,h)) is never a hemisphere in bdA" for every ((x,h1),(y,h)) €
A*Ag'

o ¢ induces a map ™% : I*2CI(Q) — S¢(ICI(Q)) that is continuous.

o There exists an asymptotically nice convex I'-invariant open domain U in A" with
bdU NJA" = CI(Q). For every (x,h1) € I*2CI(Q), T(x,hy) is an AS-hyperplane
of U.

PROOF. Let /; be an augmented geodesic in UA2Q with endpoints (x,/;) and (z,h)
oriented towards x. Consider a connected subspace £, ) of UALQ of points of maximal
augmented geodesics in Q ending at (x,4). The space of geodesic leaves in £, ) is in
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one-to-one correspondence with bd*¢Q — HK; (Ky) for the maximal flat K in dC1(2) con-
taining x. We will show that 74 is locally constant on Z\xn,) showing that it is constant.
Let [; denote the lift of /; in UA2Q. Let S be a compact neighborhood in L) of
a point y of [} transverse to [;. Any two rays of geodesic flow ® : S x R — UA2Q are
asymptotic on Z{, ) by Lemma 3.1.4.
Let y € [;. Consider another point y € S C UA2Q with with endpoints x and 7’ in a
sharply supporting hyperplane /). where

((x,h1)7 (thZ))7 ((X,h1)7 (Z/7h/2)) € A*Ag~

Choose a fixed fundamental domain F of UQ. Let {pi=®,(y)},yi € I}, be a se-
quence whose projection under Ilg convergs to x. We use a deck transformation g; so that
gi(yi) € F. Then g;(t2(l))) = 7¢(g;(11)) is a hyperspace containing g;(x) and g;(h;) and
$(gi(l1)).

Let v, denote a vector in the direction of the end of /; other than x. Equation (4.3.2)
shows that {||.-Z(®;)| V4 |lgper ) — © as ¢ — co. Since g; is isometry under |||g,,» and

&, (y) = y; and g;(y;) € F, it follows that the V. -component of g;(y;, ¥ ) satisfies
(4.3.6) {12 (&) (V4 lliper s — o

Since g;(y;) € F and under the Euclidean norm since over a compact set F the metrics are
compatible by a uniform constant, we obtain {||.Z(g;) (V4 )|z} — .

Since the affine hyperplanes in t4¢((x, 1), (z,h2)) and T4¢((x,/1),(z',H})) contain x
and A in their boundary, they restrict to parallel affine hyperplanes in A. Suppose that
the affine hyperspace part of T*¢(((x,h1), (z,h2)) differs from one of T4¢((x, /1), (', H}))
by a translation by a constant times V. This implies that the sequence of the Euclidean
distances between the respective affine hyperspaces corresponding to

gi(TAg((x’hl)v (Z7h2))) and gi(TAg((x’hl)a (Z/’hé)))

goes to infinity as i — oo.

Now consider ®(S x [t;,#; + 1]) C UA2Q, and we have obtained g; so that g;(®(S x
[t:,t; 4 1])) is in a fixed compact subset P of UA2Q by the uniform boundedness of ®(S x
[t;,t; + 1])) shown in the second paragraph of this proof. There is a map E : UA2Q —
A*A2 given by sending the vector in UA2Q to the ordered pair of endpoints and support-
ing hyperspaces of the geodesic passing the vector. Since § is continuous, A% o E|P is
uniformly bounded. The above paragraph shows that the sequence of the diameters of
7280 E|g;(®(S X [t;,2; + 1])) can become arbitrarily large. This is a contradiction. Hence,
722 i3 constant on L)

This proves the first two items. The fourth item follows since ¢’ is an induced map.
The image of 74’ is compact since dCI(Q) is compact. This implies the third item.

Define H(x,h;) to be the open n-dimensional hemisphere in S” bounded by the great
sphere containing the affine hyperspace 72 (x, k1) and containing Q. We define

U:= N H(x,h;) N A"
(x,h1)€9AECI(Q)

Now, we show that the affine hyperspace part of T4%(x, %) is an AS-hyperspace for
U: Suppose that for (x,h;) € d*2CI(Q), the AS-hyperspace Q with QNbdA”" = h; and
Q # t2(x,h;). Then the hemisphere Hgp bounded by Q contains U. By definition, Hyp C
H(x,h;). Then again we choose a segment /; ending at x. Then we choose sequences g;
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as above in the proof before (4.3.6). This shows as above the sequence of the Euclidean
distances between the respective affine hyperspace parts of

gi(t"¢(x,h1)) and g:(Q)

goes to infinity. Proposition 4.3.6 shows that {g;(t*8(x,h))} is in the image of /¢, a
compact set. The set of suppprting hyperplanes of U is bounded away from bdA" since
they have to be between those of the image of 742 and U. Since g;(Q) is still a supporting
hyperplane of U, the equation is a contradiction. (]

PROOF OF THEOREM 4.3.1. First, we obtain a properly convex domain where I acts.
Since 9ACI(Q) is compact, the image under TA¢ is compact. Then U := ", pyearsci@) H{, iy N
A" contains Q. This is an open set since the compact set of H(, ), (x,h) € 04eC1(Q) has
a lower bound on angles with bdA". Thus, U is asymptotically nice. Now, the proof is
identical with that of Theorem 4.1.1 with Lemma 4.3.7 replacing Lemma 4.2.12.

The uniqueness part is done in Theorem 4.3.8 immediately below. U

4.3.2. Uniqueness of AS-hyperplanes. Finally, we end with some uniqueness prop-
erties.
The following generalizes Lemma 4.2.12.

THEOREM 4.3.8. Let (I',U,D) be a properly convex affine triple. Suppose that T’
satisfies the uniform middle-eigenvalue condition. Then for any properly convex triple
(T,U’,D) for an open set U’, the set of AS-planes for U’ containing all sharply supporting
hyperspaces of Q in bdA" exists and is independent of the choice of U’. That is U’ is also
asymptotically nice.

PROOF. For each x,x € dC1(Q), and & be a supporting hyperspace of Q in bdA". let
S(x,n) be the AS-hyperspace in §" for U so that S(, ;) N\bdA" = h. Again for each (x, %), we
let Szx,h) is the AS-hyperspace in S” for U’ if it exists so that Szx,h) NbdA" = h.

If (x,h) is a fixed point of a nontrivial g € I. then the same argument as in the proof
of Lemma 4.2.11, show that U’ and S(x,n) are disjoint.

Suppose that I is strongly-irreducible. Every extremal points of the dual domain Q*
in S!* is a limit of a sequence of fixed points of I'™* by Proposition 5.1 of [159]. Since
742 is continuous, U’ and S ) are disjoint if i is an extremal point of Q* by the density
of fixed points. Since every boundary points of Q* is a nonegative linear sum of extermal
points of Q, it follows that U’ and S,/ ;) is disjoint for any pair (x',4’). This proves that
U’ is also asymptotically nice.

Suppose that I" is virtually decomposible. Then Q is the interior of the strict join
Ki % ---x Ky,. Then there are supporting hyperplanes H; to Q in S~1 that contains all the
factors except for K for each j =1,...,m and a supporting hyperplane to K in the span of
K;. Then the virtual center isomorphic to Z™ ! acts on H;. If U” intersect with H;, then the
paragraph two above will again show the contraction. Since any supporting hyperplanes
are positive linear combination of some H;, we have the disjointness of U’ with any S iy

Since U and U’ are both asymptotically nice, the sets of AS-hyperplanes are compact.
For each (x,h), S(x,n) and S’(th) differ by a uniformly bounded distance in S™*.

Suppose that S, ) is different from SEX‘ ) for some x, 2y € dCl1(Q). Now, we follow

the argument in the proof of Lemma 4.3.7. We again obtain a sequence g; € I so that

8i(Sea) NA") and gi(S(, ;) NA")

X,hl
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are parallel affine planes, and the sequence of their Euclidean distances are going to oo as
i — oo. By compactness, we know both sequences {gi(S(y,) NA")} and {g,-(S(x,hl) NA™)}
respectively converge to two hyperplanes up to a choice of a subsequence. This means that
their Euclidean distances are uniformly bounded. Again (4.3.6) contradicts this. O

REMARK 4.3.9. Theorems 4.1.1 and 4.3.1 also generalize to the case when I acts
on Q as convex cocompact group: i.e., there is a convex domain C C Q so that C/T is
compact but not necessarily closed. We work on the set of geodesics in C only and the
set A of endpoints of these. In this case the limit set A maybe a disconnected set. The
definition such as asymptotic niceness should be restricted to points of A only. Here we do
need the connectedness of Lemmas 4.2.9 and 4.3.2 to be generalized to this case. However,
the proofs indicated there will work.

4.4. Lens type T-ends

4.4.1. Existence of lens-neighborhood. The following is a consquence of Theorems
4.1.1and 4.3.1.

THEOREM 4.4.1. Let T be a discrete group in SLy(n+ 1,R) (resp. PGL(n+ 1,R))
acting on a properly convex domain Q cocompactly and properly, Q C bdA" C S" (resp.
C RP"), so that Q/T is a closed n-orbifold.

o Suppose that I satisfies the uniform middle eigenvalue condition with respect to
bdA”".
o Let P be the hyperspace containing Q.
Let U be any one-sided I'-invariant open neighborhood of Q. Then I acts on a properly
convex domain L in S" (resp. in RIP") with strictly convex boundary dL such that

QCLCU,dLCS"—P(resp. CRP"—P).
Moreover, L satisfies bdycy)0L C P and L/T is a lens-orbifold.

PROOF. We prove for S” first. We will just prove for the general case since the case
when Q is strictly convex and C', the augmented boundary is given as the set of all (x, )
where x is in dC1(Q) and 4 is the unique supporting hyperspace of Q at x. Assume without
loss of generality that U is an asymptotically nice open domain for I'.

For each (x,h) in the augmented boundary of Q, define a half-space H(x,h) C A"
bounded by 74¢'(x.h) and containing € in the boundary. For each H(x, k), (x,h) € d*¢CI(Q),
in the proofs of Theorems 4.1.1 and 4.3.1, an open n-hemisphere H'(x,h) C S" satisfies
H'(x,h) N A" = H(x,h). Then we define

V= N H'(x,h) CS"
(x,h)€aALCI(Q)
is a convex open domain containing € as in the proof of Lemma 4.2.12.
T" acts on a compact set

A = {I|l is an AS-hyperspace to V at (x,h) € d*¢CI(Q),h' NS = h}.

Let ##” denote the set of hemispheres bounded by an element of .7 and containing Q.
Then we define
Vi= () HCS
Hest"
is a convex open domain containing Q. Here again the set of AS-hyperspaces to V is closed
and bounded away from S/ !
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First suppose that V is properly convex. Then V has a I'-invariant Hilbert metric dy
that is also Finsler. (See [86] and [112].) Then

Ne = {x € V]dy (x,Q)) < €}

is a convex subset of V by Lemma 1.1.13.

A compact tubular neighborhood M of Q/T" in V /T is diffeomorphic to Q/T" x [—1,1].
(See Section 4.4.2 of [51].) We choose M in (UNV)/I. Since /T is compact, the regular
neighborhood has a compact closure. Thus, dy (Q/I",bdM) > & for some & > 0. If € < &,
then N; C M. We obtain that bdy N /T is compact.

Clearly, bdyNg /T has two components in two respective components of (V —Q)/T..
Let F; and F, be compact fundamental domains of respective components of bdy N, with
respect to I'. We procure the set Z; of finitely many open hemispheres H;, H; D €, so that
open sets (S" — CI(H;)) N Ng cover Fj for j =1,2. By Lemma 4.4.3, the following is an

open set containing £
w=_ [ sg@E)nV.
g€l Hie 71U

Since any path in V from Q to bdy N must meet bdy W — P first, Ne contains W and bdy W.
A collection of compact totally geodesic polyhedrons meet in angles < 7 and comprise
bdyW /T Let L be CI(W) N &. Then dL has boundary only in bdA” by Lemma 4.4.2 since
I" satisfies the uniform middle eigenvalue condition with respect to bdA". We can smooth
bdyW to a strictly convex hypersurface to obtain a lens-neighborhood W C W of Q in N,
where I acts cocompactly by Theorem 4.4.4

Suppose that V is not properly convex. Then bdV contains v,v_. V is a convex domain
of form {v,v_} * Q. This follows by Proposition 1.1.4 where we take the closure of V
and then the interior. We take any two open hemispheres S; and S, containing C1(Q) so
that {v,v_}NS1 NSy =0. Then N,crg(S1NS2) NV is a properly convex open domain
containing Q, and we can apply the same argument as above.

To prove for RP", we need to find L in a sufficiently thin neighborhood of Q, which
the theorem for S” provides. Then we can project to obtained the desired set. (]

LEMMA 4.4.2. Let T be a discrete group in SLy (n+ 1,R) acting on a properly convex
domain Q, Q C bdA", so that Q/T is a closed n-orbifold. Suppose that T satisfies the
uniform middle eigenvalue condition with respect to bdA" and acts on a properly convex
domain V in S" so that C1(V) NbdA" = CI(Q) holds. Suppose that ¥; is a sequence of
mutually distinct elements of T acting on Q. Let J be a compact subset of V. Then {g;(J)}
can accumulate only to a subset of C1(Q).

PROOF. Since Q/T"is compact, /(g;) is an unbounded sequence of elements in SL_. (1, R).
Recalling (4.1.1), we write the elements of g; as

L .
(4.4.1) < Wh(g") by, >
0 Az (gi)

where Zg,. is an n x 1-vector and /(g;) is an n x n-matrix of determinant +1 and Az(g;) > 0.
Let m(h(g;)) denote the maximal modulus of the entry of the matrix of A(g;) in SL+(n,R).
We may assume without loss of generality {(g;)/m(h(g;))} — gn—1. in M, (R). A matrix
analysis easily tells us A;(h(g;)) < nm(h(g;)) since the later term bounds the amount of
stretching of norms of vectors under the action of IAd(g,'). By Lemma 1.3.14, dividing by
A1(h(g;)), we have

h(gi) /2 (h(gi)) = Agn-1.
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for A > 1/n, or the sequence is unbounded in M,(R).
Now, we let {(gi)} — (g) where g is obtained as a limit of

(g Aelllp
M(h(gi)) ! M(h(g;)) 81
(442) 5 Ae() "2 )
A (h(gi))

By the uniform middle eigenvalue condition, we obtain that {(g;)} — (g~) Where g is
of form

8n—1,00 B
443 " .
@43) (55 o)

by rescaling if necessary. Now, R, ({g;}) is a subset of S.~! since the lower row is zero.
Hence, {g;(J)} geometrically converges to g..(J) C S/!. Since T acts on CI(V) and
CI(V)NbdA" = CI(Q), we obtain g.(J) C CI(Q). O

LEMMA 4.4.3. Let T be a discrete group of projective automorphisms of a properly
convex domain V and a domain Q C 'V of dimension n — 1. Assume that Q/T is a closed
n-orbifold. Suppose that T satisfies the uniform middle eigenvalue condition with respect
to the hyperspace containing Q. Let P be a subspace of S" so that PN Cl(Q) = 0 and
PNV #0. Then {g(P)NV|g € T'} is a locally finite collection of closed sets in'V.

PROOF. Suppose not. Then there exists a sequence {x;}, x; € g;(P) NV and {g;},
gi € T'sothat {x;} = x. €V and {g;} is a sequence of mutually distinct elements.

We have x; € F for a compact set F C V. Then Lemma 4.4.2 applies. {g;'(F)}
accumulates to JCI(). This means that g; ' (x;) accumulates to dCI(Q). Since g; ' (x;) €
PNV, and PNCI(Q) = 0, this is a contradiction. O

4.4.2. Approximating a convex hypersurface by strictly convex hypersurfaces.
See also Chapter 9 of [70] where they obtain the C'-property only.

THEOREM 4.4.4. We assume that I is a projective group with a properly convex affine
action with the triple (T,U,D) for U C A" C S". Assume the following:

o U is an asymptotically nice properly convex domain closed in A",

the boundary bdynU = bdU N A", which is an (n — 1)-manifold, is in an asymp-
totically nice properly convex open domain V' where T acts on, and C1(U) N
A"cvV,

CI(V'YNbdA" = D, and

e bdanU/T is a compact convex hypersurface.

Then there exists an asymptotically nice properly convex domain V closed in V' containing
U so that dV /T is a compact hypersurface with strictly convex smooth boundary. Further-
more, AV /T can be chosen to be arbitrarily close to bdanU /T in V /T with any complete
Riemannian metric on V' /T.

PROOF. Let V" be a properly convex domain so that C1(V”) C U and (I',V”,D) is a
properly convex affine triple. We can construct such a domain by the proof of Theorem
4.4.1 not including the part showing that dL is smooth. (One has to be careful that we do
not use the smoothness of dL where the proof uses this theorem.)

Let & denote the set of hyperspaces sharply supporting U at bdg-U. Let P be in Z2.
The dual P* of P in S™* is a point of the properly convex domain V"* by (1.5.2). Hence,
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the set &* of dual points corresponding to elements of & is a properly embedded hyper-
surface in the interior of C1(V"*) by Proposition 1.5.4 applied to C1(U) and the hyperspace
bda»U and its dual 7*.

Also, bdgU /T is a compact orbifold by Proposition 1.5.4(iv). By the above duality,
2* /T is a compact orbifold, and so is &2 /I. There is a fundamental domain F of &2
under I'.

Any sequence g;(P) for P € F and unbounded sequence of {g;}, g; € I', has accumu-
lation points only in the supporting hyperplane of V' since I' acts properly in the interior
of C1(V"*). By Theorem 4.3.8, these are supporting hyperplanes of V’ since these are sup-
porting hyperplanes of V. Hence for each point of bdq«U, there is a neighborhood N
whose closure is in V.

Hence, & is a locally compact collection of elements in V"* with accumulations only
in the set of hyperplanes sharply supporting V'.

For any € > 0, there exists a compact set K’ so that elements of & — K’ are &-dy-
close to the hyperspaces asymptotic to V’ by the above paragraph. Therefore, for each
x € bdgnU, there exists a compact neighborhood N C V' so that N intersects only compact
subset of &2. Hence, Lemma 4.4.6 implies the result. O

We have a generalization:

THEOREM 4.4.5. Assume the following:

e I is a projective discrete group acting properly on a properly convex domain U
closed in A" C §",

{p} =CI(U) —U is a singleton,

T is a cusp group,

the manifold boundary bdanU is in a properly convex open domain V' where T’
acts on,

U is closed in V', and

bdgnU /T is a compact convex hypersurface.

Then there exists an properly convex domain V closed in V' containing U so that oV /T is
a compact hypersurface with strictly convex smooth boundary. Furthermore, dV /T can be
chosen to be arbitrarily close to bda»U /T in V /T" with any complete Riemannian metric
onV'/T.

PROOF. Let A" be the affine space bounded by a hyperspace tangent to C1(U) at p.
Let & denote the set of hyperspaces sharply supporting U. There is a unique supporting
hyperplane dA”" to U at p only to which &2 can accumulate. This follows since a cusp
group acts on & and by duality. Then the analogous proof as that of Theorem 4.4.4, we
can show that for any € > 0, there exists a compact set K’ so that elements of &2 — K’ are
e-dy-close to dA”. Now, Lemma 4.4.6 is applicable exactly. g

LEMMA 4.4.6. We assume that T is a projective group acting on A" and an open
domain U C A" C S". Suppose that U is a properly convex domain in an affine space A"
in S" with bdU N A" an embedded hypersurface in it. Let &2 denote the set of sharply
supporting hyperspaces of U meeting dU. Assume the following:

e bdarU/T is a compact orbifold.

e CI({U)N A" is in a convex open domain V' where T acts on,

e Each point of bdgnU has a neighborhood N C V' so that N — CI(U) has only
compact set of sharpley supporting hyperspaces P in & with Hp NN # 0.
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Then there exists an properly convex domain V closed in V' containing U so that oV /T is
a compact hypersurface with strictly convex smooth boundary. Furthermore, dV /T can be
chosen to be arbitrarily close to bdanU /T in V /T with any complete Riemannian metric
onV'/T.

PROOF. We define an affine function fp on A" so that f ' (0) = P and fp > 0 on the
component Hp of A" — P disjoint from U°. It follows that if P' = g(P) for P € & and
g €T, then fpog™! = fp.

We define a smooth function

g(t) =t*exp(1/¢*) fort > 0, and g(r) = 0 forr < 0.

We let gp = go fp. Then by the premise, gp(x) for each x € V' is nonzero for only compact
subset of .

The I-action on V' preserves the Hilbert metric of V'’ and hence the action is properly
discontinuous on V’. Since the action is properly discontinuous, we can put a I'-invariant
Riemannian metric on V’. The dual £2* C V' is a dual set of & considering each hyper-
plane as a linear function in R,

Since 7 is the boundary of the supporting hyperspaces of U, it is the boundary of U*
by duality. Hence, £7* can be considered a topological manifold in V"*. Since I'*-action
on 7% C V'* is properly discontinuous, &2* /T"* is a compact topological orbifold. Also,
we may assume that fp for P € & is chosen continuously with respect to P by taking the
fundamental domain of &7* under the I"*-action. There is a I'-invariant measure du on &*
compatible with a positive continuous function times a volume on each chart of &7. We
define a smooth function

xv V' — Rby / gpdll.
pPez
Hence, yy is well-defined in V' by the above paragraph. Moreover,

%' (0)= () (A" —Hp) = CI(U) NA".
Pe?
The third item of the premise and the proof of Proposition 2.1 of Ghomi [84] imply that y
is strictly convex on V' — U since only compact subset of & is involved in the computations
for each neighborhood of the third item. By our definition, )}y is ['-invariant.

We give an arbitrary Riemannian metric ft' on V’/T. There exists a neighborhood N
of CI({U)NV’/T in V' /T where xy has a nonzero differential in N — C1(U) /T as we can
see from the integral [, Dgpdp where Dgp are in a properly convex cone Cy in R
spanned by {up|P € £} for each point of V/ — CI(U). Then as € — 0,

Ye:={x;'(e)}/T — bdanU/T

geometrically since N has a compact closure and the gradient vectors are uniformly bounded
with respect to yt’ and are zero only at points of U /T in the closure and hence we can iso-
topy Z¢ along the gradient vector field to as close to bdg»U /T as we wish. (See Batyrev
[13] and Ben-Tal [14] also.) Furthermore, since xy is strictly convex, ¥, ! (€) is a strictly

convex smooth hypersurface on which I" acts.
d



CHAPTER 5

Properly convex radial ends and totally geodesic ends: lens
properties

We will consider properly convex ends in this chapter. In Section 5.1, we define the
uniform middle eigenvalue conditions for R-ends and T-ends. We state the main results of
this chapter Theorem 5.1.4: the equivalence of these conditions with the generalized lens
conditions for R-ends or T-ends. The generalized lens conditions often improve to lens
conditions, as shown in Theorem 5.1.5. In Section 5.2, we start to study the R-end theory.
First, we discuss the holonomy representation spaces. Tubular actions and the dual theory
of affine actions are discussed. We show that distanced actions and asymptotically nice
actions are dual. Hence, the uniform middle eigenvalue condition implies the distanced
action deduced from the dual theory in Chapter 4. In Section 5.3, we prove the main
results. In Section 5.3.1, we estimate the largest norm A;(g) of eigenvalues in terms of
word length. In Section 5.3.2, we study orbits under the action with the uniform middle
eigenvalue conditions. In Section 5.3.3, we prove a minor extension of Koszul’s openness
for bounded manifolds, well-known to many people. In Section 5.3.4, we show how to
prove the strictness of the boundary of lenses and prove our main result Theorem 5.1.4
using the orbit results and the Koszul’s openness. In Section 5.3.5, we now prove major
Theorem 5.1.5. In Section 5.4, we show that the lens-shaped ends have concave end-
neighborhoods, and we discuss the properties of lens-shaped ends in Theorems 5.4.2 and
5.4.3. If the generalized lens-shaped end is virtually factorizable, it can be made into a
lens-shaped totally-geodesic R-end, which is a surprising result. In Section 5.5, we obtain
the duality between the lens-shaped T-ends and generalized lens-shaped R-ends.

The main reason that we are studying the lens-shaped ends is to use them in study-
ing the deformations preserving the convexity properties. These objects are useful in try-
ing to understand this phenomenon. We also remark that sometimes a lens-shaped p-end
neighborhood may not exist for an R-p-end within a given convex real projective orbifold.
However, a generalized lens-shaped p-end neighborhood may exist for the R-p-end.

5.1. Main results

Let & be a strongly tame convex real projective orbifold and let & be a convex domain
in S" covering &. Let h: m;(0) — SLi(n+ 1,R) denote the holonomy homomorphism
with its image I'. We will take S” as the default place where the statements take place in
this chapter. However, reader can easily modify these to RIP"-versions by Proposition 1.4.2
results in Section 1.1.8.

DEFINITION 5.1.1. Suppose that E is an R-p-end of generalized lens-type. Then E
have a p-end-neighborhood that is projectively diffeomorphic to the interior of {p} * L’ —
{p} under dev where {p} x L is a generalized lens-cone over a generalized lens L where
d({p}*L—{p}) = 9L for a boundary component d. L of L, and let (7, (E)) acts on L
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104 5. PROPERLY CONVEX R-ENDS AND T-ENDS

properly and cocompactly. A concave pseudo-end-neighborhood of E is the open pseudo-
end-neighborhood in & projectively diffeomorphic to {p} * L — {p} — L for some choice
of alens L. A concave end-neighborhood of an end E an end-neighborhood covered by a
concave pseudo-end-neighborhood.

5.1.1. Uniform middle eigenvalue conditions. The following applies to both R-ends
and T-ends. Let £ be a p-end and T’z the associated p-end holonomy group. We say that
E is non-virtually-factorizable if any finite index subgroup has a finite center or Iz is
virtually center-free; otherwise, E is virtually factorizable by Theorem 1.1 of [21]. (See
Section 1.4.4.)

Let £z denote the universal cover of the end orbifold ¥ associated with £. We recall
Proposition 1.4.10 (Theorem 1.1 of Benoist [23]). If Iz is virtually factorizable, then I'z
satisfies the following condition:

e CI(£z) = K| *--- * K} where each K; is properly convex or is a singleton.

e Let G; be the restriction of the K;-stabilizing subgroup of I';; to K;. Then G; acts
on K? cocompactly. (Here K; can be a singleton, and I'; a trivial group.)

e A finite index subgroup G’ of I'z is isomorphic to a cocompact subgroup of
ZF1%x Gy x --- X Gy.

e The center Z¥~! of G’ is a subgroup acting trivially on each K;.

Note that there are examples of discrete groups of form I'; where G; are non-discrete.
(See also Example 5.5.3 of [135] as pointed out by M. Kapovich.)

We will use simply Z*~! to represent the corresponding group on I';. Here, 7k s
called a virtual center of I'.

Let I" be generated by finitely many elements g1, ..., g,. Let w(g) denote the minimum
word length of g € G written as words of g1, ...,gx,. The conjugate word length cwl(g) of
gem (E ) is

min{w(cgc )|c € m (E)}.

Let dx denote the Hilbert metric of the interior K’ of a properly convex domain K
in RP" or S". Suppose that a projective automorphism group I" acts on K properly. Let
lengthg (g) denote the infimum of {dk (x,g(x))|x € K}, compatible with cwl(g).

DEFINITION 5.1.2. Let vz be a p-end vertex of an R-p-end E. Let K := CI(£z). The
p-end holonomy group I' satisfies the umec with respect to vg or the R-p-end structure it
the following hold:

e each g € I'; satisfies for a uniform C > 1 independent of g

A
(5.1.1) C lengthg(g) < log ( 1(8) ) < Clengthy(g),
M (8)
for the largest norm 4, (g) of the eigenvalues of g and the eigenvalue A, (g) of g
at vg.

Of course, we choose the matrix of g so that Ay.(g) > 0. See Remark 1.1.5 as we are look-
ing for the lifting of g that acts on p-end neighborhood. We can replace lengthg (g) with
cwl(g) for properly convex ends by Svarc-Milnor (A. Swartz, professor at UC. Davis) or
Milnor-Svarc theorem. (See Theorem 8.1 of Farb-Margalit [78].) We remark that the con-
dition does depend on the choice of vj; however, the radial end structures will determine
the end vertices.
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The definition of course applies to the case when I'; has the finite-index subgroup
with the above properties.

We recall a dual definition identical with the definition in Section 4.1 but adopted to
T-p-ends.

DEFINITION 5.1.3. Suppose that E is a properly convex T-p-end. Suppose that the
ideal boundary component iE of the T-p-end is properly convex. Let K = Cl(£z). Let
g* R 5 R"™1* be the dual transformation of g : R"*! — R”"*!. The p-end holonomy
group [z satisfies the umec with respect to £z or the T-p-end structure

o if each g € I'; satisfies for a uniform C > 1 independent of g

Ai(g)
- (g*)) < Clengthg(g)

for the largest norm A, (g) of the eigenvalues of g and the eigenvalue Ag+(g*) of
g* in the vector in the direction of K*, the point dual to the hyperspace containing
K.

(5.1.2) C lengthg (g) < log (

Again, the condition depends on the choice of the hyperspace containing ¥z, i.e., the
T-p-end structure. (We again lift g so that Ax«(g) > 0.)

Here I'; will act on a properly convex domain K° of lower dimension, and we will
apply the definition here. This condition is similar to the Anosov condition studied by
Guichard and Wienhard [96], and the results also seem similar. We do not use their the-
ories. They also use word length instead. One may look at the paper of Kassel-Potrie
[109] to understand the relationship between eigenvalues and singular values. We use the
eigenvalues to obtain conjugacy invariant conditions which is needed in proving the con-
verse part of Theorem 5.1.4. Our main tools to understand these questions are in Chapter
4 which we will use here.

We will see that the condition is an open condition; and hence a “structurally stable
one.” (See Corollary 6.1.3.)

5.1.2. Lens and the uniform middle eigenvalue condition. As holonomy groups,
the condition for being a generalized lens R-p-end and one for being a lens R-p-end are
equivalent. For the following, we are not concerned with a lens-cone being in &

THEOREM 5.1.4 (Lens holonomy). Let E be an R-p-end of a strongly tame convex
real projective orbifold. Then the holonomy group h(mi(E)) satisfies the uniform middle
eigenvalue condition for the R-p-end vertex vi if and only if it acts on a lens-cone with
vertex Vi and its lens properly and cocompactly. Moreover, in this case, the lens-cone
exists in the union of great segments with the vertex vg in the directions of in the direction
of a properly convex domain Q C SﬁEfl where h(m(E)) acts properly discontinuously.

For the following, we are concerned with a lens-cone being in &.

THEOREM 5.1.5 (Theorem 5.3.21 (Actual lens-cone )). Let O be a strongly tame
convex real projective orbifold.

e Let E be a properly convex R-p-end.

— The p-end holonomy group satisfies the uniform middle-eigenvalue condi-
tion if and only if E is a generalized lens-shaped R-p-end.

o Assume that the holonomy group of O is strongly irreducible, and O is properly
convex. If O satisfies the triangle condition (see Definition 5.3.18) or E is vir-
tually factorizable or is a totally geodesic R-end, then we can replace the term
“generalized lens-shaped” to “lens-shaped” in the above statement.
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We will prove the analogous result for totally geodesic ends in Theorem 5.5.4.

Notice that there is no condition on & to be properly convex.

Another main result is on the duality of lens-shaped ends: Recalling from Section
1.5.1, we have RP"™ = P(R""!*) the dual real projective space of RP". Recall also
S™ = S(R™!*) as the dual spherical projective space of S". In Section 5.2, we define
the projective dual domain Q* in RP"* to a properly convex domain Q in RP" where the
dual group I'* to I acts on. Vinberg showed that there is a duality diffeomorphism between
Q/T and Q*/T"*. The ends of &’ and &* are in a one-to-one correspondence. Horospherical
ends are dual to themselves, i.e., “self-dual types”, and properly convex R-ends and T-ends
are dual to one another. (See Proposition 5.5.5.) We will see that generalized lens-shaped
properly convex R-ends are always dual to lens-shaped T-ends by Corollary 5.5.7.

We mention that Fried also solved this question when the linear holonomy is in SO(2,1)
[81]. Also, we found out later that the dual consideration of Barbot’s work on the existence
of globally hyperbolic spacetimes for geometrically finite linear holonomy in SO(n, 1) also
solves this problem in the setting of finding Cauchy hyperspaces in flat Lorentz spaces.
(See Theorem 4.25 of [11].)

5.2. The end theory

In this section, we discuss the properties of lens-shaped radial and totally geodesic
ends and their duality also.

5.2.1. The holonomy homomorphisms of the end fundamental groups: the tubes.
We will discuss for S” only here but the obvious RP"-version exists for the theory. Let E
be an R-p-end of &. Let SLy (n+ 1,R)y, be the subgroup of SL.(n+ 1,R) fixing a point
vz € S™. This group can be understood as follows by letting vz = [0,...,0, 1] as a group of
matrices: For g € SLy(n+ I,R)VE, we have

. -
———h 0
(5.2.1) ( AVE" (g)i/n (g) >
Vg A’VE' (g)
where h(g) € SL+(n,R),v € R"™, Ay, (g) € Ry, is the so-called linear part of /. Here,
Jug 1 8+ Ay (g) for g € SL(n+ 1, R),,

is a homomorphism so it is trivial in the commutator group [I'z,I'z]. There is a group
homomorphism

Z":SLe(n+1,R)y, = SL+(n,R) x Ry

(5.22) g (h(2),Av (2))

with the kernel equal to R™, a dual space to R". Thus, we obtain a diffeomorphism
SL:E(H-F I,R)VE — SLi(I’l,R) x R™ xR,.

We note the multiplication rules

(5.2.3) (A5, 1) (B, %, 1) = (AB, u]l/nvmm,;m).

We denote by 7 : SLi(n+ 1,R)y, — SLi(n,R) the further projection to SL (n,R).
Let X be the end (n — 1)-orbifold. Given a representation

h:m(Zz) — SLi(n,R) and a homomorphism Ao i (Zg) — Ry,
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we denote by R? . the R-module with the 7, (£z)-action given by
9 VE"

1 R
g V= ——17-h(g)[).
g (g)'/m s
And we denote by RZ*% the dual vector space with the right dual action given by
Mg
1 N

g v= Wh(g)*(‘_;)

Let H' (m (E), R7" ) denote the cohomology space of 1-cocycles
Do

I'sg—(g) € RZ?‘ME.

As Hom(m; (£z),R) equals H!(m(2z),R), we obtain:

THEOREM 5.2.1. Let O be a strongly tame properly convex real projective orbifold,
and let O be its universal cover. Let i be the end orbifold associated with an R-p-end E
of O. Then the space of representations

Hom(m (Xz),SLe(n+1,R)y,)/SLe(n+1,R)y,
is the space mapping to
Hom(m (2z),SL+ (n,R))/SLe(n,R) x H' (11 (Zz),R)
with the fiber isomorphic to H' ( (ZE)’RZT/IVE ) for each ([h],A).

On a Zariski open subset of Hom(7; (£z),SL4 (n,R))/SL4 (n,R), the dimensions of
the fibers are constant (see Johnson-Millson [106]). A similar idea is given by Mess [129].
In fact, the dualizing these matrices gives us a representation to Aff(A"). (See Chapter 4.)
In particular if we restrict ourselves to linear parts to be in SO(n, 1), then we are exactly in
the cases studied by Mess. (The concept of the duality is explained in Section 5.2.3)

If £ is a closed 2-orbifold with negative Euler characteristic, one can compute the

dimension of H!(m (ZE),RZ*% ) using the twisted orbifold Euler characteristic of Porti
A

[138] as the 0-th and 2-nd cohomology are zero.

5.2.2. Tubular actions. Let us give a pair of antipodal points v and v_. If a group
I of projective automorphisms fixes a pair of fixed points v and v_, then I is said to be
tubular. There is a projection IT, : S" — {v,v_} — S"~! given by sending every great
segment with endpoints v and v_ to a point of the sphere of directions at v.

A tube in S" (resp. in RP") is the closure of the inverse image IT,!(Q) of a domain
Qin S!7! (resp. in RP"~!"). We often denote the closure in " by .7, (Q), and we call it
a tube domain. Given an R-p-end E of &, let v := vz. The end domain is Ry(&). If an
R-p-end E has the end domain £z = Ry (&), the group h(m;(E)) acts on 7 (Q).

The image of the tube domain .7 (Q) in RP" is still called a tube domain and denoted
by 7},/(Q) where [v] is the image of v.

We will now discuss for the S"-version but the RIP" version is obviously clearly ob-
tained from this by a minor modification.

Letting v have the coordinates [0, ... ,0, 1], we obtain the matrix of g of 7; (E) of form

L _h 0
(5.2.4) ( Anlg)m (&) )
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where Bg is an n x 1-vector and /(g) is an n x n-matrix of determinant +1 and Ay(g) is a
positive constant.

Note that the representation & : 7 (£) — SL(n,R) is given by g +— i(g). Here we
have A, (g) > 0. If £ is properly convex, then the convex tubular domain and the action is
said to be properly tubular

5.2.3. Affine actions dual to tubular actions. Let S"! in S" = S(R"*!) be a great
sphere of dimension n — 1. A component of a component of the complement of S"~! can be
identified with an affine space A". The subgroup of projective automorphisms preserving
S"~! and the components equals the affine group Aff(A").

By duality, a great (n— 1)-sphere S"~! corresponds to a point vg,—1. Thus, for a group
[ in Aff(A"), the dual groups I'* acts on S"* := S(R"*1*) fixing vg.—1. (See Proposition
1.5.4 also.)

Let S%! denote a hyperspace in S”. Suppose that I" acts on a properly convex open
domain U where Q := bdU NS%! is a properly convex domain. We recall that I" has a
properly convex affine action. Let us recall some facts from Section 1.5.4

e A great (n—2)-sphere P C S" is dual to a great circle P* in §™ given as the set
of hyperspheres containing P.

e The great sphere S/;"! C S” with an orientation is dual to a point v € $"* and it
with an opposite orientation is dual to v_ € S"*.

e An oriented hyperspace P C S! of dimension n — 2 is dual to an oriented great
circle passing v and v_, giving us an element P' of the linking sphere S~ !* of
rays from v in S™*.

e The space S of oriented hyperspaces in S~ equals S%!*. Thus, there is a
projective isomorphism

Ih:S=Sspaplesilx

For the following, let’s use the terminology that an oriented hyperspace V in S’ sup-
ports an open submanifold A if it bounds an open i-hemisphere H in the right orientation
containing A.

PROPOSITION 5.2.2. Suppose that T C SLy (n+ 1,R) acts on a properly convex open
domain Q C S cocompactly. Then the dual group T* acts on a properly tubular domain
B with vertices v := Vg1 and V_ := Vg1 _ dual to St=1. Moreover, the domain Q and

domain Ry(B) in the linking sphere S}~ from v in the directions of B° are projectively
diffeomorphic to a pair of dual domains in SI5™" respectively.

PROOF. Given Q C S”!, we obtain the properly convex open dual domain Q* in
S=1*. An oriented n — 2-hemisphere sharply supporting Q in S”~! corresponds to a point
of bdQ2* and vice versa. (See Section 1.5.) An oriented great n — 1-sphere in S” supporting
Q but not containing Q meets a great n — 2-sphere P in S%! supporting Q. The dual
P* of P is the set of hyperspaces containing P, a great circle in S**. The set of oriented
great n — 1-spheres containing P supporting Q but not containing € forms a pencil; in this
case, a great open segment Ip+ in $"* with endpoints v and v_. (See Section 1.1.2 for the
definition of supporting hyperspaces.) Let P¥ € S~ 1* denote the dual of P in %!, Then
P := #(P¥) is the direction of P* at v as we can see from the projective isomorphism .%,.
Recall from the beginning of Section 1.5.1 P supports Q if and only if P¥ € Q*. Hence,
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there is a homeomorphism
Ip := {Q|Q is an oriented great n — 1-sphere supporting Q, QNS = P} —
Sp- = {p|p is a point of a great open segment in P* with endpoints v,v_
(5.2.5)  where the direction P' = % (P*), P¥ € Q*}.

The set B of oriented hyperspaces supporting €2 possibly containing € meets an ori-
ented (n — 2)-hyperspace in S! supporting Q. Denote by «, the great segment with
vertices v and v_ in the direction of x € S7~!. Thus, we obtain

B'=|JSpr= |J owcs™
PeQ* xe9H(Q¥)

Let .7 (Q*) denote the union of open great segments with endpoints v and v_ in direction
of Q*. Thus, B* = .7 (Q*). Thus, there is a homeomorphism

I:={0Q|Q is an oriented great n — 1-sphere sharply supporting Q} —

(5.2.6) S={p|p € Sp+,P* € bdQ*} =bdB* — {v,v_}.
Also, Ry(B*) = .#,(Q*) by the above equation. Thus, I acts on Q if and only if I acts on
I if and only if I'* acts on S if and only if I'* acts on B* and on Q*. (]

5.2.4. Distanced tubular actions and asymptotically nice affine actions. The ap-
proach is similar to what we did in Chapter 4 but is in the dual setting.

DEFINITION 5.2.3.

Radial action: A properly tubular action of I is said to be distanced if a I'-invariant
tubular domain contains a properly convex compact I'-invariant subset disjoint
from the vertices of the tubes.

Affine action: We recall from Chapter 4. A properly convex affine action of I" is
said to be asymptotically nice if T acts on a properly convex open domain U’ in
A" with boundary in Q C S°!, and I acts on a compact subset

J := {H|H is an AS-hyperspace passing x € bdQ,H ¢ S '}

where we require that every sharply supporting (n — 2)-dimensional space of Q
in S”! is contained in at least one of the element of J.

The following is a simple consequence of the homeomorphism given by equation
(5.2.6).

PROPOSITION 5.2.4. Let " and I'* be dual groups where I" has an affine action on A"
and I'* is tubular with the vertex v = vgu-1 dual to the boundary St of A Let T = (T*)*
acts on a convex open domain Q with a closed n-orbifold Q/T. Then T acts asymptotically
nicely if and only if T acts on a properly tubular domain B and is distanced.

PROOF. From the definition of asymptotic niceness, we can do the following: for
each point x and a sharply supporting hyperspace P of bdQ passing x in S"~!, we choose a
great n — 1-sphere in S” sharply supporting Q at x containing P and uniformly bounded at a
distance in the dy-sense from S/, This forms a compact I'-invariant set J of hyperspaces.

The dual points of the supporting hyperspaces passing points of bdQ2 are points on bdB
for a tube domain B with vertex v dual to %! by (5.2.6) in the proof of Proposition 5.2.2.
Since the hyperspaces in J sharply supporting U at x € bd(2, are bounded at a distance from
S~ in the dg-sense, the dual points are uniformly bounded at a distance from the vertices
v and v_. We take the closure of the set of hyperspaces in the dual space of S™*. Let us
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call this compact set K. Let Q* C S"~! be the dual domain of Q. Then for every point
of bdQ*, we have a point of K in the corresponding great segment from v to v_. Then K
is uniformly bounded at a distance from v and v_ in the d-sense. The convex hull of K

in CI(©) is a compact convex set bounded at a uniform distance from v and v_ since the
tube domain is properly convex. Since K is I*-invariant, so is the convex hull in C1(&).
Therefore, I'™* acts on B as a distanced action.

The converse is also very simple to prove by (5.2.6) in the proof of Proposition 5.2.2.
We can take the intersection U of the inner components of hyperspaces involved here and
obtain an open set. Also, U is not empty by an elementary geometric argument since the
angles between S”~! and the strictly supporting hyperspaces are uniformly bounded below.

Hence, the asymptotic niceness is proved. (I

THEOREM 5.2.5. Let I have a nontrivial properly convex tubular action at vertex
V = Vg1 on S" (resp. in RP") and acts on a properly convex tube B and satisfies the
uniform middle-eigenvalue conditions with respect to Vgn—1. We assume that I acts on a

convex open domain Q C S!~" where B = Z,(Q) and QT is a closed n-orbifold. Then
I" is distanced inside the tube B, and B contains a distanced T'-invariant compact set K.
Finally, we can choose the distanced set K to be in a hypersphere disjoint from v,v_ when
I is virtually factorizable.

PROOF. We will again prove for S". Let Q denote the convex domain in S”~! corre-
sponding to B°. By Theorems 4.1.1 and 4.3.1, I'* is asymptotically nice. Proposition 5.2.4
implies the result.

Now, we prove the final part to show the total geodesic property of virtually factoriz-
able ends: Suppose that I acts virtually reducibly on S"~! on a properly convex domain
Q. Then I" is virtually isomorphic to a cocompact subgroup of

/S N x Ty,
where I'; is irreducible by Proposition 1.4.10. Also, I" acts on
K:=Ki*---%K, =Cl(Q) C SI"!

where K; denotes the properly convex compact set in S”~! where I'; acts on for each i.
Here, K; is O-dimensional fori =s+1,...,[y for s+ 1 < [y. Let B; be the convex tube with
vertices v and v_ corresponding to K;. Each I'; for i = 1,...,s acts on a nontrivial tube B;
with vertices v and v_ in a subspace.

For each i, s+ 1 <i <r, B; is a great segment with endpoints v and v_. A point p;
corresponds to B; in S"~!.

The virtual center isomorphic to Z0~! is in the group I'" by Proposition 1.4.10. Recall
that a nontrivial element g of the virtual center acts trivially on the subspace K; of S"~!; that
is, g has only one associated eigenvalue in points of K;. There exists a nontrivial element
g of the virtual center with the largest norm eigenvalue in K; for the induced g-action on
Sﬁ’l since the action of I on Q is cocompact. By the middle eigenvalue condition, for
each i, we can find g in the center so that g has a hyperspace K] C B; with largest norm
eigenvalues. The convex hull of

KjU---UK}
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in C1(B) is a distanced I'-invariant compact convex set. For ({i,---,§;,) € Rl}g, we define
(5.2.7)
o T 0
0 Ol 0
1 1 ny, +1
Cot=| L T T gt oy,

0 0 e gl()lnlo—f-l

using the coordinates where each K; corresponds to a block.
Now, we consider the general case. The element x of K° C S(}’l has coordinates

Ip Ip
((A], cen ,)»107)_617 cen ’)_610)) s where Zﬂq = l,x = ((Z lifi>>
i=1

i=1

for X; is a unit vector in the direction of K{ fori=1,...,lp.
Let Z°(G) for any subgroup G of SL4 (n+ 1,R) denote the Zariski closure in SL (n+
1,R).

Let I denote the finite index normal subgroup acting on each of K; in I". We take the
Zariski closure of I'. It is isomorphic to

Rlo*le(l"l)x---f(l",o)

where Z°(I';) is the Zariski closure of I'; easily derivable from Theorem 1.1 of Benoist
[21] for our setting. The elements of R0 commute with elements of I'; and hence with I”.

There is a linear map Z : Z/o—! — R/ so that an isomorphism Z0~! — I" is represented
by { oexpoZ.

Let logA; : Z~! — R denote a map given by taking the log of the largest norm and
log A, : Z/o—! — R given by taking the log of the smallest norm and log A, : Z»~! — R the
log of the eigenvalue at v. Now, log A; and log A, extends to piecewise linear functions on
R~ that are linear over cones with origin as the vertex.

log A has only nonnegative values and log A, has nonpositive values. The uniform
middle eigenvalue condition is equivalent to the condition that logA; > logA, > log4,
holds over R" — {O}.

Let B; denote the tube .7 (K;). We choose an element g of the virtual center having
largest norm of the eigenvalue at points of K; as an automorphism of S”~!. ¢ acts on B;.
By the uniform middle eigenvalue condition, g fixes a subspace K; equal to B; N P, for a
hyperspace P, in the span of B; corresponding to the largest norm eigenvalue of g as an
element of SL4(n+ 1,R). By commutativity, the center also acts on K;. Define P to be
the join of P, ..., P),.. Hence, the center acts on the join K| - - K}, equals 7 NP for a
hyperspace P. By commutativity, I” acts on B; also.

Suppose that for some g € ' —I", g(P) # P. Then g(P) N B; has a point x closer to
v or v_ than PN B; for some j. Assume that it is closer to v without loss of generality.
We find a sequence {%,} so that g; = { oexpoZ (%,) have the largest eigenvalue at points of
B; and A (g;)/ M (gi) — oo. Since A,(g; ") = A1(gi) " and Ay(g; ") = Av(g:) ™", we obtain
that {g; ' (x)} — v as i — co. Then we obtain that g;(g(P)) N7 is not distanced. This
contradicts the first paragraph of the proof.

Hence, I acts on the hyperspace P. Hence, letting K = BN P completes the proof.

[S"T] ]



112 5. PROPERLY CONVEX R-ENDS AND T-ENDS

5.3. The characterization of lens-shaped representations

The main purpose of this section is to characterize the lens-shaped representations in
terms of eigenvalues, a major result of this monograph.

First, we prove the eigenvalue estimation in terms of lengths for non-virtually-factorizable
and hyperbolic ends. We show that the uniform middle-eigenvalue condition implies the
existence of limit sets. This proves Theorem 5.1.4. Finally, we prove the equivalence of
the lens condition and the uniform middle-eigenvalue condition in Theorem 5.3.21 for both
R-ends and T-ends under very general conditions. That is, we prove Theorem 5.1.5.

Techniques here are somewhat related to the work of Guichard-Wienhard [96] and
Benoist [18].

5.3.1. The eigenvalue estimations. Let & be a strongly tame real projective orbifold
and & be the universal cover in S". Let £ be a properly convex R-p-end of &, and let v B
be the p-end vertex. Let
h:m(E) = SLi(n+1,R),,
be a homomorphism and suppose that 7; (£) is hyperbolic.
In this article, we assume that A satisfies the middle eigenvalue condition. We denote
by the norms of eigenvalues of g by

(5:3.1) Ai(g)s---sAn(g), Av; (g), Where Ay (g) -+ An(g)Av; (g) = £1, and
Ai(g) z ... = A(g),
where we allow repetitions.

Recall the linear part homomorphism -] from the beginning of Section 5.2. We de-
note by & : m(E) — SL+(n,R) the homomorphism .} o h. Since h is a holonomy of a
closed convex real projective (n — 1)-orbifold, and X is assumed to be properly convex,
h(m (E)) divides a properly convex domain ¥z in S{,’Efl.

We denote by A;(g), ..., A,(g) the norms of eigenvalues of A(g) so that

(5.3.2) M(8) 2 2 hu(8) Aa(8) - Anlg) = %1
hold. These are called the relative norms of eigenvalues of g. We have A;(g) = Ai(g)/ Avy (8) L/n
fori=1,..,n.

For each nontorsion element g, eigenvalues corresponding to

l1 (g)vil (g)a/’l'ﬂ(g)ain(g%}tv,g (g)

are all positive and g is positive semi-proximal by Proposition 1.3.11. (See also Theorem

1.3.12.) We define
o Mg\ A (g)
length(g) := log (1’[(@) =log (M(g)) .

This equals the infimum of the Hilbert metric lengths of the associated closed curves in
¥z /h(mi (E)) as first shown by Kuiper. (See [17] for example.)

We recall the notions in Section 1.3.2. (See [17] and [18] also.)

When 1 (E) is hyperbolic, all infinite order elements of (| (E)) are positive biprox-
imal and a finite index subgroup has only positive biproximal elements and the identity.

Assume that I'; is hyperbolic. Suppose that g € I'z is proximal. We define

o Jozhi(g) —loghn(g) , _ loghi(g) —loghn(s)
*7 loghi(g) —loghu-1(g) " loghi(g) —logha(g)’

(5.3.3)
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and denote by 1"% the set of proximal elements. We define

Br; :== = sup Be. o, = = inf 0.
g€ry, €l

Proposition 20 of Guichard [95] shows that we have
(5.3.4) l<OtiE_§OCr§2§ﬁr§ﬁiE<°°
for constants o5 and ﬁiﬁ depending only on £ since £ is properly and strictly convex.

Here, it follows that ar, ﬂrE. depends on h, and they form positive-valued functions
on the union of components of

Hom(m (E),SL+(n+1,R))/SLs(n+1,R)

consisting of convex divisible representations with the algebraic convergence topology as
given by Benoist [23].

THEOREM 5.3.1. Let O be a strongly tame convex real projective orbifold. Let E be a
properly convex R-p-end of the universal cover 0, 6 C S", n>2. Let Iz be a hyperbolic
group. Then

1 =
1+ —— ] length(g) <logi 14+ —— ] length
( +ﬁrg>eng (5) <logi(g) < ( +a5>eng (@)
for every nonelliptic element g € h(m(E)).

PROOF. Since there is a positive bi-proximal subgroup of finite index, we concentrate
on positive bi-proximal elements only. We obtain from above that

Li(g)
log il(g)
o < Pr;
log _1(8)
X2(g)
We deduce that
~ - 1/Br.
Mg o (M@ (Ja(e)\ F _ [ length(g)
(5.3.5) = > = = =exp| ———— | .
() An(g) n(8) Br,
Since we have ii < 12 for i > 2, we obtain
3 1/Br.
(5.3.6) Mi(8) (7“) :
)»i(g) M

and since A; --- A, = 1, we have

Ty~ ) o) B <§1<g ) fey !
2(8)  An-1(8) An(8) — \ An(8)
We obtain
(5.3.7) log A1 (g) > ! (1 +2= 2) length(g).
n Br;

By similar reasoning, we also obtain

O log(g) < 1 (1 + 2= 2) length(g).
n
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d

REMARK 5.3.2. Under the assumption of Theorem 5.3.1, if we do not assume that
71 (E) is hyperbolic, then we obtain

n—1

(5.3.8) 1length(g) <logh(g) < length(g)
n

n
for every semiproximal element g € ii(; (E)).
PROOF. Let A;(g) denote the norms of i(g) fori=1,2,...,n.
logAi(g) = ... > log Ay(g),log A1 (g) +--- +log Lu(g) = 0
hold. We deduce

log A (g) =—log A1 — - —log A, 1(g)
> —(n—1)logl
~ 1 ~
logAi(g) > ———logi(g)
1 % 1 Ai(g)
> =
(1+n1>logﬂ,1(g)_ n—llOg/ln(g
(5.3.9) logAi(g) > %length(g).

We also deduce

—loghi(g) =loga(g) + -~ +logA,(g)

> (n—1)logAu(g)

—(n—1)logA,(g) > logZi(g)

(n—1)log ilgg > nloghi (g)

O —length(g) > log A1 (g).

(]

REMARK 5.3.3. We cannot show that the middle-eigenvalue condition implies the
uniform middle-eigenvalue condition. This could be false. For example, we could obtain
a sequence of elements g; € I" so that {A,(g)/Av,(gi)} — 1 while I satisfies the middle-
eigenvalue condition. Certainly, we could have an element g where A, (g) = Ay.(g). How-

E
ever, even if there is no such element, we might still have a counter-example. For example,

suppose that we might have
A1(gi)
log (xlE <g,->>

— 0.

length(g)
This could happen by changing A, considered as a homomorphism 7 (Zz) — Ry. Such
assignments are not really understood globally but see Benoist [17]. Also, an analogous
phenomenon seems to happen with the Margulis space-time and diffused Margulis invari-
ants as investigated by Charette, Drumm, Goldman, Labourie, and Margulis recently. See

(91])
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5.3.2. The uniform middle-eigenvalue conditions and the orbits. Let £ be a prop-
erly convex R-p-end of the universal cover & of a strongly tame properly convex real
projective orbifold &. Assume that I'; satisfies the uniform middle-eigenvalue condition.
There exists a I'z-invariant compact set to be denoted L distanced from {vz,vz_} by
Theorem 5.2.5. For the corresponding tube 7, (£z), Lz Nbd 7, (£z) is a compact sub-
set distanced from {vz,vz_}. Let 4.5(L) be the convex hull of L in the tube .7 (£z)
obtained by Theorem 5.2.5. Then ¢"# (L) is a T'g-invariant distanced subset of 7, . Ez).

We of course are doing everything in S” here. But RP"-versions are fairly clear to
obtain.

DEFINITION 5.3.4. A transversal set is a compact subset of 7 Ez) —{vg, vz}
that meets the interior of every great segment from vz to vz_ init. A transversal boundary
set is a compact subset of bd.7, . (£z) — {vj,vz_} that meets the interior of every great
segment from vz to vi_ in it. We define the limit set Ag of a properly convex R-p-end E
to be the smallest nonempty compact I' s-invariant transversal boundary set.

Following Corollary 5.3.5 shows that the limit set is well-defined. Compare also to
Definition 6.2.1.
The following main result of this subsection shows that Az is characterized.

COROLLARY 5.3.5. A transversal boundary I g-invariant compact set C inbd 7, (£z)—
{ve,vg_} exists and is unique. Also, it satisfies € 7 (C) N (bd 7 Ez)—{vgve ) =C.

PROOF. Proposition 5.3.10 will show that C is independent of the choice and meets
each great segment for any distanced compact convex set L in .7 - (£;) at a unique point.

Since €22 (C) N (bd 7, (£z)(Ez) — {vg,vz_}) contains C and is also a T'z-invariant
distanced compact set, the uniqueness part of Proposition 5.3.10 shows thatitequals C. [

Also, Ag Nbd.7, . (iE) contains all attracting and repelling fixed points of y € I'z by
the I'z-invariance and the middle-eigenvalue condition.
5.3.2.1. Hyperbolic groups. We first consider when I'z is hyperbolic.

LEMMA 5.3.6. Let O be a strongly tame convex real projective orbifold. Let E be a
properly convex R-p-end. Assume that Tz is hyperbolic and satisfies the uniform middle
eigenvalue conditions.

o Suppose that y; is a sequence of elements of I acting on %E (ig)
o The sequence of attracting fixed points a; and the sequence of repelling fixed
points b; are so that {a;} — Ge and {b;} — be Where ae,be are notin {vg,vp_}.
e Suppose that the sequence {A;} of eigenvalues where A; corresponds to a; con-
verges to +oo.
Then the point a. in bd.7,,(£z) — {vg,vp_} is the geometric limit of {¥(K)} for any
compact subset K C M.

PROOF. We may assume without loss of generality that a., # b since otherwise we
replace {g;} with {gg;} where g(dw) # be.. Proving for this case implies the general cases.
Let k; be the inverse of the factor

- {/}1(%)’ M) _ ) }
(1) A, ()5 A ()
Then {k;} — 0 by the uniform middle eigenvalue condition and (5.3.5).
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There exists a totally geodesic sphere S;’*I sharply supporting 75 . (£z) at b;. a; is
uniformly bounded away from Slf’*l for i sufficiently large. S;’*I bounds an open hemi-
sphere H; containing a; where a; is the attracting fixed point by Corollary 1.2.3 of [110] or
by Proposition 1.3.2 so that for a Euclidean metric dg ;, %;|H; : H; — H; we have

(5.3.10) dpi(v(x), () < kidg i(x,y),x,y € H;.

Note that {CI(H;)} converges geometrically to Cl(H..) for an open hemisphere containing
a in the interior.

Actually, we can choose a Euclidean metric dg ; on HY so that {df ;|J x J} is uniformly
convergent for any compact subset J of H... Hence there exists a uniform positive constant
C’ so that

(5.3.11) d(a;,K) < C'dg, (a;,K).

provided a;, K C J and sufficiently large i.
Since Tz is hyperbolic, the domain Q corresponding to 7 (£z) in S} is strictly
convex. For any compact subset K of M, the equation K C M is equivalent to

KNCI(|Jbivg Ubivg_) =0.
i=1
Since the boundary sphere bdH.. meets 7, (£z) in this set only by the strict convexity of
Q, we obtain K NbdH.. = 0. And K C H., since 7, (£z) C Cl(Ha).

We have d(K,bdH..) > & for & > 0. Thus, the distance d(K,bdH;) is uniformly
bounded by a constant §. d(K,bdH;) > & implies that dg,(a;,K) < C/6 for a positive
constant C > 0 Acting by g;, we obtain d,(gi(K),a;) < k;C/d by (5.3.10), which implies
d(gi(K),a;) < C'k;,C/8 by (5.3.11). Since {k;} — 0, the fact that {a;} — a implies that
{gi(K)} geometrically converges to a. O

LEMMA 5.3.7. Let O be a strongly tame convex real projective orbifold. Let E be a
properly convex R-p-end. Assume that Iy is hyperbolic, and satisfies the uniform middle
eigenvalue conditions. Suppose that {Y:} is sequence of elements of T'z acting on 7, £z)
and forms a convergence sequence acting on S’jETl. Then any transversal boundary T'g-
invariant set Lg for E, contains the geometric limit of any subsequence of {v(K)} for any
compact subset K C yvi . Furthermore,

A ()N A (Ep) Re({1}) N Ay (B) C L

PROOF. Letze 7. Let (Z') denote the element in Xz corresponding to the ray from
vi to z. Let {y;} be any sequence in Iz so that the corresponding sequence {%(((z))} in
Tp C S converges to a point 2’ in bd¥z C S

Clearly, a fixed point of g € Tz —{I} inbd.Z,, (£z) — {vz,v;_} isin L since g has at
most one fixed point on each open segment in the boundary. For the attracting fixed points
a; and r; of 7;, we can assume that

{ai} = a,{ri} — rfora;,ri€Lg

where a,r € Lz by the I'z-invariance and the closedness of Lz. Assume a # r first. By
Lemma 5.3.6, we have {7%(z)} — a and hence the limit z.. = a.

However, it could be that ¢ = r. In this case, we choose % € I'z so that y(a) # r.
Then 7Y has the attracting fixed point a; so that we obtain {a,} — Y (a) and repelling
fixed points 7/ so that {r;} — r holds by Lemma 5.3.8. This implies the first part.
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Then as above {%%(z)} — (@) and we need to multiply by ¥, ' now to show {%(z)} —
a. Thus, the limit set is contained in L. g

LEMMA 5.3.8. Let {g;} be a sequence of projective automorphisms acting on a strictly
convex domain Q in S". Suppose that the sequence of attracting fixed points {a; € bdQ} —
a and the sequence of repelling fixed points {r; € bdQ} — r. Assume that the corresponding
sequence of eigenvalues of a; limits to +oo and that of r; limits to 0. Let g be any projective
automorphism of Q. Then {gg;} has the sequence of attracting fixed points {a} converging
to g(a) and the sequence of repelling fixed points converging fo r.

PROOF. Recall that g is a quasi-isometry. Given € > 0 and a compact ball B disjoint
from a ball around r, we obtain that gg;(B) is in a ball of radius € of g(a) for sufficiently
large i. For a choice of B and sufficiently large i, we obtain gg;(B) C B°. Since gg;(B) C B°,
we obtain

(881)"(B) C (g8:)"(B)” for n.>m
by induction, There exists an attracting fixed point a; of gg; in gg;(B). Since the sequence
of the diameters of sets of form gg;(B) is converging to 0, we obtain that {a/} — g(a).

Also, given € > 0 and a compact ball B disjoint from a ball around g(a), g; ¢~ (B) is
in the ball of radius € of r. Similarly to above, we obtain the needed conclusion. O

5.3.2.2. Non-hyperbolic groups. Now, we generalize to not necessarily hyperbolic
I';. A I'z-invariant distanced set Lz contains the attracting fixed set A; and the repelling
fixed set R; of any g € I'; by invariance and sequence arguments.

LEMMA 5.3.9. Let O be a strongly tame convex real projective orbifold. Let E be a
properly convex R-p-end. Assume that Ty is non-hyperbolic or virtually-factorizable and
satisfies the uniform middle eigenvalue conditions with respect to vg. Suppose that {7}
is a generalized convergence sequence of elements of 'z acting on 7, (£z). Let Lg be a
transverse boundary set for E. Then Lg contains the geometric limit of any subsequence
of {¥%(K)} for any compact subset K C 7, .(£)°. Furthermore,

AN Zp (Eg) Re({n}) N Fip (E) C L

PROOF. Let L =6 (Lg) N T, (£z). Then L is a convex set uniformly bounded
away from v and its antipode. by a geometric consideration.

Given any sequence g;, we can extract a convergence sequence {g;} with a conver-
gence limit go..

Suppose that L° = @. Then L is a convex domain on a hyperspace P disjoint from v.
We use a coordinate system where each y € I' is of form (5.2.4) where Zg = 0. Dividing g;
by A1(g;) and taking a limit, we obtain that g., equals

8- 0
(5.3.12) < 0 0 )
by the uniform middle eigenvalue condition and Lemma 1.3.14. Hence A.({gi}) C P. By
Theorem 1.3.21,
A.({g}) € PABAZ, (55)) = L.
The remainders are simple to show.
Suppose that L is not empty. Then L° NN, ({g;}) = ® by Lemma 1.3.20. Given any

convergence sequence {g;},g; € I' converging to g, the sequence g;(x) for x € L converges
to a point of A, ({g;}).
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By Lemma 1.3.14, vz € N.({g;}) since {Ay.(gi)/A(gi)} — O by the uniform middle
eigenvalue condition. Dividing g; by A;(g;) and taking a limit, we obtain that g.. equals

8- O
(5.3.13) <2 0)

by the uniform middle eigenvalue condition and Lemma 1.3.14 dualizing the proof of
Lemma 4.4.2. Here g.. is not zero since otherwise we have uniform convergence to vz or
vj;_ for any compact set disjoint from {vz,vz_} while L is invariant set, which is absurd.
Since 2. # 0, the image of g.. is now a subspace of the same dimension as A, ({(&:)}).
Actually, it is graph over A, ({((&;)}) where the vertical direction is given by the direction
to vz for a linear function given by b.

Since I’z acts on L, g..(x) € CI(L) Nbd.Z, (£z). Hence, g.(L) = A.({gi}) C Lg.
Using {g; '}, we obtain R.({g;}) C L.

Any element of x € 7. (£z) satisfies x = (V) , v, = ¥z + c¥z for a constant ¢ > 0 and
a vector Vy in the direction of a point of L and a vector ¥ in direction of vz. Then

8eo((Wx) = (8o (V1) + €8 (Vg))) -
Since g (V) = 0 from (5.3.13), we obtained that g..(%; (£;)) = ge(L). Since

gW(f?\’g (iE)) C A*({gi}) N %E (iﬁ)a
and g..(L) = A.({gi}), we obtain the result. The final statement is also proved by taking
the sequence gi_l. ([

For the following, I'z can be virtually factorizable. By following Proposition 5.3.10,
Aj is well-defined independent of the choice of K.

PROPOSITION 5.3.10. Let O be a strongly tame convex real projective orbifold. Let E
be a properly convex R-p-end. Assume that Iz satisfies the uniform middle eigenvalue con-
dition with respect to the R-p-end structure. Let Vg be the R-end vertex and z € 7. (£z)°.
Let Lg be a transversal boundary set for E, and let L be the closure of € ¢ (Lg). Then the
following properties are satisfied

(1) Lg contains all the limit points of orbits of each compact subset of 9\,5 (i,;)”. Lg
contains all attracting fixed sets of elements of I'z. If T is hyperbolic, then the
set of attracting fixed point is dense in the set.

(ii) For each segment s in bd.7; (iE) with an endpoint Vg, the great segment con-
taining s meets Lz at a unique point other than vg,vg_. That is, there is a
one-to-one correspondence between dC1(Xz) and Lg.

(iii) Ly is homeomorphic to S"2,

(iv) For any T'g-distanced compact set L' in bd 7, (£z) — {vg,vp_} meeting every
great segment in 7 (£z), we have Lz = L. (uniqueness)

PROOF. We will first prove (i),(ii),(iii) for various cases and then prove (iv) all to-
gether:

(A) Consider first when I'; is hyperbolic. Proposition 5.3.7 proves (i) here. Let L
be the closure of ¢’ (L), which is T'z-invariant. Let K’ = LNbd.Z,, (£z) — {vz,vz_}.
Clearly L; C K'.

Since Iz is hyperbolic, any point y of bd¥z C Sﬁg' is a limit point of some sequence
{gi(x)} for x € £z by [22]. Thus, at least one point in the segment /, in the direction of
VY E SﬁET' with endpoints vz and vz _ is a limit point of some subsequence of {g;(x)} by
Lemma 5.3.6. Thus, [, Lz # 0. and [,N K’ # 0.
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Let us choose a standard Euclidean metric |-||; for R"*!. We identify S{,’Ffl with a
subspace V not passing vz for convenience during this proof. We consider V to correspond
to R" and vz to be the n+ 1-st unit vector.

We claim that /, N K" is unique: Suppose not. Let z and Z’ be the two points of I, N K’.
We choose a line [ in i,; ending at y. Let y; be the sequence of points on / covering to y.
We choose g; as in the proof of Lemma 4.2.5 so that g;(y;) € F for a compact fundamental
domain F of flE. We assume that {g;} is a convergence sequence by choosing a subse-
quence if necessary. (Here, (V_ ;) is fixed to be a single point y = (V_)).) Given the other
endpoint z of [, we have

{8i(2)} = a({gi})

for an attractor of a,({g;}) of {g;}. This follows by the same reasoning the proof of
Lemma 4.2.5. This means that {g;(y)} is uniformly bounded away from a.({g;}) since
gi(l) passes F with {g;(z)} converging to a,({g;}). Since {g;(y)} is bounded away from
ax«({g;}) uniformly, as in the proof of Lemma 4.2.5 using (4.2.8) and similarly to proving
the conclusion of the lemma, we obtain

1 N
5.3.14 —h(gi)(V_ 0
(53.14) {ME_(gi)l+i (&) >}+

in the Euclidean metric. To explain more, we write V_ as a sum of f/’f + \7,-5 as there. The
rest is analogous.

Let vz denote the unit vector in the direction of Vz. We consider R” to be a com-
plementary subspace to this vector under the norm |-|. We write the vector for z as
V, = AV_ 4V and the vector for 7’ as v, = A’V_ +V;. Then

4i(72) = A—— (g (F) + (Abg -7+ Av, (81))Ts

M (8i)

by (5.2.1). Let us denote

e 1= || (g ()

A, (g1) .

Since the direction of g;(V;) is bounded away from v,

lzgi Vo + 2vvg(gi)

Ci Ci

b

}%ooasi%oo.

is uniformly bounded. By (5.3.14), we obtain
A’VE (gl)
ci

Hence,

We also have

h(gi)(F-) + (Mbg; -5+ Ay (20))Vz-
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by, -

),/Bgi Vo + lVE (gi)ﬂl:?
Ci Ci

Since A’ # A, and {

{

cannot be uniformly bounded. This implies that g;(z') converges to v or vz_. Since
7 € K’ and K’ is I'z-invariant, this is a contradiction.

By Lemma 5.3.6, L; meets every great segment in .7. Thus, K' NI, = Lz NI, for every
yin dCI(£z). Thus, K’ = Lz, and (i) and (ii) hold for L.

(iii) Since Lg is closed and compact and bounded away from vgz,vz_, the section
51 dCI(Qz) — bd T, (£z) is continuous. If not, we can contradict (i) by taking two
sequences converging to distinct points in a great segment from v to its antipode.

(B) Now suppose that I'; is not virtually factorizable and is not hyperbolic. Lemma
5.3.9 proves that the orbits limit to Lz only. An attracting fixed sets in .7, (£z)isin Lz as
in case (A).

First suppose that a great segment 1 in 7, (iE) with endpoints vz and vz_ corre-
sponds to an element y of dCI(£;). Now we take a line / in £z as in the hyperbolic case.
Then (5.3.14) holds as above using Lemma 4.3.4 instead of Lemma 4.2.5. The identical
argument will show that n° meets with Lz at a unique point. This proves (i) and (ii). (iii)
follows as above.

(C) Suppose that I'g is virtually factorizable. We follow the proof of Theorem 5.2.5.
Now, the space of open great segments with an endpoint vz in 7, (£z)° corresponds to a
properly convex domain € that is the interior of the strict join Kj - - - * K;. Then a totally
geodesic I'z-invariant hyperspace H is disjoint from {vz,v;_} by the proof of Theorem
5.2.5. Here, we may regard K; C H for each i = 1,...,l. Then consider any sequence
gi so that {g;(x)} — xo for a point x € .7, (£5)° and xo € F,,(£z). Let x’ denote the
corresponding point of ¥z for x. Then {g;(x’)} converges to a pointy € Sﬁgl. LetX € R"!
be the vector in the direction of x. We write

bgi Ve _’_Abgi Ve + A’VFZ(g"WE
Ci C;i Ci

=‘<A’—z>

X=Xp+Xxg
where Xy is in the direction of H and Xg is in the direction of v;. By the uniform middle
eigenvalue condition and estimating the size of vectors, we obtain the same situation as in
(5.3.12) and {g;(x)} — xo for x € Lz and xo € H. Hence, xo € H N L. Thus, every limit
point of an orbit of x is in H.

If there is a point y in Lz — H, then there is a strict join Kj, *--- x K, * {vz} for a
proper collection containing y. As in the proof of Theorem 5.2.5, by Proposition 1.4.10,
we can find a sequence g;, virtually central g; € I'z, so that {g,»|Ki1 Kok K,-l} converges to
the identity, and the maximal norm of g; to be in the complementary domains. The norms
of eigenvalues associated with K;, * - * K;, have uniformly bounded ratios with the min-
imal one A, (g;) in this case. The maximal norm A, (g;) of the eigenvalue associated with
K;, -+ K;, and Az(g;) satisfy {11(g:)/Az(g:)} — O by the uniform middle eigenvalue
condition. Hence {g;(y)} — vz. Again this is a contradiction. Hence, we obtain Lz C H.
(1), (i1), (iii) follow easily now.

(iv) Suppose that we have another distanced set L'. We take a convex hull of Lg UL’
and apply the same reasoning as above. (]

5.3.3. An extension of Koszul’s openness. Here, we state and prove a well-known
minor modification of Koszul’s openness result.
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A radial affine connection is an affine connection on R"*! — {0} invariant under a
scalar dilatation S; : V — ¢V for every ¢ > 0.

PROPOSITION 5.3.11 (Koszul). Let M be a properly convex real projective compact
n-orbifold with strictly convex boundary. Let

h:m(M)— PGL(n+1,R) (resp. h: m(M) — SLi(n+ 1,R))

denote the holonomy homomorphism acting on a properly convex domain Qy, in RP" (resp.
in S"). Assume that M is projectively diffeomorphic to Q;,/h(7(M)). Then there exists a
neighborhood U of h in

Hom(m (M),PGL(n+ 1,R)) (resp. Hom(m;(M),SLy(n+ 1,R)))

so that every W' € U acts on a properly convex domain Qy so that Qu /W (7 (M)) is a
compact properly convex real projective n-orbifold with strictly convex boundary. Also,

Qp /W (71 (M) is diffeomorphic to M.

PROOF. We prove for S”. Let €, be a properly convex domain covering M. We may
modify M by pushing dM inward: Let Q) be the inverse image of M’ in M. Then M’ and
Q;, are properly convex by Lemma 1.4.6.

The linear cone C(Qg) C R =TI71(Q) over Q7 has a smooth strictly convex Hes-
sian function V by Vey [151] or Vinberg [107]. Let C(£j,) denote the linear cone over ;.
We extend the group (7 (M)) by adding a transformation y : v — 2V to C(€7). For the
fundamental domain F’ of C(€;)) under this group, the Hessian matrix of V restricted to
FNC(€),) has a lower bound. Also, the boundary bdC(€))) is strictly convex in any affine
coordinates in any transverse subspace to the radial directions at any point.

Let N/ be a compact orbifold C(Q},) /{1 (m (E)), ) with a flat affine structure. Note
that S;, t € R, becomes an action of a circle on M. The change of representation % to
W :m (M) — SLi(n+ 1,R) is realized by a change of holonomy representations of M and
hence by a change of affine connections on C(€},). Since S; commutes with the images of
hand I/, S; still gives us a circle action on N’ with a different affine connection. We may
assume without loss of generality that the circle action is fixed and N’ is invariant under
this action.

Thus, N’ is a union of By, ..., By, that are the products of n-balls by intervals foliated
by connected arcs in circles that are flow arcs of S;. We can change the affine structure on
N’ to one with the holonomy group (' (m;(E)), ) by local regluing By, ..., By, as in [49].
We reglue using maps that preserve the leaves for which we need to find maps commuting
with the y-action. We assume that S; still gives us a circle affine action since ¥ is not
changed. We may assume that N’ and dN’ are foliated by circles that are flow curves of
the circle action. The change corresponds to a sufficiently small C"-change in the affine
connection for r > 2 as we can see from [49]. Now, the strict positivity of the Hessian
of V in the fundamental domain and the boundary convexity are preserved. Let C(Q})
denote the universal cover of N’ with the new affine connection. Thus, C(€)) is also a
properly convex affine cone by Koszul’s work [114]. Also, it is a cone over a properly
convex domain ;' in S". [S"T] O

We denote by PGL(n + 1,R), the subgroup of PGL(n+ 1,R) fixing a point v,v €
RP". and denote by SLy(n+ 1,R), the subgroup of SL.(n+ 1,R) fixing a point v,
v € S". Let Hom¢(I',PGL(n + 1,R),) denote the space of representations acting co-
compactly and discretely on a properly convex domain in SL”I. Respectivley, we define
Homc¢(m (M),SLs (n+1,R),) similarly.
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PROPOSITION 5.3.12. Let T be a tube domain over a properly convex domain Q C
RP"~! (resp. € S*1). Let B be a strictly convex hypersurface bounding a properly convex
domain in a tube domain T. Let v be a vertex of T. B meets each radial ray in T from
v transversely. Assume that a projective group I acts on Q properly discontinuously and
cocompactly. Then there exists a neighborhood of the inclusion map in

Hom¢ (I, PGL(n+ 1,R),) (resp. Home (7 (M),SLe(n+ 1,R),))

where every element h acts on a strictly convex hypersurface By in a tube domain I,
meeting each radial ray at a unique point and bounding a properly convex domain in Jj,.

PROOF. We assume first that B,7 C S". For sufficiently small neighborhood V' of &
in Home (T, SLy (n+ 1,R),), A(T), h € V acts on a properly convex domain £, properly
discontinuously and cocompactly by Theorem 4.1 of [49] (see Koszul [114]). A large
compact subset K of Q flows to a compact subset Kj, by a diffeomorphism by a method
of Section 5 of [49]. Let .7}, denote the tube over Q. Since B/T" is a compact orbifold,
we choose V/ C V so that for the projective connections on a compact neighborhood of
B/T corresponding to elements of V', B/T is still strictly convex and transverse to radial
lines. For each h € V', we obtain an immersion to a strictly convex domain 1, : B — .7,
transverse to radial lines since we can think of the change of holonomy as small C!-change
of connections. (Or we can use the method described in Section 5 of [49].) Let p g, : T —
Qy, denote the projection with fibers equal to the radial lines. Also, in this way of viewing
as the connection change, p 7 o, is a proper immersion to £y, it is a diffeomorphism to
B — Q. (Here again we can use Section 5 of [49].) Each point of B is transverse to a
radial segment from v. By considering the compact fundamental domains of B, we see that
same holds for By, for h sufficiently near I. Also, By, is strictly convex and smooth. By
Proposition 5.3.11, the conclusion follows. [S"T] ([l

5.3.4. Convex cocompact actions of the p-end holonomy groups.

DEFINITION 5.3.13. In S”, a (resp. generalized) lens-shaped R-p-end with the p-
end vertex v in S” is strictly (resp. generalized) lens-shaped if we can choose a (resp.
generalized) CA-lens domain D in S" so that the interior of D * v is a p-end neighborhood
with the top hypersurfaces A and the bottom one B so that each great open segment in S”
from vz in the direction of dCI(£z) meets CI(D) — A — B at a unique point. In RP", such
an p-end vertex vy is strict one if its lift is one in S".

A (resp. generalized) lens L is called strict lens if the following hold:

dCl(A) =Cl(A) —A = JCI(B) =CI(B) —B,AUB = dL, and Cl(A) UCI(B) = JdCI(L).
Recall that in order that L is to be a lens, we assume that 7;(E) acts cocompactly on L.

Also, CI(A) — A must equal the limit set Az of £ by Corollary 5.3.5.
Also, the images of these under ps» are called by the same names respectively.

Obviously, a lens of a lens-shaped R-p-end is strict if and only if the R-p-end is strictly
lens-shaped.

In this section, we will prove Proposition 5.3.14 obtaining a lens.

For the following, & needs not be properly convex but merely convex.

_ PROPOSITION 5.3.14. Let O be a strongly tame convex real projective orbifold where
O CS" (resp. RP").

o Let T'z be the holonomy group of a properly convex R-p-end E.

o Let 7, (£) be an open tube corresponding to R(Vg).
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o Suppose that I satisfies the uniform middle eigenvalue condition with respect to
the R-p-end structure, and acts on a distanced compact convex set K in 7 . (L)

where K N %E(i,;) co.

Then any connected open p-end-neighborhood U containing a lift to & of KN %E. (iﬁ)
contains a lens L' and a lens-cone p-end-neighborhood L' x {vz} — {vz} of the R-p-end
E. We can choose the lens L' in U so that bdL' N .7° = AUB for strictly convex smooth
connected hypersurfaces A and B. Furthermore, every lens of the cone is a strict lens.

PROOF. First suppose that & C S". We may assume that U embeds to a neighborhood
of L under a developing map by taking U sufficiently small. We denote by U the image
again. the projection of K to £z must be onto since it must be a I'z-invariant convex set.
So, K must meet each great segment with endpoints vz in the directions of £z. Hence,
KNT, (£z) is a separating Sf:t in @, and U — K has two components since the boundary
of K has two components in .

Let A denote bd 7y, (£z) NK. Let us choose finitely many points zy,...,z, € U —K
in the two components of U — K.

Proposition 5.3.10 shows that the orbits of z; for each i accumulate to points of Az only.
Hence, a totally geodesic hypersphere separates vz with these orbit points and another one
separates vz_ and the orbit points. Define the convex hull Cy := €5 (L' ({z1,...,2m}) U
K). Thus, C| is a compact convex set disjoint from vz and vz and C; Nbd.7, (£z) = Ag.
(See Definition 1.1.22.)

We need the following lemma:

O

LEMMA 5.3.15. We continue to assume as in Proposition 5.3.14. Then we can choose
20,...y2m in U so that for Cy := € (Ls({z1,-..,2m}) UK), bdC1 N O is disjoint from K
and C, C U.

PROOF. First, suppose that K is not in a hyperspace. Then (bdK N 7. (£z))/T; is
diffeomorphic to a disjoint union of two copies of Xz. We can cover a compact fundamental
domain of bdK'N 7, (£z) by the interior of n-balls in & that are convex hulls of finite sets
of points in U. Since L/T'z is compact for a lens L containing K N &, so is (KN 0) /T,
and there exists a positive lower bound of {d;(x,bdU N &)|x € K}. Let F denote the union
of these finite sets. We can choose € > 0 so that the €-d ;-neighborhood U’ of K in & is
a subset of U. Moreover U’ is convex by Lemma 1.1.13 following [67]. We let z1,...,Zn
denote the points of F. If we choose F to be in U’, then C} is in U’ since U’ is convex.

The disjointedness of bdC from KN 7. (£z) follows since the T'z-orbits of above
balls cover bdK 1.7, . (£).

If K is in a hyperspace, the reasoning is similar to the above. (]

We continue:

LEMMA 5.3.16. Let C be a T z-invariant distanced compact convex set with boundary
in where (CN 95”) /T is compact. There are two connected hypersurfaces A and B of
bdCnN “750 meeting every great segment in %’ . Suppose that A and B are disjoint from an-
other C' T g-invariant distanced compact convex set with boundary in where (C' N Tg )/T;

is compact. Then A (resp. B) contains no line ending in bd 0.

PROOF. It is enough to prove for A. Suppose that there exists a line / in A ending at a
point of bd 7 . (£z). Assume [ C A. The line [ projects to a line /’ in E.
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Let C; = CN %, (£z). Since A/T; and B/T'; are both compact, and there exists a
fibration C, /T'z — A/I'; induced from C; — A using the foliation by great segments with
endpoints vz, Vg _.

Since A/Tj is compact, we choose a compact fundamental domain F in A and choose
a sequence {x; € I} whose image sequence in I’ converges to the endpoint of I’ in dCI1(£z).
We choose % € I'y, so that %i(x;) € F where {(CI(l))} geometrically converges to a
segment [/, with both endpoints in dCI(£z). Hence, {:(Cl(l))} geometrically converges
to a segment L. in A. We can assume that for the endpoint z of / in A, {¥;(z)} converges to
the endpoint p;. Proposition 5.3.10 implies that the endpoint p; of I is in Lz := LNbd 7.
Let ¢ be the endpoint of / not equal to z. Then ¢ € A. Since 7; is not a bounded sequence,
7:(t) converges to a point of Az. Thus, both endpoints of L. are in Az and hence 12 C C’
by the convexity of C’. However, [ C A implies that [2 C A. As A is disjoint from C’, this
is a contradiction. The similar conclusion holds for B. t

PROOF OF PROPOSITION 5.3.14 CONTINUED. We will denote by C; the compact
convex subset C; = CN %E (iE) for C obtained by Lemma 5.3.15. Since C; meets in
a compact segment any great segment in 7, (£z), it follows that bdCy N Tg (£z)is a
union of two hypersurfaces A and B. Since C is contructed by taking the convex hull of
(Tg({z1,-.-,2m}) UK), and balls that are convex hulls of some points of zj,...,z, and
their images cover bdK N 7, (£z)°, it follows that the extreme points of A or B must be
vertices of the images of z1,...,z, and points of Kﬂbdﬂvg (iE) Since the ball cover
bdKN %, (£7)°, A and B are disjoint from K.

Since A and analogously B do not contain any geodesic ending at bd&, by Lemma
5.3.16,AUB =bdCi N, (£)? is a union of compact n — 1-dimensional polytopes meet-
ing one another in strictly convex dihedral angles.

Immediately following Proposition 5.3.17 completes the proof of Proposition 5.3.14.

For RIP" version, we can argue by projecting by ps» and Proposition 1.4.2. ([

PROPOSITION 5.3.17. Assume the premise of Proposition 5.3.14. Suppose that a lens
cone Ly * {Vg} — {vz} is in a convex p-end neighborhood U of a p-end E a p-end neigh-
borhood of E. Suppose that Ly contains a lens L in its interior where Lx {¥z} — {vg}
is again. Suppose that Ly is bounded by two connected convex polyhedral hypersurfaces.
Then there exists a lens Ly bounded by two connected strictly convex hypersurfaces so that
Ly CUand LC L5, Ly C LS.

PROOF. First, assume & C S". Let us take the dual domain Uy, of (L* {vz})°. The
dual U; of (L; % {vjz})° is an open subset of Uy by (1.5.2). By Proposition 5.2.4, the
dual action is asymptotically nice. By the uniqueness parts of Theorems 4.1.1 and 4.3.1,
Uy, and U; are asymptotically-nice properly convex domains. By Lemma 1.5.7 (iii), the
hyperplanes sharply supporting (L; *{v})° at vz correspond to points of a totally geodesic
domain D,

D=Cl(U;)NP=CI(U,)NP
for a 'z-invariant hyperplane P. Hence, Uy, and U are asymptotically nice domains with
respect to D. (See Section 4.1.)
By the premise, we have a connected convex polyhedral open subspace

St :=bd(Li *{vg})NF . (£5)° Cbd(L; *{vg}).
By Lemma 1.5.7 (iv), S1 corresponds to a connected convex polyhedral hypersurface
ST C bdlU;
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A
bY Dty
(1.5.2). Since S /T'z is compact, so is S]/I"z by Proposition 1.5.4. Theorem 4.4.1 shows
that DU S| = bdU,. Hence, bdU; NU = S;.

By Theorem 4.4.4, we obtain an asymptotically nice closed domain U, with connected
strictly convex smooth hypersurface boundary S, in U with Uy US; C U3. The dual U; of
U, has a connected strictly convex smooth hypersurface boundary S5 in 7, (£z)° disjoint
from (L« {vj})? and inside (L; * {vz})? by (1.5.2). This is what we wanted.

Also, considering (L*{vz_1})° and (L; *{vz_})?, we obtain a connected strictly con-
vex smooth hypersurface in the other component of .7 - (£z)° —Lin U. The union of the
two hypersurfaces bounds a lens L, in U. (See Section 1.5.1.)

Let F denote the compact fundamental domain of the boundary of the lens. The strict-
ness of the lens follows from Proposition 5.3.10 since the boundary of the lens is a union
of orbits of F' and the limit points are only in Agz.

Again Proposition 1.4.2 completes the proof for RP". (]

». Since S is disjoint from L by the premise, it follows S} C bdU; NUz, by

Proof of Theorem 5.1.4. Proposition 5.3.14 is the forward direction using & := Tz £z).

Now, we show the converse. It is sufficient to prove for the case & C S". Let L
be a CA-lens of the lens-cone where I'z acts cocompactly on. Let 7, (£z) be the tube
corresponding to L.

We will denote by & : 7 (E) — SLi(n+ 1,R) denote the holonomy homomorphism
of the end fundamental group with image I';. We assume that the image of / are matrices
of form (5.2.1).

There is an abelianization map

A:m(E) — Hi(m (E),R)

obtained by taking a homology class. The above map g — log Ay, (h(g)) induces homo-
morphism

A/h :H1(7'C1 (E),R) —R
that depends on the holonomy homomorphism #.

Let us give an arbitrary Riemannian metric it on Xz. Recall that a current is a trans-
verse measure on a partial foliation by 1-dimensional subspaces in the compact space ULz
on the transverse measure. (See [141].) These are not necessarily geodesic currents as
in Bonahon [29]. The space of currents is denoted by 4 (UXz) which is given a weak
topology.

The abelianization map 7, (Xz) — Hj (1 (E),R) can be understood as sending a closed
curve to a current the corresponding homology class. This map extends to € (UXz) —
H,(mi(E),R). (See Proposition 1 of [141] and Theorem 14 of [73].) Also, A" : 7 (E) — R
gives rise to the continuous map A’ : % (UXz) — R which restricts to A" on the image
currents of m(Xz): A" is given by integrating a 1-form on Y; along the closed curve
representing 7 (Xz) since Hom(H; (7 (E),R),R) = H' (7 (E),R). Since the integration
along currents are well-defined, we are done.

Let A1 (h(g)) denote the maximal norm of the eigenvalues A(g) of the upper-left corner
of hin (5.2.1). Obviously, A (h(g)) > Av; (h(g)) foreach g, g € m (E): If the eigenvalue
of the upper-left corner matrix of h(g) is strictly smaller than A" (h(g)), Proposition 1.3.2
shows that the closure of L contains vz or v;_ considering the orbit of {g"}, a contradic-
tion.

Let g € I'z. Let [g] denote the current supported on a closed curve cg on Xz corre-
sponding to g lifted to UXz. Define length,, (g) to be the infimum of the y-length of such
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closed curves corresponding to g. Suppose that I'; does not satisfy

ul
h
C_llength“ (g) <log M (h(g)) < Clength, (g)

Ay (h(g))

for a uniform constant C > 1. Then there exists a sequence g; of elements of I'; so that

A ((s1)
log (xig <h<g,->>>

length,, (g:)

—0asi—> oo,

Let [go] denote a limit point of {[g;]/length, (g;)} in the space of currents on UZg.
Since UXj is compact, a limit point exists. We may modify & by changing the homo-
morphism g — Ay, (h(g)) only; that is, we only modify the (n+ 1) x (n+ 1)-entry of the
matrices form (5.2.1) with corresponding changes. Proposition 5.3.12 implies that the per-
turbed CA-lens L' is still a properly convex domain with the same tube domain whose
closure does not contain v;. By considering the image of [g.] in H;(Xz,R), we can make
a sufficiently small change of / to /' in this way so that A" ([g..]) > A”([gw]). From this,
we obtain that

AW (1))
(5.3.15) Io (') < 0 for sufficiently large i.
S\, () e

By (5.3.15), we obtain that A'(K'(g)) < Ay (h('g)) for some g and that Ay (K'(g)) at
vi. Hence, we can decompose S” into a hyperspace S and the complementary {vz,v;_}.
The norms of eigenvalues associated with S’ are strictly less than that of vz. Proposition

1.3.2 shows that the closure of L contains vz or vz_ by considering the orbits under {g'}.
O

5.3.5. The uniform middle-eigenvalue conditions and the lens-shaped ends. Now,
we aim to prove Theorem 5.1.5 restated as Theorem 5.3.21. A radially foliated end-
neighborhood system of € is a collection of end-neighborhoods of & that is radially foli-
ated and outside a compact suborbifold of & whose interior is isotopic to &.

DEFINITION 5.3.18. We say that a strongly tame properly convex ¢ with & C "
(resp. C RP") satisfies the triangle condition if for any fixed end-neighborhood system of
O, every triangle T C CI(6), if T C bd&',T° C &, and dT NCI(U) # 0 for a radial p-end
neighborhood U, then 9T is a subset of CI(U) Nbd&.

For example, by Corollary 6.3.3, strongly tame strict SPC-orbifolds with generalized
lens-shaped or horospherical ends satisfy this condition. The converse is not necessarily
true.

A minimal T g-invariant distanced compact set is the smallest compact I'z-invariant
distanced set in J.

LEMMA 5.3.19. Suppose that O is a strongly tame properly convex real projective
orbifold and satisfies the triangle condition. Then no triangle T with T° C €,dT C bd0
has a vertex equal to an R-p-end vertex.

PROOF. Assume & C S". Let vi be a p-end vertex. Choose a fixed radially foliated
p-end-neighborhood system. Suppose that a triangle T with dT C bd& contains a vertex
equal to a p-end vertex. Let U be a component of the inverse image of a radially foliated
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end-neighborhood in the end-neighborhood system, and be a p-end neighborhood of a p-
end E with a p-end vertex vz. By the triangle condition, 97 C CI(U)Nbd&.

Since U is foliated by radial lines from vz, we choose U so that bdU N & covers a
compact hypersurface in &. Let % denote the set of segments in C1(U) from vz. Every
segment in % in the direction of ig ends in bdU N &. Also, the segments %/ in directions
of bdE are in bdU Nbd& by the definition of £z. Also, CI(U) is a union of segments in
% . Thus, CI(U)Nbd{ is a union of segments in directions of bdZ z.

Since T° C €, each segment in %/ with interior in T is not in directions of dCI(£z).
Let w be the endpoint of the maximal extension in & of such a segment. Then w is not in
CI(U)Nbd& by the conclusion of the above paragraph. This contradicts T C Cl(U) N
bdo.

The proof for RP" case follows by Proposition 1.4.2. [S"P] O

LEMMA 5.3.20. Suppose that O is a strongly tame properly convex real projective
orbifold and satisfies the triangle condition or, alternatively, assume that an R-p-end E is
virtually factorizable. Suppose that the holonomy group T is strongly irreducible. Then
the R-p-end E is generalized lens-shaped if and only if it is lens-shaped.

PROOF. Again, we prove for S". If £ is virtually factorizable, this follows by Theorem
54.3.

Suppose that E is not virtually factorizable. Now assume the triangle condition. Given
a generalized CA-lens L, let L” denote CI(L) N .7, " (£z). We obtain the convex hull M of
L’. M is a subset of CI(L). The lower boundary component of L is a smooth strictly convex
hypersurface.

Let M, be the outer component of bdM N 9\,5 (£z). Suppose that M| meets bd4. M,

is a union of the interior of simplices. By Lemma 1.4.4, either a simplex ¢ in Cl(0) is
in bd& or its interior 6° is disjoint from it. Hence, there is a simplex ¢ in M; Nbd&.
Taking the convex hull of vz and an edge in o, we obtain a triangle T with dT C bdd
and T° C 0. This contradicts the triangle condition by Lemma 5.3.19. Thus, M; C &. By
Theorem 5.3.21, the end satisfies the uniform middle eigenvalue condition. By Proposition
5.3.14, we obtain a lens-cone in &. [S"S] (Il

THEOREM 5.3.21. Let O be a strongly tame convex real projective orbifold. Let Iz
be the holonomty group of a properly convex R-end E and the end vertex vg. Then the
following are equivalent:

(i) E is a generalized lens-shaped R-end.
(ii) 'y satisfies the uniform middle-eigenvalue condition with respect to v .

Assume that the holonomy group of m (O) is strongly irreducible, and O is properly con-
vex. If O furthermore satisfies the triangle condition or, alternatively, assume that E is
virtually factorizable, then the following holds:

o I'; is lens-shaped if and only if T satisfies the uniform middle-eigenvalue con-
dition.

PROOF. Assume & C S". (i) = (i): This follows from Theorem 5.1.4 since we can
intersect the lens with & to obtain a generalized lens and a generalized lens-cone from it.
(Here, of course 71 (E) acts cocompactly on the generalized lens.)

(i) = (ii): Let L be a generalized CA-lens in the generalized lens cone L* v;. Let B
be the lower boundary component of L in the tube 7%, (£z). Since B is strictly convex, the
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upper component of 7. (iE) — B is a properly convex domain, which we denote by U.
Let [, denote the maximal segment from v passing x forx € U — L.

We define a function f : U — L — R given by f(x) to be the Hilbert distance on line
I from x to LN 1,. Then a level set of f is always strictly convex: This follows by taking
a 2-plane P containing vz passing L. Let x,y be a points of f ~!(c) for a constant ¢ > 0.
Let x’ be the point of CI(L) N1, closest to x and y’ be one of CI(L) N1, closest to y. Let
x” be one of CI(L) NI, furthest from x. Let y” be one of CI(L) N/, furthest from x. Since
f(x) = f(y), a cross-ratio argument shows that the lines extending xy,x’y’ and x”y” are
concurrent outside U N P. The strict convexity of B and Lemma 1.8 of [67] shows that
f(z) < g for z € y°.

We can approximate each level set by a convex polyhedral hypersurface in U — L by
taking vertices in the level set and taking the convex hull using the strict convexity of
the level set. Then we can smooth it to be a strictly convex hypersurface by Proposition
5.3.17. Let V denote the domain bounded by this and B. Then V has strictly convex smooth
boundary in U. Theorem 5.1.4 immediately below implies (ii).

The final part follows by Lemma 5.3.20. [S"S] O

5.4. The properties of lens-shaped ends.

LEMMA 5.4.1. Let O be a strongly tame properly convex orbifold. Then given any
end-neighborhood, there is a concave end-neighborhood in it. Furthermore, the dg-
diameter of the boundary of a concave end-neighborhood of an R-end E is bounded by
the Hilbert diameter of the end orbifold Xr of E.

PROOF. It is sufficient to prove for the case & C S”. Suppose that we have a general-
ized lens-cone V that is a p-end-neighborhood equal to the interior of L* vz where L is a
generalized CA-lens bounded away from vj.

Now take a p-end neighborhood U’. We assume without loss of generality that U’
covers a product end-neighborhood with compact boundary.

By taking smaller U’ if necessary, we may assume that U’ and L are disjoint. Since
(bdU’ N &) /h(m;(E)) and L/h(m; (E)) are compact, € > 0. Let

L' :={xeVl|dy(x,L) <e}.

Since a lower component of dL is strictly convex, we can show that L' can be polyhedrally
approximated and smoothed to be a CA-lens by Proposition 5.3.17.

Clearly, h(m (E)) acts on L'.

We choose sufficiently large €’ so that bdU N& C L', and hence V — L' C U form a
concave p-end-neighborhood as above.

Let E be a p-end corresponding to E. Let U be a concave p-end neighborhood of E
that is a cone: U is the interior of {v}* L — L for a generalized CA-lens L and the p-end
vertex v corresponding to U. Let T denote the tube with vertex v in the direction of L.
Then B := bdU N & is a smooth lower boundary component of L.

Any tangent hyperspace P at a point of B meets bd7 in a sphere of dimension n — 2.
By convexity of L and the strict convexity B, it follows that PN L is a point. We claim
that PNbd& € PNbdT: We put T into an affine space A" with vertices in bdA”. Then
T is foliated by parallel complete affine lines. Consider these as vertical lines. B is a
strictly convex hypersurface meeting these vertical lines transversely. Then the property of
P becomes clear now.

Thus any maximal segment in ¢ tangent to B at x must end in bd7 Nbd&. There
is a projection Iy, : B — ¥ that is a diffeomorphism. Hence, the maximal segment is
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sent to a maximal segment of iE under IT,, which forms an isometry on the segment with
the Hilbert metrics. Moreover this is a Finsler isometry by considering the Finsler metric
restricted to the tangent space to B at x to that of the tangent space to £z at I1(x) and the
Finsler metrics. The conclusion follows. [S"S] O

5.4.1. The properties for a lens-cone in non-virtually-factorizable cases. Recall
that each infinite-order g € I'; is positive bi-semi-proximal by Proposition 1.3.11.

THEOREM 5.4.2. Let O be a strongly tame convex real projective n-orbifold. Let E
be an R-p-end of O C S" (resp. in RP") with a generalized lens p-end-neighborhood. Let
Vi be the p-end vertex. Assume that T (E) is non-virtually-factorizable. Then Iz satisfies
the uniform middle eigenvalue condition with respect to vg, and there exists a generalized
CA-lens D disjoint from vg with the following properties:

(i) e bdD—9dD = A is independent of the choice of D where Ag is from Propo-
sition 5.3.10.

e D is strictly generalized lens-shaped.

e Each nontorsion nonidentity element g € I's has an attracting fixed set in
bdD intersected with the union of some great segments from v in the direc-
tions in bd¥g.

e The closure of the union of attracting fixed set is a subset of bdD — A — B for
the top and the bottom hypersurfaces A and B. The closure equals bdD —
A —BifT's is hyperbolic.

(i) e Let [ be a segment | C bd0 with [°N CI(U) # 0 for any concave p-end-
neighborhood U of vg. Then L is in\JS(vg) and in the closure in C1(V) of
any concave or proper p-end-neighborhood V of v.

o The set S(vp) of maximal segments from vg in C1(V) is independent of a
concave or proper p-end neighborhood V (in fact it is the set of maximal
segments from Vi ending in bdD —A — B).

JS(vg) =Cl(V)Nbdo.

(ii)) S(g(vz)) =8(S(vg)) for g € m(E).
(iv) Given g € m(0), we have

(5.4.1) (US(g(VE))>0 OUS(VE) =0 or else US(g(VE)) = US(VE) with g € Tz,

(v) A concave p-end neighborhood is a proper p-end neighborhood.
(vi) Assume that Vg is the p-end vertex of an R-p-end E'. We can choose mutually
disjoint concave p-end neighborhoods for every R-p-ends. Then

(US(VE))O AUSve) =0 or (JS(ve) = JS(ver) with vy = vg B = E/
for an R-p-end vertice vi. (This is a sharping of (iv).)

PROOF. Suppose first & C S". Theorem 5.3.21 implies the uniform middle eigenvalue
condition.

(i) Let U; be a concave end neighborhood. Since I'z acts on Uj, U is a component
of the complement of a generalized lens D in a generalized R-end of form D x {vz} by
definition. The action on D is cocompact and proper since we can use a foliation by great
segments in a tube corresponding to E.

Proposition 5.3.10 implies that the lens is a strict one. This implies (i).
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(ii) Consider any segment / in bd& with [° meeting Cl(U;) for a concave p-end-
neighborhood U; of vz. Here, the generalized lens D has boundary components A and
B where B is also a boundary component of U; in &. Let T be the open tube corresponding
to £z. Then & C T since £ is the direction of all segments in & starting from vz. Let
T; be a component of bdT — ;B containing vz. Then Ty C Cl(U;) Nbd& by the definition
of concave p-end neighborhoods. In the closure of Uj, an endpoint of / is in 7. Then
1° C bdT since [ is tangent to bdT — {vz,vz_}. Any convex segment s from vz to any
point of / must be in bd7. By the convexity of Cl(&), we have s C Cl(&). Thus, s is
in bd& since bdT NCI(&) C bd&. Therefore, the segment [ is contained in the union of
segments in bd& from v.

We now suppose that / is a segment from vz containing a segment /y in C1(U; ) Nbdd
from v, and we will show that / is in C1(U} ) Nbd &, which will be sufficient to prove (ii). [°
contains a point p of bdD —A — B, which is a subset of bd .7, . (£z)ND. Since I C CI(0),

we obtain Uger, g(l) € C1(0), a properly convex subset. Hence, User; g(l)—Uj is a
distanced set, and has a distanced compact closure. Then the convex hull of the closure
meets bd 7. (Xz) in a way contradicting Proposition 5.3.10 (ii) where D is Az in the

proposition. Thus, /? does not meet bdD — A — B. Thus,
[ C CI(U;)Nbd&.

We define S(vj) as the set of maximal segments in CI(U;) Nbd&. Such a maximal
segment is also maximal in C1(U) Nbd& by the above paragraph. Hence, we can character-
ize S(v) as the set of maximal segments in bd¢ from v ending at points of bdD —A — B.
Also, US(vg) = Cl(U;)Nbd&.

For any other concave affine neighborhood U, of U, we have

Uy ={vg}*Dy—Dr—{vz}

for a generalized CA-lens D;. Since Cl(D;) — dD, equals C1(D) — dD, we obtain that
Cl(Uy)Nbd& = CI(Uy) Nbd& = JS(vg).

Let U’ be any proper p-end-neighborhood associated with viz. Uy C U’ for a concave p-
end neighborhood U; by Lemma 5.4.1. Again, U; = {v;} *D—D —{v} for a generalized
CA-lens D where v; ¢ CI(D). Hence, Cl(U;) Nbd& C CI(U') Nbd&. Moreover, every
maximal segment in S(vz) is in CL(U").

We can form §'(v) as the set of maximal segments from vz in Cl(U’) Nbd&. Then
no segment / in §'(v) has interior points in bdD — A — B as above. Thus,

S(vg) =S'(vg).
Also, since every points of CI(U") Nbd& has a segment in the direction of bdE;, we obtain
JS(vg) =Cl(U")Nbd6.

(iii) Since g(D) is the generalized CA-lens for the the generalized lens neighborhood
g(U) of g(vz), we obtain g(S(vz)) = S(g(vz)) for any p-end vertex vg.

(iv) Choose a proper p-end neighborhood U of E covering an end-neighborhood of
product form with compact boundary. We choose a generalized CA-lens L of a generalized
lens-cone so that Cz := {vp}*L—L—{vz} is in U by Lemma 5.4.1. We can choose

Cg to be a proper concave p-end neighborhood since can choose one in a proper p-end
neighborhood. The properness of U shows that

(54.2) 8(Cp) =Cg forg €T, orelse g(Cz)NCsz =0 for every g € T
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Let By, denote the boundary component of L meeting the closure of Cz. Now, JS(vz)?
has an open neighborhood of form Cz UJS(vz)? in & since By is separating hypersurface
in €. We obtain the conclusion since the intersection of the two sets implies the intersec-
tions of the neighborhoods of the sets.

(v) Let Cj; be a concave p-end neighborhood {vz} L —L—{vj} for alens L. We will
now show that Cg is a proper p-end neighborhood. Suppose for contradiction that

8(Cp)NCg # 0 and g(C) # C.

Since Cg is concave, each point x of bdCz N 0 is contained in a sharply supporting
hyperspace H so that

e a component C of Cz — H is in Cz where
e CI(C) > vc, for the p-end vertex v¢, of Cg.

Similar statements hold for g(Cz).
Since g(Cz) NCy # 0 and g(Cjz) # C, it follows that

bdg(Cz)NCx # 0 or g(Cz) NbACy # 0.

Assume the second case without the loss of generality. Let x € bdCg in g(Cg) and choose
H,C as above. Let CI(C) be the closure containing vz of a component C of Cl(&') — H for
a separating hyperspace H. CNbd& is a union of lines in S(vz). Now, H N g(Cz) contains
an open neighborhood in H of x.

Since H contains a point of a concave p-end neighborhood g(Cz) of g(E), it meets a
points of {g(vz)}xg(D)—g(D)—{g(vz)} foralens D of E and aray from g(vz) in g(Cz).
We deduce that H N g(Cp) separates g(Cy) into two open sets C; and C; in the direction
of one of the sides of H where CI(C;) — H and CI(C;) — H meet g (US(vz))? at nonempty
sets. One of C; and C, is in C since C is a component of & — H. Also, C1(C) — H meets
the set at (C1(C) — H) Nbd& C US(vz). Hence, this implies

o
¢ (Ustvp) nUs(vg) #0.
By (iv), this means g € 7 (E). Hence, g(Cz) = Ci and this is absurd. We have
g(CE) NCg=0or g(CE) =Cgforge m(0).

Since g acts on Cz and the maximal segments in S(vz) must go to maximal segments,
and the interior points of maximal segments cannot be an image of vz, we must have
g(vg) = vz. Hence, g(U)NU = 0 for any proper p-end neighborhood of £, and g € 7, (E).

(vi) Suppose that S(vz)°NS(vz) # 0. Then S(vz)° UC is a neighborhood of S(vj)?
for a proper concave p-end neighborhood Cg of E. Also, S(vz/)° UCg is a neighborhood
of S(vz)° for a proper concave p-end neighborhood of Cz of E'.

The above argument in (iv) applies within this situation to show that £ = £ and vz =
V.

Proposition 1.4.2 implies the version for RP”". [S"T] (]

5.4.2. The properties of lens-cones for factorizable case. Recall that a group G
divides an open domain Q if /G is compact. For virtually factorizable ends, we have
more results. We don’t require that the quotient is Hausdorff.

THEOREM 5.4.3. Let O be a strongly tame properly convex real projective n-orbifold.
Suppose that

o CI(0) is not of form vg * D for a totally geodesic properly convex domain D, or
o the holonomy group T is strongly irreducible.
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Let E be an R-p-end of the universal cover 0, & C S" (resp. C RP") with a generalized
lens p-end-neighborhood. Let vg be the p-end vertex, and the p-end orbifold X of E.
Suppose that the p-end holonomy group Iy is virtually factorizable. Then Iy satisfies the
uniform middle eigenvalue condition with respect to Vg, and the following statements hold :

(i) The R-p-end is totally geodesic. D; C SQETI is projectively diffeomorphic by the
projection Il to totally geodesic convex domain D}inS" (resp. in RP") disjoint
from vz. Moreover, Tz is virtually a cocompact subgroup of Rlo—1 x Hgozl I
where T; acts on D irreducibly and trivially on D’j for j # i, and R0~ qacts
trivially on D', for every j=1,....1.

(i) The R-p-end is strictly lens-shaped, and each C! corresponds to a cone C; =
v * D\. The R-p-end has a p-end-neighborhood equal to the interior of

{vg} #D for D := CI(D}) *---xCI(D;,)

where the interior of D forms the boundary of the p-end neighborhood in 0.
(iii) The set S(vz) of maximal segments in bd0 from v in the closure of a p-end-
neighborhood of v is independent of the p-end-neighborhood.

l
US(vz) = U{vi} = CIDY) -+ % CI(D]_ ;) ¥ ACI(D})  CU(Djy 1) 5 - - CI(DY ).
i=1

Finally, the statements (i), (ii), (iii), (iv), (v) and (vi) of Theorem 5.4.2 also hold.

PROOF. Again the S"-version is enough by Proposition 1.4.2. Theorem 5.3.21 im-
plies the uniform middle eigenvalue condition. (i) This follows by Proposition 1.4.10 (see
Benoist [22]).

As in the proof of Theorem 5.4.2, Theorem 5.3.21 implies that I'; satisfies the uniform
middle eigenvalue condition. Proposition 5.3.14 implies that the CA-lens is a strict one.
Theorem 5.2.5 implies that the distanced I'z-invariant set is contained in a hyperspace P
disjoint from v.

(i) By the uniform middle eigenvalue condition, the largest norm of the eigenvalue
A1(g) is strictly bigger than Ay (g).

By Proposition 1.4.10, I"is a virtually a subgroup of R~! x 'y x -+ x I, with Rlo~!
acting as a diagonalizable group, and there are subspaces S i»J=1,...,lp, in chl where
the factor groups I'y, ..., I';, act irreducibly by Benoist [22]. Let S;, j =1,...,ly, be the
projective subspaces in general position meeting only at the p-end vertex vz which goes
to S j under Ily,. Now, Cl(ig) NS; is a properly convex domain K; by Benoist [22]. Let
C; denote the union of great segments from vz with directions in K; in S; for each i. The
abelian center isomorphic to Z0~! acts as the identity on the subspace corresponding to C;
in the projective space Sy .

We denote by Dj := ;N P. We denote by D = D *---+ D, C P. Also, the interior of
v * D is a p-end neighborhood of E. This proves (i).

Let U be the p-end-neighborhood of v obtained in (iv). I'z actson vz and D], .... 7D;0.

Recall that the virtual center of I'z isomorphic to Zl=1 c Rlb~! has diagonalizable
matrices acting trivially on S; for j = 1,...,ly. For all C;, every nonidentity g in the virtual
center acts as nonidentity now by the uniform middle eigenvalue condition.

For each i, we can find a sequence g; in the virtual center of I'z so that the premise of
Proposition 1.4.19 are satisfied, and CI(D/) C C1(&). By Proposition 1.4.19, (ii) follows.
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Therefore, we obtain
v x CI(DY) -+ CU(D;_ ;) * dCL(D}) * CU(Djy 1) * - - - x CI(D) ) =bd& N CI(U)

by the middle eigenvalue conditions. (iii) follows.

(ii) We need to show D° C &. By Lemma 1.4.4, we have either D° C & or D C bd(.
In the second case, C1(&) = {vz} * D since S(vz) C bd& and D C bd&. This contradicts
the premise.

If T is strongly irreducible, & cannot be a strict join by Proposition 1.4.18. Thus, this
completes the proof.

We can prove the strictness of the lens and the final part by generalizing the proof of
Theorem 5.4.2 to this situation. The proof statements do not change. [S"T] O

5.4.3. Uniqueness of vertices outside the lens. We will need this later in Chapter
L1.

PROPOSITION 5.4.4. Suppose that h: mi(E) — SL+(n+ 1,R) is a holonomy represen-
tation of end fundamental group m (E) of a strongly tame convex real projective orbifold.
Let h(m;(E)) act on a generalized lens-cone {v} x L with vertex v, acting on a generalized

lens L properly and cocompactly, or act on a horosphere as a lattice in a cusp group. Then
the following hold:

e the vertex of the lens-cone is determined up to the antipodal map.

e [f the lens-cone is given an outward direction, then the vertex of any lens-cone
where h(m (E)) acts on as a p-end neighborhood equals the vertex of the lens-
cone and is uniquely determined.

o The vertex of the horospherical end is uniquely determined.

PROOF. The horospherical case can be understood from the horopherical action acting
on a ball of a Klein model where fixed points form a pair of antipodal points.

Suppose that 4(m; (E)) acts on a generalized lens cone {v} = L for a generalized lens L
as in the premise and a vertex v. By Theorem 5.1.4, h(7; (E)) satisfies the uniform middle
eigenvalue condition with respect to v. Suppose that there exists another point w fixed by
h(m (E)) so that {w} =L’ is a generalized lens cone for another generalized lens L' properly
and cocompactly. Let "W denote a vector tangent to vw oriented away from v. Then vw
goes to a point () on S7~! which h(m; (E)) fixes. Hence, 7| (E) acts reducibly on $"~,
and h(m(E)) is virtually factorizable. Thus, A(7;(E)) acts on a hyperspace S disjoint
from v by Theorem 5.4.3. There is a properly convex domain D in S where h(m(E))
acts properly discontinuously. Also, CI(D) = K *- - - * K, for properly convex domain K
where h(m; (E)) acts irreducibly by Proposition 1.4.10.

Suppose that w € S. Then {w} = K; or its antipode K;_ for some j. The uniform
middle eigenvalue condition with respect to v implies that 7; (E') does not have the same
property with respect to w. Hence, w & S.

Hence 7; (E) acts on a domain Q equal to the interior of K := K * - - - x K, where K is
compact and convex and a finite-index subgroup I'; of 7 (E) acts on each K irreducibly.
The great segment from v containing w meets S in a point w'. There exists a virtual-center
diagonalizable group D acting on each K; as the identity by Proposition 1.4.10 (more
precisely Proposition 4.4 of [21]). Hence {w'} must be one of K} or its anitpode Kj_ since
otherwise we can find an element of D not fixing w'.

Since the action is cocompact on €, there must be an element of D acting with largest
norm eigenvalue on K.
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Since h(m (E)) acts on {w} * L’ with a compact set L’ disjoint from w. We construct
a tube domain T and L' N T gives us a CA-lens in the tube. Hence, by Theorem 5.1.4
Aw(g) satisfies the uniform middle eigenvalue condition. We choose g € D with a largest
norm eigenvalue at K. Since v, w,w’ are distinct points in a properly convex segment and
are fixed points of g, it follows that ;(g) = A, (g) = Ay(g). This contradicts the uniform
middle eigenvalue condition for v under 7; (E). Thus, we obtain v = w. t

PROPOSITION 5.4.5. Suppose that h: w1 (E) — SLi(n+ 1,R) is a representation

e qacting properly and cocompactly on a lens neighborhood of a totally geodesic
(n—1)-dimensional domain Q and Q/h(m;(E)) is a compact orbifold or

e acting on a horosphere as a cocompact cusp group.

Then h(m, (E)) uniquely determines the hyperplane P with one of the following properties:

o P meets a lens domain L' with the property that (L' \P) /h(m (E)) is a compact
orbifold with L' "\P =L"°NP.

e P is tangent to the h(m (E))-invariant horosphere at the cusp point of the horo-
sphere.

PROOF. The duality will prove this by Proposition 5.5.5 and Corollary 5.5.1. The
vertex and the hyperspace exchanges the roles. (]

5.5. Duality and lens-shaped T-ends

We first discuss the duality map. We show a lens-cone p-end neighborhood of an R-p-
end is dual to a lens p-end neighborhood of a T-p-end. Using this we prove Theorem 5.5.4
dual to Theorem 5.3.21, i.e., Theorem 5.1.5.

5.5.1. Duality map. The Vinberg duality diffeomorphism induces a one-to-one cor-
respondence between p-ends of & and &* by considering the dual relationship Izand Ty
for each pair of p-ends £ and £’ with dual p-end holonomy groups. (See Section 1.5.)

Given a properly convex domain  in §” (resp. RP"), we recall the augmented bound-
ary of Q

bd*8Q := {(x,H)|x €bdQ,x € H,
(5.5.1) H is an oriented sharply supporting hyperspace of Q} C " x S™.

This is a closed subspace. Each x € bdQ is contained in at least one sharply supporting
hyperspace oriented towards Q. and an element of S” represent an oriented hyperspace in
S

We recall a duality map.

(5.5.2) P4E  bdA2Q — bdAeQ*

given by sending (x,H) to (H,x) for each (x,H) € bd*#Q. This is a diffeomorphism since
.@Sg has an inverse given by switching factors by Proposition 1.5.4 (iii).

We will need the corollary about the duality of lens-cone and lens-neighborhoods.
Recall that given a properly convex domain D in S" or RP", the dual domain is the closure
of the open set given by the collection of (oriented) hyperspaces in S or RP" not meeting
CI(D). Let Q be a properly convex domain. We need to recall the duality from Section
1.5.1 with the projection map

I15¢ : bd*Q — bdQ
sending each pair (x, %) of a point x, x € bd€2, and sharply supporting hyperplane /% at x.
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FIGURE 1. The figure for Corollary 5.5.1. Lines passing v in the left
figure correspond to points on P in the left. The line passing a point of
A corresponds to a point on A’. Lines in the right figure correspond to
points in the left figure.

COROLLARY 5.5.1. The following hold in S™:

o Let L be a lens and {v} & CI(L) so that v x L is a properly convex lens-cone.
Suppose that the smooth strictly convex boundary component A of L is tangent
to a segment from v at each point of dCI(A) and {v} xL = {v} xA. Then the
following hold:

— the dual domain of C1({v} % L) is the closure of a component Ly of L' — P
where L' is a lens and P is a hyperspace meeting L.

— A corresponds to a hypersurface A’ C bdL' under the duality (5.5.2).

— A'UD is the boundary of L for a totally geodesic properly convex (n—1)-
dimensional compact domain D dual to Ry({v} * L) where D is given by
H?f}*L © g{v}*L((HAg){vl}*L({V}))'

e Conversely, we are given a lens L' and P is a hyperspace meeting L'° but not
meeting the boundary of L'. Let Ly be a component of L' — P with smooth strictly
convex boundary dL; so that dCI(dL;) C P. Here, we assume dL; is an open
hypersurface. Then the following hold:

— The dual of the closure of a component Ly of L' — P is the closure of v+ L
for alens L and v & L so that v L is a properly convex lens-cone. Here,
V) =T, o T, (P)

— The outer boundary component A of L is tangent to a segment from v at each
point of ICI(A).

e [n the above, the vertex denoted by v corresponds to a hyperplane denoted by P
uniquely.

PROOF. In the proof all hyperspaces are oriented so that L° is in its interior direction.
Let A denote the boundary component of L so that {v} L = {v}*A. We will determine the
dual domain (CI({v} *L))* of {v} * L by finding the boundary of D using the duality map
D{v)«1- The set of hyperspaces sharply supporting CI({v}*L) at v forms a properly totally
geodesic domain D in S™ contained in a hyperspace P dual to v by Lemma 1.5.7. Also the
set of hyperspaces sharply supporting C1({v} x L) at points of A goes to the strictly convex
hypersurface A’ in bd(v * L)* by Lemma 1.5.7 since Dvy«1 1s a diffeomorphism. (See
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Remark 1.5.6 and Figure 1.) The subspace S :=bd({v} *A) — A is a union of segments
from v. The sharply supporting hyperspaces containing these segments go to points in dD.
Each point of CI(A") — A’ is a limit of a sequence {p;} of points of A’, corresponding to
a sequence of sharply supporting hyperspheres {4;} to A. The tangency condition of A at
dCI(A) implies that the limit hypersphere contains the segment in S from v. We obtain that
CI(A") — A’ equals the set of hyperspheres containing the segments in S from v, and they
go to points of dD with dCI(A’) = dD. We conclude

M5, 0 Py (bd({v} # L)) = A’ UD.

Let P be the unique hyperspace containing D. Then each point of JCI(A) goes to a
sharply supporting hyperspace at a point of JCI(A") distinct from P. Let L* denote the
dual domain of CI(L). Since CI(L) C Cl({v} * L), we obtain (CI({v}*L))* C (CI(L))* by
(1.5.2). Since A C bdL, we obtain

H?f}*L 0 Dy (bd({v} * L)) C A’UP, and A’ C bdL".

Proposition 1.5.4 implies that (({v} *L)?)* is a component L; of (L°)* — P since the first
domain can have boundary points in A’ U P only and cannot have points outside the com-
ponent. Hence, the dual of C1({v}*L) is Cl(L;). Moreover, A’ C bdL, since A’ is a strictly
convex hypersurface with boundary in P.

The second item is proved similarly to the first. Now hyperspaces are oriented so that
L{ is in its interior. Then dL; goes to a hypersurface A in the boundary of the dual domain
L} of Ly under &;,. Again A is a smooth strictly convex boundary component. Since
dCI(Ly) C P and L, is a component of L' — P, we obtain bdL; — dL; = CI(L;) N P. This is
a totally geodesic properly convex domain D in P.

Suppose that / C P be an n — 2-dimensional space disjoint from L{. Then a space
of oriented hyperspaces containing / bounding an open hemisphere containing L{ forms a
parameter dual to a convex projective geodesic in S"*. An L;-pencil P, with ends Py, Py is
a parameter satisfying

PNP=PRNPANL]=0forallt €[0,1]

where P, is oriented so that it bounds a open hemisphere containing LS.
There is a one-to-one correspondence

{P'|P is an oriented hyperspace that supports L; at points of dD} <+ {v} x dCI(A) :

Every supporting hyperspace P’ to L; at points of dD is contained in an L;-parameter
P, with Py = P',P; = P. v is the dual to P in S"*. Each of the path P, is a segment in S"*
with an endpoint v.

Under the duality map Hélg( 1)° Pci(1,)» the image of bdL; is a union of A and the union

of these segments. Given any hyperspace P’ disjoint from L¢, we find a one-parameter
family of hyperspaces containing P’ N P. Thus, we find an L;-pencil family P; with Py =
P',P; = P. We can extend the L;-pencil so that the ending hyperspace P” of the L;-pencil
meets dL; tangentially or tangent to dL; and P” NP is a supporting hyperspace of D in P.
Since the hyperspaces are disjoint from L, the segment is in L]. Since L; is a properly
convex domain, we can deduce that (C1(L;))* is the closure of the cone {v} *A.

Let L” be the dual domain of CI(L"). Since L' D L;, we obtain L” C (CI(L;))* by
(1.5.2). Since dL; C bdL’, we obtain A C bdL" by the duality map Zcy(,). We obtain that
L"UA C CI({v} *A).

Let B be the image of the other boundary component B’ of L' under Z;,. We take
a sharply supporting hyperspace P, at y € B'. Then P, N P is disjoint from CI(D) by the
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strict convexity of B’. We find an L;-pencil P, of hyperspaces containing P, NP with Py =
Py, P = P. This L;-pencil goes into the segment from v to a point of B under the duality.
We can extend the Li-pencil so that the ending hyperspace meets dL; tangentially. The
dual pencil is a segment from v to a point of A. Thus, each segment from v to a point of A
meets B. Thus, L"° UAUB is a lens of the lens cone {v} *A. This completes the proof. [J

5.5.2. The duality of T-ends and properly convex R-ends. Let Q be the properly
convex domain covering &. For a T-end E, the totally geodesic ideal boundary Sg of E
is covered by a properly convex open domain in bdQ corresponding to a T-p-end £. We
denote it by Sg.

Recall R-end structure from Section 3.1.3 (see Definition 9.1.1 also).

LEMMA 5.5.2. Let O be a convex real projective strong tame orbifold with ends where
0=0 /T for a properly convex domain 0 C S" and a discrete projective group I'. Let
po . O — O denote the covering map. Suppose that a p-end fundamental group I'; fora
p-end E acts on a connected hypersurface ¥ in 6°. Then a component U' of 0 —¥ is a
p-end neighborhood of E. Furthermore the following hold:

e Suppose that U’ is a horoball so that bdU’ N 6 =bdU’ — { p} = I for the common
fixed point p of Tz. Then pg(U’) can be given the structure of a horospherical
R-end neighborhood of E and p = V.

e Suppose that U' equals Uy, := L {p} — L for a lens L where

— h(m(E)) acts properly and cocompactly on U’,
— we have a lens-cone L+ {p} for a common fixed point p of Tz, and

- bdU. NGO =%
Then Uy, can be given the structure of a concave p-R-end neighborhood of E and
P =Vg.

e Suppose that U’ equals a component L of L— P for a lens L where
— h(m(E)) acts properly and cocompactly on L,
— (w1 (E)) acts on the hyperplane P,
- L C 0, and
- bdLiNG =%
Then L{ can be given the structure of a p-T-end neighborhood of E and iE can
be identified with LN P.

Moreover the corresponding end completions gives us a compact smooth orbifold O whose
interior is O.

PROOF. Itis sufficient to prove for the case when the orbifold is orientable and without
singular points since we can take a finite quotient by Theorem 1.1.19. Let U be a proper
p-end neighborhood of E. We take &'/ I'z which is diffeomorphic to A := B x R where
B:=(bdUNO)/ I'z is a closed submanifold of codimension-one. We can take an exiting
sequence U; of p-end neighborhoods in U. Then C :=X /T is a closed submanifold freely
homotopic to the above one. Hence, one Up of the two components & /T — B contains
U; for sufficiently large i. Hence, a component of the inverse image of Up which is a
component of & — X is a p-end neighborhood, perhaps not a proper one.

In the first case, we have a horoball U’ inside £ and in H since the sharply supporting
hyperspaces at the vertex of H must coincide by the invariance under (7 (E)) by a limit-
ing argument. By above, one of the two component of ¢° —bdU’ is a p-end neighborhood.
One cannot put the outside component into U’ by an element of i(m;(&)). Hence, U is a
horospherical p-end neighborhood of E.
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For the second item, Lemma 3.1.5 implies that Uy, is lines in &'. Thus, Uy, is the p-end
neighborhood of £, and E has a radially foliated p-end neighborhood with v as the p-end
vertex.

In the third case, let D denote CI(L;) N P, a properly convex domain. By premise,
D°/h(m; (E)) is a closed orbifold of codimension-one. Then one of the two components
of & —bdL, is a p-end neighborhood of E by above. D is totally geodesic and bdL; N &
is not. Hence, L is a p-end neighborhood of E. By premise, h(m(E)) acts properly on
Ly UDC. The T-end structure is given by (D° UL;)/h(7;(E)) which is the completion of
the end neighborhood p(LY) projectively diffeomorphic to L /h(m; (E)). (See 3.1.2.) O

PROPOSITION 5.5.3. Let U be a strongly tame properly convex real projective orb-
ifold. The following conditions are equivalent :

(i) A properly convex R-end E of O satisfies the uniform middle-eigenvalue condi-
tion.
(ii) The corresponding T-end E* of O* satisfies this condition with the correspon-
dence of the vertex of the p-end E of E to the hyperplane of p-end E* is given as
. . A _

the unique hyperplane containing Hcﬁ $)° D5((114¢) C11< é) (Vi))-
PROOF. The items (i) and (ii) are equivalent by considering (5.1.1) and (5.1.2). Propo-
sition 1.4.2 implies the RIP"-version. [S"T] (I

We now prove the dual to Theorem 5.3.21. For this we do not need the triangle condi-
tion or the reducibility of the end.

THEOREM 5.5.4. Let O be a strongly tame properly convex real projective orbifold.
Let S; be a totally geodesic ideal boundary component of a T-p-end E of 0. Then the
following conditions are equivalent :

(i) The end holonomy group of E satisfies the uniform middle-eigenvalue condition
with respect to the T-p-end structure of E.

(i) S & has a lens neighborhood in an ambient open manifold containing O with
cocompact action of  (E), and hence E has a lens-shaped p-end-neighborhood
in0.

PROOF. We prove for the S"-version. Assuming (i), we can deduce the existence of a
lens neighborhood from Theorem 4.4.1 and Lemma 5.5.2.

Assuming (ii), we obtain a totally geodesic (n — 1)-dimensional properly convex do-
main S in a subspace S"~! on which 'z acts. Let U be a lens-neighborhood of it on which
I'; acts. Then since U is a neighborhood, the sharply supporting hemisphere at each point
of CI(Sz) — Sg is now transverse to S"~!. Let P be the hyperspace containing Sz, and let
U be the component of U — P. Then the dual U} is a lens-cone by the second part of
Corollary 5.5.1 where P corresponds to a vertex of the lens-cone. The dual U* of U is aa
lens contained in a lens-cone U} where I'r acts on U*. We apply the part (i) = (ii) of
Theorem 5.3.21. By Proposition 5.5.3, we are done. Proposition 1.4.2 implies for RP".
[S"T] (]

PROPOSITION 5.5.5. Let O be a strongly tame properly convex real projective orbifold
with R-ends or T-ends with universal covering domain Q. Let O* be the dual orbifolds with
a universal covering domain 6. Then O* is also strongly tame and can be given R-end
and T-end structures to the ends where the following hold:
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e there exists a one-to-one correspondence € between the set of p-ends of € and
the set of p-ends of O* by sending a p-end neighborhood to a p-end neighbor-
hood using the Vinberg diffeomorphism of Theorem 1.5.8.

o ¢ restricts to such a one between the subset of horospherical p-ends of € and
the subset of horospherical ones of 0*. Also, the augmented Vinberg duality
homeomorphism 22 send the p-end vertex to the p-end vertex of the dual p-
end.

o € restricts to such a one between the subset of all generalized lens-shaped R-
ends of O and the subset of all lens-shaped T-ends of O*. Also, £ of an R-p-end
is projectively dual to the ideal boundary component S g+ for the corresponding

dual T-p-end E* of E. Also, Qgg gives a one to one correspondence between
22 (US(vg)) in bd*€ 6 10 TS (CI(S.)) of bd e 67,

e € restricts to such a one between the set of lens-shaped T-p-ends of O with the
set of p-end§ of generalized {ens-shaped R-p-ends of 0*. The ideal boundary
component Sg for a T-p-end E is projectively diffeomorphic to the properly con-
vex open domain dual to the domain Xg. for the corresponding R-p-end E* of E.
Also, Qgg gives one to one correspondence between Hg,gfl (C1(Sz)) in bdAe&

10 T2 (US(E¥)) of bd 26,

PROOF. We prove for the S"-version first. Let & be the universal cover of . Let
0 be the dual domain. By the Vinberg duality diffeomorphism of Theorem 1.5.8, &* :=
0* JT* is also strongly tame for the dual group I'™*. The first item follows by the fact that
this diffeomorphism sends p-end neighborhoods to p-end neighborhoods.

Let £ be a horospherical R-p-end with x as the end vertex. Since there is a subgroup

I'; of a cusp group acting on CI(&) with a unique fixed point, the intersection of the
unique sharply supporting hyperspace i with C1(£) at x is a singleton {x}. (See Theorem
8.1.3.) The dual subgroup I'; is also a cusp group and acts on Cl(ﬁ*) with & fixed. So
the corresponding & has the dual hyperspace x* of x as the unique intersection at 4* dual
to h at C1(0*). There is a horosphere S where the end fundamental group 'z acts on. By
Lemma 5.5.2, S bounds a horospherical p-end neighborhood of E. Hence x* is the vertex
of a horospherical end. ?gg (x) =x" since 'y — I'; and these are unique fixed points.

An R-p-end E of & has a p-end vertex vz. ¥z is a properly convex domain in S(,’bjl.
The space of sharply supporting hyperspaces of & at v ¢ forms a properly convex domain of
dimension n — 1 since they correspond to hyperspaces in S’V’ET' not intersecting £z. Under
the duality map @gg in Proposition 1.5.4, (v, h) for a sharply supporting hyperspace 4 is
sent to (h*,v%) for a point /* and a hyperspace V. Lemr~na 1.5.7 shows that A* is a point
in a properly convex n — 1-dimensional domain D :=bd&™ N P for P = vi, a hyperspace.

Corollary 5.5.1 implies the fact about Qgg.

Since D is a properly convex domain with a Hilbert metric, 7; (E) acts properly on
D°. The n-orbifold (6'UD?)/m(E) has closed-orbifold boundary D°/m;(E). There is
a Riemannian metric on the n-orbifold so that D°/m (E) is totally geodesic. Using the
exponential map, we obtain a tubular neighborhood of D°/m;(E). Hence, 0 has a p-end
neighborhood corresponding to 7 (E) containing D° in the boundary. The dual group
I'; satisfies the uniform middle eigenvalue condition since I'; satisfies the condition. By
Theorem 4.4.1 and Lemma 5.5.2, we can find a p-end neighborhood U in &* bounded by
a strictly convex hypersurface bdU N & where Cl(bdU N &) — (bdU N &) C dD.
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By Lemma 5.5.2, §z. C bdQ*, and E* is a totally geodesic end with Sz. dual to £z.
This proves the third item.

The fourth item follows similarly. Take a T-p-end E. We take the ideal p-end bound-
ary £z. The map @gg sends P to a singleton P* in bd6* and points of CI(Sz)) go to

hyperspaces supporting &* at P*. Since % satisfies the uniform middle eigenvalue condi-
tion with respect to P*, Theorem 5.1.4 shows that there exists a lens-cone where 1"% acts
on. Also, I'z acts on a tube domain Zp+(D?) for a properly convex domain D°. Then
Cl(6*)Nbd Tp+(D°) is a I[;-invariant closed set. Also, this set is the image under @gg of
all hyperspaces supporting & at points of CI(£;) by Corollary 5.5.1. Hence, Rp+ (6*)=D°
by convexity. Since D is properly convex, I'z acts properly on it. By Lemma 3.1.5, P*
is a p-end vertex of a p-end neighborhood. There is a lens L so that Uy, := P*xL—Lis a
T-invariant. There is a boundary component d_L of this Uy in *. By Lemma 5.5.2, this
implies that Uy, is a p-end neighborhood corresponding to I'z. Corollary 5.5.1 implies the
fact about @gg.

The proof for RIP"-version follows by Proposition 1.4.2. [S"T] O

REMARK 5.5.6. We also remark that the map induced on the limit points of p-end
neighborhoods of Q to that of Q* by @Sg is compatible with the Vinberg diffeomorphism
by the continuity part of Theorem 1.5.9. That is the limit points of bd*#Q of a p-end
neighborhood of a p-end E goes to the limit points of bd*¢Q* a p-end neighborhood of a
dual p-end E* of E by .@Sg.

% restricts to a correspondence between the lens-shaped R-ends with lens-shaped T-
ends. See Corollary 5.5.7 for detail.
Theorems 5.3.21 and 5.5.4 and Propositions 5.5.5 and 5.5.3 imply

COROLLARY 5.5.7. Let O be a strongly tame properly convex real projective orbifold
and let 0 be its dual orbifold. Then we can give the structure of R-ends and T-ends to ends
of O and O so that dual end correspondence € restricts to a correspondence between
the generalized lens-shaped R-ends with lens-shaped T-ends and horospherical ends to
themselves. If O satisfies the triangle condition or every end is virtually factorizable, €
restricts to a correspondence between the lens-shaped R-ends with lens-shaped T-ends and
horospherical ends to themselves.

COROLLARY 5.5.8. Let O be a strongly tame properly convex real projective orbifold.
Let E be a lens-shaped p-end. Then for a lens-cone p-end neighborhood U of form {vg} *
L—{vp} for lens L, we have the upper boundary component A is tangent to radial rays
Sfrom vg at bdA.

PROOF. By Corollary 5.5.7, E corresponds to a T-p-end £* of &* of lens type. Now,
we take the dual domain L| of {vz} % L of E*. The second part of Corollary 5.5.1 applied
to L gives us result for {vz} * L.

Proposition 1.4.2 finishes the proof. [S"T] U



CHAPTER 6

Application: The openness of the lens properties, and
expansion and shrinking of end neighborhoods

This chapter lists applications of the main theory of Part 2, except for Chapter 7, which
are results we need in Part 3. In Section 6.1, we show that the lens-shaped property is stable
under the change of holonomy representations. In Section 6.2, we will define limits sets
of ends and discuss the properties. We obtain the exhaustion of & by a sequence of p-
end-neighborhoods of ¢, we show that any end-neighborhood contains horospherical or
concave end-neighborhood, and we discuss on maximal concave end-neighborhoods. In
Section 6.3, Corollary 6.3.1 shows that the closures of p-end neighborhoods are disjoint
in the closures of the universal cover in S" (resp. in RIP"). We prove from this the strong
irreducibility of &, Theorem 6.0.4 under the conditions (IE) and (NA).

For results in this chapter, we don’t necessarily assume that the holonomy group of
m (©) is strongly irreducible. Also, we will not explicitly mention Proposition 1.4.2 since
its usage is well-established.

6.0.1. SPC-structures and its properties.

DEFINITION 6.0.1. For a strongly tame orbifold &,
(IE) O or m(0) satisfies infinite end index condition IE if [m(0) : 1 (E)] = oo for
the end fundamental group 7 (E) of each end E.
(NA) O or m (O) satisfies the nonparallel end condition NA if

m (El) nm (EQ)
is finite for two distinct p-ends E\,E) of 0.

(NA) implies that m;(E) contains every element g € 7; () normalizing (h) for an
infinite order & € m; (E) for an end fundamental group 7; (E) of an end E. These conditions
are satisfied by complete hyperbolic manifolds with cusps. These are group-theoretical
properties with respect to the end groups.

DEFINITION 6.0.2 (Definition 6.2.3). An SPC on an n-orbifold is the structure of a
properly convex real projective orbifold with a stable and irreducible holonomy group.

DEFINITION 6.0.3 (Definition 6.2.4). Suppose that & has an SPC-structure. Let U be
the inverse image in & C RP" of the union U of some choice of a collection of disjoint end
neighborhoods of &. If every straight arc and every non-C'-point in bd& are contained in
the closure of a component of U, then & is said to be strictly convex with respect to the
collection of the ends. And & is also said to have a sSPC with respect to the collection of
ends.

By a strongly tame orbifold with real projective structures with generalized lens-
shaped or horospherical %- or & -ends, we mean one with a real projective structure

141
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that has Z-type or 7 -type assigned for each end and each #-end is either generalized
lens-shaped or horospherical and each .7 -end is lens-shaped or horospherical.

Notice that the definition depends on the choice of U. However, we will show that if
each end is required to be a lens-shaped or horospherical Z- or .7 -end, then we show that
the definition is independent of U in Corollary 6.2.2.

We will prove the following in Section 6.3. The significance is that topological condi-
tions imply the stability:

THEOREM 6.0.4. Let O be a noncompact strongly tame properly convex real pro-
Jective n-orbifold, n > 2, with lens-shaped or horospherical %- or 7 -ends and satisfies
(IE) and (NA). Then the holonomy group is strongly irreducible and is not contained in a
proper parabolic subgroup of PGL(n+ 1,R) (resp. SLy(n+ 1,R)). That is, the holonomy
is stable.

6.1. The openness of lens properties.

As conditions on representations of 7 (E), the condition for generalized lens-shaped
ends and one for lens-shaped ends are the same. Given a holonomy group of 7; (E) acting
on a generalized lens-shaped cone p-end neighborhood, the holonomy group satisfies the
uniform middle eigenvalue condition by Theorem 5.3.21. We can find a lens-cone by
choosing our orbifold to be 7 . (£z)°/m1 (E) by Proposition 5.3.14.

Let

Homg (7 (E),SL+(n+41,R)) (resp. Home (71 (E),PGL(n+1,R)))

denote the space of representations of the fundamental group of an (n — 1)-orbifold Xz.

Recall Definition 5.3.13 for strictly generalized lens-shaped R-ends. A (resp. general-
ized) lens-shaped representation for an R-end fundamental group is a representation acting
on a (resp. generalized) lens-cone as a p-end neighborhood.

THEOREM 6.1.1. Let O be a strongly tame properly convex real projective orbifold.
Assume that the universal cover O is a subset of S" (resp. RP"). Let E be a properly
convex R-p-end of the universal cover O. Then

(i) E is a generalized lens-shaped R-end if and only if E is a strictly generalized
lens-shaped R-end.
(i1) The subspace of generalized lens-shaped representations of an R-end is open in

Homg (71 (E),SLy (n+ 1,R)) (resp. Homg (7 (E),PGL(n+ 1,R))).

Finally, if O is properly convex and satisfies the triangle condition or E is virtually factor-
izable, then we can replace the term “generalized lens-shaped” to “lens-shaped” in each
of the above statements.

PROOF. We will assume & C S" first. (i) If (E) is non-virtually-factorizable, then
the equivalence is given in Theorem 5.4.2 (i), and if m; (E ) is virtually factorizable, then it
is in Theorem 5.4.3 (ii). The converse is obvious.

(ii) Let u be a representation 7; (E) — SLi(n+ 1,R) associated with a generalized
lens-cone. By Theorem 5.1.5, we obtain that 7 (E) satisfies the uniform middle eigen-
value condition with respect to vz. By Theorem 5.1.4, we obtain a lens K in .7, (£z)
with smooth convex boundary components AU B since 7, . (£z) itself satisfies the triangle
condition although it is not properly convex. (Note we don’t need K to be in & for the
proof.)
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K/u(m (E)) is a compact orbifold whose boundary is the union of two closed n-
orbifold components A/ (7 (E)) UB/u(mi (E)). Suppose that u’ is sufficiently near 4.
We may assume that v is fixed by conjugating pt’ by a bounded projective transformation.
By considering the radial segments in K, we obtain a foliation by radial lines in {vz} * K
also. By Proposition 5.3.11, applying Proposition 5.3.12 to the both boundary components
of the lens, we obtain a lens-cone in a tube domain Z’E in general different from the

original one. This implies that the sufficiently small change of holonomy keeps E to have
a concave p-end neighborhood. This completes the proof of (ii).
The final statement follows by Lemma 5.3.20. [S"T] O

THEOREM 6.1.2. Let O be a strongly tame properly convex real projective orbifold.
Assume that the universal cover @ is a subset of S" (resp. of RP"). Let E be a T-p-end of the
universal cover 0. Let Homg (71 (E),SLy (n+1,R)) (resp. Home (71 (E),PGL(n+1,R)))
be the space of representations of the fundamental group of an n— 1-orbifold Xz. Then the
subspace of lens-shaped representations of a T-p-end is open.

PROOF. By Theorem 5.5.4, the condition of the lens T-p-end is equivalent to the uni-
form middle eigenvalue condition for the end. Proposition 5.5.3 and Theorems 5.1.5 and
6.1.1 complete the proof. [S"T] d

COROLLARY 6.1.3. We are given a properly convex R- or T-end E of a strongly tame
convex orbifold O. Assume that O C S" (resp. O C RP"). Then the subset of

Homg (m (E), SLi(n+ 1,R)) (resp. Homg (m; (E), PGL(rn+1,R)))

consisting of representations satisfying the uniform middle-eigenvalue condition with re-
spect to some choices of fixed points or fixed hyperplanes of the holonomy group is open.

PROOF. For R-p-ends, this follows by Theorems 5.3.21 and 6.1.1. For T-p-ends, this
follows by dual results: Theorem 5.5.4 and Theorems 6.1.2. [S"T] ([

6.2. The end and the limit sets.

DEFINITION 6.2.1.

e Define the limit set A(E) of an R-p-end E with a generalized p-end-neighborhood
to be bdD — 9D for a generalized lens D of E in " (resp. RP"). This is identical
with the set Az in Definition 5.3.4 by Corollary 5.3.5.

e The limit set A(E) of a lens-shaped T-p-end £ to be CI(Sz) — Sz for the ideal
boundary component § 7 of E.

e The limit set of a horospherical end is the set of the end vertex.

The definition does depend on whether we work on S" or RP". However, by Propo-
sition 1.4.2, there are always straightforward one-to-one correspondences. We remark that
this may not equal to the closure of the union of the attracting fixed set for some cases.

COROLLARY 6.2.2. Let O be a strongly tame convex real projective n-orbifold where
O C S" (resp. C RP"). Let U be a p-end-neighborhood of E where E is a lens-shaped T-p-
end or a generalized lens-shaped or lens-shaped or horospherical R-p-end. Then C1(U) N
bd& equals CI(Sz) or CI(US(vz)) or {vz} depending on whether E is a lens-shaped T-
p-end or a generalized lens-shaped or horospherical R-p-end. Furthermore, this set is
independent of the choice of U and so is the limit set A(E) of E.
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PROOF. We first assume & C S”. Let E be a generalized lens-shaped R-p-end. Then
by Theorem 5.3.21, E satisfies the uniform middle eigenvalue condition. Suppose that
7 (E) is not virtually factorizable. Let L’ denote 9.7, " (£z) NL for a distanced compact
convex set L where I'z acts on. We have L? = A(E) by Proposition 5.3.10. Since S(vz) is
an h(m; (E))-invariant set, and the convex hull of bd|JS(v) is a distanced compact convex
set by the proper convexity of ¥z, Theorems 5.4.2 and 5.4.3 show that the limit set is
determined by the set L” in |JS(vz), and CL({U)Nbd& = JS(vz).

Suppose now that 7y (E) is virtually factorizable. Then by Theorem 5.4.3, E is a totally
geodesic R-p-end. Proposition 5.3.10 and Theorem 5.4.3 again imply the result.

Let E be a T-p-end. Theorems 5.5.4 and 4.4.1 imply

CI(A) —A C CI(Sg) for A =bdLN &

for a CA-lens neighborhood L by the strictness of the lens. Thus, C1(U) N bd& equals
CI(Sg).
For horospherical ones, we simply use the definition to obtain the result. [S"T] [

DEFINITION 6.2.3. An SPC-structure or a stable properly-convex real projective struc-
ture on an n-orbifold is a convex real projective structure so that the orbifold has a stable
irreducible holonomy group. That is, it is projectively diffeomorphic to a quotient orb-
ifold of a properly convex domain in S” (resp. in RIP") by a discrete group of projective
automorphisms that is stable and irreducible.

DEFINITION 6.2.4. Suppose that & has an SPC-structure. Let U be the inverse image
in € in S” (resp. in RP") of the union U of some choice of a collection of mutually disjoint
end neighborhoods of &. If every straight arc in the boundary of the domain & and every
non-C'-point is contained in the closure of a component of U for some choice of U, then
0 is said to be strictly convex with respect to the collection of the ends. And & is also said
to have a strict SPC-structure with respect to the collection of ends.

Proposition 1.4.2 shows that this definition is equvalent to Definition 6.0.3. Corol-
lary 6.2.5 shows the independence of the definition with respect to the choice of the end-
neighborhoods when the ends are generalized lens-type %-end or lens-shaped .7 -ends. We
conjecture that this holds also for the ends of four types given by Ballas-Cooper-Leitner

[8].

COROLLARY 6.2.5. Suppose that O is a strongly tame strictly SPC-orbifold with gen-
eralized lens-shaped R-ends or lens-shaped T-ends or horospherical ends. Let O is a prop-
erly convex domain in RP" ( resp. in S" ) covering ©. Choose any disjoint collection of
end neighborhoods in O. Let U denote their union. Let pg : O — O denote the univer-
sal cover. Then any segment or a non-C'-point of bd@ is contained in the closure of a
component ofpg1 (U) for any choice of U.

PROOF. We first assume & C S”. By the definition of a strict SPC-orbifold, any seg-
ment or a non-C!-point has to be in the closure of a p-end neighborhood. Corollary 6.2.2
proves the claim. [S"T] O

6.2.1. Convex hulls of ends. We will sharpen Corollary 6.2.2 and the convex hull part
in Lemma 6.2.8. Again, these sets are all defined in S” and we define the corresponding
objects for RP" by their images under RP" by Proposition 1.4.2.

One can associate a convex hull I(E) of a p-end E of € as follows:
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e For horospherical p-ends, the convex hull of each is defined to be the set of the
end vertex actually.

e The convex hull of a lens-shaped totally geodesw p-end E is the closure CI(Sz)
the totally geodesic ideal boundary component S corresponding to E.

e For a generalized lens-shaped p-end E, the convex hull of £ is the convex hull of
US(vz) in CI(6); that s,

I(E) = €. (S(vp))

The first two equal CI(U) Nbdd for any p-end neighborhood U of E by Corollary 6.2.2.
Corollary 6.2.2 and Proposition 6.2.7 imply that the convex hull of an end is well-defined.
We can also characterize as the intersection

() €x2(Cl(ty))
U e

for the collection % of p-end neighborhoods U; of vz by Proposition 6.2.7.

We define dsI(E) as the set of endpoints of maximal rays from vz ending at bd/(E)
and in the directions of iE- It is homeomorphic to ¥z by the rays and has a compact
quotient under I';. Since the convex hull of [JS(vj) is a subset of the tube with a vertex
Vg in the directions of elements of CI(T1y, (Ry,(Xz))), we obtain

(6.2.1) bdI(E) = dsI(E) U JS(v

LEMMA 6.2.6. If 6 € S; meets dsI(E), then 6° C dsI(E) and the vertices of G are
endpoints of maximal segments in S(vg).

PROOF. Suppose that x € ds/(E) and x € ¢ for a simplex ¢ € S; for minimal i. The
vertices are in (JS(vz). If at least one vertex v; is in the interior point of a segment in
S(vj), then by taking points in the neighborhood of x in [ JS(vj), we can deduce that 6 is
not in the boundary of the convex hull. Moreover, 6° is a subset of d/z by Lemma 1.4.4.
Hence, the vertices are endpoints of the maximal segments in S(vz).

Suppose that a point of 67 is in a segment in S(vz). Then an interior point of Iy . (o)
meets the boundary of Cl(RVE(ﬁ)). By Lemma 1.4.4, Iy, (o) C bd(RVE(ﬁ)). Thus, o
is in a union of segments from v in the directions of bd(RvE(ﬁN)). By Theorems 5.4.2

and 5.4.3, such segments are contained in (JS(vz). We obtain 6 C |JS(vg). This is a
contradiction. By (6.2.1), 6° C dsl. O

A topological orbifold is one where we are allowed to use continuous maps as charts.
We say that two very good topological orbifolds &'y and &, are homeomorphic if there is a
homeomorphism of the base spaces and that is induced from a homeomorphism f : M| —
M, of respective very good manifold covers M and M, where f induces the isomorphism
of the deck transformation group of M| — O} to that of My — 0.

PROPOSITION 6.2.7. Let O be a strongly tame properly convex real projective orbifold
with radial ends or lens-shaped totally geodesic ends and satisfy (IE) and (NA). Let E be
a generalized lens-shaped R-p-end and vz an associated p-end vertex. Let I(E) be the
convex hull of E.

(i) Suppose that E is a lens-shaped radial p-end. Then dsI(E) =bdI(E)N &, and
ds1(E) is contained in the lens in a lens-shaped p-end neighborhood.



146 6. APPLICATIONS

(i) I(E) contains any concave p-end-neighborhood of E and
I(E)=¢€#(CI(U))
IEYNO =¢(ClU))NE

for a concave p-end neighborhood U of E. Thus, I(E) has a nonempty interior.
(iii) Each segment from vz maximal in O meets the set dsI(E) exactly once and
9sI(E) /T g is homeomorphic to X for very good covers.
(iv) There exists a nonempty interior of the convex hull I(E) of E where Ty acts so
that I(E)° /T z is homeomorphic to the end orbifold times an interval.

PROOF. Assume first that & C S". (i) Suppose that E is lens-shaped. We define S as
the set of 1-simplices with endpoints in segments in [JS(vz) and we inductively define S;
to be the set of i-simplices with faces in S;_;. Then

I(E) = U c.

oeS1USHU---USy,

Since any point of dsI(E) is in some simplex &, 6 € S;, we obtain that dsI(E) is the

union
U o’
GES|US Ur++USp, 60 CosI(E)
by Lemma 6.2.6.

Suppose that o € S; with 6° C dsI(E). Then each of its vertices must be in an endpoint
of a segment in S(vz) by Lemma 6.2.6. By Theorems 5.4.2 and 5.4.3, the endpoints of the
segments in S(vz) are in A(E). Hence, 6° is contained in a CA-lens-shaped domain L as
the vertices of ¢ is in bdL — dL = A(E) by the convexity of L.

Thus, each point of dsI(E) is in L° C £. Hence dsI(E) C bdI(E) N &. Conversely, a
point of dI(E) N & is an endpoint of a maximal segment in a direction of £z. By (6.2.1),
we obtain dsl(E) = dI(E)N O

(ii) Since I(E) contains the segments in S(v) and is convex, and so does a concave p-
end neighborhood U, we obtain bdU C I(E): Otherwise, let x be a point of bdU NbdI(£) N
0 where some neighborhood in bdU is not in I(E). Then since bdU is a union of a strictly
convex hypersurface bdU N & and S(vg), each sharply supporting hyperspace at x of the
convex set bdU N & meets a segment in S(vj) in its interior: consider the lens L so that
one of the boundary components is bdU. The supporting hyperspace at the boundary
component cannot meet the closure of L in other points by the strict convexity.

This is a contradiction since x must be then in /(£)°. Thus, U C I(E). Thus,

¢ (CI(U)) CI(E).
Conversely, since C1(U) D |JS(v;) by Theorems 5.4.2 and 5.4.3, we obtain that

€A (CIU)) DI(E).

(iii)) We again use Proposition 1.1.19. It is sufficient to prove the result by taking a
very good cover of ¢ and considering the corresponding end to £. Each point of it meets a
maximal segment from v in the end but not in S(vj) at exactly one point since a maximal
segment must leave the lens cone eventually. Thus ds/(E) is homeomorphic to an (n — 1)-
cell and the result follows.

(iv) This follows from (iii) since we can use rays from x meeting bd/(E) N 0 at unique
points and use them as leaves of a fibration. [S"P] (I
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S(X)

FIGURE 1. The structure of a lens-shaped p-end.

6.2.2. Expansion of lens or horospherical p-end-neighborhoods.

LEMMA 6.2.8. Let O have a strongly tame properly convex real projective structure
u.
e Let Uy be a p-end neighborhood of a horospherical or a lens-shaped R-p-end E
with the p-end vertex vg; or
o Let Uy be a lens-shaped p-end neighborhood of a T-p-end E.

Let Tz denote the p-end holonomy group corresponding to E. Then we can construct a
sequence of lens-cone or lens p-end neighborhoods U;, i = 1,2, ..., satisfying U; CU; C 7
for every pair i, j, i > j where the following hold :
e Given a compact subset of O, there exists an integer io such that U; for i > iy
contains it.
e The Hausdorff distance between U; and € can be made as small as possible, i.e.,

Ve > 0,37, >0, so that dy(U;, 0) < € fori > J.

e There exists a sequence of convex open p-end neighborhoods U; of E in & so
that (U;—U;) /T for a fixed j and i > j is diffeomorphic to a product of an open
interval with the end orbifold.

e We can choose U; so that bdU; N O is smoothly embedded and strictly convex
with Cl(bdU;) — & C A(E).

PROOF. Suppose that & C S first. Suppose that £ is a lens-shaped R-end first. Let
U be a lens-cone. Take a union of finitely many geodesic leaves L from v in O ofd G-
length ¢ outside the lens-cone U; and take the convex hull of U; and T'z(L) in &. Denote
the result by €;. Thus, the endpoints of L not equal to vz are in 0.

We claim that

e bdQ, N & is a connected (1 — 1)-cell,
e (bdQ;NO) /T3 is a compact (n — 1)-orbifold diffeomorphic to Xz, and
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e bdlU; N & bounds a compact orbifold diffeomorphic to the product of a closed
interval with (bdQ;N &) /Ts:

First, each leaf of g(1), g € I'; for [ in L is so that any converging subsequence of {g;(/)},g; €
I';, converges to a segment in S(vz) for a sequence {g;} of mutually distinct elements.
This follows since a limit is a segment in bd& with an endpoint v; and must belong to
S(vz) by Theorems 5.4.2 and 5.4.3.

Let S} be the set of segments with endpoints in 'z (L) Ul S(v ). We define inductively
S; to be the set of simplices with sides in S;_;. Then the convex hull of I'z(L) in C1(&) is
aunion of S;U---US,,.

We claim that for each maximal segment s in Cl(&) from vz not in S(vz), s” meets
bdQ; N & at a unique point: Suppose not. Then let v/ be its other endpoint of s in bd& with
s°NbdQ, N & = 0. Thus, v € bdQ,.

Now, V' is contained in the interior of a simplex & in S; for some i. Since ¢ Nbdé 0,
6 C bd& by Lemma 1.4.4. Since the endpoints I';(L) are in 0, the only possibility is that
the vertices of ¢ are in [JS(vg). Also, 67 is transverse to radial rays since otherwise v/
is not in bd&. Thus, 6° projects to an open simplex of same dimension in flE. Since
U, is convex and contains |JS(vz) in its boundary, o is in the lens-cone C1(U;). Since a
lens-cone has boundary a union of a strictly convex open hypersurface A and |JS(vz), and
o cannot meet A tangentially, it follows that 6° is in the interior of the lens-cone. and no
interior point of o is in bd@, a contradiction. Therefore, each maximal segment s from vz
meets the boundary bdQ; N & exactly once.

As in Lemma 5.3.16, bdQ; N & contains no segment ending in bd&. The strictness
of convexity of bdQ,; N & follows by smoothing as in the proof of Proposition 5.3.14. By
taking sufficiently many leaves for L with sufficiently large d ;-lengths #;, we can show that
any compact subset is inside €,;. Choose some sequence {#;} so that {f;} — oo as i — oo.
Now, let U; := ;. From this, the final item follows. The first three items now follow if E
is an R-end.

Suppose now that E is horospherical and U; is a horospherical p-end neighborhood.
We can smooth the boundary to be strictly convex. I'; is in a parabolic or cusp subgroup of
a conjugate of SO(n, 1) by Theorem 8.1.4. By taking L sufficiently densely, we can choose
similarly to above a sequence €2; of polyhedral convex horospherical open sets at vz so that
eventually any compact subset of & is in it for sufficiently large i. Theorem 4.4.5 gives us
a smooth strictly convex horospherical p-end neighborhood U;.

Suppose now that E is totally geodesic. Now we use the dual domain &* and the
group I'z. Let vi. denote the vertex dual to the hyperspace containing S . By the diffeo-
morphism induced by great segments with the common endpoint v, we obtain an orbifold
homeomorphism

(bd6* —| JS(vg:)) /T = Lz /T,

a compact orbifold. Then we obtain U; containing &* in g (ié) by taking finitely many
hyperspace F; disjoint from & but meeting 7%, (£5)°. Let H; be the open hemisphere con-
taining &* bounded by F;. Then we form U; := ﬂgEFE- g(H;). By taking more hyperspaces,
we obtain a sequence

*

UIDUZD"'DUiDUiJAD'“Dﬁ
so that C1(Uj41) C U; and
(ClU;) =CI(5").
i



6.2. THE END AND THE LIMIT SETS. 149

That is, by using sufficiently many hyperspaces, we can make U; disjoint from any compact
subset disjoint from Cl(€*). Now taking the dual U; of U; and by equation (1.5.2) we
obtain

UfcUsc---cU CcU,C--CO.
Then U C 0 is an increasing sequence eventually containing all compact subset of & by

duality from the above disjointness. This completes the proof for the first three items.
The fourth item follows from Corollary 6.2.2. [S"P] ([l

6.2.3. Shrinking of lens and horospherical p-end-neighborhoods. We now discuss
the “shrinking” of p-end-neighborhoods. These repeat some results.

COROLLARY 6.2.9. Suppose that O is a strongly tame properly convex real projective
orbifold and let O be a properly convex domain in S" (resp. RP") covering ©. Then the
following statements hold :

(i) IfE is a horospherical R-p-end, every p-end-neighborhood of E contains a horo-
spherical p-end-neighborhood.
(ii) Suppose that E is a generalized lens-shaped or lens-shaped R-p-end. Let I(E) be
the convex hull of \JS(vg), and let V be a p-end-neighborhood V where (bdV N
0)/m(E) is a compact orbifold. If V° > I(E)N O, then V contains a lens-cone
p-end neighborhood of E.
(iii) IfE is a generalized lens-shaped R-p-end or satisfies the uniform middle eigen-
value condition, every p-end-neighborhood of E contains a concave p-end-neighborhood.
(iv) Suppose that E is a lens-shaped T-p-end or satisfies the uniform middle eigen-
value condition. Then every p-end-neighborhood contains a lens p-end-neighborhood
L with strictly convex boundary in 0.
(v) We can choose a collection of mutually disjoint end neighborhoods for all ends
that are lens-shaped T-end neighborhood, concave R-end neighborhood or a
hospherical ones.

PROOF. Suppose that & C S” first.

(i) Let v denote the R-p-end vertex corresponding to £. By Theorem 8.1.4, we obtain
a conjugate G of a subgroup of a parabolic or cusp subgroup of SO(n,1) as the finite
index subgroup of h(m(E)) acting on U, a p-end-neighborhood of £. We can choose a
G-invariant ellipsoid of d-diameter < € for any € > 0 in U containing vg.

(ii) This follows from Proposition 5.3.14 since the convex hull of |JS(vz) contains a
generalized lens with the right properties.

(iii) This was proved in Proposition 5.4.1.

(iv) The existence of a lens-shaped p-end neighborhood of Sz follows from Theorem
44.1.

(v) We choose a mutually disjoint end neighborhoods for all ends. Then we choose
the desired ones by the above. [S"T] ([l

6.2.4. The mc-p-end neighborhoods. The mc-p-end neighborhood will be useful in
other papers.

DEFINITION 6.2.10. Let E be a lens-shaped R-end of a strongly tame convex projec-
tive orbifold & with the universal cover & C S” (resp. RP"). Let €. (A(E)) denote the
convex hull of A(E). Let U’ be any p-end neighborhood of E containing €. (A(E))N 0.
We define a maximal concave p-end neighborhood or mc-p-end-neighborhood U to be
one of the components of U’ — ¢ 7 (A(E)) containing a p-end neighborhood of E. The
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closed maximal concave p-end neighborhood is Cl(U)N & An e-d s-neighborhood U” of
a maximal concave p-end neighborhood is called an &-mc-p-end-neighborhood.

In fact, these are independent of choices of U’. Note that a maximal concave p-end
neighborhood U is uniquely determined since so is A(E).

Each radial segment s in & from vg meets bdU N 0 at a unique point since the point
sNbdU is in an n — 1-dimensional ball D = PN U for a hyperspace P sharply supporting
€A (A(E)) with dCI(D) C US(vg).

LEMMA 6.2.11. Let D be an i-dimensional totally geodesic compact convex domain,
i > 1. Let E be a generalized lens-shaped R-p-end with the p-end vertex vg. Suppose
dD C US(vg). Then D° C V for a maximal concave p-end neighborhood V, and for
sufficiently small € > 0, an €-d z-neighborhood of D° is contained in V' for any &-mc-p-
end neighborhood V'

PROOF. Suppose that & C S” first. Assume that U is a generalized lens-cone of V.
Then A(E) is the set of endpoints of segments in S(vz) which are not vz by Theorems
5.4.2 and 5.4.3. Let P be the subspace spanned by DU {v}. Since

ID,A(E)NPC | JS(vg)NP,

and dDN P is closer than A(E) NP from vg, it follows that PNCI(U) — D has a component
C) containing vz and CI(PNCI(U) — C}) contains A(E) N P. Hence

CI(PNCI(U) —C) > CH(AE))NP

by the convexity of CI(PNCI(U) — Cy). Since € (A(E)) NP is a convex set in P, we
have only two possibilities:

e D is disjoint from €7 (A(E))° or

e D contains €. (A(E))NP.
Let V be an mc-p-end neighborhood of U. Since CI(V) includes the closure of the compo-
nent of U — €57 (A(E)) with a limit point vz, it follows that C1(V') includes D.

Since D is in C1(V), the boundary bdV’ N & of the €-mc-p-end neighborhood V' do

not meet D. Hence D° C V. [S"T] O

The following gives us a characterization of €&-mc-p-end neighborhoods of E.

COROLLARY 6.2.12. Let O be a properly convex real projective orbifold with general-
ized lens-shaped or horospherical - or 7 -ends and satisfies (IE). Let E be a generalized
lens-shaped R-end. Then the following statements hold:

(i) A concave p-end neighborhood of E is always a subset of an mc-p-end-neighborhood
of the same R-p-end.
(ii) The closed mc-p-end-neighborhood of E is the closure in & of a union of all
concave end neighborhoods of E.
(iii) The mc-p-end-neighborhood V of E is a proper p-end neighborhood, and covers
an end-neighborhood with compact boundary in O.
(iv) An e-mc-p-end-neighborhood of E for sufficiently small € > 0 is a proper p-end
neighborhood.
(v) For sufficiently small € > 0, the image end-neighborhoods in O of €-mc-p-end
neighborhoods of R-p-ends are mutually disjoint or identical.

PROOEF. Suppose first that & C S”. (i) Since the limit set A(E) is in any general-
ized CA-lens L by Corollary 6.2.2, a generalized lens-cone p-end neighborhood U of E
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contains €.7#(A) N &. Hence, a concave end neighborhood is contained in an mc-p-end-
neighborhood.

(i) Let V be an mc-p-end neighborhood of £. Then define S to be the subspace of end-
points in CI(&) of maximal segments in V from vz in directions of £z. Then S is home-
omorphic to iE by the map induced by radial segments as shown in the paragraph before.
Thus, S/ (E) is a compact set since S is contractible and £z /7| (E) is a K (7 (E))-space
up to taking a torsion-free finite-index subgroup by Theorem 1.1.19 (Selberg’s lemma). We
can approximate S in the d ;-sense by smooth convex boundary component Se outwards of
a generalized CA-lens by Theorem 4.4.4 since E satisfies the uniform middle-eigenvalue
condition. A component U — S; is a concave p-end neighborhood. (ii) follows from this.

(iii) Since a concave p-end neighborhood is a proper p-end neighborhood by Theorems
5.4.2(iv) and 5.4.3, and V is a union of concave p-end neighborhoods, we obtain

g(V)NV =0org(V) =V for g € m(0) by (i).

Suppose that g(C1(V) N &)NCI(V) # 0. Then g(V) =V and g € m;(E): Otherwise,
2(V)NV =0, and g(C1(V) N &) meets CI(V) in a totally geodesic hypersurface S equal to
€ (A)° by the concavity of V. Furthermore, for every g € m;(0), g(S) = S, since S is
a maximal totally geodesic hypersurface in &. Hence, g(V)USUV = & since these are
subsets of a properly convex domain &, the boundary of V and g(V) arein S, and S is now
in the interior of &'. Then 7 (&) acts on S, and S/G is homotopy equivalent to &'/G for a
finite-index torsion-free subgroup G of m; (&) by Theorem 1.1.19 (Selberg’s lemma). This
contradicts the condition (IE).

Hence, only possibility is that C1(V) N & = V US for a hypersurface S and

g(VusS) NVUS=0org(VUS)=VUSforge m(0).

Now suppose that SNbd& # 0. Let S’ be a maximal totally geodesic domain in CI(V)
containing S. Then " C bd&’ by convexity and Lemma 1.4.4, meaning that §' = § C bd 0.
In this case, & is a cone over S and the end vertex vz of E. For each gem(0),

g(V)NV #£ 0 implies g(V) =V

since g(vg) is on CI(S). Thus, 7 (&) = m (E). This contradicts the condition (IE) of
m (E ) .

We showed that C1(V)N & =V US for a hypersurface S and covers a submanifold in &
which is a closure of an end-neighborhood covered by V. Thus, an mc-p-end-neighborhood
CI(V)N & is a proper end neighborhood of £ with compact embedded boundary S/ (E).

(iv) Obviously, we can choose positive € so that an e-mc-p-end-neighborhood is a
proper p-end neighborhood also.

(v) For two mc-p-end neighborhoods U and V for different R-p-ends, we have UNV =
0 by reasoning as in (iii) replacing g(V) with U: We showed that C1(V) N & for an mc-p-
end-neighborhood V' covers an end neighborhood in &.

Suppose that U is another mc-p-end neighborhood different from V. We claim that
CI(U)NCI(V)N & = 0: Suppose not. g(CI(V)) for g & T'z must be a subset of U since
otherwise we have a situation of (iii) for V and g(V). Since the preimage of the end
neighborhoods are disjoint, g(V) is a p-end neighborhood of the same end as U. Since
both are €-mc-p-end-neighborhood which are canonically defined, we obtain U = g(V).
This was ruled out in (iii). [S™T] O
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6.3. The strong irreducibility of the real projective orbifolds.

The main purpose of this section is to prove Theorem 6.0.4, the strong irreducibility
result. But we will discuss the convex hull of the ends first. We show that the closure of
convex hulls of p-end neighborhoods are disjoint in bd&. The infinity of the number of
these will show the strong irreducibility.

For the following, we need a stronger condition of lens-shaped ends, and not just
the generalized lens-shaped property, to obtain the disjointedness of the closures of p-end
neighborhoods. For now, we cannot do the following for the generalized lens.

COROLLARY 6.3.1. Let O be a strongly tame properly convex real projective orbifold
with lens-shaped or horospherical Z- or 7 -ends and satisfy (NA). Let % be the collection
of the components of the inverse image in O of the union of disjoint collection of end neigh-
borhoods of ©. Now replace each R-p-end neighborhood of collection % by a concave
p-end neighborhood by Corollary 6.2.9 (iii). Then the following statements hold

(i) Given horospherical, concave, or one-sided lens p-end-neighborhoods Uy and
U, contained in \J% , we have Uy NU, = 0 or U, :yg.
(ii) Let Uy and Uy be in % . Then C1{U;) NCl(Uy) Nbd& = 0 or Uy = U, holds.

PROOF. Suppose first that & C S”. Suppose that ¢ has end Ej,...,E,. Since the

neighborhoods in % are mutually disjoint,

e CI(U)NCIUY)NE =0 or

e U{' = Uy for any pair U/, Uy € % .
(1) Assume without loss of generality that £y and E; are R-ends. Suppose that U; and
U, are concave p-end neighborhoods of R-p-ends E; and E» respectively. Let U | be the
interior of the associated generalized lens-cone of U; in Cl(&) and Uj be that of U,. Let
U/ be the concave p-end-neighborhood of U/ for i = 1,2 by Corollary 6.2.9 (iii) that cover
respective end neighborhoods in &.

Assume that U/’ € % ,i=1,2, and U{' # Uj . Suppose that the closures of U’ and Uy’
intersect in bd&. Suppose that they are both R-p-end neighborhoods. Then the respective
closures of convex hulls /; and I; as obtained by Proposition 6.2.7 intersect as well. Take
a point z € CI(U/") N CI(Uy) Nbd&. Suppose that we choose p; = Vg, i = 1,2, for each
p-end E;.

Suppose that 71p2° C bd@. Then there exists a segment in bd& from Vg, tovg,. By
Theorems 5.4.2 and 5.4.3, these vertices are in the closures of p-end neighborhoods of one
other. Since C1(U}’) and C1(Uj/) contains some open metric ball neighborhoods of p; and
pa respectively for the metric d restricted to Cl(&), and U} is dense in CI(U7), j = 1,2,
we obtain U{' MUY # 0. This is a contradiction.

Hence, p1p2° C € holds. Then piz C S(vg,) and P2z C S(vg, ) and these segments
are maximal since otherwise U;' MU} # 0. The segments intersect transversely at z since
otherwise we violated the maximality in Theorems 5.4.2 and 5.4.3. We obtain a triangle
A(p1paz) in CI(0) with vertices py, pa, z.

There is a lens L; for each E; so that L; * p; is a p-end neighborhood of E;. Propo-
sition 5.5.8 contradicts the existence of above triangle because of the uniqueness of the
supporting hyperspace at z which is in both of C1(L;) — L; for i = 1,2.

Now, consider when Uj is a one-sided lens-neighborhood of a T-p-end and let U;
be a concave R-p-end neighborhood of an R-p-end of &. Let z be the intersection point
in C1(U;) NCI(U,). Suppose that the hyperspace containing the ideal boundary of Uj is
transversal to the line Zzﬁgz). We can use the same reasoning as above by choosing any p
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in iE] so that piz passes the interior of ;. Let ps be the R-p-end vertex of U,. Now we
obtain the triangle with vertices p1, p2, and z as above. Proposition 5.5.8 again contradicts.

Suppose that the hyperspace containing the ideal boundary of U is tangent to the line
ZzVEZ). We take the convex hull of z with the convex domain iﬁz in the hyperspace S
containing them. The convex hull is in C1(&) NS where m; (E,) acts on. The uniqueness
part of Theorem 1.4.15 shows that the interior of the convex hull is still iﬁz' This is a
contradiction.

Next, consider when U; and U, are one-sided lens-neighborhoods of T-p-ends respec-
tively. If the hyperspaces S; containing the ideal boundary iE“,- for i = 1,2, are the same,
then we can again take the convex hull as in the above paragraph and obtain the contradic-
tion.

Suppose that these hyperspaces S; and S, are transversal. Let z be a point of inter-
section of C1(Q1) and C1(€,). Then §; must be an asymptotic hyperspace of ; at z for
i#j,i,j=1,2.

We can see that C1(&) meets S; at Cl(igi) again by the uniqueness part of Theorem
1.4.15. Hence, (m; (Ei),iE’_, 0°)is a properly convex triple.

Let H; denote the open half-space containing &° bounded by S;. Let B = H, N H, be
the convex domain containing &°.

Let L= S, NS,. Then L is sharply supporting ; at zin S;. Let A; denote the asymptotic
hyperspace to U; at z containing L. We use Lemma 4.2.11 as in the proof of Theorem 4.3.8
to show that & cannot intersect the supporting hyperplanes A; and A».

Since A; is asymptotic to U;, S}, j # i, it follows that S; N B cannot separate B. Since
S; must meet the boundary of &, the only possibility is S| = A and S, = A. This proves
our claim.

This means that L] N L§ # 0 by the asympototpicity of A; and A>. Moreover for any
choices of lens L} and L) their interiors meet. This contradicts that there is some p-end
neighborhoods of lens type in any proper end-neighborhoods by Theorem 4.4.1.

We finally consider when U is a horospherical R-p-end. Since C1(U) Nbd{ is a unique
point, Lemma 3.1.9. implies the result. [S"P] (]

We modify Theorem 5.4.3 by replacing some conditions. In particular, we don’t as-
sume that i(7; (0)) is strongly irreducible.

LEMMA 6.3.2. Let O be a strongly tame properly convex real projective orbifold and
satisfy (IE). Let E be a virtually factorizable R-p-end of O of generalized lens-shaped.
Then

there exists a totally geodesic hyperspace P on which h(m;(E)) acts,
D := PN O is a properly convex domain,

D° C @, and

D°/my(E) is a compact orbifold.

PROOF. Assume first that & C S". The proof of Theorem 5.4.3 shows that

e cither CI(&) is a strict join {vz} * D’ for a properly convex domain D in a hyper-
space, or
o the conclusion of Theorem 5.4.3 holds.

In both cases, 7 (E) acts on a totally geodesic convex compact domain D of codimension

1. D is the intersection Pz N Cl(&) for a m; (E)-invariant subspace Ps. Suppose that D is
not a subset of &. Then by Lemma 1.4.4, D C bdé.

clear?
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In the former case, C1(&) is the join vz * D. For each g € m;(E) satisfying g({vz}) #
vz, we have g(D) # D since g(vp) *g(D) = {vz } *D. The intersection g(D) N D is a proper
compact convex subset of D and g(D). Moreover,

CI(0) = {vg}*g({vg}) = (DNg(D)).
We can continue as many times as there is a mutually distinct collection of vertices of form
g(vj). Since this process must stop, we have a contradiction since by Condition (IE), there
are infinitely many distinct end vertices of form g(v;) for g € m;(0).

Now, we go to the alternative D’ C & where D°/ I'; is projectively diffeomorphic to
Z¢/Tg. [S"S] -

Proof of Theorem 6.0.4. It is sufficient to prove for & C S". Leth: m(0) — SLy(n+
1,R) be the holonomy homomorphism. Suppose that A(7; (€)) is virtually reducible. Then
we can choose a finite cover &) so that i(m (£))) is reducible since it is sufficient to prove
for the finite index groups.

By Theorem 5.4.3, all generalized lens %-ends are lens %Z-ends. We may assume that
m (O) is torsion-free by taking a finite cover by Theorem 1.1.19.

We denote &) by ¢ for simplicity. Let S denote a proper subspace where 71 (&) acts
on. Suppose that S meets &. Then 7, (E) acts on a properly convex open domain SN & for
each p-end E. Then SN & for any p-end neighborhood gives a submanifold of a closed end
orbifold homotopy equivalent to it. Thus, (SN &) /m (E) is a compact orbifold homotopy
equivalent to one of the end orbifold and S must be of codimension one. However, SN Vs
is 711 (E')-invariant and cocompact for any other p-end E’. Hence, each p-end fundamental
group 7y (E) is virtually identical to any other p-end fundamental group. This contradicts
(NA). Therefore,

(6.3.1) K :=SNCI(0) CbdO,

where g(K) = K for every g € h(m (0)).
We divide into steps:

(A) First, we show K # 0.

(B) We show K = D; or K = {vz} *D; for some properly convex domain D; C
bd&' NCI(U) for a p-end neighborhood U of E.

(C) Finally g(D;) = D; for g € I’ for a finite index subgroup I of I, and we use
Corollary 6.3.1 to obtain a contradiction.

(A) We show that K := CI(£) NS # 0: Let E be a p-end. If E is horospherical, 7(E)
acts on a great sphere S tangent to an end vertex. Since S is I'-invariant, S has to be a
subspace in S containing the end vertex by Theorem 8.1.3(iii). This implies that every
horospherical p-end vertex is in S. Let p be one. Since there is no nontrivial segment in
bd& containing p by Theorem 8.1.3(v), p equals § ﬁCl(ﬁ ). Hence, p is I'-invariant and
I' =T;. This contradicts the condition (IE).

Suppose that £ is a generalized lens-shaped R-p-end. Then by the existence of attract-
ing subspaces of some elements of I'z, we have

e cither § passes the end vertex vz or
e there exists a subspace S’ containing S and v that is I'z-invariant.
In the first case, we have SN Cl(ﬁ ) # 0, and we are done for the step (A).
In the second case, S’ corresponds to a subspace in S(,’E’l and S is a hyperspace of

dimension < n — 1 disjoint from vz. Thus, E is a virtually factorizable R-p-end. By
Theorem 1.3.12, we obtain some attracting fixed points in the limit sets of 7 (E). If §' is
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a proper subspace, then E is factorizable, and S’ contains the attracting fixed set of some
positive bi-semi-proximal g, g € I'r. The uniform middle eigenvalue condition shows that
positive bi-semi-proximal g has attracting fixed sets in CI1(L). Since g acts on S, we obtain
SNCI(L) # 0 by the uniform middle eigenvalue condition.

If S’ is not a proper subspace, then g acts on S, and S contains the attracting fixed set
of g by the uniform middle eigenvalue condition. Thus, SNCI(L) # 0.

If E is a lens-shaped T-p-end, we can apply a similar argument using the attracting
fixed sets. Therefore, SN Cl(ﬁ ) is a subset K of bd& of dimK > 0 and is not empty. In
fact, we showed that the closure of each p-end neighborhood meets K.

(B) By taking a dual orbifold if necessary, we assume without loss of generality that
there exists a generalized lens-shaped R-p-end £ with a radial p-end vertex v;.

As above in (A), suppose that vz € K. There exists g € m1(€), so that

g(vg) # vg, and g(vz) € K C bdO

since g acts on K. The point g(vz) is outside the closure of the concave p-end neighbor-
hood of E by Corollary 6.3.1. Since K is connected, K meets CI(L) for the CA-lens or
generalized CA-lens L of E.

If vz ¢ K, then again K NCI(L) # 0 as in (A) using attracting fixed sets of some
elements of 7y (E). Hence, we conclude K NCI(L) # 0 for a generalized CA-lens L of E.

Let Z;;_ denote D? from Lemma 6.3.2. Since K C bd @, it follows that K cannot contain
E%d Thus, K NCI(Z}) is a proper subspace of CI(Z;), and £ must be a virtually factorizable
end.

By Lemma 6.3.2, there exists a totally geodesic domain Z% in the CA-lens. A p-end
neighborhood of vz equals Uy, := ({vz}*X)°. Since m (E) acts reducibly,

CI(Z%) :Dl >|<~~~>|<Dm,

where K NCl(Uy, ) contains a join D; := x;c;D; for a proper subcollection J of {1,...,m}.
Moreover, KNCI(Z};) = Dy.

Since g(Uy, ) is a p-end neighborhood of g(vj), we obtain g(Uy,) = Ug(y,). Since
g(K) =K for g € T', we obtain that

KNg(Cl(XE)) = g(Dy).
Lemma 6.3.2 implies that

Ug(v;) MUy, = 0 for g & m (E) or

VE

(6.3.2) U

o(vp) = Uy forg e m (E)

by the similar properties of S(g(vz)) and S(vj) and the fact that bdUy . N 0 and bdU,(y )N
0 are totally geodesic domains.

Let A;(g) denote the (dimD; + 1)-th root of the norm of the determinant of the sub-
matrix of g associated with D; for the unit norm matrix of g. There exists a sequence of

virtually central diagonalizable elements ¥; € 71 (E) by Proposition 4.4 of [21] so that

{(%IDs} = L{3|Dye} — I satisfying { As(%) } R
Age (1)
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for the complement J¢ := {1,2,...,m} —J. Since the lens-shaped ends satisfy the uniform
middle eigenvalue condition by Theorem 5.4.3, we obtain

{%|Ds} = L,{y;|Ds} — I for the complement J := {1,2,...,m} —J,

(6.33) { ;VJ;(?;)) } — e, { ijE((Z)) } =0, { ;JJC(();)) } o

(See Theorem 1.4.10.)
Since vz, Dy C K, the uniform middle eigenvalue condition for I'z implies that one of
the following holds:

K=Dj,K={vg}*DjorK={vg}*D;U{vg_}*Dy

by the invariance of K under ¥ ! and the fact that K N Cl(X;) = D;. Since K C Cl(0), the

third case is not possible by the proper convexity of C1(¢’). We obtain
(634) K:D] OI‘K:{VE-}*DJ.

(C) We will explore the two cases of (6.3.4). Assume the second case. Let g be an
arbitrary element of 7, (&) — m(E). Since D; C K, we obtain g(D;) C K. Recall that
Uy, US(vg)° is a neighborhood of points of S(vz)? in C1(&). Thus, g(Uy, US(vg)?) is a
neighborhood of points of g(S(vz)?).

Recall that D7 is in the closure of UVE' If DJ meets

g§({vg}*Dy—Dy) C g(Uy, US(vg)?) D g(S(vg)?),
then
Uy, Ng(Uy;) # 0, and S(vg)° Ng(S(vg)?) # 0

since these are components of & with some totally geodesic hyperspaces removed. Hence,
vz = g(vz) by Theorems 5.4.2 and 5.4.3. Finally, we obtain D; = g(D;) since

K ={vg}+Ds=g({ve})*2(Ds).

If D is disjoint from g({v}* Dy — Dy), then g(D;) C Dy since K = {vg} D, and
g(K) = K. Since Dy and g(D;y) are intersections of a hyperspace with bd€’, we obtain
8(Dy) =Dy.

Both cases of (6.3.4) imply that g(Dy) = Dy for g € m(€'). This implies g(Dy) = Dy
for g € 1 (0). Since vz and g(vz) are not equal for g € 71 (&) — 7 (E), we obtain

CI(Ur) Ng(CI(Uy)) # 0.

Since every virtually reducible R-ends are totally geodesic, all R-ends are lens-type ones
by Theorem 5.4.3. Corollary 6.3.1 gives us a contradiction. Therefore, we deduced that

the i(m (€'))-invariant subspace S does not exist.
Since parabolic subgroups of PGL(n+ 1,R) or SLy(n+ 1,R) are reducible, we are
done. [S"S]
O

6.3.1. Equivalence of lens-ends and generalized lens-ends for strict SPC-orbifolds.

COROLLARY 6.3.3. Suppose that O is a strongly tame strictly SPC-orbifold with gen-
eralized lens-shaped or horospherical #- or 7 -ends and satisfying the conditions (IE) and
(NA). Then O satisfies the triangle condition and every generalized lens-shaped R-ends are
lens-shaped R-ends.
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PROOF. Assume first & C S". Let E be a generalized lens-shaped p-end neighborhood
of &. Let L be the generalized CA-lens so that the interior U of {vg}*Lis alens p-end
neighborhood. Then U — L is a concave p-end neighborhood. Recall the triangle condition
of Definition 5.3.18. Let T be a triangle with

AT Cbd0,T° C & and dTNCI(U) # 0

for an R-p-end neighborhood U. By the strict convexity ¢, each edge of T has to be inside
a set of form CI(V) Nbd& for a p-end neighborhood V. Corollary 6.3.1 implies that the
edges are all in C1(U) Nbd& for a single R-p-end neighborhood U. Hence, the triangle
condition is satisfied. By Theorem 5.3.21, E is a lens-shaped p-end. [S"T] (]






CHAPTER 7

The convex but nonproperly convex and
non-complete-affine radial ends

In previous chapters, we classified properly convex or complete radial ends under
suitable conditions. In this chapter, we will study radial ends that are convex but not
properly convex nor complete affine. The main techniques are the theory of Fried and
Goldman on affine manifolds, and a generalization of the work on Riemannian foliations
by Molino, Carriere, and so on. We will show that these are quasi-joins of horospheres and
totally geodesic radial ends under transverse weak middle eigenvalue conditions. These
are suitable deformations of joins of horospheres and totally geodesic radial ends. Since
this is the most technical chapter, we will give outlines at some places in addition to the
main outline in Section 7.1.3.

7.1. Introduction

7.1.1. General setting. In this chapter, we will work with S” and SL4 (n+ 1,R) with
only a few exceptions since the purpose is to classify some objects modulo projective
automorphisms. However, the corresponding results for RP" can be obtained easily by
results in Section 1.1.8 and then projecting back to RP". Let £ be a R-p-end of a convex
real projective orbifold & with end orbifold Xz and its universal cover iE and the p-end
vertex v;. We recall Proposition 1.1.4. If £z is convex but not properly convex and not
complete affine, then we call E a nonproperly convex and noncomplete end (NPNC-end.)

The closure C1(£) contains a great (ip — 1)-dimensional sphere S9! and the convex open

domain £ is foliated by ip-dimensional hemispheres with this boundary SO (These
follow from Section 1.4 of [36]. See also [71].) .

The space of ip-dimensional hemispheres in SﬁEf' with boundary S forms a pro-
jective sphere S"~~!: This follows since a complementary subspace S isomorphic to
S"—~1 parameterize the space by the intersection points with S. The fibration with fibers

open hemispheres of dimension iy with boundary St
(7.1.1) g : Sy sy — !
T T
ié — K°

gives us an image of ¥z that is the interior K of a properly convex compact set K.
Let S& be a great ip-dimensional sphere in S" containing vz corresponding to the
directions of S¢™! from vz. The space of (ip + 1)-dimensional hemispheres in S" with

boundary S again has the structure of the projective sphere S"~0~!, identifiable with the
above one.

159
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. . . . i _ . H in—1
ach ip-dimensional hemispnere m W = i.g corresponds to an
Each ip-d 1h here H' in S§! with bdH"

(io + 1)-dimensional hemisphere Ho ! in §” with common boundary S that contains v.
There is also a fibration with fibers open hemispheres of dimension iy + 1 and bound-
ary S9:

(7.1.2) [k :S"—Sio — §nio~!
T T
U —K°

since S corresponds to S in the projection S" — {vg,vg_} —S"L
Let SLy(n+ I,R)Sio ., denote the subgroup of Aut(S") acting on S& and v;z. The
.vg
projection Ilg induces a homomorphism

Iy : SLe(n+1,R) v SLi(n—io,R).

)

Suppose that S2 is h(7; (E))-invariant. We let N be the subgroup of h(m(E)) of
elements inducing trivial actions on S"~0~!, The above exact sequence

(7.1.3) 15N = h(m(E) 5 Ng — 1

is so that the kernel normal subgroup N acts trivially on S"~~! but acts on each hemi-
sphere with boundary equal to S and N acts faithfully by the action induced from ITf.

Since K is a properly convex domain, K° admits a Hilbert metric dg and Aut(K) is a
subgroup of isometries of K°. Here Nk is a subgroup of the group Aut(K) of the group of
projective automorphisms of K, and N is called the properly convex quotient of h(7(E))
orI's.

We showed:

THEOREM 7.1.1. Let Xz be the end orbifold of an NPNC R-p-end E of a strongly
tame properly convex n-orbifold O with radial or totally geodesic ends. Let & be the
universal cover in S". We consider the induced action of h(m(E)) on Aut(SﬁEfl) Sor the
corresponding end vertex vg. Then the following hold :

o ¥ is foliated by complete affine subspaces of dimension iy, iy > 0. Let K be the
properly convex compact domain of dimension n — iy — 1 whose interior is the
space of complete affine subspaces of dimension iy.

o h(m(E)) fixes the great sphere S9! of dimension iy — 1 in SﬁETl.

o There exists an exact sequence

_ T
l=>N—-m(E)— Ng—1

where N acts trivially on quotient great sphere S""0~1 and Nk acts faithfully on
a properly convex domain K° in "=~ isometrically with respect to the Hilbert
metric dg.

d
7.1.2. Main results. We begin with a definition of quasi-joined R-ends.

DEFINITION 7.1.2. We have the following:
e Let K be a compact properly convex subset of dimension
o n—i—2inS" fori > 1. Let S., be a subspace of dimension i complementary to
the subspace containing K.
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FIGURE 1. A partial development of the boundary of a quasi-joined R-
p-end-neighborhood in an affine patch with Euclidean coordinates where
(0,0,0,1) in S? corresponds to (0,0,0). In the notation of Definition
7.1.2, v is the point (0,0,0), K is the singleton of (1,0,0), H, contains
the upper-part of the yz-plane, and SL contains the y-axis. A cusp group
acts on each hyperspace containing the y-axis. H, and SL and these
hyperspaces are not in the affine space of the projection. (See the math-
ematica file [40])

e Let v be a pointin Si..
e A group G acts on K, S, and v and on an open set U containing v in the bound-
ary.
e U/G is required to be diffeomorphic to a compact orbifold times an interval.
e There is a fibration ITg : " — Si, — $"*~! with fibers equal to open (i 4 1)-
hemispheres with boundary Si..
— The set of fibering open (i + 1)-hemispheres H so that H N U is a nonempty
open set is projected to a convex open set in S"*~! onto the interior of
{x} *TIg(K) in S"*~! for a point x not in Ik (K).
— For each fibering open hemisphere H, H NU is an open set bounded by an
ellipsoid containing v unless H N U is empty.
— CI(Hy)NCI(U) = {v} for H, the fibering open (i + 1)-hemisphere over x.
If an R-end E of a real projective orbifold has an end neighborhood projectively diffeo-
morphic to U/G with the induced radial foliation corresponding to v, then E is called a
quasi-joined end (of a totally geodesic R-end and a horospherical end with respect to v)
and a corresponding R-p-end is said to be a quasi-joined R-p-end also. Also, any R-end
with an end-neighborhood covered by an end-neighborhood of a quasi-joined R-end is
called by the same name. In these cases, the end holonomy group is a quasi-joined end
group (of a totally geodesic R-end and a horospherical end with respect to v)

We will see the example later. In this chapter, we will characterize the NPNC-ends.
See Proposition 7.3.19 and Remark 7.3.20 for detailed understanding of quasi-joined ends.

Let E be an NPNC-end. Recall from Chapter 3 that the universal cover £z of the end
orbifold ¥z is foliated by complete affine iyp-dimensional totally geodesic leaves for iy > 1.
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The end fundamental group 7; (E) acts on a properly convex domain K that is the space of
ip-dimensional totally geodesic hemispheres foliating EE-

DEFINITION 7.1.3. A countable group G satisfies the property NS if every normal
solvable subgroup N of a finite-index subgroup G’ is virtually central in G'; that is, NN G”
is central in G” for a finite-index subgroup G” of G'.

By Corollary 1.4.11, the fundamental group of a closed orbifold admitting a properly
convex structure has the property (NS). Clearly a virtually abelian group satisfies (NS).
Obviously, the groups of Benoist are somewhat related to this condition. (see Proposition
1.4.8.)

The main result of this chapter is the following. We need the proper convexity of
0. The following theorem shows that given that £ is convex but not properly convex,
the transverse weak middle eigenvalue condition implies the end is quasi-joined type. For
example, this implies that the holonomy group decomposes into semi-simple part and horo-
spherical part. (see (7.3.52)). This type is much easier to understand. Section 7.3.19 gives
some detailed discussions.

THEOREM 7.1.4. Let O be a strongly tame properly convex real projective orbifold
with radial or totally geodesic ends. Assume that the holonomy group of O is strongly
irreducible. Let E be an NPNC R-p-end with the end orbifold Yg. The universal cover
i,; is foliated by ig-dimensional totally geodesic hemispheres. The leaf space naturally
identifies with the interior of a compact convex set K. Suppose that the following hold:

o the end fundamental group satisfies the property (NS) or dimK° = 0,1 for the
leaf space K° of E.

e the p-end holonomy group h(mi (E)) virtually satisfies the transverse weak middle-
eigenvalue condition with respect to a p-end vertex V.

Then E is a quasi-joined type R-p-end for v.

See Definition 7.2.2 for the transverse weak middle-eigenvalue condition for NPNC-
ends. Without this condition, we doubt that we can obtain this type of results. However,
it is open to investigations. In this case, E does not satisfy the uniform middle-eigenvalue
condition as stated in Chapter 3 for properly convex ends.

We again remark that Cooper and Leitner have classified the ends when the end funda-
mental group is abelian. (See Leitner [119], [118] and [120].) Also, Ballas [5] and [4] has
found some examples of quasi-joined ends when the upper-left parts are diagonal groups.
Our quasi-joined ends are also classified by [8] when the holonomy group is nilpotent.
(For virtually abelian groups, Ballas-Cooper-Leitner [8], [9] had covered much of these
material but not in our generality. )

Recall the dual orbifold &* given a properly convex real projective orbifold &. (See
Section 5.5.2.) The set of ends of & is in a one-to-one correspondence with the set of
ends of &*. We show that a dual of a quasi-joined NPNC R-p-end is a quasi-joined NPNC
R-p-end.

COROLLARY 7.1.5. Let O be a strongly tame properly convex real projective orbifold
with radial or totally geodesic ends. Assume that the holonomy group of O is strongly
irreducible. Let E be a quasi-joined NPNC R-p-end for an end E of O virtually satisfying
the transverse weak middle-eigenvalue condition with respect to the p-end vertex. Suppose
that the end fundamental group satisfies the property (NS) or dimK° = 1 for the leaf space
K? of E.
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Let O* denote the dual real projective orbifold of O. Let E* be a p-end corresponding
to a dual end of E. Then E* has a p-end neighborhood of a quasi-joined type R-p-end for
the universal cover of C* for a unique choice of a p-end vertex.

In short, we are saying that £* can be considered a quasi-joined type R-p-end by
choosing its p-end vertex well. However, this does involve artificially introducing a radial
foliation structure in an end neighborhood. We mention that the choice of the p-end vertex
is uniquely determined for £* to be quasi-joined.

7.1.3. Outline. In Section 7.2, we discuss the R-ends that are NPNC. We introduce
the transverse week middle eigenvalue condition. We will explain the main eigenvalue
estimates following from the transverse weak middle eigenvalue condition for NPNC-ends.
Then we will explain our plan to prove Theorem 7.1.4.

In Section 7.3, we introduce the example of the joining of horospherical and totally
geodesic R-ends. We will now study a bit more general situation introducing Hypothesis
7.3.4. We will try to obtain the splitting under some hypothesis. We will outline the sub-
section there. By computations involving the normalization conditions, we show that the
above exact sequence is virtually split under the condition (NS), and we can surprisingly
show that the R-p-ends are of strictly joined or quasi-joined types. Then we show using the
irreducibility of the holonomy group of 7; () that they can only be of quasi-joined type.
We divide the tasks:

e In Section 7.3.2, we introduce Hypothesis 7.3.4 under which we work. We show
that K has to be a cone, and the conjugation action on .#” has to be scalar orthog-
onal type changes. Finally, we show the splitting of the NPNC-ends. We will
outline more completely in there.

e In Section 7.3.3, we introduce Hypothesis 7.3.15, requiring more than Hypoth-
esis 7.3.4. We will prove Proposition 7.3.19 that the ends are quasi-joins under
the hypothesis.

As a final part of this section in Section 7.3.4, we discuss the case when N is discrete. We
prove Theorem 7.1.4 for this case by showing that the above two hypotheses are satisfied.

In Section 7.4, we discuss when N is not discrete. There is a foliation by complete
affine subspaces as above. We use some estimates on eigenvalues to show that each leaf is
of polynomial growth. The leaf closures are suborbifolds V; by the theory of Carriere [35]
and Molino [131] on Riemannian foliations. They form the fibration with compact fibers.
m(V;) is solvable using the work of Carriere [35]. One can then take the syndetic closure
to obtain a bigger group that acts transitively on each leaf following Fried and Goldman
[82]. We find a unipotent cusp group acting on each leaf transitively normalized by I';.
Then we show that the end also splits virtually using the theory of Section 7.3. This proves
Theorem 7.1.4 for this case.

In Section 7.5, we prove Corollary 7.1.5 showing that the duals of NPNC-ends are
NPNS-ends, and in Section 8.1.3, we classify complete ends that are not cusps. This was
needed in the proof of Theorem 8.1.2.

In Section 8.2, we will discuss some miscellaneous results. In Section 7.5.2, we dis-
cuss a counterexample to Theorem 7.3.22 when the condition (NS) is dropped.

7.1.3.1. The plan of the proof of Theorem 7.1.4. We will show that our NPNC-ends
are quasi-joined type ones; i.e., we prove Theorem 7.1.4 by proving for discrete Nk in
Section 7.3.4 in Section 7.3 and proving for nondiscrete Nk in Section 7.4.3 in Section 7.4.

e Assume Hypotheses 7.3.4.
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— We show that I'; acts as R times an orthogonal group on a Lie group .4
as realized as an real unipotent abelian group R. See Lemmas 7.3.7. This
is done by computations and coordinate change arguments and the distal
group theory of Fried [80].

— We show that K is a cone in Lemma 7.3.9.

— We refine the matrix forms in Lemma 7.3.10 when pi, = 1. Here the matrices
are in almost desired forms.

— Proposition 7.3.14 shows the splitting of the representation of I'z. One
uses the transverse weak middle eigenvalue condition to realize the compact
(n—ip — 1)-dimensional totally geodesic domain independent of S where
I'; acts on.

e Now we can assume Hypothesis 7.3.15 additionally. In Section 7.3.3, we dis-
cuss joins and quasi-joins. The idea is to show that the join cannot occur by
Propositions 1.4.18 and 1.4.19.

e This will settle the cases of discrete Nx in Theorem 7.3.22 in Section 7.3.4.

e In Section 7.4, we will settle for the cases of non-discrete Nx. See above for the
outline of this section.

We remark that we can often take a finite index subgroup of I'z during our proofs
since Definition 7.3.20 is a definition given up to finite index subgroups.

REMARK 7.1.6. The main result of this chapter Theorem 7.1.4 and Corollary 7.1.5
are stated without references to S" or RP". We will work in the space S" only. Often the
result for S” implies the result for RP". In this case, we only prove for S". In other cases,
we can easily modify the S"-version proof to one for the RIP"-version proof.

7.2. The transverse weak middle eigenvalue conditions for NPNC ends

We will now study the ends where the transverse real projective structures are not
properly convex but not projectively diffeomorphic to a complete affine subspace. Let E
be an R-p-end of &, and let U be the corresponding p-end-neighborhood in & with the
p-end vertex vz. Let £z denote the universal cover of the p-end orbifold £z as a domain
in -1

In Section 7.1.1, we will discuss the general setting that the NPNC-ends satisfy. In
Section 7.1.3.1, we will give a plan to prove Theorem 7.1.4. We accomplished this proof
in Sections 7.3 and 7.4.

We denote by .% the foliation on £z or the corresponding one in Xz.

7.2.0.1. The main eigenvalue estimations. We denote by I'z the p-end holonomy
group acting on U fixing vz. Denote the induced foliations on £z and £z by Fz. We
recall

lengthy (g) := inf{dx (x, g(x))lx € K%}, g € T
~ We recall Definition 1.3.1. Let VO denote the subspace of R™! corresponding to
S&. By invariance of S, if
Ru(g) VI # {0}, 1 >0,
then Z,(g) N viot! always contains a C-eigenvector of g.

DEFINITION 7.2.1. Let Xz be the end orbifold of a nonproperly convex R-p-end E of
a strongly tame properly convex n-orbifold &. Let I'z be the p-end holonomy group.
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o Let A7 (g) denote the largest norm of the eigenvalue of g € I'; affiliated with
V#£0, (V) €S"—S3, ie.,
i (8) := max{p |37 € Zyu(g) —V*'},
which is the maximal norm of transverse eigenvalues.
e Also, let AI" (g) denote the smallest one affiliated with a nonzero vector ¥, (%) €
S*—S9, ie.,
}Lrglrn( ) = min{u |317 S ‘%/J(g) — Voi,0+l }7
which is the minimal norm of transverse eigenvalues.
o Let /l,%%),(( ) be the largest of the norms of the eigenvalues of g with C-eigenvectors

of form ¥, (%) € S© and KS‘” (g) the smallest such one.

min
DEFINITION 7.2.2. Let Ay, (g) denote the eigenvalue of g at vz. The transverse weak
middle eigenvalue condition with respect to vz or the R-p-end structure is that each element
g of h(m; (E)) satisfies

(7.2.1) ALr(8) > Ay, (g)-

Theorem A.2.1 somewhat justifies our approach. We do believe that the weak middle
eigenvalue conditions implies the transverse ones at least for relevant cases.
The following proposition is very important in this chapter and shows that 41" (g)

and A" (g) are true largest and smallest norms of the eigenvalues of g.

PROPOSITION 7.2.3. Let X be the end orbifold of an NPNC R-p-end E of a strongly
tame properly convex n-orbifold € with radial or totally geodesic ends. Suppose that €
in S" (resp. RP") covers O as a universal cover. Let Tz be the p-end holonomy group
satisfying the transverse weak middle eigenvalue condition for the R-p-end structure. Let
g € T'z. Then the following hold:

A (8) = lf;;'x( ) > Ay (8 )>3~fnn( ) > Ad(9),
(7.2.2) A(g) = ALr(8), and Ausy = AL (8)-

PROOF. We may assume that g is of infinite order. Suppose that lfmx( ) > A (g).
We have lng;lfx( ) > Ay;.(g) by the transverse weak uniform middle eigenvalue condition.

Now, A" (g) < lﬁ%‘; (g) implies that

R do = @ %’J (g)
Amax (8) Sio
||=Amax (8)

is a subspace of V.o ' and corresponds to a great sphere SJ S/ C S9. Hence, a great sphere
S/, j>0,in S is disjoint from {vj,vz_}. Since vz € S¥ is not contained in S/, we obtain
Jj+1<io.

ig+1

A vector space V| corresponds ,0 %“( ) where g has strictly smaller norm
] < Ao
eigenvalues and is complementary to R do - Let C) = S(V1). The great sphere C; is
max (8

disjoint from S/ but C; contains vg. Moreover, C; is of complementary dimension to S/,
ie.,dimCy=n—j—1. _

Since C is complementary to S/ C S, C; contains a complementary subspace Ci to

9 of dimension n — ip—11in S". Considering the sphere Sﬁgl at vy, it follows that C} goes
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Ve

FIGURE 2. The figure for the proof of Proposition 7.2.3.

to an n — ip — 1-dimensional subspace C{ in S(}Efl disjoint from 9! for any complete affine
leaf . Each complete affine leaf / of £z has the dimension i and meets C} in SGETI by the
dimension consideration.

Hence, a small ball B in U meets C| in its interior.

For any (V) € B,v € R""! ¥ =¥, 4+, where (¥) € C; and () € §/.
(7.2.3)  We obtain g*((¥)) = ((gk(\_}'l) +gk(\72))) :

where we used g to represent the linear transformation of determinant £1 as well (See
Remark 1.1.5.) By Proposition 1.3.2, the action of g€ as k — oo makes the former vectors
very small compared to the latter ones, i.e.,

(ol el ~omimn

Hence, {g((¥))} converges to the limit of {gX(((¥,))} if it exists.

Now choose () in C; NB’ and ¥, (V) € S/. We let w; = (W -+ £V)) and W = (W — &V))
in B’ for small &€ > 0. Choose a subsequence {k;} so that {g¥ (%)} converges to a point of
S". The above estimation shows that {g% (%)} and {g* (#,)} converge to an antipodal pair
of points in C1(U) respectively. This contradicts the proper convexity of U as g"(B') C U
and the geometric limit is in C1(U).

Also the consideration of g~! completes the inequality, and the second equation fol-
lows from the first one. [S"T] O

7.3. The general theory

7.3.1. Examples. First, we give some examples.

7.3.1.1. The standard quadric in R+ and the group acting on it. Let us consider
an affine subspace A®T! of S 1 with coordinates xo,x1,...,%;,+1 given by xo > 0. The
standard quadric in A" is given by

1
Xig+1 = i(x%Jr"'erizo)-
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Clearly the group of the orthogonal maps O (i) acting on the planes given by x;,1 = const
acts on the quadric also. Also, the group of the matrices of the form

1 0 0
Vi L, 0
-2

[

2

acts on the quadric.

The group of affine transformations that acts on the quadric is exactly the Lie group
generated by the above cusp group and O(ip). The action is transitive and each of the
stabilizer is a conjugate of O(ip) by elements of the above cusp group.

The proof of this fact is simply that such a group of affine transformations is conjugate
into a parabolic isometry group in the ip + 1-dimensional complete hyperbolic space H
where the ideal fixed point is identified with ((0,...,0,1) € S*! and with bdH tangent to
bdA®,

The group of projective automorphisms of the following forms is a unipotent cusp
group.

—

1 0 o0
(7.3.1) N'@ = ¥ Ty 07 | forve RO,
e 5
2

(see [68] for details.) We can make each translation direction of generators of .4 in flg to
be one of the standard vector. Therefore, we can find a coordinate system of Viot2 g0 that
the generators are of (ip +2) X (ip + 2)-matrix forms

1 0 0
(7.3.2) N (s)=| s¢f L, O
% ng 1
where s € R and (€;) = 0k a row i-vector for j = 1,...,ip. That s,

NI@) = M 1) A )

7.3.1.2. Examples of generalized joined ends. We first begin with examples. In the
following, we will explain the generalized joined type end.

EXAMPLE 7.3.1. Let us consider two ends Ej, a totally geodesic R-end, with the
p-end-neighborhood U in the universal cover of a real projective orbifold ¢ in §" 0!
of dimension n — iy — 1 with the p-end vertex vy, and E;, the p-end-neighborhood U>, a
horospherical type one, in the universal cover of a real projective orbifold &, of dimension
io + 1 with the p-end vertex v;.

e Let I'; denote the projective automorphism group in Aut(S"~~1) acting on U,
corresponding to E;. We assume that I'j acts on a great sphere §" 02 ¢ §"—i~1
disjoint from vi. There exists a properly convex open domain K’ in S"~0~2
where I'| acts cocompactly but not necessarily freely. We change U, to be the
interior of the join of K’ and v;.

Let I'; denote the one in Aut(S*!) acting on U, as a subgroup of a cusp group.
We embed S" 0! and S*! in S” meeting transversely at v =v;| = vs.

We embed U, in S0*! and T, in Aut(S") fixing each point of S"~0~1,

We can embed U in "0~ and I’} in Aut(S") acting on the embedded U,
so that '} acts on Sfo~! normalizing I, and acting on U;. One can find some
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such embeddings by finding an arbitrary homomorphism p : I'j — N(I';) for a
normalizer N(I';) of I'; in Aut(S").

We find an element { € Aut(S") fixing each point of S"~0~2 and acting on S0*! as
a unipotent element normalizing I'; so that the corresponding matrix has only two norms
of eigenvalues. Then { centralizes I'1|S"0~2 and normalizes I'>. Let U be the strict join
of U; and U, a properly convex domain. U/(I'},I'2,{) gives us an R-p-end of dimen-
sion n diffeomorphic to Xg, X Xg, x S' x R and the transverse real projective manifold is
diffeomorphic to Xg, X X, X S!'. We call the results the a generalized joined end and the
generalized joined end-neighborhoods. Those ends with end-neighborhoods finitely cov-
ered by these are also called a generalized joined end. The generated group (I'1,I'5,{) is
called a generalized joined group.

Now we generalize this construction slightly: Suppose that I'y and I, are Lie groups
and they have compact stabilizers at points of U; and U, respectively, and we have a pa-
rameter of {’ for ¢ € R centralizing I';|S"~2 and normalizing T'> and restricting to a
unipotent action on S© acting on U,. The other conditions remain the same. We obtain a
generalized joined homogeneous action of the properly convex actions and cusp actions.
Let U be the properly convex open subset obtained as above as a join of U; and U,. Let
G denote the constructed Lie group by taking the embeddings of I'} and I'; as above. G
also has a compact stabilizer on U. Given a discrete cocompact subgroup of G, we ob-
tained a p-end-neighborhood of a generalized joined p-end by taking the quotient of U. An
end with an end-neighborhood finitely covered by such a one are also called a generalized
Jjoined end.

REMARK 7.3.2. We will deform this construction to a construction of quasi-joined
ends (see Definition 7.1.2). This will be done by adding some translations appropriately.

We continue the above example to a more specific situation.

EXAMPLE 7.3.3. Let N be as in (7.3.10). Let N be a cusp group in conjugate to one
in SO(ip + 1, 1) acting on an ip-dimensional ellipsoid in S0+

We find a closed properly convex real projective orbifold £ of dimension n —iy —2
and find a homomorphism from 7;(Z) to a subgroup of Aut(S*!) normalizing N. (We
will use a trivial one to begin with. ) Using this, we obtain a group I so that

1-N—->T—->mE) -1

Actually, we assume that this is “split”, i.e., 7 (¥) acts trivially on N.
We now consider an example where iy = 1. Let N be 1-dimensional and be generated
by Np as in (7.3.3).

L1 O [0 0
0 1 [0 0
(7.3.3) Ny = -
0 1 1 0
0 5 |11
where iy = 1.

We take a discrete faithful proximal semisimple representation
h:m(X) — GL(n—ip,R)
acting on a convex cone Cy in R" 0. We define
h:m(X) = GL(n+1,R)
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by matrices

(g 0 0
(8) ai(g) O
dr(g) c(g) Avy(g)

where dy(g) and ds(g) are n — ig-vectors and g — Av;(g) is a homomorphism as defined
above for the p-end vertex and det/(g)a; (8)Av(g) =1.

':\l S

(7.3.4) h(g) =

h(g)~! 0 0
(035 h(g™):= oo\ aw 0
I AT A —(g) 1

Then the conjugation of N by h(g) gives us

IVl—iO 0 O
(7.3.6) 0 ai(g) i) 1 0
ai(g)
Our condition on the form of N shows that (0,0,...,0,1) has to be a common eigenvec-
H—/
n—igp

tor by h(m;(E)), and we also assume that a;(g) = Av;(g). The last row of h(g) equals
(0, v (g)). Thus, the upper left (n — i) x (n — ip)-part of h(m; (E)) is reducible.
Some further computations show that we can take any

h: ﬂl(E) — SL(n—io,R)

with matrices of form

Sn-ip-1(8) 0 0
0 Ay, 0 0
(1.3.7) h(g) = x L (8) w0
VE
0 0 0 Av(g)

for g € m;(E) — N by a choice of coordinates by the semisimple property of the (n —ip) x
(n —ip)-upper left part of A(g).

Since (7 (E)) has a common eigenvector, Theorem 1.1 of Benoist [21] shows that the
open convex domain K that is the image of Ik is reducible. We assume that Ny = Ny X Z
for another subgroup Ng., and the image of the homomorphism g € Ny — S,—;,—1(g) gives
a discrete projective automorphism group acting properly discontinuously on a properly
convex subset K’ in S"~0~2 with a compact quotient.

Let & be the one-dimensional ellipsoid where lower-right 3 x 3-matrices of N acts
on. From this, the end is of the join form K’° /N, x S! x & /Z by taking a double cover if
necessary and 71 (E) is isomorphic to Nj x Z x Z up to taking an index two subgroups.

We can think of this as the join of K'°/Nj with &/Z as K’ and & are on disjoint
complementary projective spaces of respective dimensions 7 — 3 and 2 to be denoted S(K")
and S(&) respectively.
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7.3.2. Hypotheses to derive the splitting result. These hypotheses will help us to
obtain the splitting. Afterward, we will show the NPNC-ends with transverse weak middle
eigenvalue conditions will satisfy these.

We will outline this subsection. In Section 7.3.2.1, we will introduce a standard co-
ordinate system to work on, where we introduce the unipotent cusp group .4 = R, Our
group I's normalizes ./ by the hypothesis. Similarity Lemma 7.3.7 shows that the conju-
gation in .4 by an element of I'; acts as a similarity, a simple consequence of the normal-
ization property. We use this similarity and the Benoist theory [21] to prove K-is-a-cone
Lemma 7.3.9 that K decomposes into a cone {k} * K” where .4 has a nice expression for
the adopted coordinates. (If an orthogonal group acts cocompactly on an open manifold,
then the manifold is zero-dimensional.) In Section 7.3.2.3, splitting Proposition 7.3.14
shows that the end holonomy group splits. To do that we find a sequence of elements of
the virtual center expanding neighborhoods of a copy of K”. Here, we explicitly find a
part corresponding to K” C bd& explicitly and k is realized by an (iy + 1)-dimensional
hemisphere where .#” acts on.

7.3.2.1. The matrix form of the end holonony group. Let T’z be an R-p-end holonomy

group, and let [ C Sc; be a complete ip-dimensional leaf in £z. Then a great sphere S;‘)H

contains the great segments from vy in the direction of /. Let Vol denote the subspace

corresponding to S containing vz, and V0*2 the subspace corresponding to SEOH. We
choose the coordinate system so that

and points of V0*! and those of V072 respectively correspond to

n—igy n—ip—1

— —
0,...,0,%,---,x | |, 0,...,0,%,--- %

Since S¥ and Vg are g-invariant, g, g € I'z, is of standard form

S(g) 51(8) 0 0

s2(g) | ai(g) 0 0
7:38) Ci(g) |as(g) |As(g) 0

clg) |ar(g) |as(e) |aos(g)

where S(g) is an (n—ip— 1) X (n —ip — 1)-matrix and s;(g) is an (n —ip — 1)-column
vector, s2(g) and c¢»(g) are (n — ip — 1)-row vectors, C;(g) is an iy X (n —ip — 1)-matrix,
as(g) is an ip-column vectors, As(g) is an iy X ip-matrix, ag(g) is an ip-row vector, and
ai1(g),a7(g), and ag(g) are scalars.

Denote

and is called a upper-left part of g. _
Let .4 be a unipotent group acting on S& and inducing I on §"~~! also restricting to
a cusp group for at least one great (i + 1)-dimensional sphere S0*! containing S2.
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We can write each element g € .4 as an (n+ 1) x (n+ 1)-matrix

In—i()—l O O
(7.3.9) 0 1 0
C, * U

where Cg > 0isan (ip+1) x (n—ip— 1)-matrix,_,Ug is a unipotent (ip+ 1) x (ip+ 1)-matrix,

0 indicates various zero row or column vectors, O denotes the zero row-vector of dimension

n—igp—1,and L,_;,_y is the (n —ip — 1) x (n—ip — 1)-identity matrix. This follows since

g acts trivially on R"*! /Vio+1 and g acts as a cusp group element on the subspace V0+2,
For ¥ € R, we define

L1 O 0 0 0
0 1 0 0 0
c1(v) Vi 1 0 0
(7.3.10) N (F) =
52(17) V2 0 1 0
= my L2
Cior1(V) 5 VI vi v ... 1
where [|v|| is the norm of ¥ = (vy,---,v;,) € R. We assume that

N = {N (V)| € R}
is a group, which must be nilpotent. The elements of our nilpotent group ./ are of this
form since .4 (V) is the product H’;’: 1V (ej)"i. By the way we defined this, for each ,

k=1,... iy, & : Rio — R"~~! are linear functions of ¥ defined as
io
51((\7) = Z 5kjvj- for v = (V17V27...,Vi0)
=1

so that we form a group. (We do not need the property of ¢, at the moment.)

From now on, we denote by C; (V) the (n —ip — 1) x ip-matrix given by the matrix
with rows &;(V) for j =1,...,ip and by c»(V) the row (n —ip — 1)-vector ¢, +1(¥). The
lower-right (ip +2) x (ip +2)-matrix is form is called the standard cusp matrix form.

We denote by A the matrix

In—io—l O O 0
0 1 0 0
(7.3.11)
0 0 A 0
0 0 0 1

for A an iy X ip-matrix. Denote by the group of form
{05]0s € O(io)}

by O(n+1,ip).

If 4 can be put the form (7.3.10) with C;(¥) = 0,c2(¥) = 0 for all ¥, we call .4/
the standard cusp group (of type (n+ 1,ip)) in the standard form. The standard parabolic
group (of type (n+1,ig)) is a group conjugate to .4 O(n+1,io) where .4 is in the standard
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cusp group in the standard form. Ones conjugate to these are called standard cusp group
and standard parabolic group respectively.

The assumptions for this subsection are as follows: We will assume that the group
satisfies the condition virtually only since this will be sufficient for our purposes.

HYPOTHESIS 7.3.4.

e Let K be defined as above for an R-p-end E. Assume that N acts on K° cocom-
pactly.

o I'; satisfies the transverse weak middle eigenvalue condition for the R-p-end
structure.

e Elements are in the matrix form of (7.3.8) under a common coordinate system.

e A group .4 of form (7.3.10) in the same coordinate system acts on each hemi-
sphere with boundary S, and fixes vz € S, with coordinates (0, --,0,1).

e N C ./ in the same coordinate system as above.

e The p-end holonomy group I'; normalizes .4

e ./ acts on a p-end neighborhood U of E, and acts on U NS0*! for each great
sphere S*! containing S whenever U NS0+ £ 0.

o ¥ freely, faithfully, and transitively acts on the space of iy-dimensional leaves
of £z by an induced action.

Let U be a p-end neighborhood of E. Let I’ be an ij-dimensional leaf of £z. The
consideration of the projection ITg shows us that the leaf I corresponds to a hemisphere

jo-+1
Hl’f’+ where

(7.3.12) Uy = (HY" —S)nU #0
holds.

LEMMA 7.3.5 (Cusp). Assume Hypothesis 7.3.4. Let ! be an io-dimensional leaf of
ig. Let H;?H denote the iy + 1-dimensional hemisphere with boundary S3 corresponding
tol'. Then N acts transitively on bdUy for Uy = U N Hy bounded by an ellipsoid in a

ip+1 io
component of H,)"~ — Ses.

PROOF. Since !’ is an ip + 1-dimensional leaf of iE, we obtain Hli,0 NU # 0. Let

Jy = H;,"H NU # 0 where ./ acts on.
Now, [’ corresponds to an interior point of K. We need to change coordinates of
S"—i=1 50 that I’ goes to

(0,---,0,1) under Ig.
—_——

nfi()
This involves the coordinate changes of the first n — iy coordinates. Now, we can restrict g
to H;?+1 so that the matrix form is with respect to Uy. Now give a coordinate system on
the open hemisphere H I’PH’” given by

((1 ,)'c’,xioﬂ)) for ¥ € R0 where ((1,0,...,0) is the origin,
— ——
ip+2 ip+2

and (¥,x;,+1) gives the affine coordinate system on H;,OH’".
Using (7.3.10) restricted to S, the lowest row of the lower-right (i + 1) x (ip + 1)
restriction matrix has to be of form (x,V,1). We obtain that each g € .4 then has the form
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in H;,O+ as

where L : R — R is a linear map. The linearity of L is the consequence of the group
property. k : R — R is some function. We consider L as an i X ip-matrix.

Suppose that there exists a kernel K; of L. We use tV € K; —{O}. Ast — oo, consider
each orbit of the subgroup .4/ (RV) C .4 given by

((1,)?,xi0+1)) — ((1,)_5, K (V) —|—tf1’-5c°—|—x,~0+1)) .

This action fixes coordinates from the 2-nd to iy + 1-st ones to be X¥. Hence, each orbit
lies on an affine line from ((0,0,...,1). Since the eigenvalues of every elements of .4 all
equal 1, the action is unipotent. Since the action is unipotent, either the action is trivial or
the orbit is the entire complete affine line on H;,O. Since the action on each leaf I’ is free,
the action cannot be trivial. Thus, the orbit is the complete affine line, and this contradicts
the proper convexity of &.

Also, since ./ is abelian, the computations of

N @) N (B) = N ()N (F)

shows that VLw’ = wLv! for every pair of vectors ¥ and w in R. Thus, L is a symmetric
matrix.

We may obtain new coordinates x,_;,+1,. . .,X, by taking linear combinations of these.
Since L hence is nonsingular, we can find new coordinates x,_j,+1,. . ., X, so that .4” is now
of standard form: We conjugate .4/ by

1 00
0 A O
0 0 1
for nonsingular A. We obtain
1 0 0
ALYT L, 0

0

k@ vA Tl 1

We thus need to solve for A='A~!T = L, which can be done since L is nonsingular and
symmetric as we showed above.

Now, we conjugate as we wished to. We can factorize each element of .4 into forms

0 0

0 0

<l

A
—
<!
N
\
N‘E
o
(]
—_
M:
<!
—_
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2 ,
Again, by the group property, X7 (V) := k(V) — @ gives us a linear function X7 : R0 — R.

Hence X7 (V) = ky -V for kg € R, Now, we conjugate .4 by the matrix

1 0 0
0 I, O
0 —xy 1

and this will put .4 into the standard form.

Now it is clear that the orbit of .#"(xg) for a point xp of Jy is an ellipsoid with a point
removed since ./ acts so in the standard form since the standard form can be recognized as
that of the parabolic group in the hyperbolic space in the Klein model in some appropriate
coordinates. (|

Recall standard cusp group from the end of Section 7.3.2.1. For later purposes, we
need:

LEMMA 7.3.6. Let C be standard cusp group acting on a hemisphere H of dimension
io + 1 with boundary S fixing a point p in S®. Then the following hold:
o There exists an affine space Al with S bdA{ and H° C A{. where orbits of
points have three types:
— The orbit of each point in Af. is an ellipsoid in an affine subspace of dimen-
sion iy parallel to the affine subspace H°.
— The orbit of each point of a great sphere S"~0 C bdA" of dimension n — i
containing p transverse to S where the orbits are singletons.
— The orbit of every point of bdAl. — S"~ is not contained in a properly
convex domain.
o The affine space A¢. with these orbit properties is uniquely determined.

PROOF. We choose the affine space A}, is given by x,,_;, > 0 for the coordinate system
where C is written as in (7.3.10) with ¢;, i = 1,...,ig+ 1, are zero. Since C is standard,
There exists a sphere of dimension S"~0~! complementary to S in bdA where C acts
trivially. Let S"~ be the join {p,p_}+S"~0~! On S"~ the orbits are singletons. The
orbits of points of bdAf. — S"~ can be understood by the matrix form. The orbits will
always contain a pair of antipodal points in the closures by considering .4~ with the n — iy-
th rows and the n — ip-th columns removed. The affine translations commute with each
element of C. This shows that each orbit in A¢. is as claimed.

Also, since the orbit types are characterized, A} is uniquely determined. ]

1
- 7Let as(g) denote |det(A3)|. Define i := Zf—g = Z;’E?; for g € Tz from Lemma

LEMMA 7.3.7 (Similarity). Assume Hypothesis 7.3.4. Then any element g € 'z in-
duces an (ig x io)-matrix My given by

gV (Vg™ = N (WM,) where

M = %@)(As(g))’1 = 1g0s(g)™"

for Os(g) in a compact Lie group Gg, and the following hold.

as(g) _ ao(g)
a(g)

e (as (g))2 =ay(g)ag(g) or equivalently asle)
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e Finally, ai(g),as(g), and ag(g) are all positive.

PROOF. Since the conjugation by g sends elements of .4 to itself in a one-to-one
manner, the correspondence between the set of V for 4" and V' is one-to-one.

Since we have g.# (V) = .4 (#')g for vectors ¥ and V' in R by Hypothesis 7.3.4, we
consider

(7.3.13)
S(g) | si(g) 0 0 Liig-1 0 0o |o
s2(8) | ai(g) 0 0 0 1 o lo
Ci(g) [aalg) [As(e) 0 ¢ (7) 7 |, o
c(g)  |ar(g) | as(g) | as(g) o [ v |

where C; (V) is an (n —ip — 1) X ip-matrix where each row is a linear function of ¥, ¢» (V) is
a (n—ip— 1)-row vector, and ¥ is an ip-row vector. This must equal the following matrix

for some v € R

(7.3.14)
bt | 0 O O} Se) |si(e) | O 0
0 ! o |0 s2(g) | ai(g) 0 0
aw) [V [0 e Jak |Ase | o0
oy [EL 1o ) Ve [o@ [a@ ok

From (7.3.13), we compute the (4,3)-block of the result to be ag(g) + ag(g)V. From
(7.3.14), the (4,3)-block is V'As(g) +ag(g). We obtain the relation aq(g)V = v'As(g) for
every V. Since the correspondence between vV and V' is one-to-one, we obtain

(7.3.15) v = ay(g)¥(As(g)) "

for the iy X ip-matrix As(g) and we also infer ag(g) # 0 and det(As(g)) # 0. The (3,2)-
block of the result of (7.3.13) equals

as(g) +As(g)v".
The (3,2)-block of the result of (7.3.14) equals
(7.3.16) Cl(ffl)sl(g)+a1(g)\7'T—|—a4(g).
Thus,
(7.3.17) As(@)¥ = C1(V)s1(g) +ar ()77

For each g, we can choose a coordinate system so that s;(g) = 0 since by the Brouwer
fixed point theorem, there is a fixed point in the compact convex set K C S"~0~!  This
involves the coordinate changes of the first n — iy coordinate functions only.

Let I denote the fixed point of g. Since .4 acts on S;‘,’H for I’ as a cusp group by
Lemma 7.3.5, there exists a coordinate change involving the last (ip + 1)-coordinates

Xn—ig+15- -y Xn, Xn+1
so that the matrix form of the lower-right (ip +2) x (i + 2)-matrix of each element .4 is
of the standard cusp form. This will not affect s;(g) = 0 as we can check from conjugating
matrices used in the proof of Lemma 7.3.5 as the change involves the above coordinates
only. Denote this coordinate system by ®, ;.
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We may assume that the transition to this coordinate system from the original one is
uniformly bounded: First, we change for S”~~! with a bounded elliptic coordinate change
since we are only picking out a single point to be a coordinate axis. This makes L and x
in the proof of Lemma 7.3.5 to be uniformly bounded functions. Hence, A and xy in the
proof are also uniformly bounded.

Let us use @, ; for a while using primes for new set of coordinates functions. Now
A%(g) is conjugate to As(g) as we can check in the proof of Lemma 7.3.5. Under this
coordinate system for given g, we obtain d/(g) # 0 and we can recompute to show that
ay(g)v = \7A’5(g) for every v as in (7.3.15). By (7.3.17) recomputed for this case, we
obtain

- 1
(7.3.18) vV = ——3(AL(g)T
aj(g)
as s} (g) = 0 here since we are using the coordinate system @, ;. Since this holds for every
v € R, we obtain

ay(g)(45(g)) ™" = ——— (45())"

Hence WA’S (g) € O(ip). Also,
dy(g) _ d5(g)
as(g)  ay(g)

Here, A5(g) is a conjugate of the original matrix As(g) by linear coordinate changes
as we can see from the above processes to obtain the new coordinate system.

This implies that the original matrix As(g) is conjugate to an orthogonal matrix mul-
tiplied by a positive scalar for every g. The set of matrices {As(g)|g € 'z} forms a group
since every g is of a standard matrix form (see (7.3.8)). Given such a group of matrices
normalized to have determinant 1, we obtain a compact group

géré}

by Lemma 7.3.8. This group has a coordinate system where every element is orthogonal
by a coordinate change of coordinates x,_jj11,...,%;.
Also, a;(g),as(g),as(g) are conjugation invariant. Hence, we proved

1
| detAs(g)]

a9(g) — aS(g) (: )
as(g) ar(g) "¢

We have ag(g) = Ay, (g) > 0. Since as(g)* = a1 (g)as(g), we obtain a; (g) > 0. Finally,
as(g) > 0 by definition. O

(7.3.19)

LEMMA 7.3.8. Suppose that G is a subgroup of a linear group GL(ip,R) where each
element is conjugate to an orthogonal element by a uniformly boounded conjugating ma-
trices. Then G is in a compact Lie group.

PROOF. Clearly, the norms of eigenvalues of g € G are all 1. Hence, G is virtually
an orthopotent group by Theorem 1.3.7. (See [132] and [62]).) Hence, R has subspaces
{0} =Vy CV; C--- CV,, = R0 where G acts as orthogonal on V.1 /V; up to a choice of
coordinates. Hence, the Zariski closure Z(G) of G is also orthopotent.
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If G is discrete, Theorem 1.3.7 shows that G is virtually unipotent. The unipotent
subgroup of G is trivial since the elements must be conjugate to orthogonal elements.
Thus, G is a finite group, and we finished the proof.

Suppose now that the closure G of G is a Lie group of dimension > 1. Let O(&™,V; /V;_1)
denote the group of linear transformations acting on each V;/V;_; orthogonally for each
i=1,...,m. By Theorem 1.3.7, there is a homomorphism 2 (G) — O(®!,V;/Vi-1)
whose kernel Uj, is the a group of unipotent matrices. Let G denote the image of G in
the second group. Then G NUj, is trivial since every element of G is elliptic or is the
identity. Thus, G is isomorphic to a compact group G. ]

From now on, we denote by (C;(¥),% ) the matrix obtained from C;(¥) by adding a

column vector ¥’ and denote Os(g) := ——L—As(g). We also let
|detAs(g)] 0
, S(g),  s1(e)
5(g) =
52 (g)7 aj (g)

LEMMA 7.3.9 (K is a cone). Assume Hypothesis 7.3.4. Suppose that Iz acts semisim-
ply on K°. Then the following hold:

e K is a cone over a totally geodesic (n— ig — 2)-dimensional domain K"

o The rows of (C1(¥),vT) are proportional to a single vector, and we can find a
coordinate system where C|(V) = 0 not changing any entries of the lower-right
(io +2) x (ig +2)-submatrices for all v € R,

o We can find a common coordinate system where

0s(g)”' = 0s5()",05(g) € OCio),
(7.3.20) s1(g) =s2(g) =0forallg eIy

1
where Os(g) = ’det(Ag) 0 As(g).
e [n this coordinate system, we have

(7.321)  s1(g) = 0,52(8) = 0,a9(g)c2(¥) = c2(ug¥05(g) 1) S(g) + e ¥05(g) ' Ci (g).

PROOF. The assumption implies that M, = 11,05 (g)~! by Lemma 7.3.7. We consider
the equation

(7.3.22) gV (Mgt = N (uv0s(g) ™).
We change to
(7.3.23) gV (V) = N (ug¥05(g) ).

Considering the lower left (n —ip) x (ip + 1)-matrix of the left side of (7.3.23), we obtain

(7.3.24) Ci(g), asg) n as(¢)0s(8)C1(¥), as(g)0s(g)v"

(), ar(g) ag(8)C1 (V) +agea(V), ag(g)-V' +ag(g)v-v/2
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where the entry sizes are clear. From the right side of (7.3.23), we obtain
Ci(ugb0s(8)~"),  1gOs(g) ¥
2(Kev0s(g) 1), V-V/2
Ci(g), as(g)

gVOs(g) - Ci(g) +ca(g), ar(g)+ ueVOs(g) " - aa(g)
From the top rows of (7.3.24) and (7.3.25), we obtain that

(as (8)05(8)C1 (7). a5(8)05 <g>vT) _

S(g)+
(7.3.25)

(7.3.26)
(ugq (705(8) ") . 105 <g>‘vTVT)sA<g>.

We multiplied the both sides by Os(g)~" from the right and by S(g)~' from the left to
obtain

<as (£)C1 (7). a3 <g>vf)§<g—1> -
(1.3.27)

(MgOS(g)_lCl (¥05(8) "), 1g05(g) 05 (g) " T¥" > :

Let us form the subspace V¢ in the dual sphere R"~* spanned by row vectors of (C (¥), 7).
Let S denote the corresponding subspace in S*=io=1* Then

1 ~
{A.S(gﬂg € FE}
detS(g) ™01

acts on V¢ as a group of bounded linear automorphisms since Os(g) € G for a compact
group G. Therefore, {S (g)lg € Tz} on Sf is in a compact group of projective automor-
phisms by (7.3.27).

We recall that the dual group Ng of Nk acts on the properly convex dual domain K*
of K cocompactly by Proposition 1.5.11. Notice that a finite irreducible group cannot act
cocompactly on a convex open set unless the set is a singleton. Since Ny acts as a compact
group on Sf, it must be that Ng is reducible.

Now, we apply the theory of Vey [151] and Benoist [21]: Since Ng is semisimple by
above premises, Ny acts on a complementary subspace of S}. By Proposition 1.4.13, K*
has an invariant subspace K} and K3 so that we have strict join

K* = K{ * K3 where dimK| = dimS¢,,dimK; = dimSy
where
Ki = K*NSg, Ks = KNSy,
Also, Ng is isomorphic to a cocompact subgroup of
Nig 1 X Ngo XA
where

e A is a diagonalizable subgroup with positive eigenvalues only isomorphic to a
subgroup of R,

e N, is the restriction image of Ng to K for i = 1,2, and

o N ;}l acts on the interior of K" properly and cocompactly.
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But since Ny ; acts orthogonally on S¢., the only possibility is that dimS = 0: Otherwise
K{°/Ng is not compact contradicting Proposition 1.4.13. Hence, dimS; = 0 and K} is a
singleton and K7 is n — ip — 2-dimensional properly convex domain.

Rows of (Cy(¥),vT) are elements of the 1-dimensional subspace in R"~0~!* corre-
sponding to S§. Therefore this shows that the rows of (C;(V),V) are proportional to a
single row vector.

Since (C1(€;),€}) has 0 as the last column element except for the jth one, only the
Jjth row of C;(€;) is nonzero. Let Ci(1,€;) be the first row of C;(é;). Thus, each row of
(o] (é’j),é’]T) equals to a scalar multiple of (C;(1,€;),1) for every j. Now we can choose
coordinates of R"~0* so that this (n — iy )-row-vector now has coordinates (0, ...,0,1). We
can also choose the coordinates so that K7 is in the zero set of the last coordinate. With this
change, we need to do conjugation by matrices with the top left (n —ip — 1) x (n—ip — 1)-
submatrix being different from I and the rest of the entries staying the same. This will not
affect the expressions of matrices of lower right (ip +2) X (ip 4 2)-matrices involved here.
Thus, C; (V) = 0 in this coordinate for all ¥ € R. Also, (0, ...,0,1) is an eigenvector of

%/h_/
n—ip
every elements of Ng.

The hyperspace containing K7 is also Ng-invariant. Thus, the (n—ip)-vector (0,...,0,1)
corresponds to an eigenvector of every element of Nk. In this coordinate system, K is a
strict join of a point for an (n — iy)-vector

and a domain K" given by setting x,_;, = 0 in a totally geodesic sphere of dimension
n —ip — 2 by duality. We also obtain

s1(g) = 0,52(g) = 0.

For the final item we have under our coordinate system.

S(g) 0 0 0
(7.3.28) e=| 0 @@ 0 |
Ci(g) asa(g) as(g)Os(g) O
c2(g) ar(g) ag(g) as(g)
L1 O 00
0 1 00
(7.3.29) N (F) =
0 w10

1

<!

- 2
@ 3V

The normalization of .4” shows as in the proof of Lemma 7.3.7 that Os(g) is orthogo-
nal now. (See (7.3.15) and (7.3.17).) By (7.3.22), we have

N (V) =N (V)g,V = uv0s(g) "
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We consider the lower-right (ig + 1) X (n — io)-submatrices of g.# (¥) and .4 (v')g. For
the first one, we obtain

Cig). as(s) | [ as(e)Os(s). 0 o, ¥
c2(g),  ar(g) as(g),  as(g) (@, 3P
For ./ (v')g, we obtain
o, V' S@. 0\ (L 0)[aw ae
(), 3V 0, ag) v, 1 2(g), as(g)
Considering (2, 1)-blocks, we obtain
O c2(8) +a9(8)ea(¥) = c2(v)S(g) +VCi(g) +ea(g)-

1
From now on, we denote Os(g) := |det(Af,) |0 As(g).

LEMMA 7.3.10. Assume Hypothesis 7.3.4 and Nk acts semi-simply. Then we can find
coordinates so that the following holds for all g :

13300 280 (o) 1ay(g) = ase)” or L ay ()7 05(g) = ase).
as(g) as(g)
(7.3.31) If g =1, then ai(g) = as(g) = Av;(g) and As(g) = Av;(g)Os(g)-

PROOF. Again, we use (7.3.13) and (7.3.14). We only need to consider lower right
(io+2) x (ip 4 2)-matrices.

a(g) 0 0 1 00
(7.3.32) as(g) as(g)0s(g) 0 Vi 10
ar(g)  as(g)  as(g) 1 i
ar(g) 0 0
(7.3.33) - ay(g) +as(g)0s(g)v" as(2)0s(g) 0
a7(8) +as ()7 + L [¥*  as(g) +as(2)7  ao(e)
This equals
1 00 alg) 0 0
(7.3.34) 1o as(g) as(2)05 0
WolP v 1)\ ate) aste)  ase)
a(g) 0 0
(7335 = ar(g)v" +au(g) as(8)0s(g) 0
) 9]+ Vas(e) + arle) as(@)0s(e) +asle) asle)

Then by comparing the (3,2)-blocks, we obtain
ag(g) + a9 (8)¥ = as(g) +as(2)V'Os(g)-



7.3. THE GENERAL THEORY 181

Thus, V= (g); 5(g)-
From th (3, 1)-blocks, we obtain

ai(g)v' -V /2 +Vas(g) = as(g)V" +ao(g)¥- /2.
Since the quadratic forms have to equal each other, we obtain

as(g)
as(g)

, 2(05(9)Tas(2))" = as(9)T
Since we have i, = 1, we obtain

ai(g) = as(g) = as(g) = hv;(g) and As(g) = Av; (g)Os(g)
by Lemma 7.3.7. Also, a1 (g) = as(g) = as(g) = Ay, (8)- O

705(g) " - as(g) = v-ag(g) for all ¥ € R,

Under Hypothesis 7.3.4 and assuming that Nk acts semisimply, we conclude by (7.3.30)
and (7.3.19) that each g € I'; has the form

S(g) 0 0 0
(7.3.36) 0 a1(8) 0 0

Ci(g) | ai(g)v} as(g)0s(g) 0

c2(g) a(g) as(g)vgOs(g) as(g)
defining v, := ”;‘—E‘g.

REMARK 7.3.11. Since the matrices are of form (7.3.36), g — U, is a homomorphism.

COROLLARY 7.3.12. If g of form (7.3.36) centralizes a Zariski dense subset A’ of N/,
then g = 1 and Os(g) =1,

PROOF. ./ is isomorphic to R, The subset A” of R corresponding to A’ is also
Zariski dense in R0, g 4 (V) = .4(¥)g shows that ¥ = ¥Os(g) for all ¥ € A”. Hence
05 (g) =1L O

7.3.2.2. Invariant R7. We assume U, = 1, g € I'z, identically in this subsubsection.
When p, = 1 for all g € I'z, by taking a finite index subgroup of I'z, we conclude that
each g € I'; has the form by Lemma 7.3.10

S(g) 0 0 0
1337 M(g) = | —2 he8) 0 0
Ci(g) | Avy(g)vh Ay (8)0s(8) 0
c2(g) ar(g) Ay (8)Ve0s(g) | vz (8)
We define an invariant
-2
N7(g) — Cl7(g) _ ||v!s|| .
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We denote by M(g) the lower right (ip + 1) x (ip + 1)-submatrix of M(g). An easy com-
putation shows that M(g)M (h) = M(gh) where V,j, = ¥+ Os(g)¥, holds. Then it is easy to
show that

(7.3.38) X7(g") =n¥X7(g) and R7(gh) = R7(g) + X7(h), whenever g,h,gh € G.
We obtain a homomorphism to the additive group R
(7.3.39) X7:Tz =R

(See (7.3.40).)
Here X7(g) is also determined by factoring the matrix of g into commuting matrices
of form

- 0 0o |o
(7.3.40) : 0 0 X
0 0 L, |0
0 Xs(g) | 0 |1
S, 0 0 0
0 Avp(8) 0 0
Ci(g) Ay (8)Vg Av;:(8)0s(8) 0
@ | a@BL 4, @505 | e

REMARK 7.3.13. We give a bit more explanations. Recall that the space of segments
in a hemisphere H0F! with the vertices vz, vz forms an affine subspace A/ one-dimension
lower, and the group Aut(Ho*! )VE of projective automorphisms of the hemisphere fixing

vz maps to Aff(A") with kernel K equal to transformations of an (ip +2) x (ip+2)-matrix
form

1 |07 o
(7.3.41) 0 I;, 0
b |07 |1
where v is given coordinates (0,0, ..., 1)), 0 denote the O-vector in R and a center point

of H;OH the coordinates (1,0, ...,0)). In other words, the transformations are of form

S _ | _
X1 X1
(7.3.42) S
xio x,-o
| Xig+1 | | Xig+1+0 |

and hence b determines the kernel element. Hence ¥7(g) indicates the translation towards
vz = ((0,...,1). (Actually the vertex corresponds to (1,0,...,+oo)-point in this view. )
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We denote by T'(n+ 1,n— i) the group of matrices restricting to (7.3.41) in the lower-
right (ip 4 2) x (ip + 2)-submatrices and equal to I on upper-left (n — iy — 1) x (n—ip — 1)-
submatrices and zero elsewhere.

7.3.2.3. Splitting the NPNC end.

PROPOSITION 7.3.14 (Splitting). Assume Hypothesis 7.3.4 for I'z. Suppose addition-
ally the following:
e Suppose that Nk acts on K in a semi-simple manner.
o K = {k}*K" a strict join, and K° /Nx is compact with k a common fixed point
OfNK.
o Let H be a commutant of a finite index subgroup of Nk that is positive diagonal-
izable. Assume that Ny N H contains a free abelian group of rank ly provided K"
is a strict join of compact convex subsets K1, ...,K;, where H acts trivially on
each K;, j=1,...,1.
Then the following hold:

e there exists an exact sequence

IHJVH@'E,L/V)%NK%L

e K" embeds projectively in the closure of bd@ whose image is I'z-invariant, and
e one can find a coordinate system so that every N (V) for v € R is in the standard
form and each element g of Iz is written so that
- C1(¥) =0,c2(¥) =0, and
- Ci(g)=0and cy(g) =0.

PROOF. (A) Let Z denote (I'z,.4"). Since N C .4, we have homomorphism

Ik
Z —> Ngx—1

extending ITy of (7.1.3). We now determine the kernel.
The function A"’E‘ : Tz — Ry extends to ),\,E :Z — Ry. By (7.3.36), we deduce that
every element g of Z is of form:

S(g) 0 0 0
(7.3.43) 0 a1(e) 0 0

Ci(g) | ai(g)v} as(g)0s(g) 0

c2(g) a;(g) as(g)v,0s(g) | as(g)

for some functions Cy,c¢3,a; : Z — R for i = 1,5,9. Notice that X7 is identical zero on .4".
Since N C .4 by Hypothesis 7.3.4, X7 is zero on the kernel N. For g € ./, there is an
element ¥, € R such that exp(¥,) = g. We define Cy,c; : R — R by setting Cy(¥,) =
Ci(g8),c2(Vg) = c2(g) for each g € .#". Hence, g € N is of form

Lo o1 0 0 0
0 1 0 0
(7.3.44) g= - —
a) | 7 | oste) |0
~ 112
o) | ED 5050 |1
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since X7(g) =0, and S(g) = A¢l,—j,—1 and the (n — io,n — ip)-term must be A, for some
Ag > 0 so that it goes to I in K.
Theorem 1.3.7 shows that N is a subgroup of .4 by taking a finite index subgroup of
I';. Since the kernel of ITx|Z is generated by .4 and N, we proved the first item.
(B) Lemma 7.3.9 shows that C; (¥) = 0 for all ¥ € R for a coordinate system where k
has the form
(0,...,0,1) e "o~ 1,

Let As, denote the maximal norm of the eigenvalues of the upper-left part S, of g. We

define
Tp = {glAs,(8) > a1(g)}-

There is always an element like this because I'; acts on a subspace of dimension n —
iop — 1 containing a compact set projectively diffeomorphic to K. In particular, we take
the inverse image of suitable diagonalizable elements of the center H N Nx denoted in
Proposition 7.4.7. We take the diagonalizable element in Ny with K” having a largest
norm eigenvalue. Let g be such an element. Since Os(g) is orthogonal, the transversal
weak middle eigenvalue condition tells us

max{As(g),as(g),a1(8)} = as(g) = Az (8)-

We have either ag(g) > as(g) > ai(g) or ai(g) > as(g) > ay(g) by (7.3.19) depending on
Ug > 1 or < 1. The second case can be ignored since ag(g) is the smallest eigenvalue in that
case and we can consider g~! to obtain that a;(g) = as(g) = ag(g) by Proposition 7.2.3
reducing to the first case. Hence,for g € l",;y s> we have i, > 1 and that As(g) is the largest of
norms of every eigenvalue by Proposition 7.2.3 and ag(g) = Ay, (g). max{ai(g),as(g)} <
ag(g) and hence u, > 1, we have

(7.3.45) ai(g) < as(g) < ao(g) < As(g) and pg > 1 forg € Ty .

(C) Applying Lemma 7.3.9, we modify the coordinates so that the elements of .4 are
of form:

Lot | O 0o |o
0 1 o |o )
(7.3.46) k= where C; (V) = 0.
C (\71() 17]7; Iio 0
— 7
o) | BE s |

By the group property, ¥ +— ¢ (V) is a linear map.

We have coordinates so that K" C S"~%0~2, There exists a sequence of elements z; of
Nk NH in the virtual center H so that a largest norm eigenvalue has a direction in K” and
Zi| K" — Tgn.

Since CI(U) is in properly convex Cl(&), it is in an affine patch where v is the origin.
That is, vz = ((0,0,0,1). Let g; € I's__ be the element going to z; under ITg. Then {g;(x)}
for a point x of U converges to (1d,0,w, 1)) for (a)) € K” and some w € R, A € R. Here,
A > 0 since our point must project to the limit of z;(ITx(x)) as i — oo. Hence by (7.3.45)
and

(7.3.47) (2a@,0,,1) € CI(V)

Since z;|K” — Ig», we may assume that an open subset of K” can be realized as (@)) in the
above.
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By (7.3.46)
(7.3.48) N (1)K (AG,0,,1) = (Ad,0,,kAd - c2(31) + k¥ -+ 1)

as C1(¥)) = 0 for every ¥; € R. Suppose that 1a-cy(V;) + V) - w # 0. Then as k — oo,
{A (kv1)((@))} converges to a point and as k — —oo, it converges to its antipode. The
limits form an antipodal pair of points in C1(U). This contradicts the proper convexity of
0.

Hence, Ad - cy(v)) +w- ¥ = 0 holds for every ¥, € R, We write ¢, as (n—ig) X io-
matrix. Then w” := —2¢%a". Let K denote the image of

(@) — (Ad,0,w,0),w" .= —Aéla", (a) e K.

Under Ik, the compact convex set K embeds onto a compact convex set K” of the same
dimension.

Since every point of K? is a limit point of the orbit of a point of K° under z;, under
gilg N ;! (Nk N H), every point of K° is a limit point of a point of U. Hence, we obtain
K C bd& by convexity by (7.3.47).

Also, A acts on K by our discussion and hence on K. We choose the coordinates so
that K corresponds to x; = xp = --- = x,_;,—1 = 0. Under this coordinate system,

(7.3.49) C1(¥) = 0,¢2(¥) = 0 for every v € R,

(D) Consider a sequence {g;} of elements g; € I'; ¢ with {IT¢(g;)(y)} converging to
x € K". We claim that every limit point x’ of g;(u) for u € U is in K: In our coordinates
as above (7.3.49), we have x' = (Ad,0,w,1). (7.3.48) still holds, and since c; (V) = 0,
V1 -w = 0 for every ¥, € R, Thus, w =0, and x’ € K.

Since the set of such sequences are invariant under the conjugation by I'z, it follows
that the set of accumulations points of such sequence of elements in K is I'z-invariant.
Since each point of K” can be an accumulation point of some sequence of elements in Nk,
it follows that K is T'z-invariant. This implies that K is (I'z,./#")-invariant.

We may assume in our chosen coordinates that

(7.3.50) Ci(g) = c2(g) = C1(¥) = c2(¥) = 0 for every g € T'z,¥ € RY.
(]

7.3.3. Strictly joined and quasi-joined ends for u = 1. We will now discuss joins
and their generalizations in-depth in this subsection. That is we will only consider when
ue =1 for all g € I'z. We will use a hypothesis and later show that the hypothesis is true
in our cases to prove the main results. Again, we assume the hypothesis virtually since it
will be sufficient.

HYPOTHESIS 7.3.15 (u = 1). Let I'; be a p-end holonomy group. We continue to
assume Hypothesis 7.3.4 for I'y.

e Every g € 'y — M, is so that M, is in a fixed orthogonal group O(ip). Thus,
U = 1 identically.
e I'; acts on a subspace S containing vz and the properly convex domain K" in

the subspace S"~0~2 forming an independent pair with S9 mapping homeomor-
phic to the factor K" of K = {k} * K" under Ig.
e ¥ acts on these two subspaces fixing every point of §" 02,
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Let H be the closed n-hemisphere defined by x,_;, > 0. Then by the convexity of iE’

we can choose H so that U C H°, K"  H and S C bdH. We identify H° with an affine
space A". (See Section 1.1.6.)
By Hypothesis 7.3.15, elements of .#” have the form of (7.3.10) with

C1(¥) = 0,¢2(¥) = 0 for all ¥ € R,
and the elements of I'; has the form of (7.3.37) with
51(g) = 0,52(g) =0,C1(g) =0, and c2(g) = 0.

Again we recall the projection ITg : S" — S8 — srio— 1, I'; has an induced action on
S0~ and acts on a properly convex set K” in §"~0~1 5o that K equals a strict join k* K"
for k corresponding to S©*!. (Recall the projection S” — S to S"~0—1 )

We recall the invariants from the form of (7.3.40).

2

a 1%
R (g) = /(fg)) 7
for every g € I'z. Recall
(7.3.51)  X7(g") =n¥X7(g) and X7(gh) = X7(g) + X7(h), whenever g, h,gh € ['z.
Under Hypothesis 7.3.15, Lemma 7.3.10 shows that every g € I';; is of form:

S, 0 0 0
Aq 0 0

(7.3.52) 0 AgiT AgO5(g) 0
0 Ag <N7(g)+ |V§H2> AgVsO05(8) Ag

and every element of .4 is of form

L1 | O o |o
} 0 1 o |o
(73.53) N (¥) =
0 i L, |0
0 M1y |

We assumed u = 1. We define
(7.3.54) M (8) = Ay, (g) for g € T,
We define Ag#(g) to be the maximal norm of the eigenvalue occurring for S(g). We define
I’z | to be a subset of I';: consisting of elements g so that the following hold:

e the largest norm A" (g) of the eigenvalues occurs at the vertex &, i.e., 11 (g) =
Av(g), and
e all other norms of the eigenvalues occurring at K" is strictly less than Ay, (g).

Then since g = 1, we necessarily have Ax(g) = a1 (g) = as(g) = Av, (g) and hence Al (g) =
Avy(g) forge g .

The second largest norm A, (g) equals Agr(g). Thus, Iz, is a semigroup. The con-
dition that X7(g) > 0 for g € Iz, is said to be the nonnegative translation condition.
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Again, we define

X7(g
wr(g) == % forgelz .
E
log A2(g)
The condition
(7.3.55) p7(g) > Co,g € g . for a uniform constant Cop,Co > 0

is called the uniform positive translation condition. (Heuristically, the condition means

. . . . M (8
that we don’t translate in the negative direction by too much for bounded AZE(;; )

LEMMA 7.3.16. The condition X7(g) >0 for g € Tz . is a necessary condition so
that Tz acts on a properly convex domain.

PROOF. Suppose that X7(g) < 0 for some g € Tz . Let K € K°. Now, we use
(7.3.12) and see that {g"(Uy)} converges geometrically to an (io + 1)-dimensional hemi-
sphere since {X7(g")} — —oo as n — o implies that g translates the affine subspace Hy,
a component to Hy, ;) toward (—1,0,...,0) in the above coordinate system by (7.3.52).
Thus, I'; cannot act on a properly convex domain. (See Remark 7.3.13 also.) g

From the matrix equation (7.3.52), we define ¥, for every g € (I'z, #"). (We just need
to do this under a single coordinate system. )

LEMMA 7.3.17. Given Iy satisfying Hypotheses 7.3.4 and 7.3.15, let %, be any se-
quence of elements of Ty | so that {X(Ym)/Agr(Yim)} — . Then we can replace it by

another sequence {g,, Y} for gm € Tz so that

vaalm H and T (gm) € Aut(K)

{ Ak(galym) }—>°°.
AK”(gr;le)

PROOF. Denote V,, := Vy,. Suppose that Nk is discrete. Then since its action on the
interior of K is properly discontinous, we have an orbifold bundle bdU /T'z — K° /Nk. This
means that the subgroup I'; ;of I’z acting on a complete affine leaf / acts cocompactly on
[ giving us the fibers. Since the stabilizer of Nx on each point of K is finite, 'z NkerITk
acts on [ cocompactly. The action of .4 O(iy) is proper on each leaf. Hence, 'z N.4 O(iy)
is a lattice in .4 O(ip). By cocompactness of 'z N4 O(ig) in .# O(ip), we can multiply
Y by g,! for an element g,, of Tz N.# O(ip) nearest to .4 (¥,,). The result follows since
the action on SQE’_' is given by only ¥, and S, for g € I'z as we can see from (7.3.52). The

are uniformly bounded, and

last convergence follows since S(g») = L,—;, and the matrix multiplication form of g,;lym
considering the top left (n—ip) X (n— ip)-submatrix and the bottom right (io +2) X (ip+2)-
submatrix.

We now assume that N is non-discrete. £z has a compact fundamental domain F.
Thus, given V,,, forx € F,

N (Vi) (x) € gm(F) for some g € .
Then g,' 4 (V,,)(x) € F. Since
gn(y) = AN (V) (x) € gm(F) fory € F and x € F,
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it follows that
(73.56) dx (HK<y>,n;;<gm><nK<y>> HK<x>) <Cr

for a constant Cr depending on F'.

(i) gm is of form of matrix (7.3.52)

(i) S,,, is in a bounded neighborhood of I by above (7.3.56) since S,,, moves a point
of a compact set F' to a uniformly bounded set. (This follows by considering the
Hilbert metric.)

From the linear block form of g;,'.4"(¥,) and the fact that g,,' 4" (¥,)(x) € F, we obtain
that the corresponding ‘7g,;k ¥ (5,) CAN be made uniformly bounded independent of .

For element ¥, above, we take its vector v, and find our g,, for .4'(V,, ). We obtain
Y., := &, ¥m. Then the corresponding Vg;lym is uniformly bounded as we can see from

the block multiplications and the action on iE in S;’;fl. The final part follows from (ii)

and the fact that {A;()/Ag# (Ym)} — oo and the matrix multiplication form of g,'¥,.
considering the top left (n—ip) X (n— ip)-submatrix and the bottom right (io +2) X (ip+2)-
submatrix. 0

LEMMA 7.3.18. Suppose that the holonomy group of O is strongly irreducible. Given
I'; satisfying Hypotheses 7.3.4 and 7.3.15. let U be the properly convex p-end neighbor-
hood of E. Let Hy be the io + 1-hemisphere mapping to the vertex k of Hypothesis 7.3.15
under Ig. Then the interior of C1(U) N Hy, is not an open domain B with bdB > vg.

PROOF. Since ./ acts on Hy, it acts on B also. The matrix form of .4 is given by
the coordinates where Hy, is the projectivization of the span of e, _g,...,e, 4] as we can see
from (7.3.28) in the proof of Lemma 7.3.9. Hence, B is an ellipsoid as we can see from the
form of .4 in (7.3.53). First of all,

(7.3.57) X7(h)=0forall h e I';
by Lemma 7.3.16 since otherwise by (7.3.52)
{Y(B)} — Hy as i — oo or — oo for y with X7(y) # 0.

Since £z /Tz is compact, we have a sequence % € I'z . Where

{7%(%)
(%)

Now modify ; to gi_ly,- by Lemma 7.3.17 for g; obtained there. Hence, rewriting ¥; as the
modified one, we have

{ﬂw,;(%)
(1)

Recall that K is a strict join K” x {k} for a properly convex domain K" C bd& of
dimension n — iy — 2 and a vertex k. Denote by S(K”) and S(H) the subspaces spanned by
K’ and H; forming a pair of complementary subspaces in S".

From the form of the lower-right (ip +2) X (io + 2)-matrix of the above matrix, ;
must act on the horosphere H C S(Hy). ./ also act transitively on Hy.. Hence, for any such
matrix we can find an element of .4 so that the product is in the orthogonal group acting
on H;.

Now, this is the final part of the proof: Let Hyax denote S(Hy) NCl(&) and K, the

max

set S(K")NC1(O). Since {¥y, } is bounded and X7(%,) = 0, we have the sequence {%¥}

} — o0, X7(%) =0, and {¥|K"} are uniformly bounded.

} — o0, X7(7;) = 0,Vy, and %|K" is uniformly bounded.
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e acting on K}/, is uniformly bounded and
® ¥, acting on Hp,x in a uniformly bounded manner as m — oo.

By Proposition 1.4.19 for [ = 2 case, C1(&) equals the join of Hyx and K. This implies
that I is virtually reducible by Proposition 1.4.18, contradicting the premise of the lemma.
O

For this proposition, we do not assume Nk is discrete. The assumptions below are just
Hypotheses 7.3.4 and 7.3.15. Also, we don’t need the assumption of the proper convexity
of 0.

PROPOSITION 7.3.19 (Quasi-joins). Let Xy be the end orbifold of an NPNC R-end
E of a strongly tame convex n-orbifold O. Let I’z be the p-end holonomy group. Let E
be an NPNC R-p-end and T'y and N acts on a p-end-neighborhood U fixing vg. Let
K,K" K" S8, and S©*! be as in Hypotheses (7.3.4) and (7.3.15). We assume that K° /T z
is compact, K = K" x {k} in S"~0=1 with a point k corresponding to S under the pro-
jection k. Assume that

I’ satisfies the transverse weak middle-eigenvalue condition with respect to vg.
o Tz acts on K" and k.

o U, =1forallg T

o Elements of I'z and A" are of form (7.3.28) and (7.3.29). with

C,(¥) =0,c2(¥) =0,C1(g) =0,c2(g) =0
for every v € R and g € T;.
e T’z normalizes N, and N acts on U and each leaf of Fj of L.
Then the following hold:

(i) The uniform positive translation condition is equivalent to the existence of a
properly convex p-end-neighborhood U’ whose closure meets SZ’H at vi only.
This condition furthermore is equivalent to E being quasi-joined p-end.

(ii) X7 is identically zero if and only if € 7€ (U) is the interior of the join K" x B for
an open ball B in S;;OH, and € 3¢ (U) is properly convex.

(iii) Suppose that E is a quasi-joined p-end. Then a properly convex p-end neighbor-
hood U' is radially foliated by line segments from Vg, and bdU' N 0 is strictly
convex with limit points only in K"+ {vj}.

(iv) CI(U")NbdA" = K" *{vj}.

PROOF. (A) We will first find some coordinate system and describe the action of I'z
on it.

Let H be the unique n-hemisphere containing segments in directions of ig from vz
where dH contains S and K" in general position by Hypothesis 7.3.15. Then H? is an
affine subspace to be also denoted by A" containing U. Since I' and .4 act on K" and
S8, Tz and .4 act as an affine transformation group on A".

Let H; denote the hemisphere with boundary S and corresponding to a leaf [ of the
foliation on £;. Recall that K° denote the leaf space. Let A" be the affine space whose
boundary contains S and a leaf [ is the iy + 1-dimensional affine subspace with transverse
affine space of dimension n — (ip + 1) meeting it at a point, considered as the origin. We
may further require from v the space of directions to A" contains those to U. Furthermore,
the projection to the affine space of dimension n — iy — 1 with kernel vector space parallel
to /, we obtain an affine space A”~~! with an origin. The image of the projection of
leaves is projectively diffeomorphic to K°. We can consider K° as a cone from the origin
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in A”~~! The directions of the cone is isomorphic to K'°. We may regard K" as a subset
of the ideal boundary of A”~~! Hence, we projectively identify

U HY =K° xR0t C A",
leKe
(It might be helpful to see Figure 1 where we convert the coordinates so that (0,0,0), S,
and K are now in bdA".)

There exists a family of affine subspaces in A" parallel to A" 0~ Also, there is a
transverse family of affine spaces forming a foliation 70! where each leaf is the complete
affine space parallel to A0*!. We denote it by {(¥X},1)} x Ro*+! for ¥, € R"~0~! The
affine coodinates are given by (¥, 1,%2,x,+1) where 1 is at the n — ipth position, X| is an
n —ig — 1-vector and X, is an iy-vector.

Now we describe HY NU for each [ € K°. We use the affine coordinate system on
A" so that HY are parallel affine i( + 1-dimensional spaces with origins in Aol We
use the parallel affine coordinates. According to the matrix form (7.3.53), .4 acts on each
xx Riotl x e o,

We denote each pointin HY by (¥,x,1) where £ is a point of A. Each of E; := H,NU
is given by

(7.3.58) Xo1 > [%a]? /24C1,C R

since ./ acts on each where C; is a constant depending on / and U by (7.3.40). (The vertex
v corresponds to the ideal point in the positive infinity in terms of the x,-coordinate.
See Section 7.3.1.1.)

There is a family of quadrics of form Q; ¢ defined by x| = ||%2]* /2 + C for each
C € R on each leaf I of Vi0*! using the affine coordinate system. The family form a
foliation 2; for each /.

Now we describe I'z-action. Since p, = 1 for all g € I'g, it follows that A, = 44 by
definition (7.3.54). Given a point x = (¥)) € U’ C S" where ¥ = V; + ¥, where V; is in the

direction of S(K"") and v}, is in one of S20+1. If g € T'z ., then we obtain
(7.3.59) 2(¥) = (gVs + gVn) where (gV,) € K" and (gV,) € H.

LetIl, : U — R0t pe the projection to the last ig + 1 coordinates x,_;,,...,Xx,. We
obtain a commutative diagram and an affine map L, induced from g

HY %5 g(HY)
Myl M4
(7.3.60) Rio+! ¢, Riott

By (7.3.40), Lg preserves the family of quadrics 2; to 2,(;) since 4" acts on the quadrics
UNHp for each / and g normalizes .#” by Hypothesis 7.3.4. Also, L, is an affine map since
L, is a projective map sending a complete affine subspace H; to a complete affine subspace
g(Hy). Finally, by (7.3.40), g sends the family of quadrics shifted in the x,, |-direction by
X (g) from [ to g(I) using the coordinates (¥,x,1) for ¥ € R0, That is,

(7.3.61) 8:01c— Qg1).crx9(g)-

(B) Now we give proofs. By assumption, I'z acts on K = K” % {k}. Choose an element
n € 'z | by Proposition 1.4.10 so that ALr (n) > A2(n) where A;(n) corresponds to a
vertex k and A,(n) is associated with K", and let F be the fundamental domain in the
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convex open cone K° with respect to (1), which is a bounded domain in A"~ This
corresponds to a radial subset from vz bounded away at a distance from K" in U.
(i) This long proof will be devided as follows.

(i-a): Forward part: We show U has a convex hull that is properly convex.
(i-a-1): We show that the forward images of the fundamental domain of U
under (1) is contained in K x ¢’ for some simplex o”.
(i-a-2): Next, we will try to show that the backward images the fundamental
domain under (1) is eventually in any neighborhood of K" x {v;}.
(i-a-3): Finally, we will show that the convex hull of U is in a properly convex
domain.
(i-b): Converse part: We prove the uniform positive translation condition under the
assumption.

(i-a) (i-a-1) Let Agw (g) denote the maximal eigenvalue associated with K"’ for g € T'z.
Choose xo € F. Let T'z . :={g € T'g|g(x0) € F}. Forg € Tz f,
Ay (g)
A (g)

for a uniform Cr > 0 a number depending of F only: Otherwise, we can find

(7.3.62) —Cr <log <Cr

e asequence g; with g;(xp) € F such that {A(g;)/Agm(gi)} — 0 or
e another sequence g} with g/(xo) € F such that {A,(g})/Agm (gi)} — oo.

However, in the first case, let ¥y € U be a point mapping to xo under ITg. Then {g;(%o)}
accumulates only to points of K" by Proposition 1.3.2, which is absurd. The second case
is also absurd by taking {g; ' (xo)} instead.

Therefore, given g € I'z i, we can find a number iy € Z dependent only on F' and

A (1)
. AKNI(TI) . .. . .- .
bounded below by some negative number by the uniform positive eigenvalue condition

Ay (n0g
(7.3.55) and the fact that £ (108)

T (00g)

g such that nog € T | since log is a constant bigger than 1. Now, X7(ng) is

log

is also uniformly bounded. Since R;(n'g) =

ioX7(n)+ X7(g), we obtain
(7.3.63) {X7(e)lg Tzt >C

for a constant C by (7.3.55). F is covered by UA’EF&F g(J) for a compact fundamental
domain J of K° by Ng.

We will be using a fixed affine coordinate system on H}, parallel under the translations
preserving A”~0~! In the above affine coordinates for kX’ € F of (7.3.60), the matrix
form of (7.3.52) shows that g € I'z; send paraboloids in affine subspaces Hy, for k' € K° to
paraboloids in Hg(k,> for g € I's. (See Section 7.3.1.1.) Now,

(7.3.64) x(HSNU) > C

for a uniform constant C € R by (7.3.63) and the fact that H}, is the image of Hy, for k" € J
by an element g € I'z. (See Remark 7.3.13.)
Since by (7.3.64),
U U s@Einv)

Kelg' el p

is a lower-x,,-bounded set, its convex hull Dy as a lower-x,,-bounded subset of K° x A+
A", Each region Dy N Hy is contained an (ip 4 1)-dimensional simplex oy with a face in
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the boundary of Hy. Since there is a lower x,-bound, we may use one oy and translations
to contain every U N Hy in Df.

Therefore, the convex hull Dy in Cl(&) is a properly convex set contained in a properly
convex set F' X 0y.

On K", the sequence of norms of eigenvalues of 1’ converges to 0 as i — oo and the
eigenvalue Ay, at S;{OH goes to +oo. Since

(7.3.65) X7(n') =iR7(N) — +oeoasi— oo,
we obtain that
{ni(DF)} — {vg}fori— oo

geometrically, i.e., under the Hausdorff metric dg by (7.3.59). Again, for a sufficiently
large integer I, because of the lower bound on the x,,-coordinates, we obtain

(7.3.66) Un'(Dr) C K° x oy,
i>I
which is our first main result of this proof of the forward part of (i).

(i-a-2) For each k' = (¥}, 1)) € K, we can find a point in ITg! (k') of form ((561 ,1,0,Cp ))
in bdU N A" for 0 a zero vector in R and Cp € R. Using the ./ -action, we can parame-
terize bdU N A" starting from the point ((551, 1,0, Cy )) . The .4 -orbit of this point is given
by

(7.3.67) (()z1 1,77 /2+c,<,)) FeRD,
Let
pi = ((%1p0), 17(p). 1F(p) P 12+ Ciy ))-

We form a sequence {p; } of points on QU for k'(p;) = (% (p;),1). Consider i’ in the form
(7.3.52). Since Uz n'(F) covers K°, for each p; there is an integer j; for which 1/ (F)
containing (¥;(p;),1). Suppose that j; — oo as i — co. From considerations of 1/, we
deduce that

(7.3.68) {Cpn} = Feoas|Xi(pi)ll =0
by (7.3.65).
Similarly, suppose that j; — —oo as i — co. We deduce that
Carpi).1)
(7369 {0 5 0as ()] -+
1% (pi)

since X7(n/i) = JjiX7(n) — —oo in a linear manner, and every sequence of [|¥;(p;)|-
coordinates of points of /i (F') grows uniformly exponentially as j; — —co.
We will now try to find all limit points of {p;}:

%1 (pa)l
[5(po)I*

{{(® 1500 I 2+ Cuy)) TP € R

has only limit points of form ((#,0,0,0)) for a unit vector # in the direction of K"
by (7.3.69). Hence, the limit is in K"

o Suppose first that ||X| (p;)|| — o and — oo. We obtain that
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e Suppose that we have |[%;(p;)|| — oo with |[#(p;)||* — 4o with their ratios
bounded between two real numbers. Then a limit point is of form (#,0,0,C)
for some C > 0 and a vector i in the direction a point of K" by (7.3.69). Also,
every direction of K” occurs as a direction of # for a limit point by taking a
sequence {p;} so that {¥|(p;)} converges to i in directions. Hence, the limits
are in K"« {vz}.

e Suppose that ||%] (p;)]| — +eo with [[#(p;)[|* — +o and ”xz p'H! — 0. Then the

only limit point is ((6, 0,0, 1)) since the last term dominates others.

e Suppose that 1/C" < | (p;)|| < C’ for a constant C'. If |[¥(p;)| is uniformly
bounded, then (7.3.64) shows that limit points in bdU. If ||V(p;)|| — oo, the only
limit point is (0,0,0,1)).

e Suppose that ||X; (p;)|| = 0. Then the limit is (0,0,0, 1)) by (7.3.68).

These gives all the limit points of U in bdA" as we can easily deduce. Therefore,
(7.3.70) Cl(U)NbdA" C K" % {vg}

by Theorem 1.5.12.

This also shows n/(Dr) geometrically converges to K" {vz} as i — —co: First, the
above three items show that for every & > 0, there exists iy so that n/(Dr) C Ne(K" *
{vg}) for i > iy. Finally, since ITx(n(Dr)) geometrically converges to K”, and we can
find a sequence as in the first item converging to any point of K, the geometric limit is
K"« {vp}.

For every € > 0, there exists an integer / so that

Un'(Dr) C Ne(K" 5 vg) NCI(A™).
i<l
(i-a-3) Thus, except for finitely many i,
n'(Dr) C (Ne(K"” %vg) NCI(A")) UK x 65 C CI(A").

We use the Fubini-Study metric d on S” where the subspaces spanned and K and
{k} x R are all orthogonal to each other.

Assume € < /8. Let p denote the vertex of the simplex {k} x 6p. We may assume
without loss of generality that p = k x O. Then we may assume that N (K" xvg)NCL(A™)
is in K * {k} where K is a properly compact (n — 1)-ball containing K" x {vz} and is
contained its 2¢&-d-neighborhood. 6., := 0y NbdA” is an ip-simplex containing vz. The
join 0. x K" is properly convex since 0., and K"’ are properly convex sets in independent
subspaces. The join 0., * K is contained in a 2&-d-neighborhood of G.. x K" = oy x K" x
{vz}. Hence, for a choice of €, o} * K is properly convex. Since {k} x 6y = 0w * {p}, we
obtain that 6 * K" is also properly convex. Hence, 6y x K is also properly convex for a
sufficiently small €. Thus, for a finite set L, the convex hull U of J;cz,_; n'(DrF) in A" is
properly convex.

The convex hull of Uy and Uy, := ;c, n°(DF) is still properly convex: Suppose not.
Then there exists an antipodal pair in

CU(E A (U, UUL)) = €.7/(CL(Uy) UCI(UL)).

The antipodal pair must be in bd A" since the interior of A" has no antipodal pair. However,
since C1(U;) NbdA" is a properly convex set K"« {vz} and C1(U.) N"bdA" is {vj}. This
is a contradiction.

A bit unclear
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Let U’ denote the convex hull of U; UUy in A", Hence, we showed that U’ is properly
convex.

(i-b) Now we prove the converse part of (i). Suppose that I'z acts on a properly convex
p-end-neighborhood U’.

By Lemma 7.3.16, we have X7(g) > 0for g € 'z . Suppose that X7(g) = 0 for some
g€l'sz . Then

{¢'(CI(U)NH,)} — Basi— oo under dy

for a leaf / and a compact domain B at Hy bounded by an ellipsoid. This contradicts the
premise of (i). Therefore,

(7.3.71) p7(h) >0 forevery he Iy .
Suppose that {7(g;)} — O for a sequence g; € I'z . We can assume that

Al (g:)/A2(gi) > 1+ € for a positive constant € > 0

since we can take powers of g; not changing pi7.
Since {u7(g:)} — 0, we obtain a nondecreasing sequence {n;}, n; > 0, so that

{R7(gl") = niR7(g1)} — 0 and {Angy (87')/22(8]")} — o=,
However, from such a sequence, we use (7.3.40) to shows that
{gi'(CIU)NH))} — B
to a ball B with a nonempty interior in Hy. Again the premise contradicts this. Hence
ur(g) >Cforallgel  + and a uniform constant C > 0. This proves the converse part of
).
(i) Suppose that X7 is identically zero for I'z . Then by (7.3.71) in the proof of (i),
{¢'(CI(U)NH,)} — B asi— oo under dy

for a leaf [ and a compact domain B at Hy, bounded by an ellipsoid. Choose B the maximal
domain of form B as arising from the situation. Then we may show that € (U) =
(K" % B)° by Proposition 1.4.19 since we can find a sequence g; so that g;|K”” is bounded
and {Agm(g)/M(g)} — oo since (K" xk)°/Ts is compact. Also, (K" * B)° is properly
convex.

Conversely, we have X7 > 0 by Lemma 7.3.16. By premise €2 (U) = (K" * B)?
where B is a convex open ball in a hemisphere Hy in S’. Since .4 acts on €72 (U),
B bounded by an ellipsoid. If X7(g) > 0 for some g, Then g acts on B so that g(B) is
a translated image of the region B bounded by a paraboloid in the affine subspace H}.
We obtain (J;_, g ¥B) = H?. This contradicts the proper convexity, and hence X7 is
identically O.

(iii) Since & is convex, we can find a radial p-end neighborhood U of E. Let p be a
point of U. Then the orbit of p has limit points only in K"’ % {vz} in (i-b). Then we take the
convex hull U’ of UT'z(pvg). Since this is a convex set, it is a radial p-end neighborhood
of E. bdU’ is the boundary of a properly convex domain Cl(U’), and hence is the union of
(n — 1)-dimensional compact convex domains.

The boundary bdU’ N & is a union of compact simplices since it contains no straight
segment ending at a point of K"’ * {v;}. Hence, bdU’ is a polyhedral hypersurface.

Since R,(0) = £ is identical with R,(U’) by Lemma 3.1.5,

Again, sharply supporting hyperspaces of bdU’ N A" at a fundamental domain under
I'; is a compact set. Since bdU’ N A" does not contain segment ending in bd A", there are
no sequence of supporting hyperplanes at a point g; where g; forms an unbounded sequence
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and meeting a fixed neighborhood of a point p in bdU’ N A", Hence, Lemma 4.4.6 implies
that we can choose a properly convex open p-end neighborhood U’ of E so that bdU’ N A"
is strictly convex.

(iv) We have C1(U") NbdA" C K" «{vj} since U’ is a p-end neighborhood and we can
apply the same argument as U. Since every g € I'z is of form (7.3.52), the action of I';; on
K° is sweeping, the action of I'; is sweeping on K" x {v;} as well while the matrix forms
of elements restricted to the subspaces containing K and the second one are the same.

From (A), we see that U’ C K x A"~0*1 gince U’ is the convex hull of U. Consider
the projection K — K"’ from the vertex k of K. Consider (7.1.1), and recall that U’ is an
orbifold-bundle over Xz with fibers that are radial rays. We see that there is a projection
U’ — K" that is equivariant with respect to I'z-action since T';; acts on K fixing the vertex
k. Since U’ is open, it contains a generic point projecting to a point of K°.

Let N denote the image group of the action of I'z on K’. Since I'z has a compact
fundamental domain J in Xz. By taking the image of J under the projections, we see
that there are compact subsets J/ of K° and J” of K" mapping onto K°/Nk and onto
K" /N respectively. We may assume that J”” is the image of J' under the projection from
k. By taking a ray from k with an endpoint at J””, and taking a sequence of points p; on it
conveing to p in J”. We find g; € Nk so that g;(p;) € J'. This means that g;(p) € J" for
all p. Since K" is properly convex with a Hilbert metric, g;|K”” is bounded by Proposition
1.1.14 and we can extract a convergent sequence. Hence assume that g;| K"’ — g... We may
assume that g;|K” is convergent. Let g} € T'; be the one going to g;, Here, we can see that
Av;(g;) — 0. Therefore, a generaic point of K" is in the image of U under the sequence of
image of g/ for a point of U. This point can be an interior point of K"’.

Since CI(U’) N A" is convex and I'z-invariant, it contains an interior point of K"”. By
Proposition 3 of [151], the convex hull of any orbit of a point in K" equals K" We
conclude that CL{U" )N A" = K" « {vz }.

O

DEFINITION 7.3.20.

e Generalizing Example 7.3.1, an R-p-end E satisfying the case (ii) of Proposition
7.3.19 is a strictly joined R-p-end (of a totally geodesic R-end and a horospheri-
cal end) and I'; now is called a strictly joined end group. Also, any end finitely
covered by a strcitly joined R-end is called a strictly joined R-end.

e An R-p-end E satisfying the case (i) of Proposition 7.3.19, is a quasi-joined R-
p-end (of a totally geodesic R-end and a horospherical end) corresponding to
Definition 7.1.2 and I'; now is a quasi-joined end holonomy group.

Also, any p-end £ with Tz is a finite-index subgroup of I’z as above is called by the
corresponding names.

7.3.3.1. The non-existence of strictly joined cases for L = 1.

COROLLARY 7.3.21. Let X be the end orbifold of an NPNC R-p-end E of a strongly
tame properly convex n-orbifold O with radial or totally geodesic ends. Assume that the
holonomy group of O is strongly irreducible. Let Iz be the p-end holonomy group. Assume
Hypotheses 7.3.4 only and |1, = 1 for all g € T'z. Then E is not a strictly joined end.
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PROOF. Suppose that E is a strictly joined end. By premise, Ug =1 forall g€ I'.

By Lemma 7.3.9 and Proposition 7.3.14, every g € I'; is of form:

Se 0 0
0 Ag 0 0
(7.3.72) ~
0 lgvg AgOs(g) 0
= 12
0 |2 (N7(g)+ ] ) AT0s(8) | A
As in the proof of
By Proposition 7.3.14, we obtain a sequence ¥, of form from the step (D) of the proof:
OmSm 0 0 0
0 Am 0 0
(7.3.73)
0 A, AnOs (V) 0
E—)
0 | A (%50m)+ 55) | MnOs(m) | A

as C1,, =0 and ¢ ,, = 0 where
L4 {Afm} — 0,
e {6y} —0,
e {S,} is in a sequence of bounded matrices in SLy (n —ip — 1), and
e X7(%n) = 0 by Proposition 7.3.19 (ii).
Moreover, Hypothesis 7.3.15 now holds. By Lemma 7.3.18, we obtain a contradiction. [

7.3.4. The proof for discrete Ng. Now, we go to proving Theorem 7.1.4 when Ng
is discrete. By taking a finite-index torsion-free subgroup if necessary by Theorem 1.1.19,
we may assume that Nk acts freely on K°. We have a corresponding orbifold fibration
3
(7.3.74) K’ /Ng

where the fiber and the quotients are compact orbifolds since Xz is compact. Here the fiber
equals I /N for generic /. The action of Nk on K is semisimple by Theorem 3 of Vey [151].
Since N acts on each leaf [ of .z in £, it also acts on a properly convex domain &

and vz in a subspace S;OH in §" corresponding to [. I/N x R is an open real projective

orbifold diffeomorphic to (H ;°+1 N &) /N for an open hemisphere H, li°+1 corresponding to
1. Since elements of N restricts to I on K, we obtain

AL (g) = lﬂn(g) forallge N:

max
Otherwise, we see easily g acts not trivially on S"~0~!, By Proposition 7.2.3, all the norms
of eigenvalues are 1. Let P denote the smallest subspace containing vz in the direction of
lin Xg.

e Since [ is a complete affine subspace, Lemma 3.1.15 applied to £, N &' /N shows

that [ covers a horospherical end of (Sjo+1 No)/N.
e ByLemma 3.1.15 applied to LN /N, N is virtually unipotent, and N is virtually
a cocompact subgroup of a unipotent group and N |S}'°+1 can be conjugated into
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a maximal parabolic subgroup of SO(ip + 1,1) in Aut(S§°+l) and acting on an

ellipsoid of dimension ij in H;OH.

We verity Hypothesis 7.3.4.

By the nilpotent Lie group theory of Malcev [123], the Zariski closure 2°(N) of N
is a virtually simply connected nilpotent Lie group with finitely many components and
Z(N)/N is compact. Let .4 denote the identity component of the Zariski closure of N
so that .4 /(4" NN) is compact. .# NN acts on the great sphere SEOH containing vz and
corresponding to [. Since 4 /(.4 NN) is compact, we can modify U so that .4 acts on U
by Lemma 3.1.8: i.e., we take the interior of (e 4 g(U) = ,er 8(U) for the fundamental
domain F of .4/ by N.

Since I'; normalizes N, it also normalizes the identity component .4".

By above, JV|S}°+1 is conjugate into a parabolic subgroup of SO(ip+1,1) in Aut(S;0+l ),
and 4 actson U N S;OH, which is a horoball for each leaf [ of ig.

By taking a finite-index cover of U, we can assume that N C .4 since Z°(N) is a finite
extension of ./#". We denote the finite index group by I'; again.

Since S;OH corresponds to a coordinate i + 2-subspace, and S and {vz} are I'z-
invariant, we can choose coordinates so that (7.3.8) and (7.3.10) hold. Hence, Hypothesis
7.3.4 holds.

THEOREM 7.3.22. Let ¥; be the end orbifold of an NPNC R-p-end E of a strongly
tame properly convex n-orbifold O with radial or totally geodesic ends. Assume that the
holonomy group of m(0) is strongly irreducible. Let I'y be the p-end holonomy group
satisfying the transverse weak middle-eigenvalue condition with respect to R-p-end struc-
ture. Assume also that N is discrete, and K° /N is compact and Hausdorff. Then E is a
quasi-join of a totally geodesic R-end and a cusp R-end.

PROOF. By Lemma 7.3.7, h(g).# (¥)h(g) ! = A (¥M,) where M, is a scalar multi-
plied by an element of a copy of an orthogonal group O(ip).

The group .4 is isomorphic to R as a Lie group. Since N C .4 is a discrete co-
compact, N is virtually isomorphic to Z. Without loss of generality, we assume that N is
a cocompact subgroup of .#". By normality of N in Tz, we obtain h(g)Nh(g)~! = N for
g €'z Since N corresponds to a lattice L C R by the map .4, the conjugation by 4(g)
corresponds to an isomorphism M, : L — L by Lemma 7.3.7. When we identify L with
Zio, M, : L — L is represented by an element of SL (i, Z) since (M,) ™' = M,-1. Also, by
Lemma 7.3.7, {M,|g € T’} is a compact group as their determinants equal +1. Hence, the
image of the homomorphism given by g € h(m (E)) — M, € SL4 (ip,Z)) is a finite order
group. Moreover, i, = 1 for every g € I'; as we can see from Lemma 7.3.7. Thus, I'z has
a finite index group I“% centralizing 4.

We can now use Proposition 7.3.14 by letting G be .4 since Nk is discrete and Ny =
Ng. We take Xp/ to be the corresponding cover of ¥z. By Lemma 7.3.9 and Proposition
7.3.14, Hypothesis 7.3.15 holds, and we have the result needed to apply Proposition 7.3.19.
Finally, Proposition 7.3.19(i) and (ii) imply that I'; virtually is either a join or a quasi-
joined group. Corollary 7.3.21 shows that a strictly joined end cannot occur. (]

7.4. The non-discrete case

This is in part a joint work with Y. Carriere. Let £z be the end orbifold of an NPNC R-
end E of a strongly tame properly convex n-orbifold ¢ with radial or totally geodesic ends.
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Let I'z be the p-end holonomy group. Let U be a p-end-neighborhood in O corresponding
to a p-end vertex vz.
Recall the exact sequence

. T
l—>N—-m(E) — Ng—1

where we assume that Ny C Aut(K) is not discrete. Since £z/T'z is compact, K°/Nk is
compact also. However, Nk is not yet shown to be semisimple.
An element g € I'z is of form:

(7.4.1) g=
* Ul(g)

Here K(g) is an (n —io) x (n — ip)-matrix and U (g) is an (ip + 1) x (io + 1)-matrix acting
on S3. We note detK(g)detU(g) = 1.

7.4.1. Outline of Section 7.4. In Section 7.4.2, we will take the leaf closure of the
complete affine iy-dimensional leaves. The theory of Molino [131]. shows that the space
of leaf-closures will be an orbifold. In Section 7.4.2.2, we show that a leaf-closure is a
compact suborbifold in Xz. In Section 7.4.2.3, we show that the fundamental group of
each leaf-closure is virtually solvable. In Section 7.4.2.4, we find a syndetic closure S
according to a theory of Fried-Goldman [82]. From this, we will find a subgroup acting
on each complete affine ip-dimensional leaf in Section 7.4.2.5 which we will show to be a
cusp group.

In Section 7.4.3, we will complete the proof of Theorem 7.1.4 not covered by Theorem
7.3.22. Proposition 7.4.7 shows that Nk is semi-simple. Proposition 7.4.8 shows that
ug = 1 for every g € I';. Finally, we prove Theorem 7.1.4.

7.4.2. Taking the leaf closure.
7.4.2.1. Estimations with KAU. Let U denote a maximal nilpotent subgroup of SL (n+
I,R) S0y given by lower triangular matrices with diagonal entries equal to 1.
Qv

The foliation on £z given by fibers of ITk has leaves that are ip-dimensional complete
affine subspaces. Let us denote it by .%. Then K° admits a smooth Riemannian metric g
invariant under Ng by Lemma 1.5.10. We consider the orthogonal frame bundle FK° over
K?. A metric on each fiber of FK? is induces from pg. Since the action of Nk is isometric
on FK? with trivial stabilizers, Nx acts on a smooth orbit submanifold of FK? transitively
with trivial stabilizers. (See Lemma 3.4.11 in [149].)

There exists a bundle FEz from pulling back FK? by the projection map. Here, FE:
covers FXz. Since I'z acts isometrically on FK?, the quotient space F¥z /T is a bundle
FX; over Xz with compact fibers diffeomorphic to the orthogonal group of dimension
n—ip. Also, FEz is foliated by ip-dimensional affine spaces pulled-back from the ip-
dimensional leaves on the foliation £z. One can think of these leaves as being the inverse
images of points of FK.

LEMMA 7.4.1. Each leaf | of FXj is of polynomial growth. That is, each ball Bg(x)
in | of radius R for x € | has an area less than equal to f(R) for a polynomial f where we
are using an arbitrary Riemannian metric on FiE induced from one on F¥g.

PROOF. Let us choose a fundamental domain F of FXz. Then for each leaf [ there
exists an index set I; so that / is a union of g;(D;) i € I; for the intersection D; of a leaf
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with F and g; € I';. We have that D; C Df where Df is an €-neighborhood of D; in the leaf.
Then
{si(D)li € I}

cover [ in a locally finite manner. The subset G(I) := {g; € I'|i € I} is a discrete subset.

Choose an arbitrary point d; € D; for every i € ;. The set {g;(d;)|i € [;} and [ is
quasi-isometric: a map from G(I) to [ is given by fj : g; — gi(d;) and the multivalued map
J> from [ to G(I) given by sending each point y € [ to one of finitely many g; such that
gi(D}) 3 y. Let I';; be given the Cayley metric and iE a metric induced from Xz. Both
maps are quasi-isometries since these maps are restrictions of quasi-isometries I'z — i,;
and £ — Iz defined analogously.

The action of g; in K is bounded since it sends some points of ITx (F') to ones of ITx (F')
which is a compact set in K°. Thus, ITi(g;) goes to a bounded subset of Aut(K). In the
form (7.4.1),

K(gi) = det(K(g:))"/ "R (g;) where R(g;) € SL+(n—io,R)

where K (g;) is uniformly bounded. Let imax(g,-) and lnin(g,-) denote the largest norm and
the smallest norm of eigenvalues of K(g;). Since [Ty (g;) are in a bounded set of Aut(K),
we obtain

1 = =
(7.4.2) E < }Lmax(gi)az'min(gi) <C
for C > 1 independent of i. The largest and the smallest eigenvalues of g; equal

A (81) = det(K (1)) ") Aumax (g) and A, (g1) = det(K (80))"/ ") Aumin(g:)
by Proposition 7.2.3. Denote by a;(g;),j = 1,...,io + 1, the norms of eigenvalues of g;
associated with S where a;(g;) > --- > aiy+1(g;) > 0 with repetitions allowed. Since
detg; = 1, we have
det(K(gi))ai(gi) - aig+1(gi) = 1.
If {|det(K(gi))|} — O, then {a1(g;)} — o whereas by (7.4.2)

{det(K ()" Amax (g1)} = 0
contradicting Proposition 7.2.3. If {|det(K(g;))|} — oo, then {aj,+1} — O whereas by
(7.4.2) 5

{det(K ()"~ Aumin(g1)} — oo
contradicting Proposition 7.2.3. Therefore, we obtain

1/C <|det(K(g:))| < C

for a positive constant C. We deduce that the largest norm and the smallest norm of eigen-
values of g;

det(K (g:))" ") Amax (g:) and det(K(g;))" "~ Annin (1)

are bounded above and below by two positive numbers. Hence, A" (g;) and A" (g))
are all bounded above and below by a fixed set of positive numbers. U(g;) consists of
as(gi)Os(g;) for an orthogonal element Os(g;) and ag(g;). The remaining eigenvalues of
gi have norms as(g;) and ag(g;). By Proposition 7.2.3, these are bounded by the same fixed
set of positive numbers.

By Corollary 1.3.4, {g;} is of bounded distance from U’. Let N.(U’) denote a c-

neighborhood of U’. Then
G(I) C N.(U') for some ¢ > 0.
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Let d denote the left-invariant metric on Aut(S"). By the discreteness of I'z, the set
G(1) is discrete and there exists a lower bound to

{d(gig))gigj € G(1),i # j}.

Also given any g; € G([), there exists an element g; € G(I) so that d(g;,g;) < C for a
uniform constant C. (We need to choose g; so that g;(F) is adjacent to g;(F).) Let
Bg(I) denote the ball in SL(n+ 1,R) of radius R with the center I. Then Bg(I) N N,(U’)
is of polynomial growth with respect to R, and so is G(/) N Bg(I). Since the collection
{gi(D})|gi € G(1)} of uniformly bounded balls cover / in a locally finite manner, / is of
polynomial grow as well. O

7.4.2.2. Closures of leaves. The foliation on £ given by fibers of IIx has leaves that
are ig-dimensional complete affine subspaces. Let us denote it by .%#;. Then K’ admits
a smooth Riemannian metric tg invariant under Ng by Lemma 1.5.10. We consider the
orthogonal frame bundle FK? over K°. A metric on each fiber of FK? is induced from pik.
Since the action of Nk is isometric on FK? with trivial stabilizers, we find that Nx acts on
a smooth orbit submanifold of FK? transitively with trivial stabilizers. (See Lemma 3.4.11
in [149].)

There exists a bundle F¥z from pulling back FK° by the projection map. Here, F¥z
covers FXz. Since I'z acts isometrically on FK?, the quotient space F¥z /T is a bundle
FXz over Xz with a subbundle with compact fibers isomorphic to the orthogonal group of
dimension n — ig. Also, F¥; is foliated by io-dimensional affine spaces pulled-back from
the ip-dimensional leaves on the foliation £z. One can think of these leaves as being the
inverse images of points of FK°.

7.4.2.3. m(V;) is virtually solvable. Recall the fibration

M : £z — K° which induces [k : F£; — FK°.
Since Nk acts as isometries of a Riemannian metric on K°, we can obtain a metric on Xz so
that the foliation is the Riemannian foliation. Let py, : FXz — Xz be the covering map
induced from £z — Xz. The foliation on £ gives us a foliation of FZz.

Let Ak be the identity component of the closure of Nk the image of I'z in Aut(K),
which is a Lie group of dim > 1.

PROPOSITION 7.4.2. Ak is a normal connected nilpotent subgroup of the closure of
Ng.

PROOF. Since the closure of Nk is normalized by Nk, Ak is a normal subgroup of Nk.
Since / maps to a polynomial growth leaf in FXz by Lemma 7.4.1, Carriere [35] shows
that A is a connected nilpotent Lie group in the closure of Nk in Aut(K) acts on FK°
freely. ]

Let / be a leaf of FE, and p be the image of / in FK°. Moreover, we have
M (Ak(p) =: Vi = FEp
Lol
(7.4.3) Vi— FXg

for V; :=ps, (1) in FXz. Since V; is closed and is a component of the inverse image of V;
which is a union of copies of V;, the image V; is a compact submanifold. Note V; has a
dimension independent of / since Ag acts freely.
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Now, N is precisely the subgroup of 7;(V;) fixing a leaf  in FK°. For each closure
V; of a leaf [, the manifold V; is a compact submanifold of FX;, and we have an exact
sequence

H*
(7.4.4) 1 =N = h(m (V) -5 Al — 1.

Since the leaf / is dense in V}, it follows that A% is dense in Ag. Each leaf I’ of £z has
a realization a subset in &. We have the norms of eigenvalues A;(g) = 1 for g € N by
Proposition 7.2.3. By Theorem 1.3.7, N = N is virtually unipotent since the norms of
eigenvalues equal 1 identically and A, is discrete.

We take a finite cover of Lz so that N is nilpotent. Hence, h(m; (V})) is solvable being
an extension of a nilpotent group by a nilpotent group. We summarize below:

PROPOSITION 7.4.3. Let [ be a generic fiber ofIFiE and p be the corresponding point
of FK°. Then there exists a nilpotent group Ak acting on FK° so that Tl (Ak(p)) =V,
covers a compact suborbifold V; in FXj, a conjugate of the image of the holonomy group
of V, is a dense subgroup of A, and the holonomy group of V; is solvable. Moreover, V, is
homeomorphic to a torus times a cell or a cell.

PROOF. We just need to prove the last statement. Since Ag is a connected nilpotent
group, A is homeomorphic to a torus times a cell or a cell, and so is the free orbit in
FK°. Since Ilx has fibers that are ip-dimensional open hemispheres, this last statement
follows. (]

We remark that Ak is nilpotent but may not be unipotent.

REMARK 7.4.4. The leaf holonomy acts on FXz/.% as a nilpotent killing field group
without any fixed points. Hence, each leaf / is in V; with a constant dimension. Thus, .Z, 5
is a foliation with leaf closures of identical dimensions.

The leaf closures form another foliation .7 z with compact leaves by Lemma 5.2 of
Molino [131]. We let F£z /.7 ; denote the space of closures of leaves has an orbifold
structure where the projection FLz — FXz/.% s is an orbifold morphism by Proposition

5.2 of [131].

7.4.2.4. The holonomy group for a leaf closure is normalized by the end holonomy
group. Note that T'; is the deck transformation group of V; over V;. Since V/ is the inverse
image of Ak (x) for x € FK?, I'; is the inverse image of Nx NAg under ITy. Since Ny NAk
is normal in Nk, I'; is a normal subgroup of I';.

Recall that I'; is virtually solvable, as we showed above. We let 2 (I';) and 2 (I7)
denote the Zariski closures in Aut(S") of I'z and I'; respectively.

By Theorem 1.6 of Fried-Goldman [82], there exists a closed virtually solvable Lie
group S containing I'; with the following four properties:

S; has finitely many components.

I;\S; is compact.

The Zariski closure Z°(S;) is the same as 2 (I7).
Finally, we have solvable ranks

(7.4.5) rank(S;) <rank(I7).

We will call this the syndetic hull of I'y.
We summarize:
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LEMMA 7.4.5. h(m(V;)) is virtually solvable and is contained in a virtually solvable
Lie group S; C % (h(m(V;)) with finitely many components, and S;/h(m(V;)) is compact.
S; acts on V. Furthermore, one can modify a p-end-neighborhood U so that S; acts on it.
Also the Zariski closure of h(m)(V;)) is the same as that of S;.

PROOF. By above, Z(S;) = Z(I';) acts on V; and normalizes I';. We need to prove
about the p-end-neighborhood only. Let F be a compact fundamental domain of S; under
the I';. Then we have

(W) =[)s).

gES; geFr

By Lemma 3.1.8, the latter set contains a S;-invariant p-end-neighborhood. O

From now on, we will let S; to denote the only the identity component of itself for
simplicity as S; has finitely many components to begin with. We are taking a finite cover
of & if necessary. This will be sufficient for our purposes since we only need a cusp group.

Since S; acts on U and hence on £z as shown in Lemma 7.4.5, we have a homomor-
phism S; — Aut(K). We define by S; o the kernel of this map. Then S; o acts on each leaf
of £z. We have an exact sequence

(746) 1— Sl’() — 8 —Ag — 1.

7.4.2.5. The form of US; . Let SEOH denote the iy + 1-dimensional great sphere con-
taining S& corresponding to each ip-dimensional leaf [ of 7.

PROPOSITION 7.4.6. Let [ be a generic fiber so that Ak acts with trivial stabilizers.

(i) S; acts on V; cocompactly, acts on dU properly, and acts as isometries on these
spaces with respect to some Riemannian metrics.

(i1) A closed subgroup C; of unipotent elements of acts transitively on each leaf |
with trivial stabilizers, and C; acts on an ig-dimensional ellipsoid aun S;OH
passing Vi with an invariant Euclidean metric. Here, we may need to modify U
further.

(iii) S; 0 normalizes an iy-dimensional partial cusp group Cio where S; 0N Cyq are
cocompact subgroups in both S; o and Cj .

(iv) Cip is virtually normalized by I's and also by S;. Also, Cyq acts freely and
properly on m for each leaf m of Fp.

(v) With setting N := C; o, Hypothesis 7.3.4 holds virtually by Tz for a coordinate
system.

PROOF. (i) By Lemma 3.1.10, S; acts properly on V;. Since dU is in one-to-one corre-
spondence with iE» S; acts on dU properly. Hence, these spaces have compact stabilizers
with respect to S;. The existence of an invariant metric follows from an argument similar
to one in the proof of Lemma 1.5.10. Hence, the action is proper and the orbit is closed.

Since V; /T is compact, V;/S; is compact also.

(ii) We may assume that 'z is torsion-free by Theorem 1.1.19 taking a finite index
subgroup.

Proposition 7.2.3 implies that for g € I';

i io
ATr (8) > A52 (g) > A52 (g) > A" (g).
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Since S; = FT for a compact set F, the inequality

) )
CiIA(8) > Asz (8) > oA (8) = C3AK (2),8 €1,
(7.4.7) CIALL(8) > Mi(8) > i1 (8) > AL (), 8 € 51,

hold for constants C; > 1,1 > C, > C3 > 0 by (7.2.3). Since S acts trivially on K?, we
have AT (g) = AI" (g) for g € S;. Since the maximal norm A, (g) of the eigenvalues of

‘max
gequals A" (¢) and the minimal norm of the eigenvalues of g equals 41" (g), all the norms

min
of the eigenvalues of g € S o are bounded above. (7.4.7) implies that | log AIE%)X (&)|,|logAi(g)], g €
S1,0 are both uniformly bounded above. Of course we have
[log A (8")] = Inlog A% (8)1: [1og A1 (8")| = |nlog A1 (8)]. & € Sio.
We conclude that the norms of eigenvalues of g € §; g are all 1.

Theorem 1.3.7 implies that S ¢ is a closed orthopotent group and hence a solvable Lie
group. Lemma 3.1.13 gives a unipotent group C; ¢ acting on [ where C is the Zariski
closure of the unipotent subgroup S}, of S; 9. We have C; o NS; o = S},,. Proposition 3.1.14
shows that C;  is a cusp group. Since S; normalizes S0 and Gy ﬂS;jo =S} is cocompact
in § o, it follows that S; normalizes C; o. This also proves (iii). '

(iv) Proposition 3.1.14 shows that the action of C;p on any leaf m is a free and proper
action. Since C, o acts on m, B,, := H,,,NU is again bounded by an ellipsoid. Since B,, has
a hyperbolic metric as a Klein model, and C; ¢ is unipotent acting properly on horospheres
of By, for vi, C; o must also be a cusp group on B,,. Hence, C; ¢ acts as a cusp group on
each H,,NU.

Let g € T'z. By using these argument for g(/) instead of /, gCog™" also acts on an
ellipsoid E,, in the subspace corresponding to m from vz as a unipotent Lie group freely,
transitively, and faithfully. Since E; bounds a (ip + 1)-dimensional ball with a hyperbolic
metric of the Klein model, such a unipotent group is unique and hence it follows that
gCl_yog’1 and C; ¢ restrict to a same group in Hj,.

Let € denote the group generated by C; o and its conjugates. C is obviously unipotent.
Also, C acts properly on ¥ since I'z and C;0 preserve a Riemannian metric.

Letg' € Cipand g’ € gCy g~ ! sothat ¢'|H,, = ¢"|H,,. Then g'~'g” fixes every point in
m. Since and the stabilizer of the unipotent group acting properly on £z is trivial, g’ = g”.
Hence, the normality follows.

(v) The first two properties of Hypothesis 7.3.4 follow from Propositions 1.4.10 and
1.4.13. T'; satisfies the third transverse weak middle eigenvalue condition by the premise.
Since SZO goes to I under Ik, it is in the standard form where / corresponds to a great

1

sphere S0*! containing S8. This proves the fourth property.

Since N acts on V;, N is a subgroup of I'; virtually. Hence, N is a subgroup of S;
and hence of S ¢ virtually. Theorem 1.3.7 tells us that N is unipotent virtually and hence
NNT is in Sf, for a finite index subgroup ' of T'z. (iv) showed that .4 is normalized
by I'z. (iv) also shows that .#" acts freely and properly on each complete affine leaf of
Y. ]

7.4.3. The proof for non-discrete Nx. Now, we go the splitting argument for this
case. We can parametrize US; o by A" (V) for vV € R0 by Proposition 7.4.6. We showed
that Hypothesis 7.3.4 holds virtually. For convenience, let us assume that Hypothesis 7.3.4
here.

We outline the proof strategy:
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e Nk is semisimple in Proposition 7.4.7.
o U, =1forevery geI';s.
e Hypothesis 7.3.15 holds. Now we use the results in Section 7.3.3.

Also, NNUS; is of finite index in N since both acts on / and we took many finite
index subgroups in the processes above. Again using Proposition 1.1.18, we can consider
the finite covers of p-end neighborhoods. We assume N C US; o. Hypothesis 7.3.4 holds
now as we showed in the above subsections. As above by Lemmas 7.3.7, we have that the
matrices are of form:

Loi_1 0 0o |o
0 1 0o |o
(7.4.8) N (V) = ,
C1 (V) iz L, 0
2 (V) Bir/2 | v |1
S(g) s1(8) 0 0
(7.4.9) - s2(g) ai(g) 0 0
Ci(g) | ai(g)v} as(g)0s(g) 0
2 (g) ar(g as(g)V10s(g) | as(g)

where g € ;. (See (7.3.36).) Recall u, = as(g)/ai(g) = ao(g)/as(g). Since S; is in
Z(I'}) and the orthogonality of normalized As(g) is an algebraic condition, the above
form also holds for g € §;.

PROPOSITION 7.4.7 (Semisimple Nx). Assume hypothesis 7.3.4. Suppose that 7t;(E)
satisfies (NS) or dimK = 0, 1. Then the following hold:

e Ng or any of its finite index group acts semi-simply on K°.

e There is a finite index subgroup Ny of N acting on each K; irreducibly and has
the diagonalizable commutant H isomorphic to Rﬂ: ! for some I > 1.

o K is projectively diffeomorphic to K1 * - - - x Kj, where H acts trivially on each K
forj=1,...,1.

o Let Ak denote the identity component of the closure Nk of Nk in Aut(K). Let A%
denote the image in A of T'z. Then Ay NN is free abelian and is a diagonaliz-
able group of matrices and is in the virtual center Ny NH.

e Ni acts on each K; strongly irreducibly, and Ny |K; is semisimple and discrete
and acts on K? as a divisible action.

o Ny contains a free abelian group in Ng NH of rank [ — 1.

PROOF. It is sufficient to prove for Nk itself since Ny for a finite-index subgroup N
of Nk acts cocompactly.

If Nk is discrete, then the conclusion follows from Proposition 1.4.10.

Suppose Nk is not discrete. For the case when dimK = 0, 1, the conclusions are obvi-
ous. We will prove using induction on dimK.

We now use the notation of Section 7.4.2.2. By Theorem 1.1.19, we assume that I'z
is torsion-free. By condition (NS), since I'; is virtually normal in I'z, I'; N G is central in a
finite index subgroup G of I'; and is free-abelian.
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Now, we prove by induction on dim K. We recall the exact sequence
1 NI = Ay — 1.

Here, A) is dense in a nilpotent Lie group Ax normalized by Nk. Let N denote the image
of G in Nk. Let Ny denote the closure of N in Aut(K).
We give a bit vague outline of the rest of the proof:

(i): First, we show that there is no unipotent action on K° by length arguments.

(ii): We decompose the space into invariant subspaces where Nk virtually acts on
which it virtually acts discretely.

(iii): Now, we prove that Nk acts semisimply.

(iv): Finally, we show that Nk contains a free abelian group of certain rank.

(i) We prove some fact: We take the unipotent subgroup I';,, A}cm Ak, of solvable
groups I';, A, and Ak respectively. These are normalized by Nk. '

Suppose that A , N N is nontrivial. Choose a nontrivial unipotent element g, in
A'KM NNg. By Lemma 1.3.10, there exists a sequence of elements x; € K° so that dg (x;, g,,(x;)) —
0. Since Ny is still a sweeping action, let F be a compact set in K so that UgENI’( g(F)=K".
Now, we can choose g; € G so that g;(x;) € F. Then

(7.4.10) {do(gigu(xi).&i(xi)) = do(gigug; ' (8i(x)),8i(xi))} — 0

since g; is a dk-isometry. This implies that {g;g.g; 1} converges to an element of a stabi-
lizer of a point f, f € F in Ng.

Since I'; NG is central in G, gigu8; I'—g,. Since g, is unipotent, if g, stabilizes a point
of K°, then g, is the identity element by Lemma 1.3.8. This is a contradiction. Therefore,
we conclude Ay, N Ny is a trivial group.

(ii) Since T is central in G, A} NN} and its closure Ax NN} are abelian groups. Since
Ak NN is abelian, we can decompose C"0 = V/ @ --- & V), so that each element g of
Ak N Nj acts irreducibly with a single eigenvalue A;(g) on V/ for each i and its conjugate

Ai(g) by the primary decomposition theorem. (See Theorem 12 of Section 6 of [101] and
Definition 1.3.1.) The map

g €Ak NN — (M(g),-.., Ar(g)) €T

gives us an isomorphism to the image set where we choose a representative eigenvalue
Ai(g) for each V.

We define Sy, ...,Sy to be the subspace in S” corresponding to a real primary subspace
for every g by the commutativity of elements in Ax N Nk.

Since Ny, commutes with Ag, N also acts on or permutes the corresponding subspaces
Si,...,Sy in S"70~1 We take the finite-index subgroup Ny of Nj acting on each S;, and
N{ has a sweeping action on K°. By Proposition 1.4.13, ;N K # 0 and S;NK? = 0. Denote
by K; :=S;NK.

Suppose that A;(g) is not real for some i and g € Ag NNk Then there is an eigenspace
for A;(g) and one for A;(g) for all g € N. Since KNS for a corresponding subspace S’ for
the direct sum of two eigenspaces is properly convex, there is a global fixed point of g. The
point corresponds to a positive real eigenvalue of g. This is a contradiction. The negative
case violates the proper convexity. Therefore, every 4;(g) > 0 for g € Ax N Nj.

Let Ny denote the closure of N{ in Ng. Suppose that Axk NNy acts on K; nontrivially.
Ag NNY|K; is a unipotent action since each element of Ag N N|K; has a single positive
eigenvalue affilated with K;. Since K /Aj NN{ is compact, we can apply the arguments
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in the paragraph containing (7.4.10) and the following one, and we obtain a contradiction.
Hence, Ax N N%|Ki is trivial. Hence, Ag N N;( is a positive diagonalizable group.

Since Ak is the identity component of Nk, and A restricts to a trivial group for each
Ki, Nk, := N{|K; is discrete.

(iii) If I = 1, then this shows Ag ﬂN;( is trivial. Then we are in the case of Nk being
discrete and the result follows by Proposition 1.4.10.

Suppose now that I/ > 2. Then since dimK; < dimK, we deduce that Nk, = N;é|K,-
still acts cocompactly on K? since otherwise this fails for Ng» action on K°. Hence, Nk is
semi-simple and the conclusions of this proposition hold for Nk, and K; by induction.

By induction, we decompose each K; into K](.l) Kk K]l./(j ) with a positive diagonal-

izable commutant H; for Nk;. The finite index subgroup N;Q of N, acting on each Kj@ is

a cocompact subgroup of NII(@ X XN ) XA for a Zariski dense subgroup A; in H;
j j

and N, ) := N}(j|KJ(i) fori=1,...,I'(j) by Proposition 1.4.10. Also, N acts strongly
J J
irreducibly on each KJ@ also by Proposition 1.4.10.

There is a commutant Hgx of Nj that just the positive diagonalizable group acting
trivially on each K;. Hence, it is isomorphic to R’~!. Since A K ﬂN,’< |K; for each i is trivial,
Hg NNy contains Ax N Ny by the second paragraph above. This proves the third item. We
define H to be the product of Hx x H| X --- X Hp.

We list out all K;i) as a single list K1,...,K;. Define N}’ as a subgroup acting on each
Kifori=1,...,I. Now N;( is a subgroup of Ng, x --- X NK;/ x L for a Zariski dense L in
H. Thus, N}( is semi-simple. This means that Nk is semi-simple since N /N;(” acts only as
a permutation group of Ky, ...,Kj.

Since Nk, is discrete, and Ny is isomorphic to a subgroup of Ng, x - -- X Nk, X Riﬁl,
it follows that the finite extension Nk is semi-simple. This proves the first to the fourth
item.

(iv) Now, we prove the last item in particular. Proposition 1.4.13 also shows the exis-
tence of a free diagonalizable subgroup A of Nx N H of rank / — 1. Hence, there must be a
lattice in L C A that is Zariski dense in Ny N H. Choose generators 1y, . .., n; of the lattice.
For each n;, there is a sequence {Klj } in Nk converging to 17; in Aut(K). Each Kl-j |K; is in
a discrete group N;. Hence, we may assume that Kij |K; = I, for every i since 1;|K; = I.
Hence, Kij € H N Nk for every i. Since Kij are sufficiently close to 1; for each j=1,... 1,

we can choose a set of generators Kl.l/, RN Kl.l; of H N Nk. This completes the proof. ]

However, we have not shown Hypothesis 7.3.15 yet. We continue to have Hypothesis
734 forI'5.

PROPOSITION 7.4.8. Suppose that O is properly convex. We assume Hypothesis 7.3.4
and N is non-discrete. Suppose that 7| (E) satisfies (NS) or dimK = 0,1. Then we have

Ug =1 for every g € I'g.

PROOF. We can take finite-index subgroups for I'; during the proof and prove for this
group since U is a homomorphism to the multiplicative group R. By Proposition 7.4.7,
Nk is semi-simple and Proposition 7.3.9 and Lemma 7.3.10 hold.

Propositions 7.4.7 and 1.4.13 show that K = K| * - - - x K; for properly convex sets K;
and N is virtually isomorphic to a cocompact subgroup of Nk, x - -+ X Nk, X A where A
is Zariski dense in a diagonalizable group R{[l acting trivially on each K; and Nk, acts
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semisimply on each K; for i = 1,...,l. We take a finite-index subgroup Ny, so that N acts
on K; for each i = 1,...,I. We assume that Nk is this N without loss of generality.

We apply Lemma 7.3.9. Then one of K; is a vertex k. Now we can use the coordinates
of (7.3.36) repeated here.

S(g) 0 0 0
(74.11) 0 a(8) 0 0

Ci(g) |ai(g)vy | as(g)0s(g) 0

c2(g) ar(g as(g)v,0s(g) | as(g)

a4(8)
ai(g)’ .

Also, Lemma 7.3.9 shows that C; (V) = 0 for all v € R% for a coordinate system where
k has the form

defining V, :=

(0,...,0,1) e "o~ 1,

By Proposition 7.3.14, we have a coordinate system where

Ci(g

)= 0,c2(g) =0 forevery g € 'z and
(7.4.12) a1 (7) =

0,¢>(¥) = 0 for every A (¥),7 € R,

Let Asg denote the maximal norm of the eigenvalues of the upper-left part S, of g. We
define

Tz = {glAs,(g) <ai(g)}-

There is always an element like this. In particular, we take the inverse image of suitable
diagonalizable elements of the center H N Nk denoted in Proposition 7.4.7. We take the
diagonalizable element in Nx with k having a largest norm eigenvalue. Let g be such an
element. Then by transverse weak middle eigenvalue condition shows that a;(g) is the
largest of norms of every eigenvalue by Proposition 7.2.3, and

ai(g) > ag(g) or pg <1forgely .

By Proposition 7.4.7, Nx N H contains a free abelian group of rank dim H which is
positive diagonalizable. Hence, there exists g € I'z | going to a center of Ny with p1, <1.

(A) We will obtain a nontrivial element of N: Let us choose k, € CL{U) N A",

Since S; acts on U, it follows that S acts on C1(U) N SZ’H. By the form of the matrices

(7.4.8), A acts on SZ’H. Hence, .4 of form (7.4.8) acts on Cl(U) ﬂS;{UH > kg. Hence,
we have the orbit

N (kg) C CLU) NS

Since CI(U) is convex, a convex domain B = CI(U) N SZ)H bounded by an ellipsoid is in
a hemisphere Hj, in SZ’H bounded by S3.
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There exists a hyperspace Fy, in SZ’H tangent to dB at k,. where g. acts on. We let
B

oo =P, N S!9. We choose a coordinate system so that

ke = ((0,...,0,%,—4,,0,...,0)) , x,—i, >0,
S;{O+l = {((0, oy 0y Xn—igy e e ,xn+1)) |x; € R},
Pkgc = {«07 t ’O’xn*ioaxnfiolea s 7xn70)) ‘xi € R}’
(7.4.13)

1
B= {((0,...,O,xn,io,...,xnﬁ)) |xi € R x40 > 5()cﬁﬂ.ﬁl +...+xﬁ)7xn7i0 =1}

Here, k;, may be regarded as the origin of Hy.
Now, let g; be any element of I'z. We factorize the lower-right (ip + 2) x (ip + 2)-
submatrix of g1, g1 € I'g,

ai(g1) 0 0
(7.4.14) ai(g1)v§, | as(g1)0s(g1) 0 =
a7(81) | as(g1)vg Os(81) | as(g1)
(7.4.15)
1 00 1 010 1 0 0
0 10 Vo, L 10 Jai(g)| 0] pgOs(g1) | 0
% _ HnglH2 ol ||Vg21\|2 Vo | 1 0 0 w2

Since the right two matrices act on B, we have

Carlg) || I

ar(g1) 2
Suppose that ¥, = 0 for every I'z. The I'; fixes k,, . By Proposition 7.4.7 and Lemma
7.3.9, K = K" % {k} for a compact convex set K”. There is a set K" in bd&’ corresponding
to K”. Then the interior K" s ko, in U maps to K° under IIx. By (7.4.12), K" x kg, is
['z-invariant. Also, under the radial projection to Ry, (&) = £z, the interior of K" x k,

X7(g1) =0forany g; € T'.

goes to I'z-invariant subspace in iE meeting each complete affine leaf at a point. This
contradicts the cocompactness of the action on £z.

Let us take nonidentity g € I'; going to Ng.. with nonzero v,. Then conjugation g, gg;1
gives us an element with vV, 1 =V, le Os (8c)~! by Lemma 7.3.7. This is not equal to ¥,
since [, < 1. Hence, a block matrix computation shows that gc88. !¢~ ! is not an identity
element in I'; but maps to I in Nx. We obtain a nontrivial element ng of N. By Hypothesis
7.3.4, 8.8 ¢! € .. Since np := g.gg- 'g" # I has the form (7.4.8), ng is a unipotent
element. Since N C .4/, we may let ng = 4 (V) for some nonzero vector vy.

(B) Now we show i, =1 forall g € I':

Suppose that we have an element g € I'z , and g < 1. Then we have as above

— = k n
Vgkngg+ = Vg Hg Os(8)"-

Also, gknog~* goes to I in Ni since ITi(ng) = I in Ng. Hence, {g"nog ¥} — T as k — oo
since ng is in the forms (7.4.8) given by (7.4.12). This contradicts the discreteness of N.
Hence, p, = 1forallgeI'y ..
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Since any element of g € I';, we can take g/, g’ € Iz, so that g¢' €Tz and so
Moo = Hglly = 1. We obtain p, = 1 forall g € I'. (]

THE PROOF OF THEOREM 7.1.4. Suppose that E is an NPNC R-end. When Ny is
discrete, Theorem 7.3.22 gives us the result.

When Nk is non-discrete, Hypothesis 7.3.4 holds by Propositions 7.4.6. Also, Nk is
semi-simple by Proposition 7.4.7.

By Proposition 7.4.8, 1 = 1 holds. Lemmas 7.3.7 and 7.3.9, (vii) of Proposition 7.4.6
show that the premise of Proposition 7.3.14 holds. Proposition 7.3.14 shows that Hypoth-
esis 7.3.15 holds. Proposition 7.3.19 shows that we have a strictly joined or quasi-joined
end. Corollary 7.3.21 implies the result.

Note here that we may prove for finite index subgroups of I'z by the definition of
strictly joined or quasi-joined ends. (I

We give a convenient summary.

COROLLARY 7.4.9. Let O be a properly convex strongly tame real projective orbifold.
Assume that its holonomy group is strongly irreducible. Let E be an NPNC p-end of the
universal cover O or O satisfying the transverse weak middle eigenvalue condition for
the R-p-end structure of E. Suppose that m(E) satisfies (NS) or dimK = 0,1. Then the
holonomy group h(T'z) is a group whose element under a coordinate system is of form :

S(g) 0 0 0
(74.16) g= 0 Mf’) 0 0
0 Alg)v(s)" A(8)0s(g) 0
0 | Ae) (X(e)+ L) [ 2(0)7(0)05(s) | A(g)

where {S(g)|g € Tz} acts cocompactly on a properly convex domain in bd& of dimen-
sionn—ip—1, Os : Tz — O(ig+ 1) is a homomorphism, and R7(g) satisfies the uniform
positive translation condition given by (7.3.55).

And Tz virtually normalizes the group

In—io—l 0 O O
. 0 1 0 0 ~ .
(7.4.17) N (V) = VveRo 3.
0 vl I, 0
0 722 | v |1
PROOF. The proof is contained in the proof of Theorem 7.1.4. (]

7.5. Applications of the NPNC-end theory
7.5.1. The proof of Corollary 7.1.5.

PROOF OF COROLLARY 7.1.5. We may always take finite index subgroups for I'z
and consider as the end holonomy group. By Corollary 7.4.9, we obtain that the dual
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holonomy group g~ !7 € I"E has form under a coordinate system:

S(g)~'" 0 0 0
(7.5.1) ¢ 'T = 0 A" | —A(g)0s(g) Vg ;L(g)ﬂ( X(g) + L >
0 0 A(g)'0s(g)"! —A(g) ¥
’ 0 0 Ag)!

And T} virtually normalizes the group {.#'(¥)~'7 | € R} where

L1 |0 |0 0
- 2
(7.5.2) N F) T = 0 L N U
0 0 |1 T
0 0o |o 1

By using coordinate changes by reversing the order of the n — iy + 1-th coordinate to the n+
1-th coordinate, we can make the lower right matrix of I’z and .4 into a lower triangular
form. Hence, .4 is a partial ip-dimensional cusp group.

Suppose that (S(g),g € T'z) acts on properly convex set K := K” % {k} in §"~0~1,
a strict join, for a properly convex set K” C S"~0~2 C §"~~! and k from the proof of
Proposition 7.3.19. .4 acts on S0*! containing S8 and corresponding to a point k under
the projection ITg : S" — S — §7~i0~! Let K" denote the compact convex set in S” — S8
mapping homeomorphic to K" under Ilg as we showed in Proposition 7.3.14. There is
also a subspace SK,,, 2 that is the span of K. Also, K4 := K" xvp isin Sr—io=1" the great
sphere containing vz and project to S"~~2 under k.

Recall Proposition 1.5.13 for the following: We have R"*! =V @& W for subspaces V
and W corresponding to S';(,,,'O 2 and Siot! respectively. We may assume that .4 acts on
both spaces and T’z acts on K" and both spaces. Then R*™1* = VT @ W' for subspaces
VT of 1-forms on V zero on W and W' of 1-forms of W zero on V. Then V' corresponds
to the subspace Sfy,°>" which equals S0*'*, and W corresponds to S0*1* which equals

S"K,,,lo 2 We let S;,,,’U 2" and So+11 denote the dual subspaces in S**.

Hence, l"E~ and .4 act on both of these two spaces.

Since K" is bdiE as in Proposition 7.3.14, we obtain K4 C bd@.

Let us choose a properly convex p-end neighborhood U where 4" acts on. U NQ for
any ip + 1-dimensional subspace containing S8 is either empty or is an ellipsoid since .4
acts on U. Any sharply supporting hyperplane P’ at v to U or ¢ must containing S 0 since
P'NQ for any ig+ 1- -dimensional subspace Q containing S8 must be disjoint from U N Q
and hence P’ NQ C S& and hence P’ O S3.

Let P C S” be an oriented hyperspace sharply supporting & at v £ and containing S
and S”,/°"2. This is unique such one since the hyperspace is the join of the two. Hence,

k//l
K" x{vp} C P where

CI(U)NP=CI(O)NP=Kyq:=K" x{vz}

by Proposition 7.3.19.
We have the subspaces S"~0~1" and S0*! meeting at v and S© containing vz meeting
with §"~0~1" at the same point.
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Let P* denote the dual space of P under its intrinsic duality. Let us denote by K , C P*
the dual of K4 with respect to P. ’

Consider a pencil P, g of hyperplanes supporting 0 starting from P sharing a codimension-
two subspace Q C P. Then P, o exists for ¢ in a convex interval Iy in a projective circle.
Q supports PNCI(&) = K"  {vz}. We assume Py = P for all Q. Thus the space Spo
of all hyperspaces in one of B, ¢ is projectively equal to a fibration over Kj in P* with
fibers a singleton or a compact interval. Since Spgq is convex, the set corresponding to the
nontrivial interval fibers is the interior of Kj.

By Proposition 1.5.13(iii), Kj equals KZ * Si?*l for a proper subspace dual KI in
S0~ to K, and a great sphere S0 in P*.

Consider Spgo as a subset of S™* now. Then P, o under duality goes to a ray in 0™ from
P* to a boundary point of &*. Hence, the space Rp(Spq) of such open rays are projectively
diffeomorphic to the interior of KI * Sjt?*l. Let KT in S""0~2% denote the dual of K" in

its span SZ;,' 072 Since KI is projectively diffeomorphic to K " % {v} for a singleton v, we
have Spg is projectively diffeomorphic to the interior of K"« H fora hemisphere H of
dimension i.

By the duality argument, this space equals Rp+(&*) since such rays correspond to
supporting pencils of & and vice versa.

Now, recall that our matrices of I'; in the form of (7.4.16) and matrices in .4 in the
form (7.4.17). We can directly show the properness of the action on Rp(é’*):

e Let g; be a sequence of elements of I'z. Suppose that S(g;)* is bounded for our
matrices in I'z. Then ¥, blows up: Otherwise the properness of the Iz does not
hold for £ and our action splits. Our action is basically that on K”° x R0, an

affine form of the interior of K * S~!, preserving the product structure where
K =K"«{k}.

Hence, it follows by our matrix form (7.5.1) that I'z. acts properly on Rp+ (6*) projec-

tively isomorphic to the interior of K +S®~!. By Lemma 3.1.5, &* can be considered a
p-end neighborhood with a radial structure. Hence, we can apply our theory of the clas-
sification of NPNC-ends. The transverse weak uniform middle eigenvalue condition is
satisfied by the form of the matrices. Also the uniform positive translation condition holds
by the matrix forms again. Proposition 7.3.19 completes the proof.

Finally, we mention the following: Since each iyp-dimensional ellipsoid in the fiber in
£ has a unique fixed point that should be common for all ellipsoid fibers, the choice of
the p-end vertex is uniquely determined for £* so that E* is to be quasi-joined. O

7.5.2. A counterexample in a solvable case. We will find some nonsplit NPNC-end
where the end holonomy group is solvable. Our construction is related to the construction
of Carriere [34] and Epstein [77]. A related work is given by Cooper [63]. These are not
a quasi-join nor a join and do not satisfy our conditions (NS) and neither the end orbifolds
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admit properly convex structure nor the fundamental groups are virtually abelian. Define

I |(w |w?2 |0 |0
0 |1 w 0 |0
(7.5.3) Nwv)=1 0 0 1 0 0 |, and
0 |0 v 1 |0
0 0 v2/2 v 1
A2 1o |o 0 0
0 A |0 0 0
(7.5.4) gr=1| 0 0 |1 0 0
0 0 |0 |1/A 0
0 0 |0 0 1/A2

We compute g, N (w, v)g}T1 = N(Aw,v/A). We define the group
S:=(N(w,v),gy :vw e R, A € RY).
Consider the affine space A4 given by x3 > 0 with coordinates x,x>,x4,x5 Where S acts
on. Then (N(w,0),w € R,g;), A € R, acts on an open disk B; » bounded by a quadric
x> x%/Z in the plane x4 = 0,x5 = 0. (See Section 7.3.1.1.) (N(0,v),v € R, g;,A € R})
acts on an open disk By4 5 bounded by a quadric x5 > xﬁ /2 in the plane x, = 0,x3 = 0.
Hence, an orbit S(((1,0,1,0, 1)) is given by the following set as a subset of A*:

x2 1

2
X
{(xl,xz,x4,x5)|x1 = 32 +C2,x5 = 54

This is a 3-cell. Moreover,

x3 5 Xy 1
059 Mol (2 +Conn D4 )

2 2 2 2
I
:(AZ (Xz+c2)+zwx2+w,/lx2+w,x4+ aZ +vx4+v>

2 2 RS YERNy R )
x 2
o Qw5 X4 (% +v) 1
= (2 +A°C7 Axy +w, 1 +v, 5 +C212

14 3, o1
=g Nw/A,Av) ?—&—Cgcz,)m,i—i-@ .

Hence, there is an exact sequence
1= {Nwv)w,veR} =S —{gr|A >0} =1,

telling us that S is a solvable Lie group (Thurston’s Sol [149].).

We find a discrete solvable subgroup. We take a lattice L in R? and obtain a free
abelian group N(L) of rank two. We can choose L so that the diagonal matrix with diagonal
(A,1/1) acts as an automorphism. Then the group S;, generated by (N(L), g, ) is a discrete
cocompact subgroup of S.
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We remark that such a group exists by taking a standard lattice in R? and choosing an
integral Anosov linear map A of determinant 1 with two eigendirections. We choose a new
coordinate system so that the eigendirections are parallel to the x-axis and the y-axis. Then
now L can be read from the new coordinate system, and A is the eigenvalue of A bigger
than 1.

The orbit S(((1,0,1,0,1)) is a subset of By » x B4 5. We may choose our end vertex v
to be (0,0,0,0,1) or (1,0,0,0,0).

The orbit S((1,0,1,0, 1)) is strictly convex: We work with the affine coordinates. We
consider this point with affine coordinates (1,0,0, 1). The tangent hyperspace at this point
is given by x; + x5 = 2. We can show that locally the orbit meets this hyperplane only at
(1,0,0,1) and is otherwise in one-side of the plane.

Since Z acts transitively, the orbit is strictly convex. Also, it is easy to show that
the orbit is properly embedded. Hence the orbit is a boundary of a properly convex open
domain. It is now elementary to show that this is an R-p-end neighborhood for a choice of
p-end vertex ((0,0,0,0,1) or (1,0,0,0,0).






CHAPTER 8

Characterization of complete R-ends

In Chapter 8, we discuss complete affine ends. First, we explain the weak middle
eigenvalue condition. We state the main result of the chapter Theorem 8.1.2, which char-
acterizes the complete affine ends. We will prove it by the results in Chapter 7 and the
results of subsequent sections: In Theorem 8.1.3, we show that pre-horospherical ends are
horospherical ends. In Theorem 8.1.4, we show that a complete affine end falls into one of
the two classes, one of which is a cuspidal and the other one is more complicated with two
norms of eigenvalues. Theorem 8.1.2 will show that the second case is a quasi-join using
results in Chapter 7. In Section 3.1.5, we concentrate on the ends with the holonomy of
only unit norm eigenvalues showing that they have to be cuspidal.

The results here overlap with the results of Crampon-Marquis [68] and Cooper-Long-
Tillman [67]. However, the results are of a different direction than theirs since they are
interested in finite-volume Hilbert metrics, and were originally conceived before their pa-
pers appeared. We also make use of Crampon-Marquis [69].

Let & denote a convex domain in S” and covering a strongly tame orbifold & with a
holonomy homomorphism # : 71 (¢) — SL+(n+ 1,R). Let E be an R-p-end. A mec for
a p-end holonomy group h(m; (E')) with respect to vz or the R-p-end structure holds if for
each g € h(m (E)) — {1} the largest norm A, (g) of eigenvalues of g is strictly larger than
the eigenvalue A, . (g) associated with p-end vertex vz.

Given an element g € h(m;(E)), let (;11 (g),..- ,i,,ﬂ(g)) be the (n+ 1)-tuple of the
eigenvalues listed with multiplicity given by the characteristic polynomial of g where we
repeat each eigenvalue with the multiplicity given by the characteristic polynomial. The
multiplicity of a norm of an eigenvalue of g is the number of times the norm occurs among
the (n+ 1)-tuples of norms

(11 (&) a2 )

DEFINITION 8.0.1. Let £ be a p-end with the holonomy group (7 (E)). A weak
middel eigenvalue condition (wmec) for an R-p-end E holds provided for each g € h(m; (E))
the following holds:

e whenever A, (g) has the largest norm of all norms of eigenvalues h(g), Ay (g)
must have multiplicity > 2.

We note that these definitions depend on the choice of the p-end vertices; however,
they are well defined once the radial structures are assigned.

Recall the parabolic subgroup of the isometry group Aut(B) of the hyperbolic space
B for an (i + 1)-dimensional Klein model B C S*! fixing a point p in the boundary of
B. Such a discrete subgroup of a parabolic subgroup group is isomorphic to extensions of
a lattice in R and is Zariski closed by the Bieberbach theorem.

Let E be an ip-dimensional ellipsoid containing the point v in a subspace P of dimen-
sion iy + 1 in S". Let Aut(P) denote the group of projective automorphisms of P, and let

215
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SLi(n+ 1,R)p the subgroup of SLy (n+ 1,R) acting on P. Let rp: SLy(n+1,R)p —
Aut(P) denote the restriction homomorphism g — g|P. An iy-dimensional partial cusp
subgroup is one mapping under Rp isomorphically to a cusp subgroup of Aut(P) acting on
E —{v}, fixing v.

Suppose now that & C RP", Let P’ denote a subspace of dimension i + 1 containing
an ip-dimensional ellipsoid E’ containing v. Let PGL(n+ 1,R)p denote the subgroup of
PGL(n+1,R) actingon P'. Let Rpr : PGL(n+1,R)p — Aut(P’) denote the restriction g —
g|P'. An iy-dimensional partial cusp subgroup is one mapping under Rp/ isomorphically
to a cusp subgroup of Aut(P’) acting on E’ — {v}, fixing v. When iy = n — 1, we will drop
the “partial” from the term “partial cusp group”.

An iyg-dimensional cusp group is a finite extension of a projective conjugate of a dis-
crete cocompact subgroup of a group of an ip-dimensional partial cusp subgroup. If the
horospherical neighborhood with the p-end vertex v has the p-end holonomy group that
is a discrete (n — 1)-dimensional cusp group, then we call the p-end to be cusp-shaped or
horospherical. (See Theorem 8.1.3.)

8.1. Main results

Our main result classifies CA R-p-ends. We need some facts of NPNC-ends that will
be explained in Section 7.2.

Given a hospherical R-p-end, the p-end holonomy group I'y acts on a p-end neighbor-
hood U and T’y is a subgroup of an (n — 1)-dimensional cusp group 7%. By Lemma 3.1.8,

V=) &)
J{S
contains a /%, -invariant p-end neighborhood. Hence, V is a horospherical p-end neighbor-
hood of E. Thus, a horospherical R-end is pre-horospherical. Conversely, a pre-horospherical
R-end is a horospherical R-end by Theorem 8.1.3 under some assumption on & itself. (See
Definition 3.1.6.)
First, we clarify by Theorem 8.1.3:

COROLLARY 8.1.1. Let O be a strongly tame properly convex real projective n-
orbifold. Let E be an R-end of its universal cover O. Then E is a pre-horospherical
R-end if and only if E is a horospherical R-end. O

The following classifies the complete affine ends where we need some results from
Chapter 7. Since these have virtually abelian holonomy groups by Theorem 8.1.3, they are
classified in [8].

THEOREM 8.1.2. Let O be a strongly tame properly convex real projective n-orbifold.
Let E be an R-p-end of its universal cover 6 C S" (resp. C RP"). Let Tz denote the end
holonomy group. Then E is a complete affine R-p-end if and only if E is a horospherical
R-p-end or an NPNC-end with fibers of dimension n — 2 with the virtually abelian end-
fundamental group by altering the p-end vertex. Furthermore, if E is a complete affine
R-p-end and T satisfies the weak middle eigenvalue condition, then E is a horospherical
R-p-end.

PROOF. Again, we assume that Q is a domain of S”. Theorem 8.1.4 is the forward
direction. Corollary 8.1.5 implies the second case above.

Now, we prove the converse using the notation and results of Chapter 7. Since a
horospherical R-p-end is pre-horospherical, Theorem 8.1.3 implies the half of the converse.
Given a p-NPNC-end E with fibers of dimension n — 2, £z is projectively isomorphic to
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an affine half-space. Using the notation of Proposition 7.3.19, K" is zero-dimensional and
the end holonomy group 'z acts on K” % {v} for an end vertex v. There is a foliation in £z
by complete affine spaces of dimension n — 2 parallel to each other. The space of leaves
is projectively diffeomorphic to the interior of K" x v’ for a point v'. Let U be the p-end
neighborhood for E. Then bdU is in one-to-one correspondence with i,; by radial rays
from v. Hence, bdU has an induced foliation. Each leaf in bdU lies in an open hemisphere
of dimension n — 1. (See (7.1.2) in Section 7.2.) Also, I'z acts on an open hemisphere
H 3,_1 of dimension (n — 1) with boundary a great sphere $"~2 containing v in the direction
of v/.

Now we switch the p-end vertex to a singleton {k”} = K” from v. Then H, f,*l corre-
sponds to a complete affine space A}, !, Each leaf projects to an ellipsoid in Ay, ! with a
common ideal point v corresponding to the direction of k”’v oriented away from k”. The el-

lipsoids are tangent to a common hyperspace in S, !, Hence, they are parallel paraboloids

in an affine subspace AJ, ' The uniform positive translation condition gives us that the

union of the parallel paraboloids is A, ! Hence, E is a complete R-end with k” as the
vertex. The last statement follows by Corollary 8.1.8. [S™S] O

8.1.1. The Horosphere theorem.

THEOREM 8.1.3 (Horosphere). Let & be a strongly tame convex real projective n-
orbifold, n > 2. Let E be a pre-horospherical R-end of its universal cover @, 6 C S" (resp.
C RP"), and Ty denote the p-end holonomy group. Then the following hold:

(i) The subspace iE =Ry, (5’ ) C S{,’Efl of directions of lines segments from the end-
point Vg in bd & into a p-end neighborhood of E forms a complete affine subspace
of dimension n — 1.

(ii) The norms of eigenvalues of g € I'; are all 1.

Giii)  T'g virtually is in a conjugate of an abelian parabolic or cusp subgroup of
SO(n, 1) (resp. PO(n,1)) of rank n—1in SLy(n+ 1,R) (resp. PGL(n+ 1,R)).
And hence E is cusp-shaped.

(iv)  For any compact set K' C O, O contains a horospherical end neighborhood
disjoint from K'.

PROOF. We will prove for the case & C S". Let U be a pre-horoball p-end neighbor-
hood with the p-end vertex vz, closed in ©. The space of great segments from the p-end
vertex passing U forms a convex subset £z of a complete affine subspace R"~! C Sﬁgl

by Proposition 1.4.1. The space covers an end orbifold £z with the discrete group 71 (E)
acting as a discrete subgroup 1"% of the projective automorphisms so that iE / F% is projec-
tively isomorphic to Xz.
(i) By Proposition 1.4.1, one of the following three happens:
e ¥ is properly convex.
e ¥ is foliated by complete affine subspaces of dimension ip, 1 <ip < n— 1, with
the common boundary sphere of dimension iy — 1, the space of the leaves forms
a properly open convex subset K¢ of S"~0~! and I'; acts on K cocompactly
but not necessarily discretely.
° iE is a complete affine subspace.
We aim to show that the first two cases do not occur.
Suppose that we are in the second case and 1 < ip < n—2. This implies that iE is
foliated by complete affine subspaces of dimension iy < n— 2.
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Since I' acts on a properly convex subset K of dimension > 1, an element g has a
norm of an eigenvalue > 1 and a norm of eigenvalue < 1 as a projective automorphism
on S"~~! by Proposition 1.1 of [18]. Hence, we obtain the largest norm of eigenvalues
and the smallest one of g in Aut(S") both different from 1. By Lemma 1.3.9, g is positive
bi-semi-proximal. Therefore, let 1;(g) > 1 be the greatest norm of the eigenvalues of g
and A, (g) < 1 be the smallest norm of the eigenvalues of g as an element of SLy (n+ 1,R).
Let )LVE" (g) > 0 be the eigenvalue of g associated with vz. The possibilities for g are as
follows

M(g)=Av;(8) > 2a(g),
M(g)> My (8) > Ma(g),
M(g) > Aa(g)=Av,(8)

In all cases, at least one of the largest norm or the smallest norm is different from Ay, (g).
By Lemma 1.3.9, this norm is realized by a positive eigenvalue. We take g" (x) for a generic
point x € U. As n — o or n — —oo, the sequence {g"(x)} limits to a point x., in CI(U)
distinct from vz. Also, g fixes a point x.., and x.. has a different positive eigenvalue from
Av; (8). As xeo € U, it should be x.. = v by the definition of the pre-horospheres. This is
a contradiction.

The first possibility is also shown not to occur similarly. Thus, ¥z is a complete affine
subspace.

(ii) If g € T'; has a norm of eigenvalue different from 1, then we can apply the second
and the third paragraphs above to obtain a contradiction. We obtain A;(g) = 1 for each
norm A;(g) of eigenvalues of g for every g € I'.

(iii) Since £ is a complete affine subspace, £z /Tz is a complete affine orbifold with
the norms of eigenvalues of holonomy matrices all equal to 1 where 1"% denotes the affine
transformation group corresponding to z. (By D. Fried [80], this implies that 7 (E) is
virtually nilpotent.) Again by Selberg Theorem 1.1.19, we can find a torsion-free subgroup
I of finite-index. Then I'; is in a cusp group by Proposition 7.21 of [68] (related to
Theorem 1.6 of [68]). By the proposition, we see that I‘% is in a conjugate of a parabolic
subgroup of SO(n, 1) and hence acts on an (n — 1)-dimensional ellipsoid fixing a unique
point. Since a horosphere has a Euclidean metric invariant under the group action, the
image group is in a Euclidean isometry group. Hence, the group is virtually abelian by the
Bieberbach theorem.

Actually, there is a one-dimensional family of such ellipsoids containing the fixed
point where I'; acts on.

Let U denote the domain bounded by the closure of the ellipsoid. There exist finite
elements g1,...,g, representing cosets of Iz /T'z. If g;(U) is a proper subset of U, the
g"(U) is so and hence g is not in 1";; for any n. This is a contradiction. Hence I'z; acts on
U also. By same reasoning, I'z on every ellipsoid in a one-dimensional parameter space
containing a unique fixed point, and an ellipsoid gives us a horosphere in the interior of a
horoball. Hence, I';; is a cusp group.

(iv) We can choose an exiting sequence of p-end horoball neighborhoods U; where a
cusp group acts. We can consider the hyperbolic spaces to understand this.

[S"T] d

8.1.2. The forward direction of Theorem 8.1.2. The second case will be studied
later in Corollary 8.1.5. We will show the end E to be an NPNC-end with fiber dimension
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n— 2 when we choose another point as the new p-end vertex for E. Clearly, this case is not
horospherical. (See Crampon-Marquis [68] for a similar proof.)

For the following note that Marquis classified ends for 2-manifolds [126] into cuspidal,
hyperbolic, or quasi-hyperbolic ends. Since convex 2-orbifolds are convex 2-manifolds
virtually, we are done for n = 2.

THEOREM 8.1.4 (Complete affine). Let & be a strongly tame properly convex n-
orbifold for n > 3. Suppose that E is a complete-affine R-p-end of its universal cover
O in'S" (resp. in RP). Let vp € S" (resp. € RP") be the p-end vertex with the p-end
holonomy group I'g. Then

(i) we have following two exclusive alternatives:
o I'; is virtually unipotent where all norms of eigenvalues of elements equal
1, or
o I'; is virtually abelian where
each g € I'y has at most two norms of the eigenvalues,
at least one g € I's has two norms, and
if g € T’z has two distinct norms of the eigenvalues, the norm of A, .(g)
has a multiplicity one.
I’z acts as a virtually unipotent group on the complete affine space
(ii) In the first case, Tz is horospherical, i.e., cuspidal.

PROOF. We first prove for the S"-version. Using Theorem 1.1.19, we may choose
a torsion-free finite-index subgroup. We may assume without loss of generality that I is
torsion-free since torsion elements have only 1 as the eigenvalues of norms and we only
need to prove the theorem for a finite-index subgroup. Hence, I' does not fix a point in £z.
(i) Since E is complete affine, £z C SGETI is identifiable with an affine subspace A"~ 1.

[z induces I in Aff: (A1) that are of form x — Mx+b where M is a linear map R"~! —
R" ! and b is a vector in R*!. For each y € Iz,

e let Ypn-1 denote this affine transformation,
e we denote by I:(anfl) the linear part of the affine transformation .1, and
e let ¥(pn-1) denote the translation vector.

A relative eigenvalue is an eigenvalue of L(Ygi-1).

At least one eigenvalue of z(’}ﬁan ) is 1 since ¥ acts without fixed point on R"~!. (See
[113].) Now, I:(}/Rn—l) has a maximal invariant vector subspace A of R”~! where all norms
of the eigenvalues are 1.

Suppose that A is a proper y-invariant vector subspace of R"~!. Then Yrn-1 acts on
the affine space R"~! /A as an affine transformation with the linear parts without a norm
of eigenvalue equal to 1. Hence, Yr.-1 has a fixed point in R"!/A, and Yrn—1 acts on an
affine subspace A’ parallel to A.

A subspace H containing v corresponds to the direction of A’ from vz. The union of
segments with endpoints vz, vz_ in the directions in A’ C S(’,Efl is in an open hemisphere
of dimension < n. Let H' denote this space where bdH™ 3 v holds. Since I'z acts on
A', it follows that Tz acts on H". Then y has at most two eigenvalues associated with H™
one of which is A, (y) and the other is to be denoted A, (y). Since 7 fixes vz and there is
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an eigenvector in the span of H™ associated with A, (y), ¥ has the matrix form

~

A (VL(Ygn1) A (V)Y (Ygn) O
0 A (7) 0
* * Ay (7)

’J/:

where we have
A (1) det(E (Yo 1)) Avy (7) = 1.

(Note Ay (v1) = Ay ()" and e (1) = A (1))

We will show that lA,(anfl) for every y € I'z is unit-norm-eigenvalued below. As
before, A;(y) denote the largest norm of the eigevalues of y. Note that A;(y) > A4(y)
since zz)(%Rn—l) has an eigenvalue equal to 1. There are following possibilities for each
yels:

(@) A1(y) > A4(y) and A, (y) > Ay, (7).
®) L(y) =A:(Y) = A (7)-
©) M(Y) = 2A+(7), 1 (¥) > Avg (1)

@ 41 (7) > 2():21(7) = Ay (1)

Suppose that ¥ satisfies (b). The relative eigenvalues of ¥ on R”~! are all < 1. Either
¥ is unit-norm-eigenvalued or we can take y~! and we are in case (a).

Suppose that Y satisfies (a). There exists a projective subspace S of dimension >
0 where the points are associated with eigenvalues with the norm A;(y) where A;(y) >
;L+ (’Y) ) )LVE (’}/)

Let S be the subspace spanned by H* and S. Let U be a p-end neighborhood of E.
Since the space of directions of U is R"~!, we have U NS’ # 0. We can choose two generic
points y; and y, of U NS’ — H so that y1y; meets H in its interior.

Then we can choose a subsequence {m;}, {m;} — oo, so that {y"™(y;)} — f and
{y"(y2)} — f- as i — 4o unto relabeling y; and y; for a pair of antipodal points f, f_ € S.
This implies f, f- € CI(£), and & is not properly convex, which is a contradiction. Hence,
(a) cannot be true.

We showed that if any y € I'; satisfies (a) or (b), then ¥ is unit-norm-eigenvalued.

If 7y satisfies (c), then

(8.1.1) () =2 (1) = M(y) = A (1)

for all other norms of eigenvalues A;(): Otherwise, 7~ ! satisfies (a), which cannot happen.
Similarly if 7y satisfies (d), then we have

(8.1.2) M (Y) = Mg (1) 2 i) = A (7)

for all other norms of eigenvalues A;(y). We conclude that either ¥ is unit-norm-eigenvalued
or satisfies (8.1.1) or (8.1.2).
There is a homomorphism
vy :Tg — Ry given by g Ay, (g).-
This gives us an exact sequence

(8.1.3) l1-N—->Tz;—-R—1

where R is a finitely generated subgroup of R, an abelian group. For an element g €
N, Av;(g) = 1. Since the relative eigenvalue corresponding to L(ggn-1)|A is 1, a matrix
form shows that A, (g) = 1 for g € N. (8.1.1) and (8.1.2) and the conclusion of the above
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paragraph show that g is unit-norm-eigenvalued. Thus, N is therefore virtually nilpotent
by Theorem 1.3.7. (See Fried [80]). Taking a finite cover again, we may assume that N is
nilpotent.

Since R is a finitely generated abelian group, I'z is solvable by (8.1.3). Since £z =
R"~! is complete affine, Proposition S of Goldman and Hirsch [90] implies

det(ggn1)=1forall geTs.

If y satisfies (c), then all norms of eigenvalues of y except for Ay, (y) equal A ()
since otherwise by (8.1.1), norms of relative eigenvalues A;(y)/A+(y) are < 1, and the
above determinant is less than 1. Similarly, if y satisfies (d), then similarly all norms of
eigenvalues of y except for Ay, (7) equals A, (7).

Therefore, only (b), (c), and (d) hold and gps-1 is unit-norm-eigenvalued for all g €
Iz

By Theorem 1.3.7, I'z |R"~! is an orthopotent group and hence is virtually unipotent
by Theorem 3 of Fried [80].

Now we go back to I'z. Suppose that every 7 is orthopotent. Then we have the first
case of (i). If not, then the second case of (i) holds. Immediately following Collorary 8.1.5
proves the result.

(ii) This follows by Lemma 3.1.15. [S"T] (Il

8.1.3. Complete affine ends again. We now study the second case from the conclu-
sion of Theorem 8.1.4.

COROLLARY 8.1.5 (non-cusp complete-affine p-ends). Let O be a strongly tame prop-
erly convex n-orbifold for n > 3. Let E be a complete affine R-p-end of its universal cover
O inS". Let Vi € S" be the p-end vertex with the p-end holonomy group T'z. Suppose
that E is not a cusp p-end. Then we can choose a different point as the p-end vertex for E
so that E is a quasi-joined R-p-end with fiber homeomorphic to cells of dimension n— 2.
Also, the end fundamental group is virtually abelian.

PROOF. We will use the terminology of the proof of Theorem 8.1.4. Theorem 8.1.4
shows that I'; is virtually nilpotent and with at most two norms of eigenvalues for each
element. By taking a finite-index subgroup, we assume that I'; is nilpotent. Let Z be the
Zariski closure, a nilpotent Lie group. We may assume that Z is connected by taking a finite
index subgroup of I' ;. Theorem 8.1.4, says I' is isomorphic to a virtually unipotent group
by resticting to the affine space £z. Hence, Z is simply connected and hence contractible.
Since I'; N Z is a cocompact lattice in Z, and I'; has the virtual cohomological dimension
n— 1, it follows that Z is (n — 1)-dimensional.

By Lemma 3.1.10, Z acts transitively on the complete affine subspace ¥z since I'z
acts cocompactly on it.

The orbit map Z — Z(x) for x € £ is a fiber bundle over the contractible space with
fiber the stabilizer group. Since dimZ = n — 1, it follows that it must be discrete. Since £z
is contractible, the stabilizer is trivial.

Since Z fixes vz, we have a homomorphism

(8.1.4) Mp:Z3g— My, (g) ER.

Let N denote the kernel of the homomorphism. By Theorem 1.3.7, N is an orthopotent Lie
group since it has only one norm of the eigenvalues equal to 1.

Since E is a complete affine R-p-end, Ry, (U) is a complete affine space equal to iE-
By taking a convex hull of finite number of radial rays from vz, we may choose a properly
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convex p-end neighborhood U of E. Also, we may choose so that the closure of U is in
another such p-end neighborhood. Thus, bdU N & is in one-to-one correspondence with
£ ;. We modify U to

Ns)=s).

g€z gEF
This contains a nonempty properly convex open set by Lemma 3.1.8. We may assume that
Z acts on a properly convex p-end neighborhood U of E. Since Z acts transitively on )iE, it
acts so on an embedded convex hypersurface U := bdU N &. This is the set of endpoints
of maximal segments from v in the directions of the complete affine space . Since this
characterization is independent of &, 8U is an orbit of Z. Since Z is a Lie group, 8U is
smooth.

The smooth convex hypersurface U is either strictly convex or has a foliation fibered
by totally geodesic submanifolds. Since £z is complete affine, these submanifolds must be
complete affine subspaces. Since CI(U) contains these and CI(U) is properly convex, this
is a contradiction. Hence, oU is strictly convex.

Finally, since U is in one-to-one correspondence with £z, SU /T is a compact orb-
ifold of codimension 1.

Let A be a hyperspace containing vz in the direction of bd¥; = S"~2 C Sﬁbjl. Then
Us :=ANCI(U) is a properly convex compact set on which Z acts. By Lemma 8.1.7, U{ /Z
is compact. By Lemma 8.1.6, Uy is a properly convex segment.

We will complete the proofs after Lemmas 8.1.6 and 8.1.7.

]

LEMMA 8.1.6. Let a simply connected nilpotent Lie group S act cocompactly and
effectively on a properly convex open domain J. Suppose that each element of S has at most
two norms of eigenvalues and it fixes a point p in the boundary of J. Then the dimension
of the domain is 0 or 1.

PROOF. Suppose that dimJ > 1. By Lemma 3.1.10, § acts transitively on J. The
action is proper since there is a Hilbert metric on J. Since S is nilpotent and is simply
connected, S is contractible. Since the stabilizer of S at a point x € J is compact, it is trivial
in S. Hence S is diffeomorphic to a dimJ-dimensional cell.

Let A,(g) for g € S denote the associated eigenvalue of g at p for unit determinant
matrix representatives. Let Ng denote the kernel of the homomorphism S — R given by
g — Ap(g). Then Ng is an orthopotent group of dimension dimJ — 1.

Then N acts on R,(J) as an orthopotent Lie group. R,(J/)/Ns is compact since J/S
maps onto R, (J)/Ns induced from the onto map J — R, (J).

The stabilizer of a point of R,(J) acts on a segment s from p in J. The existence of
two fixed directions of eigenvalue 1 implies that each point of s is a fixed point, and hence
the stabilizer is trivial by the above. Therefore, the properness and freeness of the action
of N5 on R,,(J) follow.

By Proposition 3.1.14, the orbit Ng(x) for x € J is an ellipsoid of dimension dimJ — 1.
Hence, S/Ng is a 1-dimensional group. The elements of Ny are of form

1 0 0
(8.1.5) k= ‘—;lz TdimJ—1 0 for v, € Rdim/—1
—
HVIEH Vk 1
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We may write for g € N,

ai(g) 0 0
(8.1.6) g=1| al(g) |As(e) 0

ar(g) | ds(g) | as(g)

By Proposition 7.3.7 and Lemma 7.3.9, any element g € S induces an (dimJ — 1) x
(dimJ — 1)-matrix M, given by g.# (¥)g~! = ¥ (¥M,) where

My =——(As(g))" = py05(g)~"

ai(g)

for Os(g) in a compact Lie group Gz where [, = Z? Ef; = agggg.

Reasoning as in the proof of Lemma 7.3.10, we can find coordinates so that for every
gEN,

(e

ai(g) 0
(8.1.7) g=| a(@ | as(2)0s(g) 0 |.0s(e)" =0s(g)",

a7(g) as(g)v,0s(g) | as(g)

and the form of N is not changed. Also, a7(g) = a1(g)(az(g) + ||v|* /2). as we can show
following the beginning of Section 7.3.3. Recall a; from Section 7.3.2.2. Here, o7(g) =0
since otherwise J cannot be properly convex since g will translate the orbits in the affine
space where p is the infinity as in Remark 7.3.13.

If there is an element g with i # 1, then the group N is solvable and not nilpotent.
If ue =1 for all g € N, then from the matrix form we see that N has only 1 as norms of
eigenvalues with a;(g) = as(g) = ag(g) for g € N, and N acts on each ellipsoid orbit of Ng.
Hence, J/N = J /Ny is not compact. This is a contradiction. Therefore dimJ =0, 1. ]

LEMMA 8.1.7. Ug/Z is compact.

PROOF. Suppose that dimU§ = n— 1. The orbit map Z — Z(x) for x € U{ is a fibration
over a simply connected domain. The stabilizer must be compact since Uy has a Hilbert
metric. Since Z being a simply connected nilpotent Lie group is contractible, the stabilizer
has to be trivial. Since dimZ = n— 1, Z acts transitively on Uy and Uf/Z is compact by
Lemma 3.1.11.

Suppose now that dimUj = jo < n—1. Let L be an (jo+ 1)-dimensional subspace
containing U4 meeting A transversely. Let [ be the jj-dimensional affine subspace of the
complete affine space £z corresponding to L. Since

g(Ua) =Us,Usy CL,g(L) and dimL = jo+1,g€Z
it follows that
g(LYNL = (Uy) or g(L) = L, which implies g(/) =1l or g(I)Nl = 0.

Recall that Z acts transitively and freely on the complete affine space £z from the beginning
of the Section 8.1.3. Since dim!/ = jj, it follows that the subgroup Z; := {g € Z|g(I) = I}
has the dimension jj.

Now Z; acts on on Ug. As proved above, the stabilizer of 7, of a point of Uy is
trivial since Uy N L is properly convex and Z; is nilpotent without a compact subgroup of
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dimension > 0. Hence, Z; acts transitively on Uy as in the first paragraph by Lemma 3.1.11
since dimZ; = dimUy, and U¢ /Z; = U$ /Z is compact. O

PROOF OF PROPOSITION 8.1.5 CONTINUED. If dimUy = 0, then U is a horospheri-
cal p-end neighborhood where I';; is unimodular and cuspidal by Theorem 8.1.3. Hence,
dimUy =1 by Lemma 8.1.6.

Let ¢ denote the other endpoint of the segment Uy than v. Since U is convex, R,(U)
is a convex open domain. Since an element of I'; has two eigenvalues, Each radial segment
from ¢ maximal in & meets the smooth strictly convex hypersurface U and transversely
since a radial segment cannot be in U. (Recall that SU is smooth and strictly convex from
the first part of the proof.)

We have R,(U) = R,(6U): Since iVE is complete affine, and U is properly convex,
each segment from vz passes 6U as we lengthen it. Hence, bdU = U U Uy since Uy is
precisely bdU NA for the hyperspace A of S” as defined earlier. (Recall that A is the hyper-
space containing v in the direction of bd)ig =S"2cC Sﬁ;l. ) Hence, for each segment

in U from ¢ must end at a point of bdU N & = SU since 8U is strictly convex. By the
transversality, a segment from ¢ ending at §U must have one-side in U. By strict convexity
of 8U, it is clear that each ray in the direction of £z from g meets SU transversely.

Since the I'z-action on U is proper, so is its action on R,(U). Hence, U can be
considered a p-end neighborhood with radial lines from R, foliating U by Lemma 3.1.5.

There is an embedding from 8U to R,(8U) = R,(U) C R,(O). Since 8U /T is a
compact orbifold, so is R,(U)/Tz.

By the third item in the second item of Theorem 8.1.4, R,(U) is not complete-affine
since the norm A,(g) for some g € 'z has a multiplicity n, n < n+1, and n > 2 by as-
sumption.

Suppose that R,(U) is properly convex. Elements of I'; have at most two distinct
norms of eigenvalues. Since R, (U) is homeomorphic to bdU N 0 with a compact quotient
by I'z, R;(U) has a compact quotient by I';, and dimR,(U) =n—1>2. By Lemma 8.1.6,
this is a contradiction. Hence, U is not properly convex.

Thus, ¢ is the p-end vertex of an NPNC-end for U foliated by radial segments from g.
Since the associated upper-left part has only two norms of eigenvalues by Lemma 8.1.6,
and the properly convex leaf space K is 1-dimensional and has a compact quotient, the
fibers have the dimension n—2 =n—1—1. (Also, K? is a properly convex segment by our
definition.) Therefore, R, (U ) is foliated by n — 2-dimensional complete affine subspaces.

Suppose that R,(&) is different from R,(U). Then R,(0) = Kg*S~! and R,(U) =
K, * Sio~1 for a properly convex domain K, and a convex domain Ky containing K;. Then
there is some point x € & with gx not in R;(U). Then by taking elements g with maximal
norm in K := {vz} from the forth item of Proposition 1.4.13 and using Proposition 7.3.19
and Ay, (g) = 1, we obtain that g" (x) converges to the point antipodal to a point of K. This
contradicts the proper convexity of &. Hence, R,(U) = R,(&) and by Lemma 3.1.5 we
obtain that U is a R-p-end neighborhood of a p-end vertex g.

Recall the Lie group N from (8.1.4). Since Z acts on U, transitively and Ay, (g) =
Ay(g),8 €N, the Lie group N acts on each complete affine leaf transitively. N is a nilpotent
Lie group since it is a subgroup of Z. Also, N is orthopotent since elements of N have only
one norm of the eigenvalues by Theorem 1.3.7. We can apply Proposition 3.1.14 to the
hyperspace P containing the leaves with a cocompact subgroup of N acting on it. AsU NP
is properly convex, rp(N) is a cusp group.
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Letxi,..., X, be the coordinates of R"*!. Now give coordinates so that g = (0,0,..., 1)
and vz = ((1,0,...,0). Since these are fixed points, we obtain that elements of N can be
put into forms:

1 0 0 0

B 0 1 00 o

(8.1.8) NW):= forve R" .
o ¥ 1 0
Y

Now, I'; satisfies the transverse weak middle eigenvalue condition with respect to
g since T'z has just two eigenvalues and Z is generated by N and g’ for a nonunipotent
element g of I'z. N admits an invariant Euclidean structure being a cusp group. Since
dimK = 1, Theorem 7.1.4 shows that g is an NPNC R-p-end vertex for U covering the
strongly tame convex real projective orbifold U /T .

Finally, I'; is virtually abelian: From (7.4.16), S(g) is a 1 x 1-matrix or 0 x 0-one.
From the matrix form, the Zariski closure Z is an extension of an orthopotent Lie group.
Since £z equals A x [ for an interval or a singleton 1, ip =n—2,n— 1, Z acts on it. Os
extends to a homomorphism Os : Z — O(ip). Let Zg denote the kernel. Then Zg also acts
properly and cocompactly on ¥z since Z/Z is compact. It is easy to see Zx is abelian from
the matrix form. Also, we can put a Z-invariant Euclidean metric on the complete affine
space ¥z by the product metric form. Then the Bieberbach theorem implies the result. [

If we require the weak middle eigenvalue conditions for a given vertex, the complete-
ness of the end implies that the end is cusp.

COROLLARY 8.1.8 (cusp and complete affine). Let & be a strongly tame properly
convex n-orbifold. Suppose that E is a complete affine R-p-end of its universal cover O in
S (resp. in RP"). Let v € S" (resp. € RP") be the p-end vertex with the p-end holonomy
group T'z. Suppose that Tz satisfies the weak middle eigenvalue condition with respect to
Vg. Then E is a complete affine R-end if and only if E is a cusp R-end.

PROOF. It is sufficient to prove for the case & C S”. Since a horospherical end is a
complete affine end by Theorem 8.1.3, we need to show the forward direction only. In
the second possibility of Theorem 8.1.4, the norm of 4y, (y) has a multiplicity one for a
nonunipotent element y with 4y (y) or Ay, (y~!) equal to the maximal norm. This violates
the weak middle eigenvalue condition, and only the first possibility of Theorem 8.1.4 holds.
[S"T] d

8.2. Some miscellaneous results from the above.

8.2.1. J. Porti’s question. The following answers a question that we discussed with
J. Porti at the UAB, Barcelona in 2013 whether there is a noncuspidal unipotent group
acting as an end holonomy group of an R-end. Note that this was also proved by Theorem
5.7 in Cooper-Long-Tillman [67] using the duality theory of ends. Here we do not need to
use duality.

The following generalizes the result of D.Fried [80].

COROLLARY 8.2.1. Assume that O is a convex real projective strongly tame orbifold
with an end E. Suppose that eigenvalues of elements of Tz have unit norms only. Then E
is horospherical, i.e., cuspidal.
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PROOF. First, we assume that & C S”. By Lemma 3.1.15, we only need to show that
E is a complete affine end.

By Theorem 1.3.7, T'; is orthopotent. Theorem 1.4.5 shows that ¥z is complete affine.
[S™S] (]

8.2.2. Why 4y, (g) # 1? We will need the following in proving Lemma 12.1.2.

COROLLARY 8.2.2. Let O be a strongly tame properly convex n-orbifold. Suppose
that E is an NPNC R-p-end of its universal cover € in S" or (resp. in RP"). Let Vg be
the p-end vertex with the p-end holonomy group T g. Suppose that 7, (E) satisfies (NS) and
dimK° = 0,1 for the leaf space K°. Then for some

g€lg Av (g) # 1.

PROOF. It is sufficient to prove for the case & C S”. Suppose that Ay, (g) = 1 for all
gc FE-

A T'p-invariant ip-dimensional subspace S contains v £ as we discussed in by Section
7.1.1.

Suppose that every element of I'; is unit-norm-eigenvalued. By Theorem 1.3.7, I'z
is orthopotent. By Fried [80], there exists a nonorthopotent element in I'z since £z is not
complete affine. Hence, there exists an element g € I': that is not unit-norm-eigenvalued.

We show that the transverse weak middle eigenvalue condition for E holds: Sup-
pose not. We find an element g of I'; not satisfying the condition of the transverse weak
middle eigenvalue condition with A;(g) > 1. For a real number u equal to A;(g), the
subspace Z(g) projects to S8 since otherwise the transverse weak middle eigenvalue

condition holds. There exists a g-invariant subspace ISg C S& that is the projection of
D=1, (g) Z#u(8)- (See Definition 1.3.1.) This is a proper subspace since vz has associated
eigenvalue 1 strictly less than A,. Hence, diim P, <ip— 1.

We define P, the projection of

D Zu(g) cR™
u<i(g)

Then P, is complementary to ISg. Thus, dimP, > n —ip, and P, > vz.

Under the projection to "~ !(v;), P, goes to a subspace Pg’, of dimP, —1>n—ip—1.
As described in Section 7.2, Sg is foliated by ip-dimensional complete affine subspaces.
Since dim SE = n— 1, these ip-dimensional leaves must meet Pé of dimension > n—1 —ij.

Thus, any p-end neighborhood U of £ meets P,. There must be an antipodal pair 7, in
13g that is the projection of the eigenspace of g with the associated eigenvalue whose norm
is Ai(g) > 1.

L:=UN(PyxB,) C PxB,
is a nonempty open domain meeting P, and L — P, has two components. Let x,y be generic
points in distinct components in L — P,. Then {g"({x,y})} geometrically converge to an
antipodal pair of points in f’g. Since this set is in C1(&), this contradicts the proper con-
vexity of &. Thus, the transverse weak middle eigenvalue condition of £ holds.

The premises of Theorem 7.1.4 except for the strong irreducibility of the holonomy
group of 7 (0) are satisfied, and Theorem 7.1.4 classifies the ends. Suppose that A(7; (0))
is strongly irreducible. We apply Theorem 7.1.4. Let E be a p-end corresponding to one
of these, and 7 (E) acts on a properly convex domain K disjoint from ¥z. We showed
in the proof of Proposition 7.3.14 the existence of elements where all the associated norms
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of eigenvalues of the subspace containing K" are > 1 and the rest of the norms of the
eigenvalues are < 1 by (7.3.43).) This is a contradiction to the assumption Ay, (g) = 1.
Thus, these types of ends do not occur.

Suppose that A(m; () is virtually reducible. By the contrapositive of Theorem 7.3.22,
(i) of the conclusion of Proposition 7.3.19 could hold. Again p, = 1 for all g € I'z by
Proposition 7.4.8 and the corresponding part showing t, = 1 of the proof of Theorem
7.3.22 where we do not need strong irreducibility of h(m(€)). Now, matrices of form
(7.3.43) give us the same contradiction as in the above paragraph. [S"T] (]






Part 3

The deformation space of convex real
projective structures



The third part is devoted to understanding the deformation spaces of convex real pro-
jective structures on orbifolds with radial or totally geodesic ends. The end goal is to prove
some versions of the Ehresmann-Thurston-Weil principle.

In Chapter 9, we give the precise definition of the deformation spaces. We show
that the deformation space of real projective structures on a strongly tame orbifold with
some conditions on the ends is mapped locally homeomorphically under the holonomy
map to the character space of the fundamental group of the orbifold with corresponding
conditions. Here, we are not concerned with convexity. Thurston’s idea of deformation via
John Morgan as described in Lok [121] by charts, works well here as well.

In Chapter 10, we will show that a convex real projective orbifold is strictly convex
with respect to the ends if and only if the fundamental group is hyperbolic with respect
to the end fundamental groups. Basic tools are from Yaman’s work [157] generalizing
the Bowditch’s description of hyperbolic groups. That is, we look at triples of points in
the boundary of the universal cover and show that the action is properly discontinuous.
In addition, we show that the action of the group on the fixed points of end fundamental
groups is parabolic in their sense. This generalizes the prior work of Cooper-Long-Tillman
[67] and Crampon-Marquis [68] for convex real projective manifolds with cusp ends. The
concept of relative hyperbolic ends depends on the types of ends here unfortunately. Our
aim was to generalize to orbifolds with our class of ends.

In Chapter 11, we will show that the deformation space of convex real projective
structures on a strongly tame orbifold with some conditions on the ends is identifiable with
the union of components of the character space of the fundamental group of the orbifold
with corresponding end conditions.

The openness part here continues that of Chapter 9. Here, the point is to prove the
preservation of convexity under small perturbations. The proof consists of showing that we
can patch the Hessian functions on the perturbed compact part with the Hessian functions
on the end neighborhoods approximating the original Hessian metrics by finding approx-
imating convex domains to the original covering convex domains. Cooper-Long-Tillman
[67] uses the intrinsic Hessian metric instead.

The closedness part generalizes the previous work Choi-Goldman [54]. We use the end
condition showing us that the sequence of covering convex domains can only degenerate
to a point or a hemisphere. Then using Benzecri’s work [25] putting the domains in a
fixed ball and containing a fixed smaller ball, we show that the domain has to be actually
properly convex.

Finally, we go to Chapter 12. We discuss our nicest cases Corollary 12.1.4 and 12.1.5
where the Ehresmann-Thurston-Weil principle holds in a simple way: the deformation
space of the orbifold identifies with a union of components of character space of the orb-
ifold fundamental group. These include the Coxeter orbifolds admitting complete hyper-
bolic structures.



CHAPTER 9

The openness of deformations

A real projective structure sometimes admits deformations to parameters of real pro-
jective structures. We will prove the local homeomorphism between the deformation space
of real projective structures on such an orbifold with radial or totally geodesic ends with
various conditions with the SLy (n+ 1,R)-character space (resp. PGL(n + 1,IR)-character
space) of the fundamental group with corresponding conditions. However, the convex-
ity issue will not be studied in this chapter. Our approach will be to work with radiant
affine structures of one dimension higher by affine suspension construction and prove the
results. Then the real projective versions will follow easily. In Section 9.1, we will state
the main results recall some definitions such as geometric structures, boundary restrictions,
and the deformation spaces. In Sedtion 9.2, we will prove the semialgebraic properties of
approapriate parts of character varieties. In Section 9.3, we will introduce a way to com-
pactify our orbifolds and related these to the local homeomorphism properties. We will
also define the deformation spaces. In Section 9.4, we prove the main result of the chapter
Theorem 9.4.5, showing the openness of the deformation space in the character space. We
first define the end conditions for real projective structures as determined by sections. We
describe how to perturb the horospherical ends to lens-shaped ones in the affine setting.
Then we state the main results. In Section 9.5, we will identify the deformation spaces as
defined in our earlier papers [S0] and [58] as stated in Chapter 2 to the deformation spaces
here.

9.1. Deformation spaces and the spaces of holonomy homomorphisms

Given a real projective orbifold &', we add the restriction of the end to be a radial or a
totally geodesic type. The end will be either assigned Z-type or 7 -type.

e An Z-type end is required to be radial.
e A Z-type end is required to have totally geodesic properly convex ideal bound-
ary components or be horospherical.

Recall that a strongly tame orbifold will always have such an assignment in this mono-
graph, and finite-covering maps will always respect the types. Let Ey,...,E,, be the %-
ends, and E,, 1 1,...,E, 4., be the 7 -ends.

Recall that our strongly tame orbifold ¢ comes with a compact orbifold & with
smooth boundary whose interior equals ¢. Each boundary component of & is said to
be the ideal boundary component of &'.

DEFINITION 9.1.1. The radial foliation gives us a smooth parameterization of an end
neighborhood U of a radial end or horospherical end E of & by ¥ x (0,1) where x x (0,1)
is the radial line for each x € ¥ since we can choose an embedded hypersurface transverse
to the radial rays. We assume that as ¢t — 1, the ray escapes to the end.

Let E be a T-end. We are given an end neighborhood U diffeomorphic to Sg x (0,1)
where S is the ideal boundary component. We identify U with Sg x (0,1) in Sg x (0,1] by

231
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identity. Up to isotopies, Sg x {1} identifies with the ideal boundary of & corresponding
to E. This is the compatibility condition of & with totally geodesic end structure.

For each R-end, we require that a vector field tangent to the leaves extends to a smooth
vector field transverse to the corresponding ideal boundary component of &. For each T-
end, the identification of U to Sg x (0, 1) extends to the closure of U in & and Sg x [0,1].
Recall that these are the compatibility condition of R-end structures and T-end structures
with the compactifiction & of & from Section 3.1.

Also, € is a very good orbifold since we can identify & with & — U for a union U
of open end neighborhoods of product forms as above. This is obtained by identifying
O by 0 — CI(U) by an isotopy preserving radial foliations and taking the closures. (See
Theorem 1.1.19.)

There is an obvious isomorphism 71 (&) — 71 (&) since we can perturb any ¢-path
in & to one in &. For the universal cover & of O, there is an embedding 0 — O as an
inclusion map to a dense open subset. We will always identify & with the dense subset.
(See [32].)

An isotopy i : 0 — O is a self-diffeomorphism so that there exists a smooth orbifold
map J : 0 x [0,1] = O, so that

iy 1 0 — O given by iy (x) = J(x,1)

are self-diffeomorphisms for ¢ € [0, 1] and i = i,iy = I5. We require i to be restrictions of
isotopies

ir : 0 — O given by i;(x) = J(x,1)
are self-diffeomorphism for ¢ € [0,1] and J: & — & is a smooth orbifold map.

Note that the radial structures for each R-end and the totally geodesic structure for
each T-end is preserved since we required the radial foliations to extend to & smoothly and
the ideal boundary component to be the boundary component of & by the compatibility
condition above in Sections 3.1.2 and 3.1.3.

We define Defs (&) as the deformation space of real projective structures on & with
end structures; more precisely, this is the quotient space of the real projective structures on
O satisfying the above conditions for ends of type % and .7 under the isotopy equivalence
relations. We define the topology more precisely in Section 9.3.1. (See [49], [33] and [87]
for more details. )

Recall that an isotopy of an orbifold &' isamap f: & — & withamap F : O x I — O
so that

o F,: 0 — O for F;(x) := F(x,t) every fixed 7 is an orbifold diffeomorphism,
e [y is the identity, and
o f=F].
Given an (X, G)-structure on another orbifold &, any orbifold diffeomorphism f: & — &”

induces an (X, G)-structure pulled back from &’ which is given by using the preimages in
O of the local models of &,

DEFINITION 9.1.2. Let 1 : & — O is an isotopy. We may choose a lifti: & — & of 1
so that for the isotopy F : 0 x I — € with Fy =15 and F; = 1 has a lift F so that Ffp =1,
and F| = 1. We call such a map 1 an isotopy-lift.

For now, we restrict to compact orbifolds. Suppose that & is compact. We define the
isotopy-equivalence space Defy (€) as the space of development pairs (dev, &) quotient
by the isotopy-lifts of the universal cover & of &. The deformation space Defx ¢(0) is
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given by the quotient of I/)E%X,G(ﬁ’) by the action of G: g(dev,h(-)) = (godev,gh(-)g™').
(See [49] for details.) We can also interpret as follows: The deformation space Defy (&)
of the (X, G)-structures is the space of all (X,G)-structures on ¢ quotient by the isotopy
pullback actions.

This space can be thought of as the space of pairs (dev,k) with the compact open
C"-topology for r > 1 and the equivalence relation generated by the isotopy relation

e (dev,h) ~ (dev' /') if dev' =devot and i’ = h for an isotopy-lift ¢ of an isotopy
and
o (dev,h) ~ (dev' /') if dev' = kodev and h(-) = kh(-)k~! fork € G.
(See [49] or Chapter 6 of [51].)

9.2. The semi-algebraic properties of rep*(7; (&),PGL(n+ 1,R)) and related spaces

Since & is strongly tame, the fundamental group (&) is finitely generated. Let
{g1,-.-,8m} be a set of generators of m;(€). As usual Hom(7x; (&), G) for a Lie group G
has an algebraic topology as a subspace of G™. This topology is given by the notion of
algebraic convergence

{hi} = hif {hi(g;)} = h(g;) € Gforeach j,j=1,...,m.

A conjugacy class of a representation is called a character in this monograph.
The PGL(n + 1,R)-character space (variety) rep(m (€),PGL(n+ 1,R)) is the quo-
tient space of the homomorphism space

Hom(m (€),PGL(n+1,R))
where PGL(n+ 1,R) acts by conjugation
h(-) ~ gh(-)g™" for g € PGL(n+ 1,R).
Similarly, we define
rep(m (€),SLs(n+1,R)) := Hom(m (€),SLy(n+1,R))/SLi(n+1,R)

as the SLy (n+ 1,R)-character space. This is not really a variety in the sense of algebraic
geometry. We merely define this space as the quotient space for now, possibly nonHaus-
dorff one.

A representation or a character is stable if the orbit of it or its representative is closed
and the stabilizer is finite under the conjugation action in

Hom(m (€),PGL(n+ 1,R)) (resp. Hom(7;(€),SLy(n+ 1,R))).

By Theorem 1.1 of [106], a representation p is stable if and only if it is irreducible and
no proper parabolic subgroup contains the image of p. The stability and the irreducibility
are open conditions in the Zariski topology. Also, if the image of p is Zariski dense,
then p is stable. PGL(n+ 1,R) acts properly on the open set of stable representations in
Hom(m;(0),PGL(n+ 1,R)). Similarly, SL4(n+ 1,R) acts so on Hom(7;(&),SL4(n+
1,R)). (See [106] for more details.)

A representation of a group G into PGL(rn+ 1,R) or SLy(n+ 1,R) is strongly irre-
ducible if the image of every finite index subgroup of G is irreducible. Actually, many of
the orbifolds have strongly irreducible and stable holonomy homomorphisms by Theorem
6.0.4.

An eigen-1-form of a linear transformation ¥ is a linear functional o in R"*! so that
ooy = Aa for some A € R. We recall the lifting of Remark 1.1.5.
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Homg(m (0),PGL(n+1,R))

to be the subspace of representations 4 satisfying

The vertex condition for %:: h|m;(E) has a nonzero common eigenvector of
positive eigenvalues for a lift of 4(7; (E)) in SL+(n+ 1,R) for each Z-type
p-end fundamental group 7 (£), and

The lens-condition for .7:: h|m;(E) acts on a hyperspace P for each .7 -type
p-end fundamental group 7; (E) and acts discontinuously and cocompactly
on alens L, a properly convex domain with L’ NP = LN P # 0 or a horoball
tangent to P.

e We denote by

Hom’(m; (0),PGL(n+ 1,R))
the subspace of stable and irreducible representations, and define
Homj (m (€),PGL(n+1,R))
to be
Homg (m (€),PGL(n+ 1,R)) NHom®(7; (&), PGL(n+ 1,R)).

o We define
Homg (7 (0),PGL(n+1,R))

to be the subspace of representations 2 where
— h|m (E) has a unique common eigenspace of dimension 1 in R"*! with
positive eigenvalues for its lift in SLy(n+ 1,R) for each p-end holonomy
group h(my (E)) of Z-type
(*) There exists a finitely many elements gi,...,g, so that the intersec-
tion (i Cy, (h(g:)) is 1-dimensional where Cy,(g;) is the cyclic space
of eigenvalue A; associated with the above common eigenspace. (See
Definition 1.3.1.)
and
— h|m; (E) has a common null-space P of eigen-1-forms satisfying the follow-
ing:
* 11 (E) acts properly and cocompactly on a lens L and LNP = L° NP
with nonempty interior in P with Hausdorff quotients, or
«x H — {p} for a horosphere H tangent to P at p
and is unique such one for each p-end holonomy group A(7;(E)) of the p-
end of 7 -type and dual group satisfies above (*) for the dual point of P.

For .7 -ends, the lens condition is satisfied for a hyperplane P and P is unique
one satisfying the condition in other words. We define
Homy ,(m1(0),PGL(n+1,R))
to be
Hom® (7 (0),PGL(n+1,R) NHome (7 (&),PGL(n+1,R)).

REMARK 9.2.1. The above condition for type .7~ generalizes the principal boundary
condition for real projective surfaces of Goldman [88].
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Since each 71 (E) is finitely generated and there is only finitely many conjugacy classes
of 4 (E),
Homg (7 (€),PGL(n+ 1,R))

is a closed semi-algebraic subset.
Define
Homg ¢(m(0),PGL(n+ 1,R))
to be a subset of
Homg(m(ﬁ), PGL(n—‘r I,R))

so that the p-end holonomy group of each R-p-end fixes finitely many points and the p-end
holonomy group of each T-p-ends acts on finitely many hyperspaces. By Lemma 9.2.2,
the condition that each p-end holonomy group has the isolated fixed points or isolated
hyperspaces only is an open condition.

LEMMA 9.2.2. Let V be a semi-algebraic subset of PGL(n+ 1,R)™ (resp. SLy(n+
1,R)™.) For each (g1,...,8m) €V, suppose that there is a function

E:V—1Z
where E(g1,...,8m) is the maximum of
{dimW W is a subspace of fixed points of each g;,i=1,...,m}
where we define dim@® = —1. Then
V3o(g1,...,8m) — dimE(g1,...,8m)

is an upper semi-continuous function on'V.

PROOF. Suppose that we have a sequences {gl(j)} for each i = 1,...,m and sup-
()

pose that g;"’ — g; as j — oo for each i. For any sequence of subspace of fixed points
of g(lj ), e ,gf,{), a limit subspace is contained in a subspace of fixed points of g1,...,gm-
[S"S] g

PROPOSITION 9.2.3.
Homg (71 (0),PGL(n+1,R))
is an open subset of a semi-algebraic subset
Homg (7 (€),PGL(n+ 1,R))

So is
Homy ,(m1(&),PGL(n+ 1,R)).

PROOF. We have # in this open subset
Homg ¢(m (0),PGL(n+1,R)).

For the condition on the uniqueness, we may assume that involved g1,...,g, are so
that Cy, (h(g;)) are transversal and their interseciton is 1-dimensional. Suppose that there
is a sequence of holonomies h; : 7 (E) converging to 4|7 (E) so that h;|m; (E) has more
than one fixed points. Then the span of the two directions are in the sum of Cy, ,(h;(g:))
and C;ngj(hj(gi)) for two eigenvalues of 4; ;, 4/ ; of h;(g;). Clearly, 4; j, A/ ; — A;. Hence,
the limit of the sequence of the sum spaces must converge to the subspace of ;. (h(g:)) by
elementary linear algebra. However, by the transversality of Cy, (h(g;) fori=1,...,n, we
see that the sum spaces must intersect at a 1-dimensional subspace for #4; sufficiently close
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to h. This means /; has only one fixed point, a contradiction. Therefore, the uniqueness
condition is an open condition.
Let E be a T-p-end. Let

he Homgﬁf(m(ﬁ), PGL(n+ 1,R)),

and let G := h(m (E)). Assume that G is not a cusp group. Let P be a hyperspace where G
acts on.

Proposition 5.3.11 implies that the condition of the existence of the hyperspace P
satisfying the lens-property is an open condition in Homg (7 (€),PGL(n+ 1,R)).

Suppose that there is another hyperspace P’ with a lens L’ satisfying the above prop-
erties. Then PN P’ is also G-invariant. Note that L° N P covers a compact end-orbifold. By
Proposition 1.4.10, we obtain that CI(PNL) is a join K * {k} for a properly convex domain
K in PN P’ and a point k in P — P’ since there exists a codimension-one invariant subspace
in P. Similarly, exchanging the role of P and P, we obtain that there is a point k' € P' — P
fixed by G. G acts on the one-dimensional subspace Sg containing k and k. There are
no other fixed point on S since otherwise S¢ is the set of fixed points and G acts on any
hyperspace containing PN P’ and a point on Sg. This contradicts our assumption on the
first paragraph of the proof. Hence, only k and k’ are fixed points in Sg and PN P and
{k,k'} contain all the fixed points of G.

Now, £’ is the unique fixed point outside P. The existence of lens for P tells us that X’
must be a fixed point outside the closure of the lens. By Theorem 5.5.4, the existence of a
lens for P tells us that every g € G, the maximum norm of eigenvalues of g associated with
kand PN P is greater than that of k.

Now, we switch the role of P and P’. We can take a central element g’ with the largest
norm of eigenvalue at k' by the last item of Proposition 1.4.10 and the uniform middle
eigenvalue condition from Theorem 5.5.4. This cannot happen by the above paragraph.
Hence, P satisfying the lens-condition is unique.

Suppose that G is a cusp group. Then there exists a unique hyperspace P containing
the fixed point of G tangent to horospheres where G acts on. Therefore,

Homeg (71 (0),PGL(n+1,R))
is in an open subset of a union of semi-algebraic subsets of

O Homg ¢(m(0),PGL(n+1,R)).

We define

repe (m (0),PGL(n+ 1,R))
to be the set
Homg (7 (€),PGL(n+ 1,R))/PGL(n+1,R).
e We denote by
repl (w1 (€),PGL(n+ 1,R))
the subspace of
repe (M (0),PGL(n+ 1,R))

of stable and irreducible characters.
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e We define
repg (m(0),PGL(n+1,R))
to be
Homyg (71 (€),PGL(n+1,R))/PGL(n+ 1,R).
e We define
repy ,(m1(0),PGL(n+ 1, R))
9.2.1) :=r1ep*(m (0),PGL(n+ 1,R)) Nrepg (71 (€),PGL(n+ 1,R)).

Let p € Homg (71 (E),PGL(n+ 1,R)) where E is an end. Define
Homgﬁpar(m (E), PGL(I’Z + 1,R))
to be the subspace of representations where 7; (E) goes into a cusp group, i.e., a parabolic
subgroup in a conjugated copy of PO(#n,1). By Lemma 9.2.4,
Hom por (71 (E),PGL(n 4+ 1,R))
is a closed semi-algebraic set.

LEMMA 9.2.4. Let G be a finitely presented group. Homg po:(G,PGL(n +1,R)) is a
closed algebraic set.

PROOF. Let P be a maximal parabolic subgroup of a conjugated copy of PO(rn+1,R)
that fixes a point x. Then Hom(G, P) is a closed semi-algebraic set.

Homy por (G,PGL(n+1,R))

equals a union
U Hom(G,gPg'),
gePGL(n+1,R)
which is another closed semi-algebraic set. (]

Let E be an end orbifold of &. Given
p € Homg (7 (E),PGL(n+ 1,R)),
we define the following sets:
e Let E be an end of type Z. Let

HOl’n(g{”RL(TC] (E), PGL(I’I + I,R))

denote the space of representations & of m;(E) where h(m (E)) acts on a lens-
cone {p}*L foralens Land p for p ¢ CI(L) of a p-end E corresponding to E and
acts properly and cocompactly on the lens L itself. Again, {p} L is assumed to
be a bounded subset of an affine patch A”. Thus, it is a union of open subsets of
semi-algebraic sets in Homg (7 (E),PGL(n+ 1,R)) by Proposition 5.3.11.

e Let E denote an end of type 7. Let

HomgmL(m (E), PGL(n + I,R))

denote the space of totally geodesic representations & of m;(E) satisfying the
following condition:
— h(m (E)) acts on an lens L and a hyperspace P where
- LNP=L°NP+#0and
— L/h(m (E)) is a compact orbifold with two strictly convex boundary com-
ponents.
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Home 71,(m (E),PGL(n+ 1,R))
is again a union of open subsets of the semi-algebraic sets
Homg (7 (E),PGL(n+1,R))
by Proposition 5.3.11.
Let

Rg : Hom(m, (€),PGL(n+1,R)) > h — h|m (E) € Hom(m; (E),PGL(n+ 1,R))

be the restriction map to the p-end holonomy group A(7m; (E)) corresponding to the end E
of 0.

A representative set of p-ends of € is the subset of p-ends where each end of &
has a corresponding p-end and a unique chosen corresponding p-end. Let Z¢ denote the
representative set of p-ends of & of type %, and let 7 denote the representative set of
p-ends of & of type 7. We define a more symmetric space:

Homg 1, (711 (&), PGL(n+1,R))
to be

( ﬂ Rgl(Homg’par(ﬂ:l(E),PGL(n—F1,R))UHomgﬁRL(TEl(E),PGL(n—i—1,R))>)ﬁ
Ec%y

( N Re' (Home par(m1 (E), PGL(n + 1,R)) UHomg vy (m (E), PGL(n + l,R)))).
EcTy
The quotient space of the space under the conjugation under PGL(n+ 1,R) is denoted by
repg 1n(m1(0),PGL(n+1,R)).
We define
Homy , (m1(0),PGL(n+1,R))
to be
Hom®(m(0),PGL(n+1,R)) NHomg j, (71 (€),PGL(n+ 1,R)).
Hence, this is a union of open subsets of semialgebraic subsets in
X :=Hom% (7 (€0),PGL(n+ 1,R)).

We don’t claim that the union is open in X. These definitions allow for changes between
horospherical ens to lens-shaped radial ones and totally geodesic ones.
The quotient space of this space under the conjugation under PGL(rn+ 1,R) is denoted
by
repfga’lh(m(ﬁ’)7 PGL(n+ 1,R)).

Since
repy ,(m1(€),PGL(n+ 1,IR))

is the Hausdorff quotient of the above set with the conjugation PGL(n + 1,R)-action, this
is an open subset of a semi-algebraic subset by Proposition 9.2.3 and Proposition 1.1 of
[106].

We define

Homgu’lh(m(ﬁ), PGL(n+ 1,R))

to be the subset

Homy , (m1(0),PGL(n+1,R)) "Homg (71 (), PGL(n+ 1,R)).
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The above shows

PROPOSITION 9.2.5.
repi?,u,lh(ﬁl (ﬁ)7 PGL(” + 17R))
is an open subset of a semi-algebraic set in

repy ¢(71(0),PGL(n+1,R)).

9.3. End structures and end compactifications for topological orbifolds

Let & be a strongly tame smooth orbifold with ends Ey,...,Ey, Epi1,...,Eyyy. For
this subsection, we do not consider that & is the interior of a compact orbifold &, the
associated compactification of &, as we remind from Section 3.1.1.

An ideal boundary structure of an end neighborhood U of E; is a pair (U, f) for a
smooth embedding f of U into a product space X x (0,1] for a closed n — 1-orbifold £
where the image is £ x (0, 1). An ideal boundary structure (Uy, fy) with a diffeomorphism
Jo: Uy — Xy x (0,1) for a closed n — 1-orbifold Xy and another one (Ui, fi) with a dif-
feomorphism f; : Uy — X; x (0,1) for a closed n — 1-orbifold X; are compatible if there
exists another ideal boundary structure (Uy, f>) so that U, C UyNU; with a diffeomorphism
fr:Uy — X" x(0,1) sothat fio f; ' 1 £ x (0,1) — E; x (0, 1) extends to £ x (0, 1] as an
embedding restricting to a diffeomorphism X" x {1} to X; x {0} fori =0, 1.

Given an ideal boundary structure on & for an end E;, we obtain the completion of
O along E;. We take U an end neighborhood of E; with an embedding f: U — £ x (0, 1]
where the image equals X x (0, 1). We paste & with X x (0,1] by f. The resulting orbifold
ﬁ(/u, 1) 18 said to be the end compactification of O along E; using (U, f).

Let U’ and f': U’ — X' x (0,1] be as above with (U’, f') compatible to (U, f), and we
obtain an end compactification ﬁ(’U,_ s of O along E; using (U, ). Anisotopy 1 of O with
an ideal boundary structure for an end E; is an isotopy of & extending to a diffeomorphism
1: ﬁEU_f) — ﬁ(/U/.f/) for at least one compatible pair (U, f), (U’, f7).

B}; the follo{iving lemma, the definition of an (end-structure extendable) isotopy is
independent of the choice of (U, f) and (U’, f7).

LEMMA 9.3.1. Let Uy and U, be end neighborhoods of an end E. Let g be an isotopy
of U extending to an isotopy g : ﬁéul i ﬁ<’f27U2) with diffeomorphisms fi : Up — L1 X
(0,1) and fr : Uy — Xy x (0,1) for closed n— 1-orbifolds £| and ¥,. Then for any pair
(U1, f1), (U, f3) for end neighborhoods of end end E compatible to (Ui, f;),i = 1,2, with
diffeomorphisms f{ : U{ — X} x (0,1) and f} : U — X}, x (0, 1) for closed n — 1-orbifolds
X} and ¥, g extends to an isotopy g\ : ﬁ(U{,f{) — ﬁ(Ué,fz’)-

PROOF. This is straightforward to obtain a diffeomorphism g; since we can take a
sufficiently small product neighborhood in each of these end compactifications. To show
the isotopy property of g;, we simply take & x I and do the same arguments. (|

A radial structure for E; also gives us an end-compactification of & along E;: Let
U be an end neighborhood of E; with a foliation by properly embedded arcs. We take a
transverse hypersurface X, transverse to every leaf, which is a closed orbifold. Let U’
denote a component of U — X, that is an end neighborhood of E;. We identify each leaf in
U’ with a leaf of Zg, x (0, 1) by a function f : U’ — Zg, x (0,1). We call the identification
orbifold &” of & with L, x (0, 1] the end compactification of € along E;. The suborbifold
of ¢’ corresponding to X, x {1} is call the ideal boundary component corresponding to
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E;. This orbifold is independent of the choices up to isotopoes of the end compactifications
extending isotopies of & by Lemma 9.3.2.

LEMMA 9.3.2.

e Let O be a strongly tame orbifold with a radial structure at an end E;.
e Let 0' be the end compactification of O using U and Xg, a diffeomorphism f :
U —Xg x(0,1).
e Let O be the same orbifold with an isotopic radial structure at E;.
e Let O] be the end compactification of O for the second radial structure using an
end neighborhood Uy and a hypersurface T, and a diffeomorphism f': Uy —
Xy, % (0,1) for an end-neighborhood component Uj of Uy — X
Suppose that an isotopy 1 of O sends a radial structure of U for end E; to that of U, for O
for E;.
Then a diffeomorphism V' : 0 — O extends to a diffeomorphism i’ : 0’ — O sending
the ideal boundary component corresponding to E; in 0" to one in 0.

PROOF. First, we obtain a diffeomorphism /. We may change t so that 1(U’) C U| by
composing with an isotopy supported in U preserving leaves of the radial foliation.
We consider a diffeomorphism

flotof 1S x (0,1) = £ x (0,1).

We can find an isotopy 1; : X x (0,1) — X x (0,1) preserving {x} x (0,1) for each
x € Z/Ei equal to the identity map on Z%i x (0,€) for small € > 0 so that 10 f'oto f!
extends to a smooth map at Xz, x {1}. This is fairly simple since every self-embedding of
Xg, x (0,1) preserving every fiber of form {x} x (0, 1) for x € X} are isotopic. Now, we
canuse1: 0 —U'— 0 —U| and f'"'oy o f otof~! onU’. Obviously, they extend each
other.

O

The following shows the well-definedness of an orbifold.

COROLLARY 9.3.3.

e Let O be a strongly tame orbifold with a T-end structure at E;. Then the identity
map 1 of O is isotopic to a restriction of a diffeomorphism ﬁEU.f) — ﬁ{U/.f/)‘

e Let O be a strongly tame orbifold with an R-end structure at E;. Then the identity
map 1 of O is isotopic to a restriction of a diffeomorphism 0| — O, for any two
end compactifications O and O} of 0.

PROOF. The first is a corollary of Lemma 9.3.1. The second one is a corollary of
Lemma 9.3.2. U

Finally, we will say about the compactification & associated with &

If & is the compactification associated with ¢, the ideal boundary structure is given
by (f,N(Zg)NO) where f: N(Zg) N O — Xg, x (0,1] is an embedding for a tubular
neighborhood N(Z,) of g, in 0.

Again, if 0 is the associated compactification of &, and the radial structure at E; is
compatible with & as in Section 3.1.3, the radial end compactification from (f,U) can
be modified to a compatible (f’,N(Xg,) N &) for a tubular neighborhood N(Zg,) of X, to

Xg, x (0,1] where f extends to a smooth diffeomorphism N(Xg,) — Xg, x (0, 1].
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PROPOSITION 9.3.4. We can contruct by the above end compactification process a
compact orbifold O of which O is the interior. The end compactification compatible with
the given R-end and T-end structures is always diffeomorphic to € by a diffeomorphism
isotopic to the identity in 0.

PROOF. Recall from Sections 3.1.2 and 3.1.3 the definitions of compatibility. Also, it
is straightforward to see that the radial foliation is transverse to the added ideal boundary
component corresponding to Xg x {1}. Corollary 9.3.3 completes the proof. (I

9.3.1. Definition of the deformation spaces with end structures. We will extend
this notion strongly. Two real projective structures yy and g on & with R-ends or T-ends
with end structures are isotopic if there is an isotopy i on & so that i*(Up) = p; where
i*(Ho) is the induced structure from g by i

e i.(lp) has a radial end structure for each R-end or horospherical T-end,

e j sends the radial end foliation for yy from an R-end neighborhood or horospher-
ical T-end to the radial end foliation for real projective structure 1 = i, (Uo) with
corresponding R-end neighborhoods or a horospherical T-end, and

e i extends to a diffeomorphism of & using the radial foliations and the totally
geodesic ideal boundary components for iy and tt; where we use the radial end-
compactification for a horospherical T-end. (See Definition 9.1.1.)

For noncompact orbifolds with end structures, similar definitions hold except that we
have to modify the notion of isotopies to preserve the end structures.

DEFINITION 9.3.5. We consider the real projective structures on orbifolds with end
structures. Let & be one of this and & be the compactification. Let & denote the universal
cover of & containing & as a dense open set.

Let dev,, denote the developing map associated with a convex projective structure
with R-end or T-ends. The developing map devy, : 0 — RP" extends to a map mﬂ 10—
RP". We will only need developing maps determined up to isotopies. For R-ends, may
assume that EH is smooth by Lemma 9.3.7. For T-ends, we can always isotopy dev,|U
for a p-end neighborhood U of a p-end E so that it can extend to a smooth map by Lemma

9.3.8.

LEMMA 9.3.6. . Let fy and fi be two immersions £z x (0,1] — RP" equivariant
with respect to a holonomy representation p : m (Xg) — PGL(n+ 1,R) fixing a point py.
Assume the following:

e foreachi=0,1, filx x (0,1] = I is an embedding to a radial segment I, with
endpoint po in S" and f;(x X t) converges to py ast — 0. Here, 1, is indepenent
ofi=0,1.

e folEx[8,1] = fil£x[8,1] for & > 0.

Then fy and fi are smoothly isotopic by an isotopy preserving each x x [0,1) and equals
the identity on £ x (8,1].

PROOF. Let 6, 5 7,([0,1),1;) denote the space of embeddings g|(0, 1] where g|(6, 1]
is fixed to be foy|x x [0,1] — I, and g(¢) — po as t — 0. This is a contractible space since
this is a convex space if we identify I, with a real interval. Clearly, p acts on this space.
We can build a bundle B over £ with fiber at x equal to 6, 5 4 ([0, 1), ). Then m; (E) acts
on this space where we must act by p to the fibers. Hence, we can find a quotient space
B fibering over Xz. Then consider the space C, ,; 5 (£z) to be the space of p-equivariant
sections sending x € £ to an element of %, 5 1,([0,1),L,).
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fo and f; give two such sections. This induces section fy and f| of B over Y. By
contractibility of the fibers, we can use the obstruction theory to obtain the homotopy be-
tween fo and f;. This gives us the p-equivariant homotopy f;,z € [0,1], between them
using the contractibilty of fibers. We use the fact that a homotopy f; between two homeo-
morphisms f’ and f” of intervals can be realized by an isotopy (f/)~! o f’, assuming each
Jf/ are homeomorphisms. Hence, these homotopies give us the desired isotopies. O

We now describe the modification of the developing map by a process that we call the
radial-end-projectivization of the developing map with respect to U and U’. That is, we
will prove Lemma 9.3.7.

Let U and U’ denote the closed p-end neighborhoods of £ covering end-neighborhoods
UandU’, CI(U) C U", respectively. We require U and U’ to be compatible product neigh-
borhoods diffeomorphic to g x (0,1]. (Recall compatibility from Section 3.1.) Take a
maximal radial ray I, in U’ passing x € bdU N1. Then there exists a unique projective
diffeomorphism I1, : [, — R, sending

e the endpoint of I, in bdU’ to o,

e the other end to 0, and

e bdUNI={x}tol.
We define T g : U’ — R, by sending z € [, to I1,(z). There is also a unique projective
diffeomorphism P, : R, — RP" sending

0+ vz, 1+ dev(l ﬂbd(j) =dev(x),+oo — dev(! ﬂbdlj/).

Define ¥y to be the vector at vz of (dPy(t)/dt)|i=o. This does depend on x but not on .
LetIl;: 0" — ¥ denote the map sending a point of a radial ray in U’ to its equivalence
class in £z. U’ has coordinate functions

(HU’,U7HE) U — R+ X iE,

which is a diffeomorphism. This commutes with the action of 'z on U’ and the action on
R, x £ acting on the first factor trivial. Also, U goes to (0, 1) x £¢ under the map.
We define a smooth map

9.3.1) dev" : U’ — RP" given by dev" (y) = P, oIl (y) fory e I, c U'.

Then under the coordinate of U’ with affine coordinates on an affine subspace A" with a
temporary Euclidean norm || - || containing dev(/;) and containing dev(vg) as the origin,
we can write locally

(9.3.2) dev" (x,1) = f(t)V,, V.|| = 1, for x € bdU

on a neighborhood of /, for some xo € bdU where ¥, is a unit vector depending only on x
smoothly in the direction of dev(vy)dev(x) and

9.33) fi:Ry— R+,fx(0) = vax(1> = Hdev(x)H
fx(e0) = ||dev(L,NbdU")|| provided dev(l,NbdU’) € A}

is a strictly increasing projective function of . The coefficients of the 1-st order rational
function f; as a function of  depend smoothly on x since dU’ and dU are smooth. Here, we
can actually change the affine subspaces of form A and the coordinates so that locally near
I, we have fi(e0) < oo. It is easy to see that dev" extends to £z x {0} as a constant map.
The expression of f, shows that dev" is a smooth extension also since it has continuous
partial derivatives of all orders.
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Now we change dev" on U’ — U so that it smoothly extends to & — U’. Acutally on
bdU’ and on bdU, dev" and dev agree by our construction. On each [, the lines dev|/,
and dev" |, have the same image to dev(L,). Hence, (dev"|l,)~! odev|l, sends I, to [, as
a homeomorphism. We choose U” be the open neighborhood of U in U’ whose closure
is in the interior of U’. Let U” denote the component of inverse image containing U. We
choose a partition of unity function ¢ equal to 1 on U’ — U” and with support in a small
neighborhood of U’ — U in U’. Of course, we need to choose ¢ equivariant with respect to
m (E ), which can be done as in the proof of Lemma 9.3.6. Also, the directional derivative
of ¢ in the radial direction of I, is non-negative. We define g, : [, — R given by ||dev(z)]|
for z € I, which is a smooth function with positive radial directional derivatives along .
By isotopying for dev" towards the p-end vertex equivariantly and taking smaller U’ and
U, we may assume without loss of generality that g, > f, for all x € £z. Then we define
new smooth function 4 := (1 — @) f, + ¢ g, which still has positive directional derivatives in
the radial direction of [,. Then this agree with g, in U’ —U" and f outside a neighborhood
of U' —U in U'. We define dev’ : U’ — RP" by replacing I, with 4 in (9.3.1).

This map is the radial-end-projectivization of dev with respect to U’ and U and agrees
with devy outside a neighborhood of U’ — U in U’ and agrees with dev on U’ —U".

We define a new developing map dev’ : & — RP" by using dev" on U and letting it
equal to dev on the complement & —U”. Lemma 9.3.6 implies that dev’ can be obtained
from dev by isotopies.

For other components of form y(U') for y € (&), we do the same constructions.

LEMMA 9.3.7. Let U and U’ be a radial end-neighborhoods so that Cl;(U) C U’
and compatible to ©. Let U and U’ denote the p-end neighborhoods of E covering U
and U'. We assume that bdU and bdU’ are transverse to radial rays by taking U and
U’ smaller if necessary. Then we can modify the developing map in U so that the new
developing map dev' agrees with dev on 0 — po(U) so that dev' extends smoothly on the
end compactification of U and dev' restricts to each radial line segment is a projective
map. Finally, dev' = dev o1 for an isotopy-lift 1 preserving each radial segment in U’. O

LEMMA 9.3.8. Let E be a p-T-end. Let U be a proper p-T-end neighborhood of E.
Then devy, can be precomposed by an isotopy so that dev,, extends to the ideal boundary
£z as an immersion.

PROOF. For any point x in £z, we have a chart (U, ¢) where x € U. U — £ is inside

0. By definition of real projective structures as an atlas of compatible charts, we obtain

g €SLi(n+1,R) so that g o ¢ agrees with dev, on an open set in U — ¥, and hence must

agree on U — ¥ ;. Hence, dev, extend to U as well. By continuing with all points of Tz,
we obtain the result.

|

Here, dev,, is also equivariant with respect to 4 if dev, was so. We call (devy,h) an
extended developing pair. An extended isotopy is a diffeomorphism & — & extending an
isotopy of &. An extended isotopy-lift is an extension of an isotopy-lift & — &.

Then the isotopy-equivalence space ]ia/fg(ﬁ) is defined as the space of extended
developing maps EH of real projective structures on & with ends with radial structures
and lens-shaped totally geodesic ends with end structures under the action of the group the
extended isotopy-Ifts where an extended isotopy-lift 7 : 00— 0 acting by

(dev,i, ) s (devy o, h).
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We explain the topology. Fix a real projective structure p with end structure. The
space Z(6') of maps of form dev,, : & — RP" will be given the compact open C’-topology
on 0.

For any real projective structure ,u on ¢ with end structures with an isotopy l# u' SO

that l o (,u ) = u the end compactification & has an extended isotopy-lift i Ty 20— 0.

Now, dev,/ o1,/ is a Evelopmg map of l#.“,(/.t’ ) sending the end structures &' of
u’ to radial line. Hence, dev, o1, , is the unique smooth extension. Hence, we can
reinterpret .@(5’) as the space of extensions of developing maps of & with a fixed end
structure for each end.

DEFINITION 9.3.9. The quotient space 2(0)/E(O) of 2 under the group of ex-
tended isotopy-lifts & (6") of form &  : 0 — 0 is in one-to-one correspondence with

Defg(ﬁ ). The topology on DNefg(ﬁ) is given as the quotient topology of this space, which
is called a C"-topology. -
We define Defg(0) := Defs(0) /PGL(n+ 1,R) by the action

(@ev,h(-)) > (§ odev,poh(-)09~),6 € PGL(n+1,R)

as in [49] and [87]. The induced quotient topology is called a C"-topology of Defg(0).
We can define a map

hol’ : Def(€) — Homg (11 (6),SLs (n+ 1, R))

by sending the class of (dev, ) to A. This is well-defined since the isotopies do not change
h. There is an induced map:

hol : Defg (&) — Home (7 (€),SLy. (n+1,R)/SLi(n+ 1,R).

For these, if ¢ is closed, we will simply drop the subscripts.
It is well-known:

THEOREM 9.3.10 (see Choi [49]). Let & be a closed orbifold. Then hol : Def(€) —
Hom(m (€),SLy (n+1,R)) is a local homeomorphism.
9.4. The local homeomorphism theorems

9.4.1. The end condition for real projective structures. Now, we go over to real

projective orbifolds: We are given a real projective orbifold &' with ends Ej,...,E,, of
% - -type and E€|+1a .vE¢ 1, of T -type. Let us choose representative p-ends E,... ,E~e1
and Eer‘rla E€1+62

We deﬁne a subspace of Homg (7 (€'), PGL(n+ 1,R)) to be as in Section 9.2.
Let 7 be an open subset of semi-algebraic subset of
Hom (7 (0),PGL(n+1,R))
invariant under the conjugation action so that one can choose a continuous section s,(;) :
¥ — (RP")*! sending a holonomy homomorphism to a common fixed point of A(7; (E;))

fori=1,...,e; and s;') satisfies
1 - 1
sg/) (gh(-)g™!) = g-s,(,/) (h(")) for g € PGL(n+ 1,R).
There might be more than one choice of a section and the domain of definition. s,g) is said
to be a fixed-point section.
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Again suppose that one can choose a continuous section sg,z) 1V — (RP"™)2 sending
a holonomy homomorphism to a common dual fixed point of 7 (E,) fori=e; +1,..., ez,

and sfﬁ) satisfies

s (gh()g™") = (¢%) " os'P (h(-)) for g € PGL(n+1,R)).
There might be more than one choice of section in certain cases. sg/? is said to be a dual
fixed-point section.

We define sy : ¥ — (RP")¢ x (RP")2 as sg,y x 5'2) and call it a fixing section pro-
vided the p-end holonomy group of each .7 -type p-end E; acts on a horosphere tangent to
P determined by s,(;).

Recall from Section 11.0.1. We note that the real projective structure with radial and
totally geodesic ends with end structures also will determine a point of (RP")¢1 x (RP"*)e2.
Conversely, if the real projective structure with radial and totally geodesic ends has the end
structure determined by a section s¢, if the following hold:

e E; forevery i =1,...,e; has a p-end neighborhood with a radial foliation with
leaves developing into rays ending at the fixed point of the i-th factor of s,(;).
o Fiforeveryi=e;+1,...,e1+e
— has a p-end neighborhood with the ideal boundary component in the hyper-
space determined by the i-th factor of st provided E; is a T-end, or
- has a p-end neighborhood containing a I'z-invariant horosphere tangent to
the hyperspace determined by the i-th factor of st provided E; is a horo-

spherical end.

EXAMPLE 9.4.1. If O is real projective and has some singularity of dimension one
in each end-neighborhood of an Z-type end, then the universal cover of & has more than
two lines corresponding to singular loci. The developing image of the lines must meet at a
point in RIP*, which is a common fixed point of the holonomy group of an end. If & has
dimension 3, this is equivalent to requiring that the end orbifold has corner-reflectors or
cone-points.

Hence, for an open subspace ¥ of a semi-algebraic subset of

Hom} (m (€),PGL(n+1,R))
corresponding to the real projective structures on ¢, there is a section sg)) determined by

the common fixed points.
(See Theorems 11.1.1 and 11.1.3.)

REMARK 9.4.2 (Cooper). We do caution the readers that these assumptions are not
trivial and exclude some important representations. For example, these spaces exclude
some incomplete hyperbolic structures arising in Thurston’s Dehn surgery constructions
as they have at least two fixed points for the holonomy homomorphism of the fundamental
group of a toroidal end as was pointed out by Cooper. Hence, the uniqueness condition
fails for this class of examples. However, if we choose a section on a subset, then we can
obtain appropriate results. Or if we work with particular types of orbifolds, the uniqueness
holds. See Section 12.

9.4.2. Perturbing horospherical ends. Theorems 6.1.1 and 6.1.2 study the pertur-
bation of lens-shaped R-ends and lens-shaped T-ends.
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The following concerns the deformations of I'z — PGL(n + 1,IR) near horospherical
representations. As long as we restrict to deformed representations satisfying the lens-
condition, there exist n-dimensional properly convex domains on which the groups act.
(This answers a question of Tillmann near 2006. We also benefited from a discussion with
J. Porti in 2011.)

Let P be an oriented hyperspace of S” with a dual point P* € S** represented by a
1-form wp defined on R"*!. Let P' denote the space of oriented hyperplanes in P. Let
S;‘)Il* be the space of rays from P* corresponding to hyperspaces in P. Then the subspace
PT is dual to S;’,Il*: each oriented ray in S™* from P* define a hyperspace S’ of P as the set
of common zeros of the 1-forms in the ray. The orientation of § is given by the open half-
space where the 1-forms near wp are positive. Conversely, an oriented pencil of oriented
hyperspaces determined by an oriented hyperspace of P is a ray in S;Zl* from P*. (We
omit the obvious RP"-version.)

Let

Homg jp ,(T",PGL(n+ 1,R)) (resp. Home p ,(I",SL+ (n+ 1,R)))

denote the space of representations £ fixing a common fixed point p and acts properly and
cocompactly on the lens of a lens-cone over vertex p or is horospherical with a horoball
with vertex p.

Let

Homg jp p(I",PGL(n+ 1,R)) (resp. Homg p p(I",SL+ (n+ 1,R)))

denote the space of representations where A(I") for each element & acts on a hyperspace P
satisfying the lens-condition. (See 9.2.)

Let a convex cone B = dBx {p} over a point p be diffeomorphic to dB x (0, 1]. Then
B with a vertex p has a radial foliation. We complete B by identifying with dB x (0,1) by a
diffeomorphism f sending each leaf to x x (0, 1) and attaching dB x (0,1] by f. We denote
the partial completion by B diffeomorphic to dB x [0,1]. We call B the p-end completion
of B. An action of a group I' on B extends to B also. B/ is then the end-compactification
of B/T. (See Definition 9.1.1.)

LEMMA 9.4.3 (Horospherical-end perturbation).

(A): Let B be a horoball in RP" (resp. in S") and T be a group of projective au-
tomorphisms fixing p, p € bdB (resp. p € S"), so that B/T is a horospherical-
end-type orbifold. Then there exists a sufficiently small neighborhood K of the
inclusion homomorphism ho of T" in Homg jp, ,(I', PGL(n+ 1,R))

(resp. Homg i, (I, SL(n+ 1, R)))

where
e foreach h € K, h(I') acts on a properly convex domain By, so that By, /h(T"")
is diffeomorphic to B/T forming a radial end and fixes p,
e By, forms the lens-shaped or horospherical p-R-end neighborhood,
e there is a diffeomorphism f, : B/T' — B,,/h(T"),h € K, so that the lift f, :
B — By, is a continuous family under the C"-topology as a map into RP"
(resp. in S™) where fho is the identity map.
Let B and By, denote the p-end compactifications. Then fy, extends to the end com-
pactifications fi,: B/T' — By,/h(I") and fy, is the identity map. Furthermore, the
lift of this map f, : B — RP" (resp. S") is continuous in the C"-topology where

Tny i the identity map.
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(B): Let P be a hyperspace in RP" (resp. in S"). Let I denote a projective au-
tomorphism group acting on P and a horoball B tangent to P so that B/T" s a
horospherical-end-type orbifold. Then there exists a sufficiently small neighbor-
hood K of the inclusion homomorphism hy of T in Homg jp p(I",PGL(n+ 1,R))
(resp. Homg jp p(I",SLy (n+1,R))) where

e foreach h € K, h(I') acts on a properly convex domain By, so that By, /h(T")
is homeomorphic to B/T",
e By, formsa lens-shaped p-T-end or horospherical p-end neighorhood, and
e there is a diffeomorphism f, : B/T" — By /h(I"), h € K, so that the lift
fn 1 B— By, is a continuous family under the C"-topology where fho is the
identity map.
Let B denote the p-end compactification of B and Bj, denote By, union with the
p-end ideal boundary component of By, when h acts properly and cocompactly
on a lens. Then f;, extends to the end compactifications fy : B/T" — By, /h(T").
Furthermore, the lift of this map fj, : B — RP" (resp. S") is a continuous family
in the C"-topology where fho is the identity map.

PROOF. We will prove for the S"-version.

(A) Let us choose a larger horoball B’ in B where B'/T” has a boundary component S
so B'/T is diffeomorphic to S;;_ x [0,1). S% is strictly convex and transverse to the radial
foliation. There exists a neighborhood Oy in Homg 1 , (I, SL+ (n+ 1,R)) corresponding
to the connection on a fixed compact neighborhood N of S% changes only by € in the C’-
topology, r > 2, on a compact set containing a compact fundamental domain. (See the
deformation theorem in [87] which generalize to the compact orbifolds with boundary.)

Let 4 € O;. The universal cover S% is a strictly convex codimension-one manifold, and
it deforms to S% , that is still strictly convex for sufficiently small e. Here, §;€ , may not be
embedded in S" a priori but is a submanifold of the deformed n-manifold N, from N by the
change of connections. Every ray from p meets S% , transversely also by the C"-condition.

Let V x,» be a vector in the direction of x for x € SNE b which we choose equivariant

with respect to the action of A(I”). We may choose so that (x,h) — 7)(7;1 is continuous.
We form a cone

(8p,) =V p+ (1 =)V ullt €[0,1],x € 55, 1.
Let iE~7h denote the space of rays from p ending at S}_h in C(S;;_ ,)- Here ) := SNE W/ h(I)
is a compact real projective orbifold of (rn — 1)-dimension.

Since I' is a cusp group, it is virtually abelian. Since & € Homg jp(I",SL+ (n + 1,R)),
Lemma A.1.10 implies that Dy, : S~;§ h S;_l is an embedding to a properly convex domain
or a complete affine domain € in S;_l where h(I") acts properly discontinuously and
cocompactly when / is not the inclusion map.

There is a one-to-one correspondence from S , to Xz , =: Q. By convexity of X ,
the tube domain .7,(Q,) with vertices p, —p is convex. SE , meets each great segments in
the interior the tube domain with vertices at p, —p at a unique point transversely since &
is in O for sufficiently small €. The strict convexity of S% , implies that By, is convex by
Lemma 1.4.3. The proper convexity of Bj, follows since 5% , 18 strictly convex and meets

each great segment from p in the interior of the tube domain corresponding to i,;h, and
hence CI(B),) cannot contain a pair of antipodal points.
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By Theorem 8.1.3, the Zariski closure of h(I") is a cusp group G, extended by a finite
group and G, /h(I"”) is compact. Hence, I" is virtually abelian by the Bieberbach theorem.
We take the identity component .4}, of Gy, which is an abelian group with a uniform lattice
h(I). The set of orbits of .4, foliates Bj,. Since .44 is a normal subgroup of Gy, h(T”)
normalizes .4}, Hence, the orbits give us a codimension-one foliation on By, /h(I") with
compact leaves. The leaves are all diffeomorphic, and hence, we obtain a parameterization
dB/T" x [0,1) to By,

Now, & induces isomorphism by, : N — N, where iy, — Tas h — hg :=1.

We choose a proper radial path @, : I — By, from a point of dB), and ending at p. We
may assume that o, is independent of 4. We define a parameterization

(5}, /S [Oa 1) %Bhv(mat) Hilh(m)(ah(t))at € [Oa 1)

We define fj, : B— By, := ¢ 0 @;} ! This gives us a map fj. (Here, we might be changing
igﬁh.) Since f, sends radial segments to radial segments, it extends to a smooth map

fu: B— By,. Also, on any compact subset J of B, a compact foliated set J contains it. Let
Ju denote the image of J under f;,. J, is coordinatized by J x I for a fixed compact set
J C . Under these coordinates of J and J,, we can write f, as the identity map. Since
hy, — fzho, we conclude that fh|f uniformly converges to I as i — hg.

Now, we show that By, is a p-R-end of horospherical or lens type. We know from above
that Q, h € Oy, is either properly convex or complete affine. Suppose that €, is properly
convex. Then we have a tubular action on a tube corresponding to €. By Theorem 5.1.5,
the lens condition is equivalent to the uniform middle eigenvalue condition. Hence, we
have a distanced action by Proposition 5.2.5 and SE , must have boundary in a distanced
compact set in the boundary of the tube by Proposition 5.3.10. By taking the convex hull
of §’E~‘h, we obtain a compact convex set distanced from p. Now, looking at from —p, we
can obtain a smooth lens containing this. Hence, we have a p-R-end of lens type.

Suppose that €, is complete affine. Then again S"E~ , 18 strictly convex and develops to
a complete affine space in S,. By Theorem 8.1.2, we have a horospherical end since the
cusp group satisfies the weak uniform middle eigenvalue condition.

(B) The second item is the dual of the first one. If 4(I") acts on an open horosphere B°
tangent to P with the vertex in P properly discontinuously, then the dual group h(I”)* acts
on a horosphere with a vertex the point P* dual to P. By duality Proposition 5.5.5, A" is
in Homg jp, p+ (I', SL+ (n+1,R)). We apply the first part, and hence, there exists a properly
convex domain Qpj, so that Qpj,/h*(I"’) is an open orbifold for & € K for some subset K
of the character space

Hongh’P* (F’, SLi (n +1 ,R))

By duality Proposition 5.5.5, Qp, is foliated by radial lines from P* and Rp: (Qp),) C
Sﬁ?l is a properly convex domain.

Let B}, be the properly convex domain dual to Qf, and hence is a properly convex
domain, and B} /h(I") is a dual orbifold diffeomorphic to Qpj/h(I")* by Theorem 1.5.8.
We have By, = B? since the dual of the dual of a properly convex open domain is itself.

Let I acts properly on dB. Since 9B is strictly convex, each point of dB has a unique
hyperspace sharply supporting B. By Proposition 1.5.4, there is an open hypersurface
S,8 C bdQp dual to dB. Also, [ acts properly on S so that S/T"* is a closed orbifold.
(The closedness again follows since there is a torsion-free group of a finite index and
hence a finite regular-covering manifold.) From the first part, there is an open surface
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Sp,Sp C bdQpy, h € K, meeting each radial ray from P* at a unique point. Also, S;,/h(I")*
is diffeomorphic to dB/T"*.

Again, by Proposition 1.5.4, we obtain an open surface S}, S; C bdQ;,, where I'j, acts
properly so that S} /T, is a closed orbifold. We define B, := Q}, US;.

Since Qp, is foliated by radial segments from P* with properly convex

Rp+ (QPJ,) C S;;l,

Dy, := PNbdQp, and is a properly convex domain in P by Proposition 5.5.5.

Note that I” is virtually abelian, and when it is not a cusp group, then it is lens-type
and hence must be virtually diagonalizable.

Define l?h = Q*Rh USZ UDy, h € K. For the second and third items, of the second part,
we do as above but we choose oy, : I — By, to be a single geodesic segment starting from
Xo € dBy, and ending at a point of D;, where @, converges as a parameter of functions to
a geodesic o : I — CI(B) C SZ, ending at the vertex of the horosphere or a fixed point of
h not on P whenever £ is virtually diagonalizable. We assume that ¢, is a C"-family of
geodesics. Now, the proof is similar to the above using an isomorphism from the identity
component Cj, of the Zariski closure of I to that of A(I""), which is an abelian group since
I" is virtually abelian. We denote by k : C,, — Cj, the unique homomorphism extending
hohy ! on resricted to the abelian group of finite index of I".

Here, we need the images of oy, under Cj, to form a foliation. Since Cj, acts on a prop-
erly convex set Dy, it acts as a diagonalizable group on P by Proposition 1.4.10. Being a
free abelian group satisfying the uniform middle eigenvalue condition, Cj, is a diagonaliz-
able group acting on an n-simplex. (We dualize the situation and use Theorem 5.4.3.) We
required that the extension of @, to pass a fixed point of C;, not in C1(Dj,). The images of
goay, g € Cp, form a foliation of B,. Using this we define the map fj, : B — By, sending
leaves to leaves as given by the function

g(ap(1)) — x(g)(au(t)) for each r € [0,1],8 € Cy,.

This map extends to dB to dB,.

Finally notice that our constructions of fj all are smooth from 0. Hence, these are
compatible end neighborhoods.

We have a lens by reflection about P by the fixed point not on P when I" is virtually
diagonalizable. Hence, we have a lens-type end. Otherwisse, we have a horospherical end
as in the end of the proof of the first part. [S"T] O

LEMMA 9.4.4 (Lens-end perturbation).

(A): Let B be a generalized lens-cone in RP" (resp. in S™) and I be a group of pro-
Jective automorphisms fixing p, p € bdB (resp. p € S"), so that B/T is a general-
ized lens-end-type orbifold. Then there exists a sufficiently small neighborhood
K of the inclusion homomorphism hy of T in Home 1, ,(I',PGL(n+ 1,R))

(resp. Homg i, (I, SLi(n+ 1, R)))

where
e foreach h € K, h(I") acts on a properly convex domain By, so that By, /h(T")
is diffeomorphic to B/T forming a radial end and fixes p,
e By, forms the lens-shaped p-R-end neighborhood,
o there is a diffeomorphism f, : B/T' — Bj,/h(I"),h € K, so that the lift fj, :
B — By, is a continuous family under the C"-topology as a map into RP"
(resp. in S™) where fho is the identity map.
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Let B and By, denote the p-end compactifications. Then fy, extends to the end com-
pactifications fy, : B/T" — B, /h(T") and fhy is the identity map. Furthermore, the
lift of this map f;, : B — RP" (resp. S") is continuous in the C"-topology where
fho is the identity map.

(B): Let P be a hyperspace in RP" (resp. in S"). Let I denote a projective
automorphism group acting on P and a lens B meeting P in its interior so
that B/T s a lens-end-type orbifold, and a component By of B— P is a p-end
neighborhood of an end. Then there exists a sufficiently small neighborhood K
of the inclusion homomorphism hy of I in Home y, p(I",PGL(n+ 1,RR)) (resp.
Homg jp p(I",SL4+ (n+ 1,R))) where

e for each h € K, h(I'") acts on a lens By, so that B,/h(I") is homeomorphic
to B/T,
e A component B, — P forms lens-shaped p-T-end or horospherical p-end
neighorhood, and
e there is a diffeomorphism f;, : B/T" — B, /h(I"), h € K, so that the lift
fn 1 B— By, is a continuous family under the C"-topology where fho is the
identity map.
Let By denote the p-end compactification of B and B 1,» denote B, — P union with
the p-end ideal boundary component of By, when h acts properly and cocom-
pactly on a lens. Then f;|B) extends to the end compactifications fj, : B /T —
Bi /(). Furthermore, the lift of this map fy, : B; — RP" (resp. S") is a con-
tinuous family in the C"-topology where fho is the identity map.

PROOF. The proofs are very similar to those of Lemma 9.4.3 using radial segments
and duality. Here, we need the local homeomorphism property of for the closed orbifolds
of Lok [121]. Hence, for nearby homeomorphisms we can choose develpong maps that are
very close near the hypersurfaces bounding the p-end neighborhoods. g

We remark that we can also reinterpret the parameterization as radial projectivization
in Section 9.3.1 by taking a second larger end neighborhood and some modifications of the
parameters.

9.4.3. Local homeomorphism theorems. Let & be a noncompact strongly tame affine
(n+ 1)-orbifold whose ends are assigned to be of Z-type or 7 -type as is the convention
in this paper.

An affine manifold affinely diffeomorphic to the affine suspension of horospherical
end neighborhood is said to be the affinely suspended horoball neighborhood. If an end has
such a neighborhood, then we call the end affine horospherical type. Since the projective
automorphism group of a horosphere fixes a point, the fundamental group of the affine
horospherical end preserves a direction. Thus, the end of an affine horospherical type is of
radial type.

We define the end restricted deformation space for & to be the quotient space of affine
structures on & where

e cach end is radial if the end is of %Z-type or
e is totally geodesic satisfying the suspended lens-condition if the end is of .7 -type

under the action of group of isotopies preserving the end structures: that is, preserves the
radial foliation if the end is radial or horospherical or extends to a smooth diffeomorphism
if the end is totally geodesic.
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Again Defy, (&) is defined to be the subspace of Defs (&) with the stable irreducible
holonomy homomorphisms in % and the end determined by s¢,, i.e.,

e each #Z-type p-end has a p-end neighborhood foliated by geodesic leaves that are
radial to the vector given by s4 under the developing map, or

e cach .7 -type p-end is totally geodesic of suspended lens-type satisfying the lens-
condition or horospherical satisfying the suspended lens condition with respect
to the hyperspace determined by sy . (See Section ??.)

THEOREM 9.4.5. Let O be a noncompact strongly tame real projective n-orbifold with
lens-shaped radial ends or lens-shaped totally geodesic ends with types assigned. Let V'
be a conjugation-invariant open subset of the union of semialgebraic subsets of

Hom?, (1 (€),PGL(n+ 1,R)).

Let sy be the fixing section defined on ¥ with images in (RP")! x (RP"™)2. Then the
map
hol: Defyy | (&) — repi(mi(0),PGL(n+1,R))

sending the real projective structures with ends compatible with sy to their conjugacy
classes of holonomy homomorphisms is a local homeomorphism to an open subset of V.

COROLLARY 9.4.6. Let O be a noncompact strongly tame real projective n-orbifold
with lens-shaped radial ends or lens-shaped totally-geodesic ends with end structures and
given types # or . Assume d 0 = 0. Then the following map is a local homeomorphism :

hol : Defy ,(€) — repy ,(m1(0),PGL(n+1,R)).

PROOF. Itis clear that the limit of a sequence of unique fixed points of representations
must be a fixed point of the limit representation. Also, the limit of correpsonding cyclic
spaces must be in the cyclic spaces of the limit representations. Hence, if the limit repre-
sentation have elements with one-dimensional intersections of the cyclic spaces, then the
corresponding elements of the sequence have one-dimensional intersections of the cyclic
spaces. This proves that the map from the representation spaces to the unique fixed points
is continuous. Now Theorem 9.4.5 implies the conclusion. (]

9.4.4. The proof of Theorem 9.4.5. We wish to now prove Theorem 9.4.5 following
the proof of Theorem 1 in Section 5 of [49].

Let ¢ be an affine orbifold with the universal covering orbifold & with the covering
map py : & — O and let the fundamental group 7, (0) act on it as an automorphism group.

Let % and sy be as above. We will now define a map

hol : Defg ,,, (€) — Homg (1 (€),SL (n+ 1, R))

by sending the projective structure to the pair (dev,/) and to the conjugacy class of A
finally.

PROOF OF THEOREM 9.4.5. We show that hol is continuous: There is a codimension-
0 compact submanifold &’ of & so that 7, (0") — m; (&) is an isomorphism. The holonomy
homomorphism is determined on &”. Since the deformation space has the C"-topology,
r > 1, induced by dev : &' — R"*! it follows that small changes of dev on compact do-
mains in & in the C"-topology imply sufficiently small changes in /(g/) for generators g/ of
71 (0") and hence sufficiently small change of /(g;) for generators g; of m; (&). Therefore,
hol is continuous. (Actually for the continuity, we do not need any condition on ends.)
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We are aiming to prove the local homeomorphism property of the map
hol : Def ,, (€) — Homg (1 (€),SL(n+ 1, R))

sending projective structures determined by the section sy to the conjugacy classes of
holonomy homomorphisms is a local homeomorphism on an open subset of %’. The
continuity of hol was proved at the beginning of this subsection.

Next, we define the local inverse map from a neighborhood in % of the image point.
Let 0" be a compact suborbifold of & so that & — &’ is a union U of end neighborhoods.

We will show how to change the proof of Theorem 1 of [49]. Let & be a representation
coming from an affine orbifold &'. The task is to reassemble & with new holonomy homo-
morphisms as we vary £ as in [49] following approaches of Thurston. Suppose that 4’ is in
a neighborhood of 4 in Homy (71 (€),SL4 (n+ 1,R)).

e As in Lok [121], we consider locally finite collections ¥ of open domains that
cover &. We find subcollection ¥ of compact neighborhoods or end neighbor-
hoods in the covering contractible open sets which covers & again. Here, each
precompact element of ¥’ contains a compact domain in ¥’ forming a cover of
0'. The end neighborhoods can meet only if they are in the same component of
U.

o We will give orders to the open sets covering ¢. The end neighborhoods will
have orders higher than all precompact sets.

e We regard these as sets in S"*! by charts.

e We consider the sets that are the intersection

Uiy M-+ NUj, iy > -+ > g, where U;; € V' for j=1,... k,

of the largest cardinality of the compact or closed domains in ¥" and find the
corresponding sets in S by charts. We map it by isotopies to the corresponding
intersection of deformed collections of domains in S"*! corresponding to the
K (m(0))-action by Lemmas 3 and 4 in [49] and using the deformations of dev
by post-composing with maps in Lemmas 9.4.3 and 9.4.4. Here, we will follow
the ordering as above when we deform as in Lok [121]. That is, we use the
isotopy of Uj, restricted to U, N---NU;, when U;, has the largest order.

e We extend the isotopies to the sets of intersections of smaller number of sets in
¥’ by Lemma 5 of [49]. By induction, we extend it to all the images of compact
and closed domains in ¥,

e We patch these open sets to build an orbifold &}, with holonomy 4’ referring
back to & by isotopies.

e Oy is diffeomorphic to & by the map constructed by the isotopies.

To show that the local inverse is a continuous map for the C"-topology of 0, we only
need to consider compact suborbifolds in & since the holonomy representation depends
only on any compact submanifold whose complement is a union of proper end neighbo-
hoods. For this the same argument as in [49] will apply.

We now prove the local injectivity of hol. Given two structures yy and y; in a
neighborhood of the deformation space, we show that if their holonomy homomorphisms
are the same, say h: m; (') — SL.(n+1,R), then we can isotopy one in the neighborhood
to the other using vector fields as in [49].

Because of the section s4 defined on %/, given a holonomy /4, we have a direction of
the radial end that is unique for the holonomy homomorphism.
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First assume that & has only Z-type ends. Recall the compact suborbifold & so that
0 — 0’ is diffeomorphic to E; x (0,1) for each end orbifold E; where each x x (0,1) is the
image of a radial segment.

We can choose a Riemannian metric on & so that an end neighborhood has a product
metric of form E; x (0,1]. Let dev; be the developing map of u; for j =0,1. Then
the C"-norm distance of extensions devy and dev; to & is bounded on each compact set
K C O by our assumption on the closeness of the two structures. Since we chose 1 and i
sufficiently close, devy and dev, can be assumed to be sufficiently close in the C"-topology
over K. The images of K under each of these maps can be assumed to lie on a neighborhood
of the image of a p-end vertex, say v. Moreover, the radial lines maps to the radial lines
ending at the same ideal end vertex. We may assume that they have the forms of the radial
projectivizations. We can use the argument in the last part of [49] to show that dev; lifts to
an immersion &' — & equivariant with respect to the deck transformation group. Then we
use the metrics to equivariantly isotopy it to I as in the last section of [49]. Hence, p and

W represent the same point of Be/fi, .5 (O)

Suppose now that & has some lens type .7 -type ends. Suppose that ty and y; have
a totally geodesic ideal boundary component corresponding to an end of &'. We attach the
totally geodesic ideal boundary component for each end, and then we can argue as in [49]
proving the local injectivity.

Suppose that iy and p; have horospherical end neighborhoods corresponding to an
end of &. Then these are radial ends and the same argument as the above one for %Z-type
ends will apply to show the local injectivity.

Finally, we cannot have the situation that g has the totally geodesic ideal boundary
component corresponding to an end while p; has a horoball end neighborhood for the
same end. This follows since the end holonomy group acts on a properly convex domain
in a totally geodesic hyperspace and as such the end holonomy group elements have some
norms of eigenvalues > 1. (See Proposition 1.1 of [18] for example.) ([l

9.5. Relationship to the deformation spaces in our earlier papers

Recall D(P) for a Coxeter orbifold P that is not necessarily compact in Definition
2.2.2.

Let & be a strongly tame orbifolds only radial ends and radial end structure &. Recall
the definition of CDef¢ (&) from Section 9.3.1.

Generalizing this, let © (&) denote the same set as CDefg(&). We give the topology
by C"-topology on for the set of all developing maps dev : & — S" and take the quotient
by right actions by the isotopy lifts & and by the left action by composition with elements
of SL(n+ 1,R). These were the topology we used before as in [50].

By following Proposition 9.5.1, we obtain that ®(P) is the same as CDefz(P) as
topological spaces.

We say that a diffeomorphism preserves a radial end structure if an end neighborhood
with the radial foliation structure contains an end neighborhood is mapped into an end
neighborhood sending the radial leaves to radial leaves.

Let & denote the universal cover of &. We can form & by using the end-compactification
by Definition 9.1.1. A radial end structure preserving isotopies can be extended to a home-
omorphisms of end-compactifications. We call such diffeomorphism end-structure pre-
serving extended isotopies.
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PROPOSITION 9.5.1. Let O be a stronly tame orbifold with only radial ends and radial
end structure &. Then there is a homeomorphism

D¢ (0) = CDefs(0).

PROOF. We denote by 0 the universal cover of & containing & as a dense open set.
Hence, by restricting the structure on ¢ only, there is a map

R, :CDefs(0) — D(0).

The map is one-to-one and onto since the sets are the same.

Let D5 denote the space of all developing maps on 0 with radial end structures. Let
J"(f) denote the tuples of all jets of f: & — RP" of order < r. The topology on D is
given by bases of form

Bi e(dev) := {f € Dg|d(J"(dev)(x),J" (f)(x)) < e,x €K, f € C"(0,RP")}

where K C & is a compact set, € > 0, and dev € D ;. The topology on D is given by
bases of form

B (dev) := {f € D s|d(J"(dev)(x),J"(f)(x)) < &,x €K, f € C"(0,RP")}

where K C O'is a compact set, € > 0, and dev € D o
Consider the restriction map

R, :C"(0,RP") — C"(6,RP")

inducing R.. Since compact subsets of O are compact subsets of @, the inverse image
under R, of a basis element of C"(&',RP") is a basis element in C"(¢,RP"). Hence, the
induced map

er :CDefg(0) = Dﬁ/%@‘v —®(0)=Dg/%s
is continuous.

Now we find the inverse of R.:
Recalling Definition 9.1.2, we define:

e Let Y, denote the group of isotopies of & preserving the radial end structures of
0, and
o let ¥, denote the group of radial end structure preserving extended isotopies of
0.
e The isotopy-lifts 1 : & — & form a group which we denote by Y5.
e Denote by ¢, the group of the extensions of isotopy-lifts 1 : 0 — 0 of isotopies
in0.
Fix the union U of mutually disjoint R-end neighborhoods and radial foliations on
each component in 0.
Also, we choose a union U’ of such neighborhoods so that Cl;(U) C U’. Let U denote
the inverse image of U and U’ that of U’.
e denote by ¥, ;7 y the group of isotopies of form 1 of & acting on each compo-

nent of U preserving the radial folations and U’.
e Let9Y; ;/ ; denote the isotopy-lifts T of &' to & acting on each component of U’

and U which are lifts of elements of Yo u-
o Let ?57U/7U~be the extensions of isotopy-lifts of & to % acting on each component
of U'and U.
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Clearly there is a natural isomorphism by extension ¥ ;7 iy — gﬁ‘u’ y With the inverse
map given by the restriction to &. o

Let Dy i denote the space of functions of form dev in a development pair (dev, /)
so that dev|U’ equals dev"|J’ constructed for U and U’ by the radial end-projectivization
in Lemma 9.3.7. (We may have to construct on a larger union of p-end neighborhood
because of the smoothing process and restrict to U and U’.) By Lemma 9.3.7, we obtain a
natural map Dy 7 /9¢ 1.y — Do /9 that is a one-to-one onto map.

Also, denote by D, denote the space of functions of form dev which are ex-
tended developing maps and dev|U equals dev" |U constructed for U and U’ by radial
end-projectivization in Lemma 9.3.7.

Recall from the elementary analysis that the C"-topology on a compact set K is a
metric topology with the metric dg given by taking the supremum of the distances of jets
up to order < r at a compact set.

We claim that the canonical map F : Dy v/ /95 1" v — Do /9 is a homeomorphism:
Let us take a compact neighborhood Ky of a fundamental domain F of & — U. Then
we define a metric on Dy y 7 by dp,, , , between two developing maps f1, f2 is defined

as sup,c, d(J-(f1)(x),J-(f2)(x)). Since the developing map on U is determined by the
developing map restricted on Kr as we can see by a radial end-projectivization with respect
to U and U’, we obtain a metric dD(i.U.U, on Dg ¢y giving us the C"-topology on Dg 7 1.
The map F' is continuous since it is induced by the inclusion map Dy 7y — D

There is an inverse map G : Dg /9" — Do y /%)), given by taking a developing
map f and modifying it by radial end-projectivization. There are choices involved, but
they are well-defined up to isotopy-lifts.

Any isotopy 1 induces a homeomorphism 1* in Ds. To show the continuity of G, we
take aball By, ,(f,€) for f € Dy show that there is a neighborhood of fo1 in Dy

in the C"-topology going into it for 1 € ¥7. Since we can take 1*(B) as a neighborhood
for fou, it is sufficient to find a neighborhood B of f in Dy in the C"-topology. Let Kr
denote a compact set in & — U. We take a sufficiently small §, § > 0, the neighborhood

Bk, 5(f) so that each of its element g is still in BdDﬁUU’ (f,€) after applying the isotopy

of radial end-projectivization with respect to U and U’: This is because we only need to
worry about the compact set Kr NCl 5((7 ") while g after radial end-projectivization with
respect to U’ and U is determind in this compact set. If g is sufficiently close to f on Kp
in the C"-topology already in the form of Lemma 9.3.7, then

o the leaves of the radial foliation of g intersected with Ky is C"-close to ones for
f and

e the required isotopy 1, for radial end-projectivization of g is also sufficiently
C"-close to I on KF in the uniform J,-topology defined on U.

Hence, by taking sufficiently small 8, got, is in BdDgU . (f,€). Since we are estimating

everything in a compact set Kr, and finding 1, depending on g|Kp, these methods are
possible. (By the uniform topology, we mean the topology using the norm of differences
of two functions on U but not just one a compact subset of U.)

Also, Dy /96 11 v — D /94 is a homeomorphism similarly.

It is a triviality that the restriction map Djyyr = Doy 1s a homeomorphism.
Hence, the induced map D(}’.U,U’/gﬁ,U’,U —Dgyu /9. v is ahomeomorphism. Since
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there is a commutative diagram
Doyu /95y —Povu/9ou v
1 3
(9.5.1) Ds/%; — Dy /%Y.
Since the downarrows maps are homeomorphisms by above, and the upper row map is a
homeomorphism, it follows that the bottom row is continuous.

This means that there is a continous map Dy /¥s — D;5/9 5 giving us the inverse of
R. O

r



CHAPTER 10

Relative hyperbolicity and strict convexity

We will show the equivalence between the relative hyperbolicity of the fundamental
group of the properly convex real projective orbifolds with the lens-shaped radial ends
or totally geodesic ends or horospherical ends with the strict convexity of the orbifolds
relative to the ends. In Section 10.1, we will show how to add some lenses to the T-ends
so that the ends become boundary components and how to remove some open sets to make
R-ends into boundary components. Some constructions preserve the strict convexity and so
on. In Section 10.2, we describe the action of the end fundamental group on the boundary
of the universal cover of a properly convex orbifold. In Section 10.3, we prove Theorem
10.3.1 that the strict convexity implies the relative hyperbolicity of the fundamental group
using Yaman’s work. We then present the converse of this Theorem 10.3.4. For this, we
use the work of Drutu and Saphir on tree graded spaces and asymptotic cones.

10.1. Some constructions associated with ends

We will discuss some constructions to begin. It will be sufficient to prove for the case
& C S" in this chapter by Proposition 1.4.2. So we will not give any RP" version here.

The purpose of this chapter is to prove Corollary 11.0.3 the equivalence of the strict
convexity of & and the relative hyperbolicity of 7 (&) with respect to the end fundamental
groups. Cooper-Long-Tillman [67] and Crampon-Marquis [68] proved the same result
when we only allow horospherical ends. Benoist told us at an IMS meeting at the National
University of Singapore in 2016 that he has proof for this theorem for n = 3 using trees
as he has done in closed 3-dimensional cases in [24] using the Morgan-Shalen’s work on
trees [134]. For convex cocompact actions, there are some related later work by Islam and
Zimmer [104] and [103], and Weisman [155] for relatively hyperbolic groups for compact
orbifold groups.

Recall that properly convex strongly tame real projective orbifolds with generalized
lens-shaped or horospherical ends satisfying (NA) and (IE) have strongly irreducible ho-
lonomy groups by Theorem 6.0.4. In this chapter, we will fix the union U of all concave
end neighborhoods for radial ends and lens end neighborhoods for T-ends and horospher-
ical neighborhoods of ends mutually disjoint from one another. Let U denote the inverse
image in &

10.1.1. Modifying the T-ends. For T-ends, by the lens condition, we only consider
the ones that have CA-lens neighborhoods in some ambient orbifolds. First, we discuss the
extension to bounded orbifolds.

THEOREM 10.1.1. Suppose that O is a strongly tame properly convex real projective
orbifold with generalized lens-shaped or horospherical %- or  -ends and satisfy (IE).
Let E be a lens-shaped T-end, and let Sg be a totally geodesic hypersurface that is the
ideal boundary corresponding to E. Let L be a lens-shaped end neighborhood of Sg in an
ambient real projective orbifold containing O. Then

257
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e LU O is a properly convex real projective orbifold and has a strictly convex
boundary component corresponding to E.

e Furthermore, if O is strictly SPC and E is a hyperbolic end, then so is LU O
which now has one more boundary component and one less T-ends.

PROOF. Let & be the universal cover of ¢, which we can identify with a properly
convex bounded domain in an affine subspace. Then Sg corresponds to a T-p-end E and
a totally geodesic hypersurface S = § . And L is covered by a lens L containing S. The
p-end fundamental group 7; (E) acts on & and L; and L, the two components of L — § £ in
0 and outside € respectively.

O

Lemma 10.1.2 generalizes Theorem 3.7 of [88].

LEMMA 10.1.2. Suppose that SE‘ is the totally geodesic ideal boundary of a lens-
shaped T-end E of a strongly tame real projective orbifold O.

o Given a m(E)-invariant properly convex open domain Q; with bdQ; NS =
S &, for each point p of bdS &, any sharply supporting hyperspace H of S patpin
S there exists an AS-hyperspace to € containing H.

e At each point of bdS &, the hyperspace sharply supporting any T (E)-invariant
properly convex open set Q with bdQNS%! = Sz is unique if 71 (E) is hyper-
bolic.

o We are given two m| (E)-invariant properly convex open domains Q| with bdQ N
e S’E, and Qp with bdQ, NSE 1 = S’E Sfrom the other side. Then C1(Q;)U
CI(Q,) is a convex domain with

Cl(Q)NCI(Q,) = CI(Sz) C bdQ; NbdQ,
and their AS-hyperspaces at each point of bdS & coincide.

PROOF. Let A" denote the affine subspace that is the complement in S” of the hy-
perspace containing S =. Because 7 (E) acts properly and cocompactly on a lens-shaped
domain, By Theorem 5.5.4, h(m, (E)) satisfies the uniform middle eigenvalue condition.

The domain Q; has an affine half-space H(x) bounded by an AS-hyperspace for
each x € bdS; containing Q. Here, H(x) is uniquely determined by 7;(E) and x and
H(x)NS% ! by Theorems 4.1.1 and 4.3.1. The respective AS-hyperspaces at each point of
CI(Sz) — Sz to Q) and Q, have to agree by Lemmas 4.2.12 and 4.3.8.

The second item follows by the third item and Theorem 1.1 of [22]. O

CONTINUATION OF THE PROOF OF THEOREM 10.1.1. By Lemma 10.1.2, L, USE U
0 is a convex domain. If L, U & is not properly convex, then it is a union of two cones
over Sz over of [+v,] € R""! [v,] = x. This means that & has to be a cone contradicting
the strong irreducibility of (7, (€)). Hence, it follows that L, U & is properly convex.

Suppose that & is strictly SPC and 7; (E) is hyperbolic. Then every segment in bd& or
a non-C'-point in bd& is in the closure of one of the p-end neighborhood. bdL, — C1(S )
does not contain any segment in it or a non-C'-point. bd& — CI(Sz) does not contain
any segment or a non-C'-point outside the union of the closures of p-end neighborhoods.
bd(6 UL, USg) is C' at each point of A(E) := CI(Sz) — Sz by the uniqueness of the
sharply supporting hyperspaces of Lemma 10.1.2.

Recall that § 7 is strictly convex since 71 (E) is a hyperbolic group. (See Theorem 1.1
of [22].) Thus, A does not contain a segment, and hence, bd(ﬁ UL,uS ) does not contain
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one. Therefore, L, U & is strictly convex relative to the remaining ends. Now we do this
for every copy g(L,) of L, for g € m1(0).
Since L, U & has a Hilbert metric by [112], the action is properly discontinuous. [

COROLLARY 10.1.3. Suppose that O is a noncompact strongly tame properly convex
real projective orbifold with a p-end E, and 7t (E) is hyperbolic.
(i) Let E be a lens-shaped totally geodesic p-end. Let L be a CA-lens containing a
totally geodesic properly convex hypersurface E so that

A :=CI(S;z) — Sz =bdL — L.
Then each point of A has a unique sharply supporting hyperspace of L.
(ii) Let E be a lens-shaped radial p-end. Let L be a CA-lens in the p-end neighbor-

hood. Define A :=bdL — dL. Then each point of A has a unique sharply sup-
porting hyperspace of L.

PROOF. (i) is already proved in Lemma 10.1.2.
(ii) is proved in Proposition 5.5.8. ]

10.1.2. Shaving the R-ends. We call the following construction shaving the ends.

THEOREM 10.1.4. Given a strongly tame SPC-orbifold € and its universal cover O,
there exists a collection of mutually disjoint open concave p-end neighborhoods for lens-
shaped p-ends. We remove a finite union of concave end-neighborhoods of some R-ends.
Then

e we obtain a convex domain as the universal cover of a strongly tame orbifold
O with additional strictly convex smooth boundary components that are closed
(n — 1)-dimensional orbifolds.

e Furthermore, if O is strictly SPC with respect to all of its ends, and we remove
only some of the concave end-neighborhoods of hyperbolic R-ends, then O} is
strictly SPC with respect to the remaining ends.

PROOF. If €] is not convex, then there is a triangle 7 in ﬁl with three segments
50,581,852 so that T — 5§ C 0) but 56— 0, # (0. (See Theorem A.2 of [46] for details.) Since
0) is an open manifold, s§ — & is a closed subset of s§. Then a boundary point x € 5§ — &
is in the boundary of one of the removed concave-open neighborhoods or is in bd& itself.
The second possibility implies that ¢ is not convex as & C &. The first possibility implies
that there exists an open segment meeting bdU N & at a unique point but disjoint from U.
This is geometrically not possible since bdU N & is strictly convex towards the direction of
U. These are contradictions.

Since & is properly convex, so is &). Since bdU N & is strictly convex, the new
corresponding boundary component of & is strictly convex.

Now we go to the second part. We suppose that & is strictly SPC. Let .7 denote the set
of p-ends with hyperbolic p-end fundamental groups whose concave p-end neighborhoods
were removed in the equivariant manner. For each E € s, denote by Uy the concave
p-end neighborhood that we are removing.

Any segment in the boundary of the developing image of & is in the closure of a p-
end neighborhood of a p-end vertex. For the p-end-vertex vz of a p-end E, the domain
RVE.(ﬁ’) C S’VIE’I is strictly convex by [22] if 7 (E) is hyperbolic. Since bdeE.(ﬁ) con-
tains no straight segment, only straight segments in C1(U) N'bd& for the concave p-end
neighborhood U of E are in the segments in | JS(vz). Thus, their interiors are disjoint from
bd &), and hence bd&; contains no geodesic segment in (Jz ,, C1(Uz) Nbd .
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Since we removed concave end neighborhoods of the lens-shaped ends with the hyper-
bolic end fundamental groups, any straight segment in bd¢) lies in the closure of a p-end
neighborhood of a remaining p-end vertex.

A non-C'-point of bd@ is not on the boundary of the concave p-end neighborhood U
for a hyperbolic p-end E nor in bd& — Jg , C1(Uz ). We show that points of A =L—dL
are C'-points of bd&: ClI(U)Nbd &) contains the limit set A = L — dL for the CA-lens L in
a lens-neighborhood. & has the same set of sharply supporting hyperspaces as L at points
of A since they are both 7| (E)-invariant convex domains by Corollary 10.1.3. However,
the sharply supporting hyperspaces at A of L are also supporting ones for 01 by Corollary
10.1.3 since L C &) as we removed the outside component U of 6 —L. Thus, 0, is C' at
points of A.

Also, points of bd& — g, Cl(U) are C'-points of bd& since & is strictly SPC.
Let x be a point of this set. Suppose that x € s° for a segment s in bd&;. Then s C bd&
and s is not in C1(Uy) for any vz since we removed subsets of & to obtain . Hence this
is not possible. Suppose that x has more than two sharply supporting hyperspaces Py, P
to 0 at x. We may assume that Py is a sharply supporting hyperspace to 0. Since P, is
not supporting &, a component H), disjoint from Oy meets 0. Then H,N 0 is a convex
domain, which we denote by Q). Q) C Uge 5 Cl(Ug). Now, it is easy to see that Cl(Ug)
for at most one p-end E meets Hj. Since x € 0, x is in the closure of CI(Uz) N Hj. Thus,
x € Cl(Uz)NCI(Gy) C Ay v for a limit set Ay,. However, we proved that there is a unique
supporting hyperspace at x to 0 in the above paragraph. Hence, O is strictly SPC. O

10.2. The strict SPC-structures and relative hyperbolicity

10.2.1. The Hilbert metric on &. Recall Hilbert metrics from Section 1.1.3. A
Hilbert metric on an orbifold with an SPC-structure is defined as a distance metric given
by cross ratios. (We do not assume strictness here.)

Given an SPC-structure on &, there is a Hilbert metric which we denote by d; on 7
and hence on @. Actually, we will make & slightly small by inward perturbations of d &
preserving the strict convexity of d & by Lemma 1.4.6. The Hilbert metric will be defined
on original 0. (We call this metric the perturbed Hilbert metric.) This induces a metric on
0, including the boundary now. We will denote the metric by d.

Given an open properly convex domain 2, we note that given any two points x,y in Q,
there is a geodesic arc Xy with endpoints x,y so that its interior is in Q.

PROPOSITION 10.2.1. Let Q be a properly convex open domain. Let P be a subspace
meeting Q, and let x be a point of Q —P:

(i): There exists a shortest path m from x to PN Q that is a line segment.

(ii): The set of shortest paths to P from a point x of Q — P have endpoints in a
compact convex subset K of PN Q.

(iii): For any line m' containing m and y € nt', the segment in m’ from y to the point
of PN Q is one of the shortest segments.

(iv): When P is a complete geodesic in Q with x € Q — P, outside the compact set
K, K C P, of endpoints of shortest segments from x to P, the distance function
from P —K to x is strictly increasing or strictly decreasing.

PROOF. (i) The distance function f : PNQ — R defined by f(y) = dg(x,y) is a proper
function where f(x) — oo as x — z for any boundary point z of PN Q in P. Hence, there
exists a shortest segment with an endpoint xp in PN Q. (iv) is also proved.
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pl

FIGURE 1. The shortest geodesic m to a geodesic /.

(i1) Let y be any geodesic in PN Q2 passing xop. We need to consider the 2-dimensional
subspace Q containing ¥ and x. The set of endpoints of shortest segments of Q in Q is a
connected compact subset containing x( by Proposition 1.4. of [45]. Hence, by considering
all geodesics in PN Q passing xp, we obtain that the endpoints of the shortest path to P from
x is a connected compact set. We take two points z1,z2 on it. Then the segment connecting
z1 and 2, is also in the set of endpoints by Proposition 1.4 of [45]. Hence, the set is convex.

(iii) Suppose that there exists y € m/, so that the shortest geodesic m” to PN Q is
not in m’. Consider the 2-dimensional subspace Q containing m’ and m”. Then this is a
contradiction by Corollary 1.5 of [45].

(iv) Again follows by considering a 2-dimensional subspace containing P and m. (See
Proposition 1.4 of [45] for details.) U

An endpoint in P of a shortest segment is called a foot of the perpendicular from x to

10.2.2. Strict SPC-structures and the group actions. By Corollary 6.3.3, strict
SPC-orbifolds with generalized lens-shaped or horospherical #- or 7 -ends have only
lens-shaped or horospherical %Z- or .7 -ends.

An elliptic element of g is a nonidentity element of (&) fixing an interior point of
0. Since m(0) acts discretely on the space & with a metric, an elliptic element has to be
of finite order.

LEMMA 10.2.2. Let O be a strongly tame strict SPC-orbifold. Let E be a p-end of 0.

(i) Suppose that E is a horospherical p-end. Let B be a horoball p-end neighborhood
with a p-end vertex p corresponding to E. There exists a homeomorphism ®g
bdB — {p} — bd& — {p} given by sending a point x to the endpoint of maximal
convex segment containing x and p in C1(0).

(ii) Suppose that E is a lens-shaped radial p-end. Let U be a lens-shaped radial

p-end neighborhood with the p-end vertex p corresponding to E. There exists a
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homeomorphism ®g : bdU N 0 —bdd — CI(U) given by sending a point x to the

other endpoint of the maximal convex segment containing x and p in C1(0).

Moreover, each of the maps denoted by ®z commutes with elements of h(m; (E)).

PROOF. (i) By Theorem 8.1.3(i) @z is well-defined. The same proposition implies
that bdB is smooth at p and bd& has a unique sharply supporting hyperspace. Therefore
the map is onto.

(i1) The second item follows from Theorems 5.4.2 and 5.4.3 since they imply that the
segments in S(p) are maximal ones in bd& from p. O

We now study the fixed points in C1(&) of elements of 7;(&’). Recall that a great
segment is a geodesic arc in S” with antipodal p-end vertices. It is not properly convex.

Note that we can replace a generalized lens to a lens for a strongly tame strictly SPC-
orbifold by Corollary 6.3.3.

LEMMA 10.2.3. Let O be a strongly tame strict SPC-orbifold with lens-shaped or
horospherical - or T -ends. Let g be an infinite order element of a p-end fundamental
group w1y (E). Then every fixed point x of g in C\(0) satisfies one of the following:

e x is in the closure of a p-end-neighborhood that is a concave end-neighborhood
of an R-p-end,

e x is in the closure of a p-ideal boundary component of a T-p-end or

e x is the fixed point of a horospherical R-p-end.

PROOF. Suppose that the p-end E is a lens-shaped R-end. The direction of each seg-
ment in the interior of the lens cone with an endpoint vy is fixed by only the finite-order
element of 7y (E) since 7 (E) acts properly discontinuously on Sg. Thus, the fixed points
are on the rays in the direction of the boundary of £. They are in one of S(vz) for the p-end
vertex vz corresponding to E by Theorems 5.4.2 and 5.4.3. Hence, the fixed points of the
holonomy homomorphism of 7; (E) is in the closure of the lens-cone with end vertex vz
and nowhere else in C1(&).

If £ is horospherical, then the p-end vertex v is not contained in any segment s in
bd& by Theorem 8.1.3. Hence v is the only point SN bd& of any invariant subset S of
71 (E) by Lemma 10.2.2. Thus, the only fixed point of 7 (E) in bd& is v.

Suppose that E is a lens-shaped T-p-end. Since E is a properly convex real projective
orbifold that is closed, we obtain an attracting fixed point a and a repelling fixed point r
of g|C1(Sz) by [17]. Then a and r are attracting and repelling fixed points of g|C1(&) by
the existence of the CA-lens neighborhood of S since Theorem 5.5.4 implies the uniform
middle eigenvalue condition.

Suppose that we have a fixed point s € bd& distinct from a and r. We claim that a5
and 75 are in bd&. The norm of the eigenvalue associated with s is strictly between those
of r and s by the uniform middle eigenvalue condition. Let P denote the two-dimensional
subspace containing r,s,a. Suppose that one of the segment meets & at a point x. We
take a convex open-ball-neighborhood B of x in PN &. Suppose that x € 75°. Then using
the sequence {g"(B)}, we obtain a great segment in Cl(&) by choosing n — co. This is a
contradiction. If x € @5, we can use {g~"(B)} as n — oo, again giving us a contradiction.
Hence, as,7s C bdé.

Since E has a one-sided neighborhood U in a CA-lens neighborhood of S¢ by choosing
a smaller such neighborhood U if necessary, we may assume that C1(U) \bd & is in CI(Sg).
By the strict convexity of &, we see that the nontrivial segments a@s and 75 have to be in
CI(Sg). (See Definition 6.0.3.) O
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See Crampon and Marquis [68] and Cooper-Long-Tillmann [67] for similar work to
the following. We remind the reader that generalized lens-shaped R-ends are lens-shaped
R-ends in the following assumption by Corollary 6.3.3,

PROPOSITION 10.2.4. Suppose that O is a strongly tame strict SPC-orbifold with
lens-shaped ends or horospherical %- or 7 -ends satisfying (IE) and (NA). Then each
nonidentity and infinite-order element g of m\ () has two exclusive possibilities:

e g|CI(O) has exactly two fixed points in bd& none of which is in the closures of
the p-end neighborhoods for distinct ends, and g is positive proximal.
e g is in a p-end fundamental group m (E), and g|C1(0)
— has all fixed points in bdO in the closure of a concave p-end neighborhood
of a lens-shaped radial p-end E.
— has all fixed points in bd0 in CI(§ ) for the ideal boundary component S I
of a lens-shaped totally geodesic p-end E, or
— has a unique fixed point in bdO at the horospherical p-end vertex.

PROOF. Suppose that g has a fixed point at a horospherical p-end vertex v for a p-
end E. We can choose the horoball U at v that maps into an end-neighborhood of &. A
horoball p-end neighborhood is either sent to a disjoint one or sent to the identical one.
Since g(U) NU # 0 by the geometry of a horoball having a smooth boundary at v, g must
act on the horoball, and hence g is in the p-end fundamental group. The p-end vertex is the
unique fixed point of g in bd& by Lemma 10.2.3.

Similarly, suppose that g € (&) fixes a point of the closure U of a concave p-end
neighborhood of a p-end vertex v of a lens-shaped end. g(CI(U)) and CI(U) meet at a
point. By Corollary 6.3.1, g(C1(U)) and CI(U) share the p-end vertex and hence g(U) =U
as g is a deck transformation. Therefore, g is in the p-end fundamental group of the p-end
of v. Lemma 10.2.3 implies the result.

Suppose that g € () fixes a point of Cl(Sz) for a totally geodesic ideal boundary
S corresponding to a p-end E. Again Corollary 6.3.1 and Lemma 10.2.3 imply the result
for this case.

Suppose that an element g of 7;(€) is not in any p-end fundamental subgroup. Then
by above, g does not fix any of the above types of points. We show that g has exactly two
fixed points in bd&:

Suppose that g € m; (&) fixes a unique point x in the closure of bd& and x is not in
the closure of p-end neighborhoods by the first part of the proof. Then x is a C'-point by
the strict convexity. (See Definition 6.2.3.) Suppose that we have two eigenvalues with the
largest norm > 1 and the smallest norm < 1 respectively. If the largest norm eigenvalue is
not positive real, Cl(ﬁ) contains a nonproperly convex subset as we can see by an action
of g" on a generic point of &. Hence, the largest norm eigenvalue is positive and so is
the smallest norm eigenvalue. We obtain attracting and repelling subspaces easily with
these, and there are at least two fixed points. This is a contradiction. Therefore, g has
only eigenvalues of unit norms. However, Lemma 1.3.10 shows that there is a sequence of
simple closed curves c¢; whose the sequence of Hilbert lengths is going to zero. Hence, g
must be freely homotopic to an end neighborhood. This is absurd.

We conclude that g € m; (&) not in a p-end fundamental groups fixes at least two points
a and r in bd@. We choose the two fixed points to have the positive real eigenvalues that
are largest and smallest absolute values of the eigenvalues of g. (As above, the largest and
smallest norm eigenvalues must be positive for & to be properly convex.)
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No fixed point of g in bd & is in the closures of p-end neighborhoods by the first part of
the proof. By strict convexity, the interior of & contains an open line segment / connecting
aandr.

Suppose that there is a third fixed point ¢ in CI(&), which must be a boundary point.
Let S denote the subspace spanned by a,r,t. The point ¢ is not in the closures of p-end
neighborhoods as we assumed that g is not in the p-end fundamental group. Then the
line segment connecting 7 to the a or r must be in bd¢&: Assume without loss of generality
7a’ C O by taking g~ and switching notation of @ and r if necessary. Since g acts properly,
the norms of eigenvalues of g at 7 or a are distinct. We can form a segment s in &N S
transverse to the segment. Then {g"(s)} geometrically converges to a segment in bd&
containing ¢ with endpoints r and r_ as k — —oo. Thus, the existence of ¢ contradicts the
proper convexity of C1(&).

Hence, there are exactly two fixed points of g in bd& of the positive real eigenvalues
that are largest and smallest absolute values of the eigenvalues of g. (]

PROPOSITION 10.2.5. Suppose that O is a noncompact strongly tame strict SPC-
orbifold with lens-shaped ends or horospherical %- or 7 -ends. Let E be an end. Then for
a p-end E, (bd0 — K)/m(E) is a compact orbifold where K =\JS(E) for a lens-shaped
radial p-end E, K = C\(Sg) for totally geodesic p-end E, or K = {vz} for horospherical
p-end E.

PROOF. Suppose that £ is a lens-shaped R-p-end or horospherical type. By Lemma
10.2.2, the homeomorphism ®z : Sz — bd& — K gives us the result.

Suppose that E is a lens-shaped T-p-end. Let &* denote the dual domain. Then there
exists a dual radial p-end £* corresponding to £. Hence, (bd0* — K')/m;(E*) is compact
for K’ equal to the closure of p-end neighborhoods of £* in the radial case or the vertex in
the horospherical case.

Recall Section 1.5. Let bd*2& be the augmented boundary with the fibration IT Ag» and
let bd*24* be the augmented boundary with the fibration map IT,,. Let K" = H;; (K)

and K" := Hf\;l (K"). The discussion on in the proof of Corollary 5.5.1 shows that there is
a duality homeomorphism

D5 :bd*0 — K" — bd*e6* — K.

Now (bdA86* — K"} /my (E*) is compact since bd&* — K’ has a compact fundamental
domain, and the space is the inverse image in bd*¢&* of bd&* — K'. By (iv) of Proposition
1.5.4, (bd*¢6 — K")/m (E) is compact also. Since the image of this set under the map
induced by a proper map Ia is (bd& — K) /71 (E). Hence, it is is compact. O

10.3. Bowditch’s method

10.3.1. The strict convexity implies the relative hyperbolicity. There are results
proved by Cooper, Long, and Tillmann [67] and Crampon and Marquis [68] similar to
below. However, the ends have to be horospherical in their work. By Lemma 6.3.3, for
strict SPC-orbifold, generalized lens-shaped ends are lens-shaped. We will use Bowditch’s
result [30] to show

THEOREM 10.3.1. Let € be a noncompact strongly tame strict SPC-orbifold with
lens-shaped ends or horospherical %#- or T -ends E\, ..., E; and satisfies (IE) and (NA).
Assume 90 is smooth and strictly convex. Let U; be the inverse image U; in O for a
mutually disjoint collection of neighborhoods U; of the ends E; for eachi=1,... k. Then
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o 1, (0) is relatively hyperbolic with respect to the end fundamental groups
51 (El), ceey ﬂl(Ek)-

Hence O is relatively hyperbolic with respect to U := U U---UUy as a metric
space.

o Ifm(Eis1),...,m(Ex) are hyperbolic for some 1 <1 < k (possibly some of the
hyperbolic ones), then m(O) is relatively hyperbolic with respect to the end
Sfundamental group m (E1), ..., (E).

PROOF. We show that 7; (&) is relatively hyperbolic with respect to the end funda-
mental groups 7y (Ey),..., 7w (Ef).
e We now collapse each set of form Cl(U;) Nbd& = Sz for a concave p-end
neighborhood U; to a point and
e collapse CI(Sg) for each lens-shaped totally geodesic end E to a point.

By Corollary 6.3.1, these sets are mutually disjoint balls. Let €5 denote the collection, and
let Cp := J%3.

We claim that for each closed set J in bd&, the union of C 'y of elements of 6 meeting
J is also closed: Let us choose a sequence {x;} for x; € C;, C;NJ # 0, C; € €5. Suppose
that {x;} — x. Lety; € C;NJ. Let v; be the p-end vertex of C; if it is from a R-p-end. Then
define s; := x;v; UV;,y; C C; if C; is radial or else s; := X;y; C C;. Choose a subsequence
so that {s;} geometrically converges to a limit containing x. The limit 5. is a singleton, a
segment or a union of two segments. By the strict convexity of &, we obtain that s.. is a
subset of an element of ¢ and s.. meets J. Thus, x € 5. C C; for C;NJ # 0. We conclude
that C; is closed.

We denote this quotient space bd&'/ ~ by B. By Proposition 10.3.8, B is a metrizable
space.

We show that 71 (&) acts on the metrizable space B as a geometrically finite conver-
gence group. By Theorem 0.1 of Yaman [157] following Bowditch [30], this shows that
m (0) is relatively hyperbolic with respect to 7 (E} ), . .., 7 (Ex). The definition of conical
limit points and so on are from the article.

(D) We first show that the group acts properly discontinuously on the metric space of
ordered mutually distinct triples in B = 9 / ~. Suppose not. Then there exists a sequence
of nondegenerate triples {(p;,q;,7;)} of points in bd& converging to a mutually distinct

triple {(p,q,r)} so that
pi ="%(po),qi = %(qo), and r; = ¥(ro)

where {7} is a sequence of mutually distinct elements of 7; (£’) and the equivalence classes
[Po] [go], [ro] are mutually distinct and so are [p], [¢], [r]. By multiplying by some uniformly
bounded element R; in PGL(n+ 1,R) but not necessarily in z(7; (€)), we obtain that R; o y;
for each i fixes pg, qo, ro and restricts to a diagonal matrix with entries A;, &;, i; on the plane
with coordinates so that py = e1,go = e2,ry = e3.

Then we can assume that

Aidipi =1,4;> 8> u; >0

by restricting to the plane and up to choosing subsequences and renaming. Thus {4;} — o
and {1;} — 0: otherwise, both of these two sequences are bounded. Let P; denote the
2-dimension subspace spanned by p;,g;, r;. Then ¥]|P; is a sequence of uniformly bounded
automorphisms. Let D; = CI(¢' N P;). Then the sequence of maximal d-distances from
points of D; to bd& is uniformly bounded below by a positive number: If not, the geometric
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limit of D; is a nontrivial disk in bd& containing p,q,r. Since p, g, r are in mutually distinct
equivalence classes, this contradicts the strict convexity. Then for a compact subset K of
0, KND; C 0 is not empty for sufficiently large i. Choose p; € KN D;. Then y(p;) is
in a d ;-bounded neighborhood of K independent of i since otherwise ¥; is not uniformly
bounded on & NP, as indicated by the Hilbert metric. Hence, %(K) is in a d -bounded
neighborhood of K. This contradicts the proper discontinuity of the action by I'.

Let Py denote the 2-dimensional subspace containing pg,qo, and ry. By strictness of
convexity, as we collapsed each of the p-end balls, the interiors of the segments poqo, oo,
and 7opg are in the interior of &

We claim that one of the sequence {A;/8;} or the sequence {§;/u;} are bounded:
Suppose not. Then {4;/5;} — o0 and {&;/1;} — o. We choose generic segments so and 7y
in & with a common endpoint ¢o and the respective other endpoint §y and 7y in different
components of PN & — ppqo so that

d(30,90),d(%0,q0) > 0 for a uniform & > 0.

We choose s¢ and #y so that their directions from ¢gg differ from those of ppgo and goro
at least by a small constant 8’ > 0. Then the sequence {R; o ¥;(so Uto)} geometrically
converges to the segment with endpoint py passing go. The segment is a great segment.
Since R; is bounded, this implies that there exists such a segment in CI(&). This is a
contradiction to the proper convexity of &.

Suppose now that the sequence A;/; is bounded: Now the sequence of segments
{Pigi} converges to pg whose interior is in 0. Then we see that pg must be in the boundary
of & Each point in pg must be the limit points of a sequence {y;} for y; € ¥(s) for some
compact subsegment s C p1q1° by the boundedness of the above ratio and the proper-
discontinuity of the action. This contradicts the strict convexity as we assumed that p, g,
and r represent distinct points in B. If we assume that §;/; is bounded, then we obtain a
contradiction similarly.

This proves the proper discontinuity of the action on the space of distinct triples.

(I By Propositions 10.2.4 and 10.2.5, each group of form I for a point x of B = 5’/ ~
is a bounded parabolic subgroup in the sense of Bowditch [157].

Now we take lens-cone end neighborhood for each radial end instead. We still choose
ones mutually disjoint from themselves and nonradial ones in U. We denote by U’ the
union of the modified end-neighborhoods. Let U} ..., Uy denote its components. Let T}
denote the inverse image of U}, in 0 for each k.

(IIT) Let p € bd& be a point that is not in a horospherical endpoint or an equivalence
class corresponding to a lens-shaped p-end of radial or totally geodesic type of B. Hence,
[p] = {p} in bd&/ ~. That is, there is no segment containing p in one of the collapsed
sets. We show that [p] is a conical limit point. This will complete our proof by Theorem
0.1 of [157].

To show that [p] is a conical limit point, we will find a sequence of holonomy trans-
formations 7 and distinct points a,b € dB so that {%([p])} — a and {%(q)} — b locally
uniformly for ¢ € B — {p}: To do this, we draw a line [ in & from a point of the funda-
mental domain to p where as  — oo, [(t) — p in CI(&). We may assume that the other
endpoint p’ of [ is in distinct equivalence class from [p]. Since [(¢) is not eventually in a
p-end neighborhood, there is a sequence {f;} going to oo so that /(#;) is not in any of the
p-end neighborhoods in U’ U---UT;. Let p’ be the other endpoint of the complete ex-
tension of /(¢) in 0. We can assume without generality that p’ is not in the closure of any
p-end neighborhood by choosing the line /(¢) differently if necessary.
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Since (6 — U’y —--- — 1) /T is compact, we have a compact fundamental domain
Fof 6 -1 | — = L4 r with respect to I'. Note that for the minimum distance, we have
d(F,bd&) > C, for some constant Cy > 0.

We note: Given any line m passing F', the two endpoints must be in distinct equivalence
classes because of the convexity of each component of T7’.

We find a sequence of points z; € F so that % (I(#;)) = z; for a deck transformation 7;.
Then {7} is an unbounded sequence.

Using Definition 1.3.15, we may choose a set-convergent subsequence of {((%)} that
is convergent in S(My+1(R)) to (1)) for % € My41(R). Hence, A.({%:}) = S(Im ) N
CI(0). Also, on CI(&) — N.({y}) NCI(&), {1} is convergent to a subset of A.({¥})
locally uniformly as we can easily deduce by linear algebra and some estimation.

Since N, ({%}) is a convex subset of bd& and A, ({7}) is a convex subset of bd& by
Theorem 1.3.21, they are in collapsed sets of bd& by the strictness of the convexity.

If p € N.({7:}), then ¥;(I(#;)) is also bounded away from N, ({¥}), and hence ¥;(/(#;))
accumulates only to A, ({¥}). This is a contradiction. Thus, p € N.({¥;}). Since N.({7})
is a convex compact subset of bdé , we must have

N.({%}) < [p]-

Thus, for all ¢ € bd& — [p], we obtain a local uniform convergence under ¥ to A, ({%}).
This shows that p is a conical limit point. We let b be the collapsed set containing A, ({y;}).

Our line  equals the interior of pp’. We choose a subsequence of }; so that the cor-
responding subsequence {¥(pp’)} geometrically converges to a line passing F. Since p
and p’ are in district equivalence classes, [ (p')] converges to b, and ¥;(pp’) passes F, it
follows that ¥(p) converges to a point of the equivalence class a distinct from b by our
note above.

Finally, we remove concave end-neighborhoods for E; 1, ..., E; or add lens end neigh-
borhoods by Theorems 10.1.4 and 10.1.1. The resulting orbifold is a strict SPC-orbifold
again and we can apply the result (i) to this case and obtain (ii). (]

10.3.2. The theorem of Drutu. The author obtained a proof of the following theorem
from Drutu. See [75] for more details.

THEOREM 10.3.2 (Drutu). Let O be a strongly tame properly orbifold with gener-
alized lens-shaped ends and horospherical %- or 7 -ends and satisfies (IE) and (NA).
Let mi(E),...,m (Ey) be end fundamental groups where my(Ejy1),..., T (Ey) for I <
m are hyperbolic groups. Then m(0O) is a relatively hyperbolic group with respect to
T (E1),. .., (En) if and only if (O is one with respect to m(E1), ..., n(Ep).

PROOF. With the terminology in the paper [75], 7t (©) is a relatively hyperbolic group
with respect to the end fundamental groups 7 (E}),...,m (E,) if and only if 7 () with a
word metric is asymptotically tree graded (ATG) with respect to all the left cosets g7 (E;)
forgem(O)andi=1,...,m.

We claimed that 7 (€) with a word metric is asymptotically tree graded (ATG) with
respect to all the left cosets g (E;) for g € m; (&) and i = 1,...,m if and only if m;(0)
with a word metric is asymptotically tree graded with respect to all the left cosets g7 (E;)
forgem(O)andi=1,...,I

Conditions (¢t1) and () of Theorem 4.9 in [75] are satisfied still when we drop end
fundamental groups 7y (E,+1), ..., 71 (E,;,) or add them. (See also Theorem 4.22 in [75].)

For the condition (o) of Theorem 4.9 of [75], it is sufficient to consider only hexagons.
According to Proposition 4.24 of [75] one can take the fatness constants as large as one



268 10. RELATIVE HYPERBOLICITY AND STRICT CONVEXITY

wants, in particular 8 (measuring how fat the hexagon is) much larger than y prescribing
how close the fat hexagon is from a left coset.

If 6 is very large, left cosets containing such hexagons in their neighborhoods can
never be cosets of hyperbolic subgroups since hyperbolic groups do not contain fat hexagons.
So the condition (o) is satisfied too whether one adds 7 (E,1),..., 7 (Ey) or drop
them. t

10.3.3. Converse. We will prove the converse to Theorem 10.3.1. We will use the
theory of tree-graded spaces and asymptotic cones [76] and its appendix.

e We shave off every generalized lens-shaped R-ends of &' by Theorem 10.1.4 to
obtain (1,

e We expand O to o by adding lens neighborhoods to totally geodesic ideal
boundary components by Theorem 10.1.1.

e We then take out the interior of outside parts of the lens of &) for every T-ends
to obtain 00,

e Next we remove a collection of the mutually disjoint horospherical end neigh-
borhoods. Let the resulting compact orbifold be denoted &4,

Now S for every totally geodesic p-end E is in &) for i = 2,3,4.

PROPOSITION 10.3.3. Let € be a noncompact strongly tame properly convex real
projective orbifold with generalized admissible ends. Let 6'*) have the restricted metric
d ). Then OW is quasi-isometric with m (0).

PROOF. Let 7; (&) have the set of generators g1, ..., g4. Since we removed all the end-
neighborhoods of ¢, our orbifold & is compact. Hence, &%) has a compact fundamental
domain F. We find a function 6*) — m (0) by defining gF° to go to g and defining
arbitrarily the faces of F' to go to gg;. and hence there is a function from it to 7, (&)
decreasing distances up to a positive constant.

Conversely, there is a function from 7, (&) to & by sending g to g(xo) for a fixed
xo € F°. This is also distance decreasing up to a positive constant. Hence, this proves the
result. O

THEOREM 10.3.4. Let © be a strongly tame properly convex real projective orbifold
with generalized lens-shaped or horospherical %- or 7 -ends and satisfies (IE) and (NA).
Assume 00 is smooth and strictly convex. Suppose that mi(0) is a relatively hyperbolic
group with respect to the end groups my(E1),...,m (Ey) where E; are horospherical for
i=1,...,m and generalized lens-shaped for i = m—+1,...,k for 0 < m < k. Then O
is strictly SPC with respect to the ends E,...,E; with lens-type R-ends and T-ends or
horospherical ends.

PROOF. Since an €-mc-p-end-neighborhood is always proper by Corollary 6.2.12 for
sufficiently small &, we choose the end neighborhood of any generalized lens-shaped R-
p-end E; to be the image of an &-mc-p-end-neighborhood for some £ > 0. Assume that
all shaved-off parts are inside the union of these. We can choose all such neighborhoods
and horospherical end neighborhoods and lens-shaped end neighborhoods for T-ends to be
mutually disjoint by Corollaries 6.2.9 and 6.2.12. Let U denote the union of the inverse
images of the end neighborhoods.

Suppose that & is not strictly convex. We divide into two cases: First, we assume
that there exists a segment in bd& not contained in the closure of a p-end neighborhood.
Second, we assume that there exists a non-C'-point in bd& not contained in the closure of
a p-end neighborhood.
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(I) We assume the first case now. We will obtain a triangle with boundary in bd6G):
Let [ be a nontrivial maximal segment in bd& (3) not contained in the closure of a p-end
neighborhood intersected with bd ). First, I does not meet the closure of a horospherical
p-end neighborhood by Theorem 8.1.3. By Theorems 5.4.2 and 5.4.3 if [? meets the closure
of a lens-shaped R-p-end neighborhood, then [° is in the closure. Also, suppose that [°
meets Sz for a totally geodesic p-end E. Then [° N dCI(Sz) # 0. [ is in the hyperspace
P containing Sz since otherwise we have some points of Sz in the interior of C1(&). We
take a convex hull of /U Sz which is a domain D containing S where 71 (E) acts on. Then
D is still properly convex since so is Cl(&). Since D° has a Hilbert metric, 71 (E) acts
properly on D°. By taking a torsion-free subgroup by Theorem 1.1.19, we obtain that
Sg/m (E) — D°/m (E) has to be surjective. Hence, D° = §z. Therefore, [° C CI(Sz), a
contradiction. (See Theorem 4.1 of [61] and [20].) Therefore, / meets the closures of p-end
neighborhoods possibly only at its endpoints.

Let P be a 2-dimensional subspace containing / and meeting the interior of &) out-
side U. By above, [ is in the boundary of PN & (). Draw two segments s; and sy in
PN &) from the endpoint of / meeting at a vertex p in the interior of 6.

Let I denote the index set of components of TU. Let U; be a component of U.

Define A; to be the set of points x of [° with an open d-metric ball-neighborhood in
C1(&) NP in the closure of a single component U;. By definition, A; is open in [°. Also, I°
is not a subset of single A; since otherwise [ is in the closure of U;, a contradiction. Since
1° is connected, [? — |J;c; Ai is not empty. Choose a point x in it. For any open d-metric
ball-neighborhood B of x in CI(&) N P, we cannot have BN & C T since otherwise B is in
a single C1(U;). For each open ball-neighborhood B of x, B— U is not empty. We conclude
that (& —TU) N P has a sequence of points {x;} converging to a point x of °.

Then we claim

d ) (xi,81Usp) —> o0

Consider any sequence of any maximal straight segment ¢; from x; passing a point y; of s
or sp. Let us orient it in the direction of y; from x;. Then let .¢; be the forward endpoint
of #; and 6_t; the backward one. Then the d-distance from y; to 6.¢; goes to zero by the
maximality of /, which implies the Hilbert metric result by the cross-ratio consideration.

Recall that there is a compact fundamental domain F of & — U under the action of
m (E). Now, we can take x; to the fundamental domain F by g;. We choose g; to be a
sequence of mutually distinct elements of 7;(£). We choose a subsequence so that we
assume without loss of generality that {g;(7)} geometrically converges to a convex set,
which could be a point or a segment or a nondegenerate triangle. Since g;(T)NF # 0, and
the sequence dg;(T) exits any compact subsets of & always while

{dy0)(gi(xi),08i(T))} — o

and g;(T) passes F, we see that a subsequence of {g;(7T)} converges to a nondegenerate
triangle, say Tw.

By following Lemma 10.3.5, T, is so that dT. is in |JS(vgz) for a generalized lens-
shaped R-p-end E.

Now, T is so that dT.. C Cl(U;) for a p-end neighborhood U, of a generalized lens-
shaped end E. Then for sufficiently small € > 0, the &-d,-neighborhood of T.. N & is a
subset of U; as U; was chosen to be an €-mc-p-end-neighborhood (see Lemma 6.2.11).
However as {g;(T)} — T geometrically, for any compact subset K of &, g;(T) NK is a
subset of U, for sufficiently large i. But g;(T)NF # 0 for all i and the compact fundamental
domain F of 6 — U, disjoint from Uj. This is a contradiction.
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Also, since the triangle condition is satisfied, the generalized lens R-end must also be
alens R-end by Lemma 5.3.20.

(I1) Now we suppose that bd& has a non-C!-point x outside the closures of p-end
neighborhoods. Then we go to the dual &* and the dual group I'* where &*/T* is a
strongly tame properly convex orbifold with horospherical ends, lens-shaped T-ends or
generalized lens-shaped R-ends by Corollary 5.5.7 and Theorem 1.5.8. Here the type 7
and Z are switched for the correspondence between the ends of & and &* by Corollary
5.5.7.

Then we have a one-to-one correspondence of the set of p-ends of & to the set of
p-ends of 0*, and we obtain that x corresponds to a convex subset of dim > 1 in bdé
containing a segment / not contained in the closure of p-end neighborhoods using the map
2 in Proposition 5.5.5. Thus, the proof reduces to the case (I).

By Theorem 6.0.4, we obtain that our orbifold is strictly SPC. (]

Recall that the interior of a triangle has a Hilbert metric called the hex metric by de
la Harpe [72]. The metric space is isometric with a Euclidean space with norms given by
regular hexagons. The unit norm of the metric is a regular hexagon ball for this metric. A
regular hexagon of side length | is a hexagon in the interior of a triangle 7" with geodesic
edges parallel to the sides of the unit norms and with all edge lengths equal to /. The
regular hexagon is the boundary of a ball of radius /. The center of a hexagon is the center
of the ball.

LEMMA 10.3.5. Assume the premise of Theorem 10.3.4. Let T be a triangle in 0(3)
with T N G3) # 0 and T < bdG'®). Then T C \JS(E) for an R-p-end E.

PROOF. Let F be the fundamental domain of &),

Again, we assume that (&) is torsion-free by Theorem 1.1.19 since it is sufficient
to prove the result for the finite cover of &. Hence, (&) acts freely on &.

Let T’ be a triangle with 772 N &) + @ and 9T’ C bd&'®). Suppose that T’ meets
infinitely many horoball p-end neighborhoods in T of horospherical p-ends, and the d 6"
diameters of T’ intersected with these are not bounded. We consider a sequence of such
sets A; with d m-diameter A; going to 4-o0, and we choose a deck transformation g; so
that g;(CI(A;)) intersects the fundamental domain F of &™. We choose a subsequence so
that {g;(T’)} and {g;(A;)} geometrically converge to a triangle 7" and a compact set A
respectively. Here, T” intersects F and the interior of 7" is in &. g;(A;) = g;(T") N H; for a
horoball H; whose closure meets F'. Since only finitely many closures of the horoball p-end
neighborhoods in & meet F, there are only finitely many such H;, say H;,,...,H;,. Now,
T" meets one such H;; so that its vertex is in the boundary of 7" since the d,u-diameter
of g;(T") N H; = g;(A;) goes to +oo. This contradicts Theorem 8.1.3.

Thus, the d;)-diameters of horospherical p-end neighborhoods intersected with L
are bounded above uniformly. Therefore, by choosing a horospherical end neighborhood
sufficiently far inside each horospherical end neighborhood by Corollary 6.2.9, we may
assume that L does not meet any horospherical p-end neighborhoods. That is we choose a
horoball V’ inside a one V so that

1
dou(V',0V) > 3 sup{d o) -diam{VNT'}|V € ¥, T' € T}

where 7 is the collection of horoball p-end neighborhoods that we were given in the be-
ginning and .7 is the collection of all triangles 7’ meeting with &) and with boundary in
bd3) —(*).

For i in the index set  of p-ends, we define L, ; to be the following subsets of 6.
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e Cl(U(vz)) NGB where U(v;) is the open shaved-off concave p-end neighbor-
hood of E when E is a generalized lens-shaped R-p-end,

e CI(Sz)N G if E is a lens-shaped totally geodesic end, or

e Cl(Uz) N & for a horoball Ug for a horospherical end E.

By Theorem 1.5 of [75], 71 (©) is relatively hyperbolic with respect to
m(E1), ..., m (Ex)

if and only if every asymptotic cone 7; (&) is asymptotically tree graded with respect to
the collection of left cosets of

L= {gﬂl(Ei)|g€ ﬂl(ﬁ)/ﬂl(Ei),i: 1,...,k}.

By Theorem 5.1 of [76], & (4) with the metric d 5@ 1s asymptotically tree-graded with
respect to Ly ;,i = 1,2,..., since m (&) is quasi-isometric with 0¥ with the cosets of
71 (E;) mapping quasi-isometric into L ; by Proposition 10.3.3.

Now, we consider 0) and bdG®).

For any 6 > 0,v > 8, a regular hexagon in 77 with side length [ > v is (0, Vv)-fat
according to Definition 5.1 of Drutu [75]. By Theorem 4.22 of [75], there is )y > 0 so that
a regular hexagon H; with side length [ > v is in y-neighborhood V; of L;; with respect
to d (2) that is either contained in a concave p-end neighborhood of an R-p-end, a CA-lens
of a T-p-end or a horoball p-end neighborhood.

Choose a family of regular hexagons

{H/|H CT" 1>v6}

with a common center in 7°. Hence, U;svo H = T'o— K for a bounded set K1,K| C T,
By the above paragraph, T — K1 C Vy. Now, 0T’ C bd&®) must be in the closure of Ly;
by Lemma 10.3.6.

If L is from a horospherical p-end, 7’ must be a point. This is absurd. In the case
of a T-p-end, the hyperspace containing 7’ must coincide with one containing Sg. This
is absurd since 7' is a subset of &°. In the case of an R-p-end E, dT'° must lie on a
subset that has segments extending those segments in S(vz). Theorems 5.4.2 and 5.4.3,
this means d7 C JS(vg). O

LEMMA 10.3.6. Let V be a x-neighborhood of Ly ; in &) under the metric d ).
Then C1(V)Nbd&®) = CI(L; ;) NbdG),

PROOF. We recall the metric. We first extend & and shave off to &°. Then we remove
the parts of the lenses outside the ideal end orbifold for T-p-ends and remove horoballs of
ends to obtain &),

Clearly, CI(V)Nbd6®) > CI(L; ;) Nbd&'®). Suppose that L, ; is from a horospherical
p-end. Then the equality is clear since V is contained in a horospherical p-end neighbor-
hood.

Suppose that L ; is from a T-p-end of lens type. Then there is a CA-lens L containing
L, ;. The closure of V in ¢©) has a compact fundamental domain Fy. Theorem 5.5.4 and
Lemma 4.4.2 applied to any sequence of images of Fy imply the equality.

Suppose that L; ; is from an R-p-end of lens type. Then the closure of L;; in 60
has a compact fundamental domain Fy. Theorem 5.3.21 and Lemma 5.3.9 and Proposi-
tion 5.3.10 again show the equality since the limit sets are independent of the choice of
neighborhoods. (]
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We recapitulate the results:

COROLLARY 10.3.7. Assume that O is a strongly tame SPC-orbifold with generalized
lens-shaped or horospherical - or 7 -ends and satisfies (IE) and (NA). Let

Ela"'vEmaEm+la"'7Ek

be the ends of O where Ey1,...,Ey are some or all of the hyperbolic ends. Assume
d0 = 0. Then m(0) is a relatively hyperbolic group with respect to the end groups
m(Er),...,m(En) if and only if Oy as obtained by Theorem 10.1.4 is strictly SPC with
respect to ends E1,. .., E.

PROOF. If 7;(0) is a relatively hyperbolic group with respect to the end groups
m(E1),...,m(En), then m (€) is a relatively hyperbolic group with respect to the end
groups 7 (E}),..., 7 (E;) by Theorem 10.3.2. By Theorem 10.3.4, it follows that & is
strictly SPC with respect to the ends E1,...,E;. Theorem 10.1.4 shows that ) is strictly
SPC with respect to Ey,...,E,,.

For converse, if ) is strictly SPC with respect to Ey, ..., E,, then & is strictly SPC
with respect Ey,...,E;. By Theorem 10.3.1, 7y (©) is a relatively hyperbolic group with
respect to the end groups 7y (E}), ..., (Ex). The conclusion follows by Theorem 10.3.2.

O

10.3.4. A topological result.

PROPOSITION 10.3.8. Let X be a compact metrizable space. Let €x be a countable
collection of mutually disjoint compact connected sets. The collection has the property
that Cx := Ucewy crk-0C is closed for any closed set K. We define the quotient space
X/ ~ with the equivalence relation x ~ y iff x,y € C for an element C € €x. Then X/ ~ is
metrizable.

PROOF. We show that X/ ~ is Hausdorff, 2-nd countable, and regular and use the
Urysohn metrization theorem. We define a countable collection % of open sets of X as
follows: We take an open subset L of X that is an €-neighborhood for € € Q,€ > 0 of an
element of ¥y or a point of a dense countable set ¥ in X — | %x. We form

L- |y c
CNbdL#0,C<%y
for all such L containing an element of %x or a point of Y. This is an open set by the premise
since bdL is closed. The elements of % are neighborhoods of elements of ¥ and Y. Also,
each element of %y or a point of Y is contained in an element of %. Furthermore, each
element of 2 is a saturated open set under the quotient map. Hence, X/ ~ is Hausdorff
and 2-nd countable.

Now, the proof is reduced to showing that X/ ~ is regular. For any saturated compact
set K in X and a disjoint element Y of @y or a point of X not in any of ¥y, let Ux and Uy
denote the disjoint neighborhoods of X of K and Y respectively. We form

U:=Ug— U C,andV :=Vg — U c
CNbdUg #0,Ce%x CNbdVk #0,Cc%x
Then these are disjoint open neighborhoods. (I



CHAPTER 11

Openness and closedness

Lastly, we will prove the openness and closedness of the properly (resp. strictly)
convex real projective structures on the deformation spaces of a class of orbifolds with
generalized lens-shaped or horospherical - or .7 -ends. We need the theory of Cram-
pon and Marquis and Cooper, Long, and Tillmann on the Margulis lemma for convex real
projective manifolds. The theory here partly generalizes that of Benoist on closed real pro-
jective orbifolds. In Section 11.1, we give some definitions and state the main results of
the monograph: various Ehresmann-Thurston-Weil principles holding in certain circum-
stances. In Section 11.2, we state the openness results that we will prove in this chapter.
Mainly, we will use fixing-sections to prove the results here. We will show that the small
deformations preserve the convexity. The idea is to use the Hessian functions in the com-
pact part and use the approximation of the original domain by the covering domains of the
end neighborhoods. In Section 11.3, we will show the closedness of the convexity under
the deformations, first assuming the irreducibility of the holonomy representations. In Sec-
tion 11.3.3, we show that we actually do not need to assume the irreducibility a priori. Any
sequence of properly convex real projective structures will converge to the one whenever
the corresponding sequence of representations converges algebraically. In Section 11.4,
we prove Theorem 11.1.4, the most general result of this monograph. Here, we show the
natural existence of the fixing section.

11.0.0.1. Main theorems. We now state our main results:

e We define Deffgilh(ﬁ) to be the subspace of Defz (&) consisting of real projec-
tive structures with generalized lens-shaped or horospherical #Z- or .7 -ends and
stable irreducible holonomy homomorphisms.

e We define CDef ¢ 1 () to be the subspace of Def s (€) consisting of SPC-structures
with generalized lens-shaped or horospherical Z- or 7 -ends.

e We define CDefs , 1n(©) to be the subspace of Defgs (&) consisting of SPC-
structures with generalized lens-shaped or horospherical %Z- or .7 -ends.

e We define SDef¢ 1, (&) to be the subspace of Defe 1, () consisting of strict SPC-
structures with lens-shaped or horospherical %- or .7 -ends.

e We define SDefs , 1n(&) to be the subspace of Defs  1n(€) consisting of strict
SPC-structures with lens-shaped or horospherical %- or .7 -ends.

By defintion, these spaces all have stable holonomies only. (By Theorem 6.0.4, some
of these has to have stable holonomies by a topological conditions.) We remark that these
spaces are dual to the same type of the spaces but we switch the #Z-end with J-ends
and vice versa by Proposition 5.5.5. Also by Corollary 6.3.3, for strict SPC-orbifolds
with generalized lens-shaped or horospherical Z%- or .7 -ends have only lens-shaped or
horospherical Z- or 7 -ends.

The following theorems are to be regarded as examples of the so-called Ehresmann-
Thurston-Weil principle.

273
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THEOREM 11.0.1. Let O be a noncompact strongly tame n-orbifold, n > 2, with gen-
eralized lens-shaped or horospherical %#- or T -ends. Assume d 0 = 0. Suppose that O
satisfies (IE) and (NA). Then the subspace

CDefs uin(0) C Defy , 11(0)

is open.

Suppose further that every finite-index subgroup of m(0') contains no nontrivial in-
finite nilpotent normal subgroup. Then hol maps CDefg (&) homeomorphically to a
union of components of

rep£7u,lh(nl (ﬁ)7 PGL(n+ lvR))

THEOREM 11.0.2. Let O be a strict SPC noncompact strongly tame n-dimensional
orbifold, n > 2, with lens-shaped or horospherical %- or 7 -ends and satisfies (IE) and
(NA). Assume 00 = 0. Then

o 1 (0) is relatively hyperbolic with respect to its end fundamental groups.
e The subspace SDefg yn(0) C Defyy  \,(O) of strict SPC-structures with lens-
shaped or horospherical Z- or T -ends is open.

Suppose further that every finite-index subgroup of m,(0') contains no nontrivial infinite
nilpotent normal subgroup. Then hol maps the deformation space SDef , 1n(O) of strict
SPC-structures on O with lens-shaped or horospherical Z- or 7 -ends homeomorphically
to a union of components of

repé’7u,lh(nl (ﬁ)7 PGL(n+ lvR))

Theorems 11.0.1 and 11.0.2 are proved by dividing into the openness result in Section
11.0.1 and the closedness result in Section 11.0.2.

11.0.1. Openness. For openness of SDefs j,(€), we will make use of:

COROLLARY 11.0.3 (Corollary 10.3.7). Assume that O is a noncompact strongly tame
SPC n-orbifold, n > 2, with generalized lens-shaped or horospherical %- or 7 -ends and
satisfies (IE) and (NA). Let

Ey, ... E
be the ends of 0. Assume 00 = 0. Then m(0) is a relatively hyperbolic group with
respect to the end groups m(E1), ..., (Ey) if and only if O is strictly SPC with respect to
ends Ey,... Ey.

THEOREM 11.0.4. Let O be a noncompact strongly tame real projective n-orbifold,
n>2, and satisfies (IE) and (NA). Assume d 0 = 0. In Defiunh(ﬁ ), the subspace CDefe  1n(O)
of SPC-structures with generalized lens-shaped or horospherical Z- or T -ends is open,
and so is SDefg y1n(O).

PROOF. Homy ,(71(&),PGL(n+ 1,R) is an open subset of Home (71 (&), PGL(n +
1,R)) by Proposition 9.2.3. On Homy, (7 (€),PGL(n+ 1,R)) has a uniqueness section
defined by Lemma 11.0.5. Now, Theorem 11.0.6 proves the result. (I

We are given a properly real projective orbifold &' with ends Ey,...,E,, of Z-type
and E¢ 41,...,E¢ 1¢, of T-type. Let us choose representative p-ends E 1,---,Ee1 and
Ee i1y, Ee 1o, Again, ey is the number of %-type ends, and e, the number of .7 -type
ends of 0.

We define a subspace of Home 1, (7 (&), PGL(n+1,IR)) to be as in Section 9.2.
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Let 7 be an open subset of a semi-algebraic subset of
Hom (7, (€),PGL(n+ 1,R))
invariant under the conjugation action of PGL(n+ 1,R) so that the following hold:

e one can choose a continuous section s,g) 1 ¥ — (RP")°! sending a holonomy
homomorphism to a common fixed point of I'z, fori=1,...,e; and

(1)

® 5y satisfies

sfy” (gh()g ") =g s,()) (h(-)) for g € PGL(n+1,R).

(1)

sy, is said to be a fixed-point section.
If E; for every i = 1,...,e; has a p-end neighborhood with a radial foliation with

leaves developing into rays ending at the point of the i-th factor of sﬂ)), we say that radial

end structures are determined by SE/}).

Again we assume that ¥ is a open subset of a semi-algebraic subset of
Hom 1y, (1 (0),PGL(n+ 1,R))
invariant under the conjugation action by PGL(rn+ 1,R), and the following hold:

e one can choose a continuous section s,(;) : ¥ — (RP"™) sending a holonomy
homomorphism to a common dual fixed point of FEI, fori=e;+1,...,e; +e3,

o 5\ satisfies s (gh(-)g™!) = ()~ o5t ((-)) for g € PGL(n+1,R), and

e letting Py (E;) denote the null space of the i-th value of s,(ﬁ fori=e;+1,...,e1+
ez, I'iz, acts on the hyperspace Py (E;) satisfying the lens-condition for ;.

)

sy, is said to be a dual fixed-point section.
Ifeach E; foreveryi=e; +1,...,e; +e2
e has a p-end neighborhood with the ideal boundary component in the hyperspace
determined by the i-th factor of st provided E; is a T-end, or
e has a p-end neighborhood containing a I'z-invariant horosphere tangent to the
hyperspace determined by the i-th factor of sgj) provided E; is a horospherical
end,

we say that end structures for the totally geodesic end are determined by s.(,?.
We define sy : ¥ — (RP")°t x (RP"™)¢2 as s,(yl) X s,{,%) and call it a fixing section.
LEMMA 11.0.5. We can define section
su : Homg y 1n (1 (0),PGL(n+1,R)) — (RP")*! x (RP"*)*
by choosing for each holonomy and each p-end the unique fixed point and the unique

hyperspace as the images.

PROOF. s, is a continuous function since a sequence of fixed points or dual fixed
points of end holonomy group is a fixed point or a dual fixed point of the limit end holo-
nomy group. (]

We call s, the uniqueness section.
Let ¥ and sy : ¥ — (RP")® x (RP"™)¢2 be as above.
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e We define Deffy | ,(€) to be the subspace of Defs s, (&) of real projective
structures with generalized lens-shaped or horospherical %- or .7 -end structures
determined by sy, and stable irreducible holonomy homomorphisms in 7.

e We define CDefe 5, 1n(©) to be the subspace consisting of SPC-structures with
generalized lens-shaped or horospherical Z- or .7 -end structures determined by
sy and holonomy homomorphisms in " in Def}, ; ,,(&).

e We define SDefs ., 1n (0)) to be the subspace of consisting of strict SPC-structures
with lens-shaped or horospherical %Z- or 7 -end structures determined by s and
holonomy homomorphisms in ¥ in Def} | ,(&).

THEOREM 11.0.6. Let & be a noncompact strongly tame real projective n-orbifold,
n > 2, with generalized lens-shaped or horospherical %- or 7 -ends and satisfies (IE) and
(NA). Assume 00 = 0. Choose an open PGL(n+ 1,R)-conjugation invariant subset of a
union of semialgebraic subsets of

¥ C Homy y, (71 (0),PGL(n+ 1,R)),

and a fixing section sy .V — (RP")¢1 x (RP"™)¢2.
Then CDefys s, 1n(O) is open in Defi@’s%lh(ﬁ), and so is SDefe g, 1n(O).

This is proved in Theorem 11.2.1.
By Theorems 11.0.4 and 11.0.6, we obtain:

COROLLARY 11.0.7. Let € be a noncompact strongly tame real projective n-orbifold,
n > 2, with generalized lens-shaped or horospherical %- or 7 -ends and satisfies (IE) and
(NA). Assume 0O = 0. Then

hol : CDefg 4 1n(O) — repj , 1n (71 (0),PGL(n+1,R))

is a local homeomorphism.
Furthermore, if O has a strict SPC-structure with lens-shaped or horospherical Z- or
T -ends, then so is

hol : SDefe y1n(0) — repie , 1y (11(0), PGL(n+1,R)).

11.0.2. The closedness of convex real projective structures. The results here will
be proved in Chapter 11 in Part 3.
We recall
rep (71 (0),PGL(n+ 1,R))

the subspace of stable irreducible characters of
repg(m (€),PGL(n+ 1,R))

which is shown to be the open subset of a semi-algebraic subset in Section 9.2, and de-
note by rep% , (71 (0),PGL(n+ 1,R)) the subspace of stable irreducible characters of
repe y 1n (71 (€),PGL(n+ 1,R)), an a union of open subsets of semialgebraic sets.

THEOREM 11.0.8. Let & be a noncompact strongly tame SPC n-orbifold, n > 2, with
generalized lens-shaped or horospherical - or 7 -ends and satisfies (IE) and (NA). As-
sume 00 = 0, and that the nilpotent normal subgroups of every finite-index subgroup of
m (O) are trivial. Then the following hold

o The deformation space CDefg 1n(O) of SPC-structures on O with generalized
lens-shaped or horospherical - or T -ends maps under hol homeomorphically
to a union of components of repg , 1n(71(0),PGL(n+1,R)).



11.1. INTRODUCTION 277

o The deformation space SDefg , 1n(O) of strict SPC-structures on O with lens-
shaped or horospherical %#- or 7 -ends maps under hol homeomorphically to
the union of components of repg ,, 1n(71(€),PGL(n+ 1,R)).

PROOF. Homy, ,(71(€),PGL(n+1,R) is an open subset of Hom (71 (&),PGL(n +
1,R) by Proposition 9.2.3. Corollary 11.3.5 proves this by the existence of the uniqueness
section of Lemma 11.0.5. (]

The following is probably the most general result.

THEOREM 11.0.9 (Theorem 11.1.4). Let & be a noncompact strongly tame SPC n-
orbifold, n > 2, with generalized lens-shaped or horospherical %- or 7 -ends and satisfies
(IE) and (NA). Assume 0 0 = 0. Then

o Suppose that every finite-index subgroup of T (O') contains no nontrivial infinite
nilpotent normal subgroup and d 0 = 0. Then hol maps the deformation space
CDefg 1n(O) of SPC-structures on O with generalized lens-shaped or horospher-
ical #- or T -ends homeomorphically to a union of components of

repg’lh(ﬂ:l (0),PGL(n+ 1,R)).

e Suppose that every finite-index subgroup of T (O') contains no nontrivial infinite
nilpotent normal subgroup and 0 © = 0. Then hol maps the deformation space
SDefg 1n(O) of strict SPC-structures on O with lens-shaped or horospherical -
or T -ends homeomorphically to a union of components of

rep&lh(m (0),PGL(n+ 1,R)).

For example, these apply to the projective deformations of hyperbolic manifolds with
torus boundary as in [6].

11.1. Introduction

We will allow for these structures that a radial lens-cone end could change to a horo-
spherical type and vice versa, and a totally geodesic lens end could change to a horospher-
ical one and vice versa. However, we will not allow a radial lens-cone end to change to a
totally geodesic lens end.

For a strongly tame orbifold &, we recall conditions in Definition 6.0.1.

(IE) O or 7 (0) satisfies the infinite-index end fundamental group condition (IE) if
[m1(E) : w1 (0)] = o for the end fundamental group 7; (E) of each end E.
(NA) O or m;(0) satisfies the nonannular property if
m (El) N (Ez)
is finite for two distinct p-ends £} and Ej of 0.
The following theorems are to be regarded as examples of the so-called Ehresmann-
Thurston-Weil principle.

THEOREM 11.1.1. Let © be a strongly tame n-orbifold with generalized lens-shaped
or horospherical %- or 7 -ends. Assume d 0 = 0. Suppose that O satisfies (IE) and (NA).
Then

o the subspace of SPC-structures
CDef(g”th(ﬁ) - Deffgp’mlh(ﬁ)

is open.
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e Suppose further that every finite-index subgroup of m\ () contains no nontrivial
infinite nilpotent normal subgroup and d 0 = 0. Then hol maps CDefg , 1n(0)
homeomorphically to a union of components of

repéa,u,lh(ﬂl (ﬁ)7 PGL(n+ 17R))

The proof of Theorem 11.1.1 and that of following Theorem 11.1.3 are as follows:
The openness follows from Theorem 11.2.1 by the uniqueness section obtained by Lemma
11.0.5. Corollary 11.3.5 proves the closedness. For the first item of Theorem 11.1.3, we
give:

REMARK 11.1.2. A strongly tame SPC-orbifold & with generalized lens-shaped or
horospherical Z- or 7 -ends satisfying (IE) and (NA) is strictly SPC with lens-shaped or
horospherical Z- or .7 -ends if and only if 7; (&) is relatively hyperbolic with respect to
its end fundamental groups. Corollary 6.3.3 shows this by Theorems 10.3.1 and 10.3.4.

THEOREM 11.1.3. Let O be a strongly tame strictly SPC n-dimensional orbifold with
lens-shaped or horospherical %- or .7 -ends and satisfies (IE) and (NA). Assume 00 = 0.
Then

o 1, (0) is relatively hyperbolic with respect to its end fundamental groups.

e The subspace SDefg 1n(0) C Defy 1,(O), of strict SPC-structures with lens-
shaped or horospherical %- or T -ends is open.

o Suppose further that every finite-index subgroup of m\ () contains no nontrivial
infinite nilpotent normal subgroup and 0 0 = 0. Then hol maps the deformation
space SDefg y1n(O) of strict SPC-structures on O with lens-shaped or horo-
spherical %- or T -ends homeomorphically to a union of components of

repg u n(71(0),PGL(n+ 1,R)).
Finally, we use the eigenvector-sections to prove in Section 11.4:

THEOREM 11.1.4 (Main result of the monograph). Let & be a strongly tame n-dimensional
SPC-orbifold with lens-shaped or horospherical %- or 7 -ends and satisfies (IE) and (NA).
Assume d0 = 0. Then

e Suppose that every finite-index subgroup of T (0') contains no nontrivial infinite
nilpotent normal subgroup and d 0 = 0. Then hol maps the deformation space
CDefe 1n(O) of SPC-structures on O with generalized lens-shaped or horospher-
ical #- or T -ends homeomorphically to a union of components of

repéa,lh(nl(ﬁ)v PGL(”+ 17R))

e Suppose that every finite-index subgroup of T (0') contains no nontrivial infinite
nilpotent normal subgroup and 0 © = 0. Then hol maps the deformation space
SDefe 1n(O) of strict SPC-structures on O with lens-shaped or horospherical % -
or T -ends homeomorphically to a union of components of

repg (71 (0),PGL(n+ 1,R)).

For example, these apply to hyperbolic manifolds with torus boundary as in [6].

11.2. The openness of the convex structures

In this section also, we will only need RP” versions. Given a strongly tame real projec-
tive orbifold & with ey Z-ends and e, 7 -ends, eachend E;,i=1,...,e1,e1+1,...,e1+ea,
has an orbifold structure of dimension n — 1 and inherits a real projective structure.

Let % and sq : % — (RP")°1 x (RP™)*2 be as in Section 9.4.1.
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e We define Def}; ,(&) to be the subspace of Defs (&) of real projective
structures with generalized lens-shaped or horospherical Z- or 7 -ends deter-
mined by s, and stable irreducible holonomy homomorphisms in %/ .

e We define CDefgysﬂ//Jh(ﬁ) to be the subspace consisting of SPC-structures with
generalized lens-shaped or horospherical %- or .7-ends in Defe s, 1n(©).

e We define SDefy s, 1n (&) to be the subspace of consisting of strict SPC-structures
with lens-shaped or horospherical %- or .7 -ends in Defe ,, 1n(O).

THEOREM 11.2.1. Let O be a strongly tame real projective n-orbifold with gener-
alized lens-shaped or horospherical - or J -ends and satisfies (IE) and (NA). Assume
that 00 = 0. For a PGL(n+ 1,R)-conjugation invariant open subset % of a union of
semi-algebraic subsets of

Homj ,(m1(0),PGL(n+1,R)),

and a PGL(n+ 1,R)-equivariant fixing section sqy : % — (RP")°1 x (RP"™)2, the follow-
ing are open subspaces

CDef(,@_M%lh(ﬁ) (@ Deff?,s/l;/.]h(ﬁ)’
SDefg 5, 1n(€) C Defyy  1n(O).

For orbifolds such as these, the deformation space of convex structures may only be a
proper subset of space of the characters.
By Theorem 11.2.1 and Theorem 9.4.5, we obtain:

COROLLARY 11.2.2. Let © be a strongly tame real projective n-orbifold with gen-
eralized lens-shaped or horospherical %- or T -ends and satisfies (IE) and (NA). Assume
that 00 = 0. Let % and sq, be as in Theorem 11.2.1. Suppose that % has its image %' in

reps (71 (6), PGL(n+ 1, R)).

Then
hol : CDef s, 1n(6) — %'

is a local homeomorphism, and so is
hol : SDefe s, 1n(0) — U'.
PROOF. Theorem 9.4.5 shows that the map
hol: Defyy | () — repi(m1(0),PGL(n+1,R))

is an open one when we don’t require “ce” condition. Proposition 11.2.6 tells us the open-
ness of the images here. Theorem 11.2.1 completes the proof. (]

Here, in fact, one needs to prove for every possible continuous section.
Koszul [114] proved these facts for closed affine manifolds and expanded by Goldman
[88] for the closed real projective manifolds. See [49], [61] and also Benoist [23].

11.2.1. The proof of the openness. The major part of showing the preservation of
convexity under deformation is Proposition 11.2.4 on Hessian function perturbations. (These
parts are already explored in [66]; however, we are studying R-ends and T-ends, and we
also have conceived these ideas independently.)

We mention that our approach for openness is slightly different from that of Cooper-
Long-Tillman [67] since they are using their canonical invariant hessian metrics for end-
neighborhoods. Our hessian metrics for end-neighborhoods are not canonical ones as theirs
are.
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Recall that a convex open cone V is a convex cone of R"*! containing the origin O in
the boundary. Recall that a properly convex open cone is a convex cone so that its closure
does not contain a pair of ¥, —¥ for a nonzero vector in R"*!. Equivalently, it does not
contain a complete affine line in its interior.

A dual convex cone V* to a convex open cone is a subset of R"T!* given by the
condition ¢ € V* if and only if ¢ (¥) > 0 for all v € CI(V) — {O}.

Recall that V is a properly convex open cone if and only if so is V* and (V*)* =V
under the identification (R"+!*)* = R"*!. Also, if V C W for a properly convex open cone,
then V* D W*.

For properly convex open subset Q of §”, its dual Q* in S™ is given by taking a cone
V in R"*! corresponding to Q and taking the dual V* and projecting it to S"*. The dual Q*
is a properly convex open domain if so was Q.

Recall the Koszul-Vinberg function for a properly convex cone V and the dual properly
convex cone V*

(11.2.1) fy+:V = R, defined by x € V 5 fiy« (x) = / e ?Wdg
V*

where the integral is over the euclidean measure in R"*!*, This function is strictly convex
if V is properly convex. fy» is homogeneous of degree —(n+ 1). Writing D as the affine
connection, we will write the Hessian Dd log( f). The hessian is positive definite and norms
of unit vectors are strictly bounded below in a compact subset K of V — {O}. (See Chapter
4 of [86] and [152].) The metric Ddlog(f) is invariant under the group Aff(V) of affine
transformation acting on V. (See Theorem 6.4 of [86].) In particular, it is invariant under
scalar dilatation maps. (For extensive survey, see Shima [143].)

A Hessian metric on an open subset V of an affine space is a metric of form 92 f /9x;dx;
for affine coordinates x; and a function f : V — R with a positive definite Hessian defined
on V. A Riemannian metric on an affine manifold is a Hessian metric if the manifold is
affinely covered by a cone and the metric lifts to a Hessian metric of the cone.

Let & have an SPC-structure y with generalized lens-shaped or horospherical Z- or
T -ends. Clearly & is a properly convex open domain. Then an affine suspension of &
has an affine Hessian metric defined by Dd¢ for a function ¢ defined on the cone in R”*!
corresponding to & by above.

A parameter of real projective structures [;,t € [0,1] on a strongly tame orbifold &
is a collection so that the restriction u;|K to each compact suborbifold K is a continuous
parameter; In other words, the associated developing map dev, |I€ : K — S" (resp. RP") for
every compact subset K of & is a family in the C"-topology continuous for the variable .
(See Definition 9.3.9, Choi [49] and Canary-Epstein-Green [33].)

DEFINITION 11.2.3. Let & be a strongly tame orbifold with ends. Let U be a union
of mutually disjoint end neighborhoods, and let ty and p; be two real projective structures
on 0. Let devy,dev; : 0 — S" be extended developing maps. We say that i and y; on
O are 8-close in the C"-topology, r > 2, on the compactification & if for a compact path-
connected domain K in & mapping onto &, the associated developing maps go o devo|K
and g odev;|K are §-close in C"-topology for some go and g in SL+(n+ 1,R).

Recall the Vinberg metric from Sections 4.4 and 12.3 of Goldman [89], which is a
Hessian metric.

PROPOSITION 11.2.4. Let O be a strongly tame orbifold with ends and satisfies (IE)
and (NA). Suppose that O has an SPC structures [y with generalized lens-shaped or horo-
spherical Z- or T -ends and the affine suspension of O with Uy has a Hessian metric.
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(See Section 1.2.1.) The ends of O are given Z-type or 7 -types. Suppose that one of the
following holds:

o L is SPC, and a C"-continuous parameter, r > 2, of real projective structure L,
t €10,1], radial or totally geodesic ends with end holonomy groups of general-
ized lens-shaped or horospherical %- or 7 -ends where the Z-types or T -types
of ends are preserved.

o We may also let W, to be a sequence for t; € [0,1] with {u,} — o as t; — 0 in
the C"-topology for r > 0.

Then for sufficiently small t, the affine suspension C (5’ ) for O with 1, also has a Hessian
metric invariant under the group of dilatations.

PROOF. We will prove for S". It will be sufficient since we aim to obtain the Hessian
metric on C(&). We will keep & and the action of the deck transformation group fixed
and only change the structures on it. Note that the subsets here remain fixed and the only
changes are on the real projective structures, i.e., the atlas of charts to S”.

Let & in S denote the universal covering domain corresponding to piy. Again devy
being an embedding identifies the first with subsets of S” but dev, is not known to be so.
We shall prove this below.

We will prove this by steps:

(A) The first step is to understand the deformations of the end-neighborhoods.

(B) We change the Hessian function on the cone associated with the universal covers.
We need to obtain one for the deformed end neighborhoods by Hessian functions
from Koszul-Vinberg integrals and another one the outside of the union of end
neighborhoods by isotopies and patch the two together.

(A) Let E' be a p-end of &, and it corresponds to a p-end of &’ as well. Let E be the
end of & corresponding to E. There exists a C’-parameter of real projective structures L
with generalized lens-shaped or horospherical %- or .7 -ends. We can also find a parameter
of developing maps dev, associated with 1, where dev,|K is a continuous with respect to ¢
for each compact K C 0. To begin with, we assume that £’ keeps being a lens-shaped or
horospherical p-end.

Let h; denote the holonomy homomorphism associated with dev, for each ¢. Recall
that Theorems 6.1.1 and 6.1.2 study the perturbation of lens-shaped R-ends and T-ends.
Lemma 9.4.3 studies the perturbations of a horospherical %- or .7 -end to either a R-end
or to a T-end.

In this monograph, we do not allow Z-type ends to change to .7 -type ends and vice
versa as this will make us to violate the local injectivity property from the deformation
space to a space of characters. (See Theorem 9.4.5.) Let E be a p-end. Thus, we need to
consider only four cases to prove openness:

(I): h,(E) changes from the holonomy group of a radial p-end to that of a radial
p-end in the cases:
(a): i (E) changes from the holonomy group of a radial p-end of generalized
lens-shaped becoming that of a generalized lens-shaped radial p-end.
(b): h(E) changes from the holonomy group of a horospherical p-end to that
of a generalized lens-shaped radial p-end or a horospherical p-end.
(ID: h(E) changes from the holonomy group of totally geodesic ends of lens type
or horospherical Z- or .7 -ends changes to that of themselves here.
(a): h,(E) changes from the holonomy group of a lens-shaped totally geodesic
p-end to that of a lens-shaped totally geodesic p-end.
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(b): h;(E) changes from the holonomy group of a horospherical p-end to that
of a horospherical p-end or to a lens-shaped totally geodesic p-end.

These hold for the corresponding holonomy homomorphisms of the fundamental groups
of ends by the premise. (The above happens in actuality as well. See [4],[5], and [6].)

We will now work on one end at a time: Let us fix a p-end E of R-type of &. Let v be
the p-end vertex of E for yy and v/ that for i;. We denote by v = vg and v/ = v|. Assume
that v, is the p-end vertex of E for y;. Let dev, and %, denote the developing map and
the holonomy homomorphism of y,. Assume first that the corresponding p-end for u is of
radial or horospherical type. By post-composing the developing map by a transformation
near the identity, we assume that the perturbed vertex v, of the corresponding p-end E is
mapped to vy, i.e., v = dev,(v;).

(I) Suppose that E is a generalized lens-shaped radial p-end or a horospherical p-end
for ty. Then the holonomy group of E is that of a generalized lens-shaped radial p-end or
a horospherical p-end for y; under (I).

Let Ag denote the limit set in the tube of the radial p-end E for & if E is lens-shaped
radial p-end, or {vz = v} if E is a horospherical type for . (See Definition 6.2.1.)

e Recall that Ry(dev,(0)) denotes the space of directions of segments from v in
dev,(0),
e Ry(dev,(A;)) denotes the space of directions of segments from v of dev,(&) in

Ry (©0) passing through the set dev(4;) C dev,(0).

(i) We first find domains Q,, with smooth boundary approximating & on which (7, (E))
acts. Here so will be a parameter that we will use to vary Qg for fixed holonomy repre-
sentations. Here, £, is a lens-cone for 0 with Uo so that 8950 = bd 3£, which is the top
boundary component of the lens.

e Suppose that E is a lens-shaped lens-shaped R-p-end for y. Then we obtain a
hypersurface d€y, as the top boundary component of a CA-lens as obtained by
Theorem 5.1.4. The property of the strict lenses of Theorems 5.4.2 and 5.4.3
imply

Cl(9Q;,) — 0y, C Ay,

for the limit set Ay, of E since a generalized lens-shaped end also satisfies the
uniform middle eigenvalue condition by Theorem 5.3.21. Also, each radial ge-
odesic is transverse to dQ,. dQ U[JS(v) bounds a properly convex domain
Q.

e Suppose that £ is a horospherical R-p-end for ity. Then we obtain a dQ;, as
a boundary of a convex domain invariant under k(7 (E)). Again Q,, U {v}
bounds a properly convex domain Q.

Choose some small € > 0. By Lemma 6.2.8, if E is a lens-shaped R-p-end or a horo-
spherical R-p-end, we may choose €2, that

dy(Qy,,0) < &.

Suppose that E is merely a generalized lens-shaped R-p-end. Then we can still form
a lens-cone neighborhood V of in the tube domain corresponding to the directions of the
p-end domain £z for £. We can choose a smooth top boundary component approximates
bd& — US(¥j) from outside by Proposition 5.3.14. Hence, any € > 0, sufficiently large 0
satisfies

du(Q,,,0) <€
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still holds. Here, dQ,, may not be a subset of O unless E is lens-shaped and not just
generalized lens-shaped. However, this is irrelevant for our purposes.

For each €, we will choose the parameter sg so that the above is satisfied. So, s¢ is
considered to vary for our purposes.

(ii) Now our purpose is to find a convex domain Q,, where /(7 (E) acts on and
approximating Qg, and show that it contains an embedded image of a p-end neighborhood.
We denote by iE‘t the universal cover of the end orbifold associated with for a p-end E of
& with y,. By our end holonomy group condition in the premise, Corollary A.1.12 shows
that i,;’, is again complete affine or properly convex.

For the Z-type end E, ¢ has a concave end-neighborhood or a horospherical end-
neighborhood for E bounded by a smooth compact end orbifold S} transverse to the radial
rays. Here, S}, is diffeomorphic to X clearly.

For a sufficiently small 7 in (1, we obtain a domain U, C & with Uy C Qy,/ho(m (E))
bounded by an inverse image of a compact orbifold S%y, diffeomorphic to S}, still transverse
to radial rays by Propositions 5.3.11 and 5.3.12. S}, is either strictly concave if Sg was
strictly convex if £z was horospherical. (The strict convexity and the transversality follow
since the change of affine connections are small as the argument of Koszul [114].)

Since the change was sufficiently small, we may assume that S}, , still bounds an end-
neighborhood U; of product form by Lemma 11.2.5.

O

LEMMA 11.2.5. Suppose that U is a R-p-end neighborhood of &' covering an end-
neighborhood U of an end E in 0. Then for sufficiently small change of real projective
structures in C"-sense, r > 2, in the compact open topology, hypersurface S; sufficiently
close to S in the C°-sense in terms of a parameterizing map still bounds an end neighbor-
hood of E. Letting S; be a component of the inverse image of S on which mty(E) acts, we
still have that S, bounds a p-end neighborhood of E.

PROOE. Straightforward. O

PROOF OF PROPOSITION 11.2.4 CONTINUED. Let A, denotes the limit setin [JS(v),
for generalized radial p-end cases and A, = {v} for the horospherical case. Let S(v), denote
the set of maximal segments in the closure of U; from v corresponding to bdR, (dev,(&))
of w,.

Suppose that £ is a lens-shaped R-p-end for py. We showed above that the C"-change
r > 2 of y; from py be sufficiently small so that we obtain a region y , in By with dQ ;
strictly convex and transverse to radial rays under dev;. Here, Q) o = €2y, .

Choose a compact domain F in dQ,,. Let F; denote the corresponding deformed set
in dQ,, ;. By Theorem 8.1.2, m; (E) is virtually abelian. For sufficiently small #,0 <t < 1,
dev,(F}) is a subset of the tube B, determined by dev,(U;) since B, and a paramterization
of dev,(F;) depends continuously on ¢ by Corollary A.1.13.

e By transversality to the segments mapping to ones from v under dev;,, it follows
that dev, |dQ, ; gives us a smooth immersion to a convex domain 257, that equals
the space of maximal segments in B; with vertices v and v_.

e By Corollary A.1.12, the immersion dev,;|d€y,; to a properly convex domain
£z, is a diffeomorphism if £z, is properly convex. It is also so if A (m; (E)) is
horospherical since this follows from the classical Bieberbach theory using the
Euclidean metric on £z where it develops.
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Since 71 (E) is the fundamental group of a generalized lens-shaped or horospherical p-end,
it follows that
dev; (Cl(dQy, ;) — 9Ly, ;) C dev,(A;)
by Theorems 8.1.3, 5.4.2, and 5.4.3.
Suppose that E is a generalized lens-shaped or lens-shaped R-p-end for ;, t > 0.
Since d€Q, ; is convex, each point of dQ, ; UJS(v); has a neighborhood that maps under

the completion dev, to a convex open ball. Thus, dQ, ; UJS(v); bounds a compact ball
Q. UUS(v); by Lemma 1.4.3 since the local convexity implies the global convexity and
they are in B;.
Suppose that £ is a horospherical R-p-end. For t > 0, dQ,, U{v} bounds a convex
domain €, by the local convexity of the boundary set dQ,; U{v} and Lemma 1.4.3.
]

PROPOSITION 11.2.6. Assume as in Proposition 11.2.4, and (I) in the proof. Then for
W for sufficiently small t, the end corresponding to E is always generalized lens-shaped
R-end or a horospherical R-end. Also, if 1 is sufficiently C"-close to |, then the end of O
with ' is a generalized lens-shaped R-end or a horospherical R-end.

PROOF. The above arguments prove this since we are studying arbitrary deformations.
(]

PROOF OF PROPOSITION 11.2.4 CONTINUED. (iii) We will show how these regions
deform approximating Q, in the Hausdorff metric sense. We define r(K) the union of
great segments with an endpoint v in directions of K, K C R, .

e Let K be a compact convex subset of Qg o with smooth boundary, and K; the
perturbed one in €, ; and E be the corresponding p-end. We can form a compact
set inside Qg ; consisting of segments from the p-end vertex to K in the set
of radial segments. For y, from o changed by a sufficiently small manner, a
compact subset ry(K) C ry (&) is changed to a compact convex domain T (K;) C
Ty (ZE,t)'

We choose sg large enough so that K C ng. For sufficiently small 7, Qg ; N1y (K;) is
a convex domain since dQy, is strictly convex and transverse to great segments from v
and hence embeds to a convex domain under dev,. We may assume that Qg , N ry(K;) is
sufficiently close to Qg Nr,(K) as we changed the real projective structures sufficiently
small in the C"-sense. See Definition 11.2.3.

An g-thin space is a space which is an £-neighborhood of its boundary for small £ > 0.
By Lemma 3.1.5 and Corollary A.1.13, we may assume that Cl(ry (&) and Cl(ry,(0)) are
e-d-close convex domains in the Hausdorff sense for sufficiently small . Thus, given an
€ > 0, we can choose K and K] and a sufficiently small deformation of the real projective
structures so that Qg N (ry(&) —ry(K)) is an e-thin space, and so is Qg N (ry(0) —
ry(K;)) for sufficiently small changes of t. Moreover,

Cl(Qy,) N (1y(0) — 1y(K)) C Ne(Cl(Qy, N1y (K))) and
(11.2.2) Cl(Qyy,) N (1y(0) — 1y (K;)) C Ne(CL(Qyp, Ny (K7)));
The reason is that the sharply supporting hyperspaces of CI(Q;,) at points of dry(K) N
ClI(Q;,) are in arbitrarily small acute angles from geodesics from v and similarly for those
of C1(Qy, ) for sufficiently small 7 by Corollary 5.5.8.

Therefore we conclude for (I) that for any € > 0, there exists 5,6 > 0
(11.2.3) di (Cl(Q,), CL(Qy, 1)) < €
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provided |¢| < §; that is, we choose i, sufficiently close to o: First, we choose K and
deformation K; so that it satisfies (11.2.2) for ¢ < § for some 6 > 0. Then we choose ¢
sufficiently small so that Qg , N R(K;) is sufficiently close to Q, NR(K).

Also, Q, ; contains a concave p-end neighborhood of E for p, for sufficiently small
t > 0. This can be assured by taking K sufficiently large containing a fundamental domain
of R,(0) and sufficiently large K; containing a fundamental domain F; of R;(dev,(&)) for
hy (7 (E)) deformed from F by Proposition 11.2.6.

(IT) Now suppose that E is a lens-shaped T-p-end or horospherical p-end of type .7,
and we suppose that /i, (E) is a lens-shaped T-p-end for g, for ¢ > 0. Other cases are similar
to (D).

We take Q, to be the convex domain obtained as in Lemma 6.2.8 with strictly convex
boundary component d;Q;, and totally geodesic one S 7,0 in bdQg;. Now, Q, Jh(mi (E))
has strictly convex boundary component 9, /h( (E)) and totally geodesic boundary
Sz o/h(mi (E)) when E is a T-p-end. If E is a horospherical end, dQy, /h(m; (E)) still is a
strictly convex compact (n—1)-orbifold.

Here, we note bdQ,, = dQ,, UCI(S;).

Suppose that p, is sufficiently close to . Then by Theorem 6.1.2, we deform the
lens-shaped T-end for E:

e we obtain a properly convex domain €, ; for sufficiently small 7 with a strictly
convex boundary d, Q;, and S;, and

e 0Qy,; is also cocompact under the m; (E)-action associated with p; and strictly
convex.

See Proposition 5.3.11. We choose Qg to be LyN 0 for a lens in an ambient orbifold
containing Ly. We also have bdQ,; = d€, ;U CI(S ;) Where Sx £, is the ideal boundary
component for £ for y;. By Proposition 5.3.11, Lo deforms to a properly convex domain
L, so that L, N O, is Q,, Where 0, is € with a real projective structure f,. We have

CI(QQSOJ) — aQsO,t = aCI(SE,t)

for a totally geodesic ideal boundary component §E~J by Theorem 4.4.1. Therefore the
union of d€, , and a totally geodesic ideal boundary component CI(S; ) bounds a prop-
erly convex compact n-ball in S”. We can find a properly convex lens Lg for E at pi with
LoN & in a p-end neighborhood QYO Since the change of g, is sufficiently small, L, N &,
is still in a p-end neighborhood of E by Lemma 11.2.5. We obtain a lens-shaped p-end
neighborhood for £ and & with ; by Theorem 4.4.1.

We may assume without loss of generality that the hyperspace V; containing § £
is fixed. Moreover, we may assume by choosing sufficiently large Qg, without loss of
generality that dy (Q;,, &) < € for any € > 0.

By Lemma 5.3.9, a sharply supporting hyperspace at a point of bdSz is uniformly
bounded away from Vz. A sequence of sharply supporting hyperspaces can converge to
a sharply supporting one. Let us choose a sufficiently small € > 0. Let B be a compact
g-neighborhood of dQy, so that

a"(9Q,, — B,dC1(S;)) < e.

Given a sharply supporting hyperspace W, of a point x of Q,, of Q
supporting closed hemisphere Hy bounded by W.

50 there exists a sharply
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We define the shadow S of JB as the set

ﬂ H.NVg.
x€0B

Then we can choose sufficiently small & so that d” (S, devo(CI(Sz))) < &. We can also
assure that W, meets V; in angles in (8, 7 — §) for some & > 0 by compactness of dB and
the continuity of map x — W.

Suppose that we change the structure from g to p; with a small C2-distance. Then
B will change to B with W, change by small amount. The new shadow S; will have the
property df (S{,CI(SE,)) < ¢ for a sufficiently small C"-change, r > 2, of u, from .
Hence, we obtain that for each € > 0, there exists §,0 > 0 so that

(11.2.4) dy (99, — B;,dCI(Sg,)) < €

provided |¢t| < 8. Therefore by Corollary A.1.13 for each € > 0, there exists 8,8 > 0 so
that
4 (CI(5p), CI(5,)) < e.

Recall that bdQ, = 9Q,, U CI(Sz) and bdQy,; = 9, UCI(Sz,). Combining with
(11.2.4) and the sufficiently small change of B to B;, we obtain that each € > 0, there
exists 8,0 > 0 so that

(11.2.5) dy (CI(Qy,),Cl(Qy,)) < €

provided [t| < 6.

Suppose that £ was a horospherical p-end of type .7. Again, the argument is simi-
lar. We start with €, which is horospherical with strictly convex boundary, and tangent
to a hyperspace Py. The deformation gives us strictly convex hypersurface dQ,,; and a
hyperspace P, where h, (71 (E)) acts on.

We assume without loss of generality that = P for small ¢+ > 0. For sufficiently
small 7, we obtain a domain bounded by 9Q;,, and the closure CI(Sz ) of a totally geo-
desic ideal boundary component. By taking duals by Corollary 5.5.7, we have lens-shaped
or horospherical R-p-end E. Proposition 11.2.6 shows that we obtain a domain Qg ; ap-
proximating QF where dQ; , is dual to dQ;,,. Then Q7*, approximates s, as much as
one wishes to by Lemma 1.5.14.

We show that we have an embedded image of a p-end neighborhood in €. The
hypersurface dQ;, is embedded in O with py. Let F be a compact fundamental domain
of dQy, by h(m (E)). Now, dev, ' (dQy,,) contains a compact fundamental domain F;
perturbed from F. Let S, denote a component of the inverse image of 8950’, under dev,
containing perturbed fundamental domain F; deformed from F. We deduce that 7; (E) acts
on S, since i, (71 (E)) acts on 9Q, ;.

By above, /(7 (E)) acts on dQ,, properly and cocompactly giving us a closed orb-
ifold as a quotient. Since dev,|F; is an embedding for sufficiently small ¢, the equivariance
tells us that dev, : S, — QQSOJ is a diffeomorphism.

Since the change is sufficiently small S; still bounds a p-end neighborhood of & by
Lemma 11.2.5.

Before going on with the part (B) of the proof we briefly do a slight generalization.

d

COROLLARY 11.2.7. We consider all cases (I), (Il). For each € > 0, there exists 6,0 >
0 depending only on C1(Qy,) so that we can choose a convex domain S, | where hy (T (E))
acts on for the holonomy homomorphism h; so that



11.2. THE OPENNESS OF THE CONVEX STRUCTURES 287

o Q1 contains a domain that is the embedded image of a p-end neighborhood of
E by a developing map dev, for 1, associated with hy and
[}

(11.2.6) dy (CI(Qy,),CL(Q1)) < €

provided Uy and Ly are 8-close in C"-topology, r > 2, on the compact set O —U for a
union of U of end neighborhoods of O.

PROOF. Suppose that this is false. There exists a sequence of real projective structures
U, with t;; — U in the C2-topology on & — U. Then letting the associated holonomy of
U;; be denoted by Ay, {h,} converges to hg for L. We can apply the argument of cases (I),
(II), to show that (11.2.6) holds for every € > 0. O

PROOF OF PROPOSITION 11.2.4 CONTINUED. (B) With & with U, we obtain a spe-
cial affine suspension on & x S! with the affine structure fi;. Let C(&) be the cone over 0.
Then this covers the special affine suspension. Let fi; denote the affine structure on C(ﬁ )
corresponding to fI;. For each y, it has an affine structure fi;, different from the induced

one from R"*! as for r = 0. We recall the scalar multiplication

s-v=sv,veC(0),seR

for any affine structure fi,. Also, given a subset K of &, we denote by C(K) the corre-
sponding set in C(&). This set is independent of fi, but will have different affine structures
nearby.

For iy, & is a domain in S”. Recall the Koszul-Vinberg function f : C(0) — R
homogeneous of degree —n — 1 as given by (11.2.1). (See Lemma 11.2.9.) By our choice
above, the Hausdorff distance between CI(€,) and O can be made as small as desired for
some choice of 0.

By the proof of Theorem 9.4.5 in Page 252 constructing the local inverse maps applied
to strongly tame orbifolds with boundary, there exists a diffeomorphism

F: Qg /ho(m (E)) = Qg0 /e (m1 (E)) with alift F : Qg — Qg

so that 7 — I on every compact subset of C(&) in the C"-topology as t — 0. That is, on

every compact subset K of C(0),
{||D’F;, — D/1|K ||} — O for every multi-index j,0 < |j| < r.

We may assume that F; commutes with the radial flow ¥, : & — & for s € R by restricting
F; to a cross-section of C(&) of the radial flow and extending radially. (See the paragraph
after Definition 1.2.1.)

By the third item of Lemma 1.5.14 and Lemma 11.2.9, the Hessian functions f; oF
defined by (11.2.1) on the inverse image F;~' (C(Qy,,)?) is as close to the original Hessian
function f in any compact subset of C(&) in the C"-topology, r > 2, as we wish provided
|t — 1] is sufficiently small. By construction, f; is homogeneous of degree —n — 1.

The holonomy groups (7, (€)) and b, (7 (E)) being in SL+ (n+ 1,R) preserve f and
f] under deck transformations respectively.

Now do this for all p-ends. Let U, be the m;(&)-invariant mutually disjoint union
of p-end neighborhoods of p-ends of &. We construct a function f on C(U,) for , and
sufficiently small |].

Let U be the corresponding 7; (&')-invariant union of proper p-end neighborhoods of

O for . For each component U; of T, we construct fl' .o F; on C(U;) using €, so that
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fl’t satisfies the above properties and F; is constructed as above for U;. We call f/ the union
of these functions. y
Let V be a m (0)-invariant compact neighborhood of the complement of U in &.

e Let 0,V be the image of dWV x {s} inside the regular neighborhood of dV in U
parameterized as dV x [—1,1] for s € [—1,1].

e We assign dV = gy V.

e Let Jj, ,,V denote the image of IV, x {[s1,s2]} inside the regular neighborhood
of dV in VN T’ for a neighborhood T’ of CI(U) N &.

We find a C= map ¢, : C(U')NC(V) — Ry so that ¢,(sV) = ¢ (V) for every s > 0 and
(V) = ¢:.(V)f(V) and ¢ is very close to the constant value 1 function. By making
f1/f near 1 and the derivatives of f//f up to two near 0 as possible, we obtain ¢, that
has derivatives up to order two as close to 0 in a compact subset as we wish: This is
accomplished by taking a partition of unity functions p1, p; invariant under the radial flow
so that

e py=1onC(W) for
W= 8[0,S1]WU (U' - V) fors; < 1,

e p; =00nC(& —N) for a neighborhood N of W in J—1,)VU(U' - V), and
e pi+ pr = 1 identically.

We assume that
l—e<f//f<l4+einC(U'NV),

and f//f has derivatives up to order two sufficiently close to 0 by taking f/ and f suffi-
ciently close in C(U") NC(V) by taking sufficiently small z. We define

o =(f/f—(1—¢€)p1+ep+(1—¢€),0<t<1

as f] and f are homogeneous of degree —n— 1. Then 1 — & < ¢ < 1+ € and derivatives
of ¢, up to order two are sufficiently close to 0 by taking sufficiently small € as we can see
easily from computations. Thus, using ¢ we obtain a function f obtained from f; and ¢, f
on C(W) and extending them smoothly for sufficiently small |¢.

We can check the welded function from f; and ¢, f has the desired Hessian properties
for u; for sufficiently small ¢ since the derivatives of ¢ up to order two can be made
sufficiently close to zero. Now we do this for every p-end of &.

The —(n + 1)-homogeneity gives us the invariance of the Hessian metric under the
scalar dilatations and the affine lifts of the holonomy groups. (See Chapter 4 of [86].) This
completes the proof for Proposition 11.2.4. [S"S] (I

This is a strengthened version of Proposition 11.2.4.

COROLLARY 11.2.8. Let O be a strongly tame orbifold with ends and satisfies (IE)
and (NA). Suppose that O has an SPC-structures Ly with generalized lens-shaped or horo-
spherical Z- or T -ends and the suspension of O with Uy has a Hessian metric. Let U be
a union of mutually disjoint end neighborhoods of O. Suppose the following hold:

o Let Uy be an SPC-structure with generalized lens-shaped or horospherical %-
or T -ends so that Wy and Wy are €-close in C"-topology on 0 — U for r > 2, and

o the R-end holonomy group of W are either lens-type or horospherical type and
the T-end holonomy group of W, are totally geodesic satisfying the lens condi-
tions.
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Then for sufficiently small €, the affine suspension C(0) for & with W, also has a Hessian
metric invariant under dilations and the affine suspensions of the holonomy homomorphism

for uy.

PROOF. We use Corollary 11.2.7 so that (11.2.6) holds with sufficiently small €. Now
we use the step (B) of the proof of Proposition 11.2.4. [S"S] (I

LEMMA 11.2.9. LetV be a properly convex cone, and let V* be a dual cone. Suppose
that a Koszul-Vinberg function fy+(x) is defined on a compact neighborhood B of x con-
tained in a convex cone V. Let V| be another properly convex cone containing the same
neighborhood. Let Q := S(V*) and @, := S(V}") for the dual V| of Vi. For given any
integer s > 1 and € > 0, there exists 6 > 0 so that if the Hausdorf{f distance between Q and
Q; is 8-close, then fy«(x) and Tve (x) are e-close in B in the C"-topology.

PROOF. We prove for S”. By Lemma 1.5.14, we have
Q" C N5(27),Q1 C Ns(Q7),
(Q—Ns(dQ))" C Qf, and
(11.2.7) (Q —Ns(0Q)))" Cc Q*
provided & is sufficiently small. We choose sufficiently small § > 0 so that
BC Q—Ng(dQ), Q) —Ns(dQ).

Recall the Koszul-Vinberg integral (11.2.1). For fixed ¢ € V* or € V", the functions e 0
and the derivatives of e~ ¢ with respect to x in the domains are uniformly bounded on
B since ¢ and its derivatives are bounded function on B. The integral is computable from
an affine hyperspace meeting V* and V| in bounded precompact convex sets. Also, the
integration is with respect to ¢. The result follows by (11.2.7). (See Section 4.1.2 of [86].)
[S™S] O

11.2.2. The proof of Theorem 11.2.1.

THE PROOF OF THEOREM 11.2.1. Suppose that & has an SPC-structure ¢ with gen-
eralized lens-shaped or horospherical Z- or .7 -ends. Let U be the union of end neighbor-
hoods of product form with mutually disjoint closures. By premises, the end structures are
given.

We assume that [ and [ correspond to elements of 7% in Def} | ,(&). We show
that a structure L, that has generalized lens-shaped or horospherical %- or .7 -ends suffi-
ciently close u in &' — U is also SPC.

Let h: m(€0) — SLy(n+ 1,R) be the lift of the holonomy homomorphism corre-
sponding to g where & C S” is a properly convex domain covering &. Let hy : 7, (0) —
SL.(n+ 1,R) be the lift of the holonomy homomorphism corresponding to i sufficiently
close to /1 in

% C Homy y,(m(0),SLi(n+1,R)).
By Theorem 9.4.5, it corresponds to a real projective structure U, on ¢. Since [l] €
Deffg:lh(ﬁ ), it is sufficient to show that i is a properly convex real projective structure.

Let 0 := C(0)/h(m (0)) with C(0) as the universal cover. Let & denote & with
L. One applies special affine suspension to obtain an affine orbifold ¢ x S'. (See Section

1.2.1.) The universal cover is still C(¢') and has a corresponding affine structure fi;. We

denote C(&') with the lifted affine structure of fiy by C(&);. Recall the Kuiper completion

AL~ ~ ~

C(0)s of C(0);s. This is a completion of C(&) the path metric induced from the pull-back
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of the standard Riemannian metric on $"*! by the developing map dev; of fi,. (Here the
image is in R"*! as an affine subspace of S"*!.) The developing maps always extend to
ones on C (5’ )s which we denote by dev; again. (See [43] and [46] for details.)

By Corollary 11.2.8, an affine suspension fi, of L also have a Hessian function ¢ since
Uy is in a sufficiently small C2-neighborhood of w in & — U. The Hessian metric Dd¢ is
invariant under affine automorphism groups of C(&) by construction. We prove that iy is
properly convex, which will show L is properly convex:

Suppose that fi; is not convex. Then there exists a triangle T embedded in C (5 )s
where a point in the interior of an edge of 7 is in the ideal set

8.0,:=C(0);—C(0),

while 7 and the union /' of two other edges are in C(&),. We can move the triangle T so
that the interior of an edge / has a point x. in 8.0y, and dev, (/) does not pass the origin.
We form a parameter of geodesics s, t € [0,€] in T so that

lp=1and [, C C(0); with dl, C I

is close to [ in the triangle. (See Theorem A.2 of [46] for details.)

Let p, g be the endpoints of /. Then the Hessian metric is D°d¢ for a function ¢ defined
on C(0),. And d¢|p and d¢|q are bounded, where D* is the affine connection of . This
should be true for p; and ¢, for sufficiently small ¢ uniformly. Let u, u € [0, 1], be the affine
parameter of [, i.e., ;(s) is a constant speed line in R"*! when developed. We assume that
u € (&,1—g) parameterize I; for sufficiently small t where & — O ast — O and d; /ds =V
for a parallel vector V. The function Did, ¢ (/;(«)) is uniformly bounded since its integral
dy¢ (1, (u)) is strictly increasing by the strict convexity and converges to certain values as
u—&,1—§&.

Since

[ Did g0 )= o) (1)~ o) ),

the function /Didy¢ (I;(u)) is also integrable by Jensen’s inequality, and the length of [,
1—¢
/ D3d0) (1 (u))du

under the Hessian metric Dd¢ have an upper bound \/d¢ (p;) (V) — d¢(g;)(¥) by the same
inequality. Since

VAo (p) (V) — do(g:) ) — /d9(po)(¥) —d(qo) (V) as t — 0,

the length of /; is unlformly bounded.

U corresponds to an inverse image U in & and to C(TU), the inverse image in C(&);.
The minimum distance between components of U is bounded below since the metric is
invariant under scalar dilatations in C(&);. Since (C(&;) —C(U),) /(R 1) is compact, if /
meets infinitely many components of C(U);, then the length is infinite.

As t — 0, the number is thus bounded, l can be divided into finite subsections, each of
which meets at most one component of C(U);.

Let [ be the subsegment of [ in C (), containing x.. in the ideal set of the Kuiper
completion of C(&) with respect to dev, and meeting only one component C(T;); of
C(U), with bds € bdC(Uy),. Let [, be the subsegment of [, so that the parameter of the
endpoints of segements of form I converges to those of [ast— 0. Let p' and ¢’ be the
endpoint of /.
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Suppose that C(U;), € C (5’ )s corresponds to a lens-shaped or horospherical R-p-end
neighborhood TU'I in ;. and x.. is on a line corresponding to the p-end vertex of TU’I.
We project to S" from by the projection IT' : R**! — {0} — S". Then by the proper-
convexity of £z contradicts this when E is an R-p-end of generalized lens-type. When E
is a horospherical p-end, the whole segment must be in bd& by convexity. Theorem 8.1.3
contradicts this.

Now suppose that IT (x.,) is in the middle of the radial line from the p-end vertex.
Then the interior of the triangle is transverse to the radial lines. Since our p-end orbifold
£ is convex, there cannot be such a line with a single interior point in the ideal set.

If C(U) ), is the inverse image in C (&), of a generalized lens-shaped T-p-end neighbor-
hood T} in &, then clearly there is no such a segment / containing an ideal x.. in its interior
similarly.

Now suppose that a subsegment /; of / contains an ideal pojnt in its interior but is
disjoint from U. There is connected arc in /; NC (ﬁ — 1), ending at an ideal point x... This
is arc is never in a compact subset of C(&),. However, we showed above that the Hessian
length of /; is bounded. Since for a subarc /1, of I;, the parameter {/;,} converges to /;
as t — 0. Thus, the Hessian length of /; is also finite. Since C(& — W) covers a compact
orbifold that is the affine suspended over & — U, the Hessian metric is compatible with any
Riemannian metric. Since /; is in a compact orbifold, it cannot have a finite Riemannian
length.

This is again a contradiction. Therefore, O, is convex.

Finally, for sufficiently small deformations, the convex real projective structures are
properly convex. Suppose not. Then there is a sequence {i,} of sufficiently small de-
formed convex real projective structures which are not properly convex. By Proposition
1.1.4, there exists a unique great sphere S in the boundary of the nonproperly convex set.
By uniqueness, the holonomy A, acts on S%.

The sequence of structures converges to the beginning y in & — U. By taking limits,
the original holonomy has to be reducible.

Suppose now that & with u is strictly SPC with lens-shaped or horospherical %Z- or
T -ends. The relative hyperbolicity of & with respect to the p-ends is stable under small
deformations since it is a metric property invariant under quasi-isometries by Theorem
10.3.1.

The irreducibility and the stability follow since these are open conditions in

Hom(m,(€),SLs(n+1,R)).

Also, the ends are lens-shaped or horospherical.
By Theorem 6.0.4, the holonomy is not in a parabolic group. This completes the proof
of Theorem 11.2.1. [S™S] O

11.3. The closedness of convex real projective structures

We recall rep, (7 (&), PGL(n+ 1,IR)) the subspace of stable irreducible characters of
repe (m (€),PGL(n+ 1,R)) which is shown to be an open subset of a semialgebraic set in
Section 9.2, and denote by repj y;, (71 (&), PGL(n+1,R)) the subspace of stable irreducible
characters of rep¢ 1, (71 (&), PGL(n + 1,R)), an open subset of a semialgebraic set.

11.3.1. Preliminary of the section. Recall the definition of compatible end-compactification
from Sections 3.1.2 and 3.1.3.
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LEMMA 11.3.1. Let hj,h € Homg jn(m(0)),SL+(n+1,R))
(resp. € Homg 1y (m1(0)),PGL(n+1,R))).

Suppose that the following hold:

e Let O be a strongly tame real projective orbifold with ends assigned types % and
T satisfying (IE) and (NA) with a compatible end compactification.

o Let Q; be a properly convex open domain in S" (resp. RP").

o Suppose that Q;/hi(71(0)) is an n-dimensional noncompact strongly tame SPC-
orbifold with generalized lens-shaped or horospherical %Z- or 7 -ends.

o Assume that each p-end holonomy group hi(m (E;)) of hi(m1(0)) of type Z has a
p-end vertex v! corresponding to the p-end structure where {v!} forms a conver-
gent sequence as i — oo. We assume that h; — v{ extends to an analytic function
near h.

o Assume that each p-end holonomy group hi(mi(E;)) of hi(m1(O)) of type T has
a hyperplane P,-j containing the p-ideal boundary component where {P/ } forms
a convergent sequence as i — . We assume that h; — P! extends to an analytic
function near h.

e Suppose that {h;} — h algebraically where h is discrete and faithful.

e CI(Q;) — K for a compact properly convex domain K C S", K° # 0.

Then the following holds:

o 0):=K°/h(m(0)) is a strongly tame SPC-orbifold with generalized lens-shaped
or horospherical %- or T -ends to be denoted U}, diffeomorphic to O.

e For each p-end E of the universal cover 0y, of Oy, K° has a subgroup h(m(E))
acting on a h(m (E))-invariant open set Ug where U /h(m, (E)) is an end neighbor-
hood that is one of the following:

— a horospherical or lens-shaped totally geodesic end neighborhood provided
Eisa T -p-end,
— a horospherical or concave end neighborhood provided E is a %-p-end.

e Finally, suppose that there is a fixed strongly tame properly orbifold &' with an
ideal boundary structure and diffeomorphism f; : 0' — Q;/hi(7(0)) for suf-
ficiently large i extending to a diffeomorphism of an end-compactification 0"
to the end compactification of Q;/hi(m(€)) compatible with R-end and T-end
structures given by v! and P!. Then K /h(m(0)) is an orbifold with a diffeo-
morphism f from O’ extending to a diffeomorphism from 0" to an end compact-
ification of K° /h(m)(0)) with the above R-end and T-end structures.

PROOF. Again, we prove for S". The holonomy group A(7; (&) acts on K° with a
Hilbert metric. Hence, K°/h(m;(€)) is an orbifold to be denoted &j,. (See Lemma 1 of
[54].)

Since h € Homg i, (7 (0), SL4 (n+1,R)) holds, each p-end holonomy group /(7 (E))
acts on a horoball H C S", a generalized lens-cone, or a totally geodesic hypersurface Sz
with a CA-lens L. In the first case, we can choose a sufficiently small horoball U inside
K? and in H since the sharply supporting hyperspaces at the vertex of H must coincide by
the invariance under /(7 (E)) by a limiting argument. By Lemma 5.5.2, U component of
K? —bdU is a p-end neighborhood.

Now, we consider the second case. Let v be a limit of the sequence {vg;} of the fixed
p-end vertices of /;(m; (E)). We obtain v € K. Also, v ¢ K since otherwise the elements
fixing it has to be of finite order by the proper discontinuity of the Hilbert isometric action
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of h(my (E)). For each i, h;j(m) (E)) acts on a lens-cone L,; * {vg ;}- We may assume without
loss of generality that vy ; is constant by changing dev; by a convergent sequence {g;} of
elements of SLy (n+ I,R). We may assume that 4; in a continuous parameter converging
to A since there are finitely many components in the above real algebraic set. By Corollary
A.1.13 and the condition “’ce”, we may assume that

{Cl(Ry;, ()} — Ky

for a properly convex domain K, on which h(m;(E)) acts. Since ; is a subset of a
tube domain for Ry, (€;), we deduce that Q is a subset of a tube domain for K. Since

K9 /h(m (E)) is a closed properly convex orbifold, and Ry, (Q) C K{, it follows that they
are equal by Lemma 1.4.16. Hence, Ry, (Q) is properly convex. By the Hilbert metric
on this domain, A(7; (E)) acts properly discontinuously on it. Since 4(7; (E)) satisfies the
uniform middle eigenvalue condition by premise, Theorem 5.3.21 shows that the action is
distanced in a tubular domain corresponding to Ry, (K?). Hence, h(m(E)) acts properly
and cocompactly on a generalized lens L in K. The group (7 (E)) acts on an open set
Up := L*{vz}— L. We may choose one with sufficiently large L so that the lower bound-
ary component d_L is a subset in K” since we can make U, N %, (F) be as small as we
wish for any compact fundamental domain F for Ry, (K°) and k(7 (E)). By Lemma 5.5.2,
U is a p-end neighborhood of E.

In the third case, we can find a CA-lens neighborhood of a totally geodesic domain
Sg; C CI(Q;) N P in a hypersurface P; on which h; (i (E)) acts. We may assume without
loss of generality that P; is constant by changing dev; by a convergent sequence g; in
SL4(n+1,R). We may assume by taking subsequences that {C1(Sj ;)} — D for a properly
convex domain D by Corollary A.1.13. '

By Corollary 1.4.17, D° /h(mi(E)) is a closed orbifold homotopy equivalent to Sg ;
up to finite manifold covers. By Theorem 5.5.4, h(m;(E)) satisfies the uniform middle
eigenvalue condition with respect to the hyperspace containing D. By Theorem 4.4.1, the
group h(m; (E)) acts on a component L; of L— P is in K° for a lens L. Then LY is a p-end
neighborhood of £ by Lemma 5.5.2. Hence, we constructed R-end and T-end structures
for each end for K° /7, (0).

We apply Theorem 6.0.4 to show that the end structure is SPC.

The end compactification &), of K°/h(m;(€)) is given by attaching the cover of ideal
boundary component for each p-T-end and attaching £ x [1,0) to an end-neighborhood of
an R-end E by a diffeomorphism restricting to a proper map as in Section 9.3.

For the final part, recall from Section 9.2 that HomY, (71(0),SL+(n+1,R)) is Zariski
dense. The homomorphism # is in it by Proposition 5.4.4. We choose p-end vertices the
hyperspace containing the p-ideal boudndary components be obtained by respective limits
of the corresponding sequence of corresponding objects of 4;. By premise on the analytic
extension, we can build a fixed section s on a Zariski open subset %/ containing 4 by
Proposition 5.4.4. By Theorem 9.4.5, we obtain a subspace of the parameter of real pro-
jective structures on a strongly tame orbifold &’ with end structures determined by s, for
each point of % .

By premise, the p-end vertices of Q; and the hypersurfaces containing the p-ideal
boundary components are determined also by sy for sufficiently large i. Now, &’ :=
K°/h(m;(0)) is realized as a convex real projective orbifold with ends determined by
s9 also. By Theorem 9.4.5, there is a neighborhood %’ C % where every holonomy
is realized by a convex real projective structure with end structures determined by sg, .
Since h; may be assumed to be in %’ except for finitely many is, a structure y; on &’
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has has holonomy #;. By Theorem 11.3.2, Q;/h;(7;(0)) is projectively diffeomorphic to
0’ with a convex real projective structure u; with identical R-end and T-end structures for
sufficiently large i.

By Theorem 11.3.2, for y; with holonomy in %’, Q;/h;(m (€)) has an end com-
pactification 5’,-’ . Since this end compactification is compatible with the R-end and T-end
structures also, f; extends to a diffeomorphism &’ — &/. Since h; € %' deformed from #,
0! is isotopic to 0.

By premise, the diffeomorphism f; : &' — Q;/h;(7(0)) extends smoothly as a dif-
feomorphism from &’ to 0!. Hence, ¢ and ¢ are diffeomorphic with end structures
preserved. By Corollary 9.3.3, the respective end compactifications of & and &’ are dif-
feomorphic.

Again the RIP"-version follows by Proposition 1.4.2. [S"P] g

THEOREM 11.3.2 (Uniqueness of domains). Let I be a discrete projective automor-
phism group of a properly convex open domain Q C S". Suppose that Q/T is a strongly
tame SPC n-orbifold with generalized lens-shaped or horospherical %#- or 7 -ends and
satisfies (IE) and (NA). Assume d 0 = 0. Suppose that for each vi € bdQ for each R-p-end
E is specified up to of in S" and so is each hyperplane for each T-p-end E meeting bdQ.
Then Q is a unique domain with these properties up to the antipodal map <7 .

PROOF. Suppose that Q; and Q, are distinct open domains in S” satisfying the above
properties. For this, we assume that I" is torsion-free by taking a finite-index subgroup by
Theorem 1.1.19. We claim that ;| and Q; are disjoint:

Suppose that Q' := Q; N, is a nonempty open set. Since Q1,Q;, and Q' are all
n-cells, the set of p-ends of Q1, the set of those of ;, in one-to-one correspondences by
considering their p-end fundamental groups. The types are also preserved by the premise.

Suppose that E] and E; are corresponding R-p-ends of generalized lens-type. The p-
end vertex VE; of a generalized lens-shaped R-p-end £; of Q;, j = 1,2, is determined up
to <7 by the premise.

Suppose that vz and v, are antipodal. The interior of Q' * {VEj}, Jj=12,arein Q;

by the convexity of C1(Q;). Also, Q UQ; is in a convex tube ‘%Ffl (iE]) with the vertices

vi, and its antipode v, in the direction of iE. . Also, the convex hull of C1(Q;) UCI(Q2)
equals %E_l (igl ). h(m(€)) acts on the unique pair of antipodal points {vg ,vg, }. Hence,
h(m (€)) is reducible contradicting the premise.

Suppose that vz = vg,. Then Ry (Q1) and Ry (Q2) are not disjoint since otherwise
Q; and Q) are disjoint. Lemma 1.4.16 shows that they are equal. The generalized lens-
cone p-end neighborhood U; in Q; and one U, in ) must intersect. Hence, by Lemma
5.5.2, the intersection of a generalized lens-cone p-end neighborhood of Q; and that of Q,
is one for Q':

Suppose that £ ; is a horospherical p-end of Q;, j = 1,2. Then p-end vertices Vi
j = 1,2, are either equal or antipodal since there is a unique antipodal pair of fixed points
for the cusp group FEJ-’ j = 1,2. Since the fixed point in VE is the unique limit point of
{r'(p)} asn — oo forany p € Q;, it follows that v, = v . We can verify that Q;,Q;, and
Q' share a horospherical p-end neighborhood from this by Lemma 5.5.2.

Similarly, consider the ideal boundary component § i, for a T-p-end Ej of Qi and the
corresponding S i, for a T-p-end E; of Q. Since T'z , acts on a properly convex domain Q,
Theorem 5.5.4 and Lemma 4.4.2 show that CI(Q') N P is a nonempty properly convex set
in CI(S, ).
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We claim that a point C1(S £,) for Qo cannot be antipodal to any point of C1(S £ )
Suppose not. Then CI(S £) = Ry(CI(S £,)) for a projective automorphism R, acting as I or
o7 on a collection of independent subspaces of P by Lemma 1.4.16. There exists a pair
of extremal points p; € CI(S E]) and p, € CI(§ 52), antipodal to each other. Here, there

exists a point ¢ € Sz and a sequence ") such that {g"”)(c)} — p, by Lemma 5 of [151].
By Lemma 4.4.2, {gl(»J )(d)} — pj for a point d € Q'. This implies that Q' is not properly
convex, a contradiction.

Thus, we obtain Sz = S/ again by Lemma 1.4.16. Since &' is a h(m; (E))-invariant
open set in one side of P, it follows that Q' contains a one-sided lens neighborhood L; by
Lemma 4.3.1. By Lemma 5.5.2, L; is a p-end neighborhood of €'.

We have concave p-end neighborhoods for radial p-ends, lens p-end neighborhoods for
totally geodesic p-ends, and horoball p-end neighborhoods of p-ends for each of Q;, Q,,
and Q'. We verify from above discussions that a p-end neighborhood of Q exists if and
only if a p-end neighborhood of Q, exists and their intersection is a p-end neighborhood
of Q. Q'/T is a closed submanifold in Q; /T and in Q,/T". Thus, Q;/T",Q,/I", and Q'/T
are all homotopy equivalent relative to the union of disjoint end-neighborhoods. The map
has to be onto in order for the map to be a homotopy equivalence as we can show using
relative homology theories, and hence, Q' = Q) = Q,.

Suppose that Q; and <7 (Q;) meet. Then similarly, Q| = o/ (Qy).

Suppose now that Q; Ny = 0 and QN7 (Q,) = 0. Suppose that Q; has a p-end £
of type Z. The corresponding pair of the p-end neighborhoods share the p-end vertex or
have antipodal p-end vertices by the premise. Since ; and ; are disjoint, it follows that
C1(Q1) NCI(€2,) or C1(Q1) N/ (C1(Q7) is a compact properly convex subset of dimension
< n and is not empty since the end vertex of the p-ends are in it. The minimal hyperspace
containing it is a proper subspace and is invariant under I'. This contradicts the strong
irreducibility of (7| (€)) as can be obtained from Theorem 6.0.4. This also applies to the
case when E is a horospherical end of type .7.

Suppose that Q; has a p-end £} of type .7. Then Q, has a p-end E; of type .7. Now,
I'z, =I'j, acts on a hyperspace P containing the S £, in the boundary of bdQ; for i = 1,2.
Here, S’El /T'g, and S’Ez /T'g, are closed n — l-orbifolds. Lemma 1.4.16 shows that their
closures always meet or they are antipodal. Hence, up to <7, their closures always meet.
Again

C1(Q)NCI() £ 0 or CI(Q) N/ (CL(Qy)) £ 0

while we have Q1 NQp = 0 and Q| N7 (Qy) = 0. We obtain a lower-dimensional convex
subspace fixed by I'. This is a contradiction. O

11.3.2. The main result for the section. This generalizes Theorem 4.1 of [61] for
closed orbifolds which is really due to Benoist [23].

THEOREM 11.3.3. Let O be a strongly tame SPC n-orbifold with generalized lens-
shaped or horospherical %- or 7 -ends and satisfies (IE) and (NA). Assume d0 = 0. We
have an open PGL(n + 1,R)-conjugation invariant set % in a semi-algebraic subset of

Hom 1, (1 (6), PGL(n+ 1,R)),

and a PGL(n + 1,R)-equivariant fixing section sy : % — (RP")?1 x (RP"™)®2, Let %’
denote the quotient set under PGL(n+ 1,R). Assume that every finite index subgroup of
1 (O) has no nontrivial nilpotent normal subgroup. Then the following hold :
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e The deformation space CDefy s, 1n(O) of SPC-structures on O with generalized
lens-shaped or horospherical - or F -ends maps under hol homeomorphically
to a union of components of

U' Crepgy(m(0),PGL(n+1,R)).

o The deformation space SDef¢ ;,, 1n(O) of strict SPC-structures on O with lens-
shaped or horospherical %- or 7 -ends maps under hol homeomorphically to
the union of components of

U' Crepley,(m(0),PGL(n+1,R)).

PROOF. Define (ﬁi&m(ﬁ) to be the inverse image of CDefg j,(€) in the isotopy-
equivalence space Defg (&) in Definition 9.3.5. Let % denote the points of the inverse
image of % in CDefz (&) where the vertices of R-p-ends and hyperspaces of T-p-ends

are determined by s . Then % is an open subset by Theorem 9.4.5 and Theorem 11.1.4.
We show that

hol : % — % C Hom, y,(m(6),PGL(n+ 1,R))

is a homeomorphism onto a union of components. This will imply the results. Theorem
11.3.2 shows that hol is injective.

Now, hol is an open map by Theorems 11.2.1 and 9.4.5. To show that the image is of
hol is closed, we show that the subset of % corresponding to elements in % is closed. Let
(dev;, h;) be a sequence of development pairs so that we have {h;} — h algebraically. Let
Q; = devi(ﬁ’ ) denote the corresponding properly convex domains for each i. The limit /
is a discrete representation by Lemma 1.1 of Goldman-Millson [92]. Let fZi denote the lift
of Q; in S" and let /; : 7 (0) — SL4 (n+ 1,R) be the corresponding lift of &; by Theorem
1.1.20. The sequence {CI(€;)} also geometrically converges to a compact convex set
up to choosing a subsequence by Proposition 1.1.9 where /(71 (€)) acts on as in Lemma 1
of [54]. If Q have the empty interior, & is reducible, and & ¢ % , contradicting the premise.
If ©3° is not empty and is not properly convex, then the lift of  to " contains a maximal
great sphere S/, i > 1, or a unique pair of antipodal points {p, p_} by Proposition 1.1.4. In
the both cases, / is reducible. Thus, O is not empty and is properly convex. Let Q denote
the image of Q under the double covering map. As in [54], since Q° has a Hilbert metric,
h(m; (0)) acts on Q° properly discontinuously.

By Lemma 11.3.1, the condition of the generalized lens or horospherical condition for
Z-ends or lens or horospherical condition for .7 -ends of the holonomy representation is a
closed condition in the

Homi“’,lh(nl (ﬁ)7 PGL(n+ 17R))

as we defined above. (It is of course redundant to say that it is not a closed condition when
we drop the notation “ce” from the above character space.)

Define &' := Q°/h(m (0)). We can deform ¢’ with holonomy in an open subset of
7 using the openness of hol by Theorem 11.2.1. We can find a deformed orbifold &7’ that
has a holonomy A; for some large i. Now, Q;/h;(€) is diffeomorphic to & being in the de-
formation space. €' is diffeomorphic to & with the corresponding end-compactifications
since they share the same open domain as the universal cover by the uniqueness for each
holonomy group by Theorem 11.3.2. By the openness of the map hol for &', 6" is diffeo-
morphic to &”. Hence, &” is diffeomorphic to O.
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Therefore, we conclude that % goes to a closed subset of %. The proof up to here
imply the first item.

Now, we go to the second item. Define §]3/efgvlh(ﬁ) to be the inverse image of
SDefs 1n(€) in the isotopy-equivalence space b?fg(ﬁ). Let % denote the inverse image
of Z in §I\)/efg,1h(ﬁ). We show that

hol: % — U

is a homeomorphism onto a union of components of %/. Theorem 11.2.1 shows that hol is
a local homeomorphism to an open set. The injectivity of hol follows the same way as in
the above item.

We now show the closedness. By Theorem 10.3.1, ; (&) is relatively hyperbolic with
respect to the end fundamental groups. Let & be the limit of a sequence of holonomy rep-
resentations {h; : m;(0) — PGL(n+ 1,R)}. As above, we obtain Q as the limit of CI(;)
where Q; is the image of the developing map associated with A;. € is properly convex
and Q° is not empty. Since £ is irreducible and acts on Q° properly discontinuously, it
follows that Q° /h(m; (&) is a strongly tame properly convex orbifold &’ with generalized
lens-shaped or horospherical Z- or .7 -ends by the above part of the proof. By Theorem
10.3.4 and Corollary 6.3.3, &’ is a strict SPC-orbifold with lens-shaped or horospherical
Z- or .7 -ends. The rest is the same as above. d

REMARK 11.3.4 (Thurston’s example). We remark that without the end controls we
have, there might be counter-examples as we can see from the examples of geometric limits
differing from algebraic limits for sequences of hyperbolic 3-manifolds. (See Anderson-
Canary [2].)

11.3.3. Dropping of the superscript s. We can drop the superscript s from the above
space. Hence, the components consist of stable irreducible characters. This is a stronger
result.

COROLLARY 11.3.5. Let O be a noncompact strongly tame SPC n-dimensional orb-
ifold with lens-shaped or horospherical %- or 7 -ends and satisfies (IE) and (NA). Assume
d0 = 0. Assume that no finite-index subgroups 7, (€) has a nontrivial nilpotent normal
subgroup. We have a PGL(n+ 1,R)-conjugation invariant set % open in a union of semi-
algebraic subsets of

Homg (7'[1 (ﬁ), PGL(I’l +1 ,R)),

and a PGL(n + 1,R)-equivariant fixing section sqy : % — (RP")?1 x (RP")®2. Ler %'
denote the quotient set under PGL(n+ 1,R). Then the following hold:

e The deformation space CDefs 5, 1n(O) of SPC-structures on O with generalized
lens-shaped or horospherical - or 7 -ends maps under hol homeomorphically
to a union of components of

U' Crepgyn(m(0),PGL(n+1,R)).

e The deformation space SDef¢ s, 1n(O) of SPC-structures on O with lens-shaped
or horospherical %- or T -ends maps under hol homeomorphically to the union
of components of

w'c repé’,lh(nl (ﬁ)a PGL(” + I?R))
Furthermore, %" has to be in repy y,,(m1(0),PGL(n + 1, R)).
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PROOF. We define C/ls/efg,lh(ﬁ ) and S/ISe/ngh(ﬁ ) as above. Let U be the inverse

image of 7% . We will show that the image of %/ under hol in % is closed and consists of
stable irreducible characters. Now Theorem 11.3.3 implies the result.
We will prove by lifting to S”. Using Theorem 1.1.20, let

{hi : E](ﬁ) — SLi(n—&— I,R)}

be a sequence of holonomy homomorphisms of real projective structures corresponding
to liftings of elements of %. These are stable and strongly irreducible representations
by Theorem 6.0.4. Let Q; be the sequence of associated properly convex domains in S”,
and Q;/h;(m (€)) is diffeomorphic to & and has the structure that lifts an element of
CDefgs1n(€0). We assume that {h;} — h algebraically, i.e., for a fixed set of generators
gt &mof m(O), {hi(gj)} — h(g;) € SL+(n+1,R) as i — oo. The limit £ is a discrete
representation by Lemma 1.1 of Goldman-Millson [92]. We will show that 4 is a lifted ho-
lonomy homomorphism of an element of CDefg j,(&), and hence 4 is stable and strongly
irreducible.

Here we are using the definition of convexity for S” as given in Definition 1.1.1. Since
the Hausdorff metric space dy of compact subsets of S” is compact, we may assume that
{CI(Q;)} — K for a compact convex set K by taking a subsequence if necessary as in
[54]. We take a dual domain Q} C S™. Then the sequence {CI(Q)} also geometrically
converges to a convex compact set K* by Proposition 1.5.15. (See Section 1.5.4.)

Recall the classification of compact convex sets in Proposition 1.1.4. For any 1-form
« positive on the cone Ck, any sufficiently close 1-form is still positive on Cg. If K has
an empty interior and properly convex, then we can easily show that K* has a nonempty
interior. Also, if K* has an empty interior and properly convex, K has a nonempty interior.

() The first step is to show that at least one of K and K* has nonempty interior. We
divide into four cases (i)-(iv) where the types change for R-ends and T-ends.

(i) To begin, suppose that there exists a radial p-end E for ; and A; and the type
does not become horospherical. We may assume that vz , = vz , by conjugating h; by a
bounded sequence of projective automorphisms. Then the mc-p-end neighborhood must
be in K since this is true for all structures in €; and holonomy homomorphisms in

Homgﬁlh(m (E), SLi(n + I,R)),

For each i, h; acts on a lens-cone VE b * L; in Q; for each p-end E. By Theorems 5.4.2 and
5.4.3, L; can be chosen to be the convex hull of the closure of the union of attracting fixed
sets of elements of /;(7; (E)). Hence, h is also in it, and Theorem 5.1.4 shows that there
exists a distanced compact convex set L distanced away from a point x, and the lens-cone
{ven} *L—{vg,} has a nonempty interior.

Choose an element g; € 71 (E) so that h(g)) is positive bi-semi-proximal by Theo-
rem 1.3.12. Then h;(g;) is also positive bi-semi-proximal for sufficiently large i since
{hi(g1)} — h(g1) as a sequence. We may assume that

{An(e))} = Ahie,) € Aney) C bdL

for attracting-fixed-point sets Ay, ) and Aj,,,) and a compact subset A;l(gl ) since the lim-
its of sequences of eigenvectors are eigenvectors. Since A;l(gl) is a geometric limit of a
sequence compact convex sets, it is compact and convex. (See Section 1.3.2.)
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We claim that the convex hull

e |J h@A (h(g1)U{vg}
q€h(m (E))

has a nonempty interior: Suppose not. Then it is in a proper subspace where 7 (E) acts
on. This means that 7y (E) is virtually-factorizable, and E is a totally geodesic R-end by
Theorem 5.4.3. We choose another g, with A(h(g2)) is not contained in this subspace by
Proposition 1.4.10. Again, we find A’(h(g2)) C A(h(g2)). Now,

CH U h(q)A'(h(g))U{vg}
qeh(m (E)).g=g1.82

is in a strictly larger subspace where h(7;(E)) acts on. By induction, we stop at certain
point, and we obtain

CH U h(q)A'(h(g)) U{vg}
a€h(m (E)).g=g1,--8m
that is not contained in a proper subspace.
It is easy to show h(g)A’(h(g)) = A’(h(ggq™")). There exists a finitely many elements
g1,--,8m in 7 (E) so that the attracting fixed set

CH ({ar,....am, Vg }) aj € A'(h(g;))
has a nonempty interior for some choice of a;.
We have A(h;(gi)) C CI(L;) for each j and i. The sequence {A(%;(g;))} accumulates
only to points of A’(h(g;)) since {h;(g;)} — h(gi). There is a sequence {a;;}. a;; €
A(hj(gi)), converging to a; € A’(h(g;)) as i — 0. Lemma 1.1.23 implies that the sequence

{%%({al‘j, s ’am-,./"VE,h,'})} in Qj
converges to €. ({ai,...,am,v;}) geometrically. Since C1(Q;) — K as j — oo,
%%({(11 PERE 7am7VE'_’h}) CK,

by Proposition 1.1.7; thus, K has nonempty interior in the case. (i) is accomplished.

(ii) Suppose that there is a lens-shaped totally geodesic p-end E for & and the holo-
nomy group A(7;(E)), and the type for ©; and 4;(E) do not become horospherical. Then
the dual QF and K* have a nonempty interior by above arguments since Q has lens-shaped
R-p-ends by Corollary 5.5.7. Now, we do the argument for (i) and use the duality at the
end by Proposition 1.5.15.

(iii) Suppose that there is a lens-shaped R-p-end E for & and the holonomy group
h(m (E)), and the type for ; and &;(E) becomes horospherical.

This will be sufficient for (I) since when lens-type T-end changes to a horospherical
Z%- or 7 -end, we can use the duality as in (ii).

We have £z, C SCETI is a complete affine space as h|m (E) is parabolic. We have

properly convex domain or a complete affine space iE,hi - SﬁEjl. By multiplying the de-

veloping maps by a convergent sequence of elements of SLi(rlz + 1,R), we may assume
VE =YV E;

Recall that the map from the deformation space of real projective structures on a closed
orbifold to the space of representations is a local homeomorphism by Theorem 9.3.10. (See
[49].) Corollary A.1.13 shows that Cl(ighi) — ig_’h up to a choice of subsequences.
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Now h(m;(E)) is the algebraic limit /;(m;(E)). Then & Nh(mi(E)) is a lattice in a
cusp group 2. We conjugate &2 so that it is a standard unipotent cusp group in SO(n, 1) C
SL+(n+1,R).

We choose any great segment s; with vertex v in the direction of iE,h' We may assume
that these are all inside 5157 »; since this is true for sufficiently large i. Choose finitely many

lj, j=1,...,m, so that the directions in the convex domain iE,h,- has a convex hull with a
nonempty interior.

Suppose that
(11.3.1) {d-length(l;)} > eforl; j:=Q;Ns;,j=1,...,m,

for a uniform € > 0. Let / be the geometric limit of a subsequence {/;,} of {/;} with a
nonzero d-length. Then {h;,(g)(l;)} — h(g)(l) for g € m (E). For any finite set F C
71 (E), the set
{hji(&)(Lj))|lg € F} = {h(g)(D)]g € F}

geometrically. By Lemma 1.1.23, we have the geometric convergence of the sequence of
convex hulls

{€2(J hi()(1;))} = €| h(g)(1)).

geF geF

Since the later set has a nonempty interior by our assumption on d-lengths of /; and
h(g),g € F, is in a group conjugate to a cusp group, the convex hull

G (hj,(m(E;,))(s),) C Q,

contains a fixed open ball B for sufficiently large i. This means B C K showing (I).
Now for the final case, we suppose

(11.3.2) {d-length(/;;)} = Oforl;; :=Q;Ns;,j=1,...,masi— oo

LEMMA 11.3.6. Letv, v=((1,0,...,0) be a fixed point of the standard unipotent cusp
group & and let L be a lattice in . Let H be a &-invariant hemisphere with v in the
boundary, and let | be the maximal line with endpoints v and v_ perpendicular to dH with
respect to d. Then there exists a finite subset F of L so that the following holds:

e for any point x € | and a d-perpendicular hyperspace at x bounding a closed
hemisphere H,,
I = ﬂ g(Hy)
geF
is a properly convex domain, and
e as x — v, the parameter {I,} geometrically converges to {v}.

PROOF. If F is large enough, then {g(H,)|g € F} is in a general position. We choose
the affine coordinate system of H’ as in Section 7.3.1.1 where we let iy = n.

The set of outer normal vectors of {g(dHy)} in the affine subspace H? are independent
of the choice of x. Hence, as x — v, the corresponding intersection set must be contained
in any arbitrarily small ball. g

PROOF OF PROPOSITION 11.3.5 CONTINUED. We may assume vy , = Vg, =V with-
out loss of generality by changing the developing map by a sequence of bounded automor-
phisms g;. Let H denote the &?-invariant hemisphere containing K. We assume that Q; C H
and recall that radial p-end vertices are fixed to be v. We assume without loss of generality
that the direction of a segment / of the d-length 7 is in F; always.
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Let ¢ be the maximum d-length of a maximal segment s} in Q; from v in direction of
F;fori>1. Let F; denote the set of endpoints of the maximal segments in €; in a direction
of F;. Then {¢&;} — 0by (11.3.2). A hyperspace perpendicular to / at x; € / bounds a closed
hemisphere H/ containing F!.

For §; :=d(v,x;), we have {§;} — 0

since otherwise (11.3.1) does not hold. By Lemma 11.3.6, there is a finite set F C 7 (E)
so that

K= (" hj(g)(H))NH
gEeF

is properly convex for sufficiently large j since {/;(g)} — h(g),g € F. This set K; contains
Cl(Q;) since H] D CI(€;).

As {x;} —vand {g(x))} = v,g € F, it follows that {K;} — {v}: We just need to show
that {h;(g)(dH!)},g € F, are uniformly bounded away from that of dH and dH! under the
Hausdorff metric dy. Since {h;(g)(dH])} for each g € F geometrically converges to to
h(g)(9H!), we are done by Lemma 11.3.6.

Therefore, we conclude that K is a singleton.

By Proposition 1.5.15, {Q}} geometrically converges to K* dual to K as i — co. (See
1.5.4.) In case, K is a singleton, K* must be a hemisphere by Proposition 1.5.13. We now
conclude that K or its dual K* has a nonempty interior.

Thus, by choosing 4} and i* if necessary, we may assume without loss of generality
that K has a nonempty interior. We will show that K is a properly convex domain and this
implies that so is K*.

(IT) The second step is to show K is properly convex.

Assume that (7 (€)) acts on a convex open domain K°. We may assume that K° C A
for an affine subspace A and Q; C A as well by acting by an orthogonal x; € O(n+ 1,R),
where {k;} is converging to I. We can accomplish this by moving €; into A. Since {x;} —
I, we still have {C1(€;)} — K by Lemma 1.1.8. Take a ball By¢ of d-radius 2C, C > 0, in
K. By Lemma 1.1.10, A contains a d-radius C ball B¢ C Q; for sufficiently large i. Without
loss of generality assume B¢ C ; for all i. Choose the d-center xg of B¢ as the origin in
the affine coordinates.

Let gi,...,8n denote the set of generator of 7 (€). Then by extracting subsequences,
we may assume without loss of generality that {4;(g;)} converges to h(g;) for each j =
1,...,m.

LEMMA 11.3.7. Foreachgj, j=1,...,m,
(11.3.3) d(h;(g;)(x0),bdQ;) > Co for a uniform constant Cy.

PROOF. Suppose not. Then there is a sequence of a d-length constant C segment s;,
s; C &, with an origin xp is sent to the segment A;(g;)(s;) in €; with endpoint 7;(g;)(xo)
and lying on the shortest d-length segment from £;(g;)(xo) to bd€;. Thus, the sequence
of the d-length of h;(g;)(s;) is going to zero. This implies that /;(g;) is not in a compact
subset of SL (n+ 1,R), a contradiction. O

PROOF OF PROPOSITION 11.3.5 CONTINUED. By estimation from (11.3.3), and the
cross-ratio expression of the Hilbert metric, a uniform constant C satisfies

(11.3.4) dg,(x0,hi(g7)(x0)) <C.
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By Benzécri [25] (see Proposition 4.3.8 of Goldman [86]), there exists a constant Rp > 1
and 7; € SL1(n+ 1,R) so that
B C ’Ci(.Qi) C BRB'

Now, k(7 (O ))Ti_l acts on 7;(Q;). By Theorem 7.1 of Cooper-Long-Tillmann [67], we
obtain that 7;h;(g;)t; ! for j =1,...,n are in a compact subset of SL(n+ 1,R) indepen-
dent of i.

Therefore, up to choosing subsequences, we have {7;(Q;)} geometrically converges
to a properly convex domain K in Bg containing By and

{th()t ' m(0) = SLe(n+1,R)}
algebraically converges to a holonomy homomorphism
H ﬂl(ﬁ) — SLi(n—l— I,R).

And the image of /' acts on the interior of the properly convex domain K.

Suppose that the sequence {7;} is not bounded. Then 7; = k,-dik; where d; is diagonal
with respect to a standard basis of R**! and k;, k. € O(n+1,R) by the KTK-decomposition
of SLt (n+ 1,R). Then the sequence of the maximum modulus of the eigenvalues of d; are
not bounded above. We assume without loss of generality

{ki} = k,{kl} = K inO(n+1,R).
Thus, {k/h;(g;)k; '} converges to kK'h(g;)k~! for k' € O(n+1,R). Since
{kidikii(g,)k'~'d; '}
is convergent to 4'(g;), we obtain
{dikihi(g )k~ 'd; "y — k='W (g;)k for each j.

Thus, {dik'hi(m(0))k;"'d"'} converges algebraically to a group ki’ (7 (€))k~! acting
on k~1(K).

Since the sequence of the norms of d; is divergent, ki’ (m (€))k~" is reducible: We

may assume up to a choice of subsequence and a change of coordinates that the diagonal
entries of d; satisfy

1

di1>dip > >dipi1.

Up to a choice of subsequences, there is j so that d;/d; j > 1 for k < jand {d;/d; j} =0
for k > j. Then {d;ik}h(m (€)k;"'d; '} being a bounded sequence converges to a matrix
with entries at (k+1,...,n+1) x (1,...,k) are identically zero. (Compare to the proof of
Lemma 1 of [49].)

By Lemma 11.3.1, k" '(K)°/kh'(m;(€))k™" is a strongly tame SPC-orbifold with
horospherical or generalized lens-shaped ends.

By Theorem 6.0.4, the algebraic limit of

{dikih(m (O)ki~'d; "}
cannot be reducible. Therefore the sequence of the norms of d; is uniformly bounded. This
is a contradiction to the unboundedness of 7;.

By Lemma 11.3.1, we obtain that &, := K° /h(m;(0)) is a strongly tame SPC-orbifold
with generalized lens-shaped or horospherical %Z- or .7 -ends diffeomorphic to &. This

completes the proof for U c CDefg n(0).

To prove for SDefg’]h(ﬁ), we need additionally Theorems 10.3.1 and 10.3.4 as in
the last paragraph of the proof of Theorem 11.3.3. This completes the proof of Corollary
11.3.5. (I
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11.4. General cases without the uniqueness condition: The proof of Theorem 11.1.4.

We will construct a section by the following. Let
Homg 1 (7 (E),PGL(n+1,R)) (resp. Hom 1 (7 (E),SL+(n+1,R)))

denote the space of representations % fixing a common fixed point p and acting on a lens L
of a lens-cone of form {p} L with p & CI(L) or is horospherical with a fixed point p.
Let

Homg (7 (E), PGL(n+ 1,R)) (resp. Homg (71 (E),SL+(n+ 1,R)))
denote the space of representations where h(7; (E)) for each element & acts on P satisfying
the lens-condition or acts on a horosphere tangent to P. (See Section 9.2.)
We define the sections
SR : Homg71h(ﬂ1 (E), PGL()’I"‘ I,R)) — R]Pn,
st : Homg (71 (E),PGL(n+ 1,R)) — RP™

(resp. sg : Homg (71 (E),SL+(n+1,R)) — S”,
st : Home (7 (E),SL+ (n+ 1,R)) — ™)
by Propositions 5.4.4 and 5.4.5.

PROPOSITION 11.4.1. The maps sg and st for RP" and RP™* (resp. S" and S™) are
both continuous.

PROOF. We will only prove for RP". The version for S” is obvious. Let & be an el-
ement of Homg ¢ (71 (E),PGL(n+ 1,R)). The vertex of a lens-cone is a common fixed
point of all (7 (E)). Let F be the set of generators of 7;(E) so that {v} = {w|g(w) =
w,g € F}. Otherwise, we will have a line of fixed points for I'z and we obtain a con-
tradiction as in the proof of Proposition 5.4.4. Hence, the holonomies of elements of F
determine the vertex. The continuity follows by a sequence argument.

For s7, we take the dual by by Proposition 5.5.5 and prove the continuity. O

LEMMA 11.4.2. We can construct the uniqueness section of lens-type
s : Home jn(m(0),PGL(n+1,R)) — (RP")“! x (RP™)*

PROOF. We can always choose a vertex and the hyperspace by Propositions 5.4.4 and
5.4.5. s is continuous by Proposition 11.4.1. (I

PROOF OF THEOREM 11.1.4. Using the uniqueness section of lens-type, we apply
Corollary 11.3.5. O






CHAPTER 12

Nicest cases

We will now present the cases when the theory presented in this monograph works
best.

In Section 12.1, we will discuss the results where the results of this monograph applies.
In Section 12.2, we will end with two examples where the results applies.

12.1. Main results
Let us start with an example:

EXAMPLE 12.1.1. Let M be a complete hyperbolic 3-orbifold and each end orbifold
has a sphere or a disk as the base space. The end fundamental group is generated by a finite
order elements. By Lemma 12.1.2, a properly convex real projective structure on M has
lens-shaped or horospherical radial ends only.

We need the end classification results from Chapters 3, 5, and 7 to prove the following.
Let g € m;(0). Using the choice of representing matrix of g as in Remark 1.1.5, we let
Ax(g) denote the eigenvalue of holonomy of g associated with the vector in direction of x
if x is a fixed point of g.

The holonomy group of 7 (&) can be lifted to SL.(n+ 1,R) so that A,.(g) = 1 for
the holonomy of every g € 7y (E) where vz is a p-end vertex of a p-end E corresponding
to E. Then we say that E or E satisfies the unit-middle-eigenvalue condition with respect
to vz or the R-p-end structure.

Suppose that E is a T-end. If the hyperspace containing the ideal boundary component
S of p-end E of E corresponds to 1 as the eigenvalue of the dual of the holonomy of every
g € m(E), then we say we say that E or E satisfies the unit middle eigenvalue condition
with respect to S or the T-p-end structure.

LEMMA 12.1.2. Suppose that O is a strongly tame convex real projective orbifold
with radial ends. Assume that the end fundamental group ) (E) of an end E satisfies (NS).
Let E be an R-end, or is a T-end. Suppose that one of the following holds:

o 1 (E) is virtually generated by finite order elements or is simple, or
e the end holonomy group of E satisfies the unit middle eigenvalue condition.
Then the following hold.:
e the end E is either a properly convex generalized lens-shaped R-end or a lens-
shaped T-end, or is horospherical.
o [f the end E furthermore has a virtually abelian end holonomy group, then E is
a lens-shaped R-end, a lens-shaped T-end, or is a horospherical end.

PROOF. We suppose that & is a convex domain in of S”. First, let E be an R-end. The
map
g€l = A (g) eRy

305

This is a chapter now.
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is a homomorphism. Thus, )LVE (g) =1 for g € Tz since the end holonomy group is simple
or virtually generated by the finite order elements.

Each R-end is either complete, properly convex, or is convex but not properly convex
and not complete by Section 3.1.6.

Suppose that E is complete. Then Theorem 8.1.4 shows that either £ is horospheri-
cal or each element g, g € 1 (E) has at most two norms of eigenvalues where two norms
for an element are realized. Since the multiplication of all eigenvalues equals 1, we ob-
tain l]”“_’(g)lvé (g)" =1 for some integer r,1 < r < n and the other norm A;(g) of the
eigenvalues. The second case cannot happen.

Suppose that E is properly convex. Then the uniform middle eigenvalue condition
holds by Remark 5.3.2 since Ay, (g) = 1 for all g. (See Definition 5.1.2.) By Theorem
5.1.5, E is of generalized lens-type.

Finally, Corollary 8.2.2 rules out the case when E is convex but not properly convex
and not complete.

Now, let E be a T-end. By dualizing the above, E satisfies the uniform middle eigen-
value condition (see Definition 5.1.3). Theorem 5.5.4 implies the result. [S"S] ([

THEOREM 12.1.3. Suppose that O is a strongly tame properly convex real projective
orbifold with R-ends or T-ends. Suppose that each end fundamental group satisfies prop-
erty (NS) and is virtually generated by finite order elements, or is simple or satisfies the
unit middle eigenvalue condition. Then the holonomy is in

Homy , 1y (m1(0),PGL(n+1,R)).

PROOF. Suppose that E is an R-end. Let £ be a p-end corresponding to E and vz be
the p-end vertex. By Lemma 12.1.2, we obtain the R-end is lens-type or horospherical.

We prove the uniqueness of the fixed point under (7 (E)): Suppose that x is another
fixed point of h(7; (E)). Since 71 (E) is as in the premise, the eigenvalue A (g) for every g €
71 (E) associated with x is always 1. In the horospherical case x = v since the cocompact
lattice action on a cusp group fixes a unique point in RP”".

Now consider the lens case. The uniform middle eigenvalue condition with respect to
v and x holds by Remark 5.3.2 since 4,(g) = 1 for all g. Lemma 12.1.2 shows that 7 (E)
acts on a lens-cone with vertex at x. Proposition 5.4.4 implies the uniqueness of the p-end
vertex.

Suppose that E is a T-end. The proof of Proposition 5.5.1 shows that the hyperspace
containing § 7 corresponds to vz. for the R-p-end E* corresponding to the dual of the T-p-
end E and vice verse. Hence, the result follows from the R-end part of the proof. O

This was proved by Marquis in Theorem A of [127] when the orbifold is a Coxeter
one.
Theorems 12.1.3, 11.0.8, and 6.0.4 imply the following:

COROLLARY 12.1.4. Let O be a noncompact strongly tame SPC n-dimensional orb-
ifold with R-ends and T-ends and satisfies (IE) and (NA). Suppose that each end fundamen-
tal group is generated by finite order elements or is simple. Suppose each end fundamental
group satisfies (NS). Assume 00 = 0, and that the nilpotent normal subgroups of every
finite-index subgroup of m(O) are trivial. Then

CDefs(0) = CDefs y 1n(0)
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and hol maps the deformation space CDefg(0) of SPC-structures on € homeomorphic to
a union of components of

repy ,n (71 (€), PGL(n+1,R))
which is also a union of components of
repg’th(ﬂ:l(ﬁ), PGL(n+ 1,R)) and repz(m(0),PGL(n+1,R)).

The same can be said for

SDef (&) = SDef g 1n(0).

These type of deformations from structures with cusps to ones with lens-shaped ends
are realized in our main examples as stated in Section 2.2. We need the restrictions on the
target space since the convexity of & is not preserved under the hyperbolic Dehn surgery
deformations of Thurston, as pointed out by Cooper at ICERM in September 2013.

Virtually abelian groups satisfy (NS) clearly. Since finite-volume hyperbolic n-orbifolds
satisfy (IE) and (NA) (see P.151 of [124] for example), strongly tame properly convex
orbifolds admitting complete hyperbolic structures end fundamental groups generated by
finite order elements will satisfy the premise. Hence, 2A_1_1 and the double of the simplex
orbifold discussed in Section 12.2 do also.

Since Coxeter orbifolds satisfy the above properties, we obtain a simple case:

COROLLARY 12.1.5. Let O be a strongly tame Coxeter n-dimensional orbifold, n > 3,
with only %-ends. admitting a finite-volume complete hyperbolic structure. Then

SDefg 1 (0)
is homeomorphic to a union of components of
rep}’uﬁlh(m(ﬁ), PGL(n+1,R))
which is also a union of components of
repe(m (0),PGL(n+1,R))

Finally,
SDefs yin(0) = SDefe (0).

12.2. Two specific examples

The example of S. Tillmann is an orbifold on a 3-sphere with singularity consisting of
two unknotted circles linking each other only once under a projection to a 2-plane and a
segment connecting the circles (looking like a linked handcuff) with vertices removed and
all arcs given as local groups the cyclic groups of order three. (See Figure 1.) This is one
of the simplest hyperbolic orbifolds in the list of Heard, Hodgson, Martelli, and Petronio
[97] labeled 2A_1 1. The orbifold admits a complete hyperbolic structure since we can start
from a complete hyperbolic tetrahedron with four dihedral angles equal to 7/6 and two
equal to 27t/3 at a pair of opposite edge ¢; and e;. Then we glue two faces adjacent to e;
by an isometry fixing e; for i = 1,2. The end orbifolds are two 2-spheres with three cone
points of orders equal to 3 respectively. These end orbifolds always have induced convex
real projective structures in dimension 2, and real projective structures on them have to
be convex. Each of these is either the quotient of a properly convex open triangle or a
complete affine plane as we saw in Lemma 12.1.2.

Porti and Tillmann [139] found a two-dimensional solution set from the complete hy-
perbolic structure by explicit computations. Their main questions are the preservation of
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FIGURE 1. Handcuff orbifold.

02

FIGURE 2. A convex developing image example of a tetrahedral orb-
ifold of orders 3,3,3,3,3,3.

convexity and realizability as convex real projective structures on the orbifold. Corol-
lary 12.1.4 answers this since their deformation space identifies with SDefs yn(0) =
SDef s ( 7 ) .

Another main example can be obtained by doubling a complete hyperbolic Coxeter
orbifold based on a convex polytope. We take a double D7 of the reflection orbifold based
on a convex tetrahedron with orders all equal to 3. This also admits a complete hyperbolic
structure since we can take the two tetrahedra to be the regular complete hyperbolic tetra-
hedra and glue them by hyperbolic isometries. The end orbifolds are four 2-spheres with
three singular points of orders 3. Topologically, this is a 3-sphere with four points removed
and six edges connecting them all given order 3 cyclic groups as local groups.
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THEOREM 12.2.1. Let & denote the hyperbolic 3-orbifold Dr. We assign the %-
type to each end. Then SDefs(O) equals SDefs  1n(€0) and hol maps SDefs(O) as an
onto-map to a component of characters

repg(m (0),PGL(4,R))
containing a hyperbolic representation which is also a component of
rep(ﬁ",u,lh(ﬂl (ﬁ)v PGL(4’R))
In this case, the component is a cell of dimension 4.

PROOF. A solvable subgroup of PSO(n, 1) fixes a point of the boundary of the Klein
ball model B. Since m(€) is not elementary, a finite-index subgroup of 7; (&) has only
trivial normal solvable subgroups. The end orbifolds have zero Euler characteristics, and
all the singularities are of order 3. For each end E, 7; (E) is virtually abelian. Hence, 7; (E)
satisfies (NS).

Since & admits a complete hyperbolic structure with finite volume, 7; (&) is relatively
hyperbolic with respect to its end fundamental groups. (This follows from Theorem 0.1
of Yaman [157] since the group acts on the sphere of infinity of the hyperbolic 3-space
accordingly. ) By Corollary 10.3.7, any properly convex structures on & with %Z- or .7 -
ends are strictly convex. By Corollary 12.1.4, SDefs (&) equals SDefg , 1n(&). Each of
the ends has to be either horospherical or lens-shaped or totally geodesic radial type. Let
d¢ O denote the union of end orbifolds of &.

In [48], we showed that the triangulated real projective structures on the ends deter-
mined the real projective structure on &. First, there is a map SDefg (&) — CDef(dg0)
given by sending the real projective structures on & to the real projective structures of the
ends. (Here if dg& has many components, then CDef(dg &) is the product space of the
deformation space of all components.) Let J be the image.

Let u be a projective structure corresponding to an element of SDefe(&). The uni-
versal cover & is identified to a properly convex domain in S*. Each singular geodesic arc
in & connects one of the p-end vertices to the another. The developing image of & is a
convex open domain and the developing map is a diffeomorphism. The developing images
of singular geodesic arcs form geodesics meeting at vertices transversely. There exists two
convex tetrahedra 7} and 7> with vertices removed from which decomposes &. They are
adjacent and their images under ; (©) tessellate &.

The end orbifold is so that if given an element of the deformation space, then the
geodesic triangulation is uniquely obtained. Hence, there is a proper map from SDefg (&)
to the space of invariants of the triangulations as in [48], i.e., the product space of cross-
ratios and Goldman-invariant spaces.

Now 0 is the orbifold obtained from doubling a tetrahedron with edge orders 3,3, 3.
We consider an element of SDefg(&). Since it is convex, we triangulate & into two
tetrahedra, and this gives a triangulation for each end orbifold diffeomorphic to Sg’)3‘3,
i =1,2,3,4, corresponding to four ends, each of which gives us triangulations into two
triangles. We can derive from the result of Goldman [88] and Choi-Goldman [55] that

(i) ()

given projective invariants p (@ , pzi , pzi ,0,,0, for each of the two triangles satisfying
p1 p p =0 )0'2( 9 we can determine the structure on Sg)3 s fori=1,2,3,4 completely.

For each Sg)3 5 with a convex real projective structure and divided into two geodesic

() ()

triangles, we compute respective invariants pl(i), pz(i), pz(i), 0,",0,’ for one of the triangles
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corresponding to the link of 77:
s?+sT+ 1,57+ 5,7+ 1,52 +57+1,
(12.2.1) ti(sT+sit+1), 1 (sT+sit+1) (sT+siT+1)
and for the other triangle corresponding to the link of 75 the respective invariants are
1 1
Bl et l), S(FHsTHl), S HsT 1),

! i i

(12.2.2) & (st+siT+1), %(s,»z—f—s,-r—i-l) (s7+siT+1)
i i i
where s;,f;, i = 1,2,3,4, are Goldman parameters and T = 2cos27m/3. (See [38].)

Since dg & is a disjoint union of four spheres with singularities (3,3,3), CDef(dg )
is parameterized by s;,#; and hence is a cell of dimension 8. (This can be proved similarly
to [56].)

The set J is given by projective invariants of the (3,3, 3) boundary orbifolds satisfying
some equations. By the method of [48] developed by the author, we obtain the equations
that J satisfies. These are

stHsiTHl=s7+sT4+1,i,j=1234

1
( +S,T+l)f—2( +sit+1),i,j=1,2,3,4
J

4
[1(s —I—s,H—l)

i=1

t1t2t3t4 (S + 5T+ 1)

Hiht3ly

i

i=1

th‘:‘ ﬂ-:"} ~°’N‘ -

(s3 +SiT+1):H%(Si2+SiT+1)2.
i=1°it

The first and second lines of equations are from matching the cross ratios pl ) with pl ) for

any pair i, j corresponding to an edge connecting the i-th vertex to the j-vertex in D7 and

four faces containing the edge. (See (5) of [48]). The third and fourth lines of equations are

from the equations matching the products Hl 1 G H (72 ) for Ty and T respectively.
The equation is solvable:

s1 = $p = 53 = 84 = 5,111pt3t4 = C(s) for a constant C(s) > 0 depending on s.

Thus J is contained in the solution subspace C, a 4-dimensional cell in CDef(dg ©).

Conversely, given an element of C, we can assign invariants at each edge of the tetra-
hedron and the Goldman o-invariants at the vertices if the invariants satisfy the equations.
This is given by starting from the first convex tetrahedron and gluing one by one using
the projective invariants (see [48] and [42]): Let the first one by always be the standard
tetrahedron with vertices

[1,0,0,0],[0,1,0,0],[0,0,1,0], and [0,0,0,1]
and we let 7> a fixed adjacent tetrahedron with vertices

[1,0,0,0],[0,1,0,0],[0,0,1,0] and [2,2,2,—1].
Then projective invariants will determine all other tetrahedron triangulating &. Given any
deck transformation y, 77 and y(77) will be connected by a sequence of tetrahedrons re-

lated by adjacency, and their pasting maps are wholly determined by the projective invari-
ants, where cross-ratios do not equal 0. Therefore, as long as the projective invariants are



12.2. TWO SPECIFIC EXAMPLES 311

bounded, the holonomy transformations of the generators are bounded. Corollary 12.1.5
shows that these corresponds to elements of SDefs , 1,(€) = SDefe(&). (This method
was spoken about in our talk in Melbourne, May 18, 2009 [42].) Hence, we showed that
SDefs y1n(C) is parameterized by the solution set C. Thus J = C since each element of C
gives us an element of SDef (). [S"S] O

The dimension is one higher than that of the deformation space of the reflection 3-
orbifold based on the tetrahedron. Thus we have examples not arising from reflection ones
here as well. See the Mathematica files [39] for a different explicit method of solutions.
Also, see [41] to see how to draw Figure 2.

We remark that the above theorem can be generalized to orders > 3 with hyperideal
ends with similar computations. See [39] for examples to modify orders and so on.






APPENDIX A

Projective abelian group actions on convex domains

We will explore some theories of projective abelian group actions on convex domains,
which is not necessarily properly convex. In Section A.1.1, we show that a free abelian
group action decomposes the space into joins. In Section A.1.2, we discuss convex pro-
jective orbifolds with free abelian holonomy groups. In Lemma A.1.6, we will show a
decomposition similar to the Benoist decomposition for the divisible projective actions on
properly convex domains. We also show that a parameter of orbits of free abelian groups
geometrically converges to an orbit in Lemma A.1.7. In Section A.1.3, we will show that
such actions always immediately deform to the abelian group actions on properly convex
domains. In Section A.1.4, we prove geometric convergences of convex real projective
orbifolds slightly more general than that explored by Benoist. In Section A.2, we give
some justification of why we are using the weak middle eigenvalue conditions.

A.1. Convex real projective orbifolds

We will explore a class of convex real projective orbifolds a little bit more general
than the properly convex ones. Also see Leitner [119], [118], and [120] for a similar
work, where she explores representations of abelian groups; however, these do not act
cocompactly on convex domains.

For our purposes in the monograph, we will mostly work on S"~! but sometimes with
RP’171 .

Recall the Cartan decomposition SL, (n,R) = KTK where K = O(n,R) and T is the
group of positive diagonal matrices. Note that the endomorphisms in M, (R) may have null
spaces.

A Cartan decomposition g = kj gAgks , for ky g,k2 , € O(n,R) and a diagonal matrix
A, with nonnegative nonincreading set of diagonals for each element g of M,(RR) exists
since each element is a limit of elements of GL(n,R) admitting a Cartan decomposition.

Each induced projective endomorphism g for ! may have a nonempty subspace
V, where it is not defined. We call the projectivization of the null space the undefined
subspace of g. It could be an empty set.

Let N, be the projectivization of the null space of A,. Then V, :=k; ;Ng is the unde-
fined subspace of f.

Let M, be the matrix of g written as kl,,gAgkl ¢ Where Ag is the diagonal matrix with
the maximal entry being 1. We call this the normalization of g.

Use the Riemannian metric of S"~! to compute the norms of differentials. We will call
these d-norms.

A.1.1. A connected free abelian group with positive eigenvalues only. Recall that
for a matrix A, we denote by |A| the maximum of the norms of entries of A.

We can deform the unipotent abelian representation to diagonalizable ones that are
arbitrarily close to the original one.
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LEMMA A.1.1. Leth:7Z! —SLy (n,R) be a representation to unipotent elements. Let
g1,...,81 denote the generators. Then given € > 0 there exists a positive diagonalizable
representation i : 7! — SLy (n,R) with matrices satisfying | (g;)) —h(g;)| < €,i=1,...,L
Furthermore, we may choose a continuous parameter of h; so that hjy = h and h; is positive
diagonalizable fort > 0.

PROOF. First assume that every h(g;), i = 1,...,l, has matrices that are upper trian-
gular matrices with diagonal elements equal to 1 since the Zariski closure is in a nilpotent
Lie group and Theorem 3.5.4 of [150].

Let € > 0 be given. We will inductively prove that we can find 4’ as above with
eigenvalues of 4'(gy) are all positive and mutually distinct. For n = 2, we can simply
change the diagonal elements to positive numbers not equal to 1. Then the group embeds in
Aff(R'). We choose positive constant a; so that |a; — 1| < €. Let g; be given as x > a;x+b;.
The commutativity reduces to equations a;b; = a;b; for all 7, j. Then the solution are given
by b; = aflaibl for any given b;. We can construct the diagonalizable representations.

Suppose that the conclusion is true for dimension k — 1. We will now consider a
unipotent homomorphism / : Z! — SL. (k,R). We conjugate so that every h(g;) is upper-
triangular. Since k(g;) is upper triangular, let A (g;) denote the upper-left (k— 1) x (k—1)-
matrix. By the induction hypothesis, we find a positive diagonalizable representation ] :
Z! — SLy(k—1,R). Also assume |/} (g;) —hi(gi)| < €/2 fori=1,...,l. We change

hi(gi) b(gi) L1 (gi) b(gi)

h(gi) = toh'(g))=| A&
o 1 0 A (g)

for some choice of 4 (g),b'(g),A’(gi) >0 fori,j=1,...,I. For commutativity, we need
to solve for b'(g;) fori,j=1,...,1,

(ﬂha (81) x’(gm) H(g)) = (ﬂh& (87)— x’<gi>l> V().
A (g A (g) T

We denote by

M; = (11}1/1 (8i) _k/(gj)1> .
A'(gi)F1

Note M;M; = M;M;. By generic choice of 1'(g;)s, we may assume that M; are invertible.
The solution is given by
V(i) =M(g1)"'M(gi)b'(g1)

for an arbitrary choices of b'(g1). We choose b’ (g ) arbitrarily near b(g;). Here, A(g1) has
to be chosen generically to make all the eigenvalues distinct and sufficiently near 1 so that
|W (i) —h(gi)| <€, i=1,...,I. We can check the solution by the commutativity. Hence,
we complete the induction steps.

To find a parameter denoted /], we simply repeat the induction process building a
parameter of /. O

LEMMA A.1.2. Let L be a connected projective abelian group acting on a properly
convex domain K cocompactly and faithfully. Then L is positive diagonal and the domain
is a simplex.

PROOF. L contains a cocompact lattice L'. By the Hilbert metric of K°, L' acts prop-
erly discontinuously on K°. Proposition 1.4.10 applies now. Since L is the Zariski closure
of positive diagonalizable L', we are done. (]
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Let us fix g € A, g # 1. The minimal polynomial of g is of form [T/, (x — A;) where
each nonreal A; pairs with exactly one other A; equal to A;. We can write it as
(m—s)/2—1
(A.1.1) (=) (=20 ] (% = 2R Ag 041X — |Agparsr [7) 521,
t=0
We define a primary decomposition subspace C; to be the kernel of

Mi(g):=(g—AD"fori=1,...,s
and C; to be the kernel of
Myioi11(g) == (8% = 2RAg 121 1% — |Ag o1 |PI)s+241 fort =0,..., (m—s)/2—1.
(See [101].)

LEMMA A.1.3. Let g € SLy(n+ 1,R) be a nonidentity element.
e Given a primary decomposition space C; of g, we have hC; = C; for any h com-
muting with g.
e Given a primary decomposition subspace C of g and D of h for g,h #1, CND
are both h and g invariant provided h and g commute with each other.
o Given a free abelian group A of finite-rank, there exists a maximal collection of
invariant subspaces

Cl,...,Cp satisfying R =C @ ---®Cp,
where each C; is g-invariant in a primary decomposition space of every g, g € A.

PROOF. Corollary to Theorem 12 of Section 6.8 in [101] implies the first statement.
Letgy,..., gk denote the generators of A. We obtain Cy,...,C, by taking a primary decom-
position space C; ; for g; and taking intersections of the arbitrary collections of C; ; for all
i,j. O

A scalar group is a group acting by sl for s € R and s > 0. A scalar unipotent group

is a subgroup of the product of a scalar group with a unipotent group. Hence, on each A|C;
is a scalar unipotent group for each i.

LEMMA A.1.4. Let A be a connected free abelian group acting on R with positive
eigenvalues only. Then there exists a decomposition R* =Vy @V, & --- @V, where A acts
as a positive diagonalizable group on Viy and acts as a positive scalar unipotent group on
eachV; for 1 <i<m.

PROOF. We obtain C,...,C,, by Lemma A.1.3. On C;, A acts as a scalar group acting
on a one-dimensional space or a scalar unipotent group since the corresponding factor of
the minimal polynomial is (x — A;I)7. O

PROPOSITION A.1.5. Suppose that I is a discrete free abelian group whose Zariski
closure is A. Suppose that elements of I have only positive eigenvalues. Then AJT is
compact.

PROOF. By Lemma A.1.4, there is a decomposition R" =Vy®V, & --- &V, where A
acts as a positive diagonalizable group on Vp and acts as a positive scalar unipotent group
oneachV; for1 <i<m.

Let g =dimVp. Letxi(g),...,x,(g) denote eigenvalues of g, g € A, for V and x441(g), -
denote respective ones for Vi,...,V,,. Let D be a positive diagonalizable group acting as
a scalar group on each Vi,...,V,, and positive diagonalizable group on V; defined as a
subgroup of R%™ given by the equation x;(g) -+ - Xg4m(g) = 1

. 7xq+m (g)
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There is a homomorphism c : A — D given by sending g to the tuples of eigenvalues
respectively associated with Vo and V; for i = 1,...,m. Then I" has a cocompact image in
¢(A) under c since c(A) is a connected diagonalizable group that is a Zariski closure of
¢(T") and ¢ is continuous.

Let K be the kernel of ¢ : A — D which is an algebraic group. This is a unipotent
subgroup of A and contains KNTI". Let K be the Zariski closure of KNI"in K. Since KNI
is normal in I, and K is the minimal algebraic group containing K NI, Kj is normalized
by I and hence by A.

If K is a proper subgroup of K, then there is a proper algebraic subgroup of A con-
taining I since A is a product of K and a group isomorphic to ¢(A). This is a contradiction.

Since K is unipotent, K NI" is cocompact in K. Hence, I" is cocompact in A. (I

A.1.2. Convex real projective structures. One can think of the following lemma
as a classification of convex real projective orbifolds with abelian fundamental groups.
Benoist [16], [19] investigated these in a more general setting.

LEMMA A.1.6. Let T" be a finitely generated free abelian group acting on a convex
domain Q of S"! (resp. RP"~! ) properly and cocompactly. Then the following hold:

(i) the Zariski closure L of a finite index subgroup I'"" of I" is so that L/T” is compact,
and L has only positive eigenvalues (resp. a lift of L to SL4 (n,R) has).

(i1) € is an orbit of the abelian Lie group L acting properly and freely on it.

(i) Q= (A;*---xApx{p1}*---*{py})° for a complete affine subspace A;, i =
1,...,p,and points p;, j=1,...,q. Here, (A1),...,{Ap),p1,..., pq are indepen-
dent.

(iv) L contains a central Lie subgroup Q of rank p + ¢ — 1 acting trivially on A; and

prforj=1,....pk=1,....q.

PROOF. We will prove for the case Q C S"~!. The other case is implied by this. If Q
is properly convex, then Proposition 1.4.10 gives us a diagonal matrix group L acting on a
simplex. (i) to (iv) follow in this case.

(i) Assume that Q is not properly convex.

Now, I has no invariant lower-dimensional subspace P meeting Q: otherwise, I" acts
on PNQ properly so that PNQ/T is virtually homeomorphic to a lower-dimensional man-
ifold homotopy equivalent to a cover of Q/I" by Theorem 1.1.19. This is a contradiction.

The positivity of the eigenvalue will be proved: Let Cy,...,Cp 4 denote the subspaces
of I" obtained by Lemma A.1.3 where dimCy,...,dimC, > 2,dimCp, | = --- =dimCj, 1, =
1. We also denote Cj = {pj_p} for j=p+1,...,p+q. Let A1(g),...,A,(g) denote the
norms of eigenvalues of each element g of L restricted to Cy,...,C, of dimension > 2
respectively. The eigenvalues associated with Cpy1,...,Cpyy of dimension 1 are clearly
positive.

Define

Sj:=S(C1) %+ %S(Cj) *S(Cjy1) %+ *S(Cp).
Since L acts transitively on €,
QNS;=0.
Let
;:S" ' -§;, = S(C)),j=1,...,p

denote the projection. Consider Q; denote the image under II;. The image is a convex
subset of S(C;) since convex segments go to convex segments or a point under IT. The
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image is open otherwise the dimension of Q < n. Now I" acts cocompactly on £; since I
acts so on £ the domain of IT;. Then Q C Q*--- Q.

Since Q is contained in an open hemisphere, the corresponding cone is contained in
a half-space in R", and it follows that its image €2; is contained in a hemisphere and is a
convex open domain for each j.

We can consider the action of I" on C; have the norm of the eigenvalue equal to 1 only
by multiplying by a representation I — R, and we are working on S"~!. The action of I"
on Cj is orthopotent by Theorem 1.3.7. By Conze-Guivarc’h [62] or Moore [132], there is
an orthopotent flag in S; and hence a proper I'-invariant subspace. Let I'; denote the image
of I' by the restriction homomorphism to S(C}). Since I'; is abelian, I'; contains a uniform
lattice L} in the Zariski closure of I';. Since L’; is discrete, Theorem 1.3.7 shows that L',
is virtually unipotent and so is its Zariski closure. Hence I'; is virtually unipotent. (See
Theorem 3 of Fried [80].) Let l";. be the unipotent subgroup of I'; of finite index. We can
take [ := le Hj-_l (T"}). The finite index subgroup I" of I" has only positive eigenvalue
at S(C;) for each j, j=1,...,p. Also, the Zariski closure Z; of l“;- is isomorphic to R"J
for some n;.

We assume that I is torsion-free by takine a finite index subgroup by Selberg’s lemma,
i.e, Theorem 1.1.19. The Zariski closure L' of T'isin Z; X - - - X Z, and hence is free abelian.
L'/T is a closed manifold by Proposition A.1.5. We take a connected component L of L’
andletI" = LNT. Now, L/T” is a manifold, and Q/T” is a closed manifold. Since they are
both K(I", 1)-spaces, it follows that dim L = dimQ = n — 1. This proves (i).

(ii) We will now let T to be I above without loss of generality. Suppose that p =1
and g = 0, or suppose that the associated eigenvalue of each g € I' in C; is independent
of j. Since Q is a convex domain in an affine subspace in S"~!, Q is in a complete affine
subspace. We can change I" to be unipotent by changing scalars. A unipotent group acts
on a half-space in R” since its dual must fix a point in R™ being solvable. Thus I' acts
on an affine subspace A"~ in $"~!, and I acts as an affine transformation group of A"~!.
Proposition T of [90] proves our result.

Otherwise, it must be that  is not complete affine but not properly convex. There ex-
ists a great sphere S'~! in the boundary of Q where L acts on and is the common boundary
of i-dimensional affine spaces foliating € by Proposition 1.1.4 as in Section 7.1.1. There
is a projective projection

I : s _simt 5 gritt
Then the image € of Q is properly convex. and Q is the inverse image HST,-I, 1 (Q1). Since
L acts on 1, it follows that L acts on Q. Since dimL = dimQ and I acts properly with a
compact fundamental domain, L acts properly and cocompactly on Q. (See Section 3.5 of
[149].)

Let N denote the kernel of L going to a connected Lie group L; acting on £ properly
and cocompactly.

l1-N—>L—>L; —1.

By Lemma A.1.2, Q; is a simplex. Hence, L; is a positive diagonalizable group. Since
Q;/L; is compact, L; acts simply transitively on Q; by Lemma 2.5 of [21]. dimL; =n—
i— 1. Thus, dim N =i and the abelian group N acts on each complete affine i-dimensional
affine space A; that is a leaf. Since the action of N is proper, N acts on A; transitively by
the proof of Lemma 2.5 of [21]. The action is simple since dimA; < dim/ = i. Hence,
L acts transitively on Q. Since the action of L is proper, L acts simply transitively by the
dimension count.
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(iv) By Lemma A.1.4 and (i), we decompose R" into subspaces R" =V @ ---®V, BV
where V; corresponds to C; for j =1,..., p, Vp corresponds to Cp1 1 * - - - ¥ Cppy 4, L acts on
Vo as a positive diagonalizable linear group and L acts on V; as elements of an abelian
positive scalar unipotent group for j = 1,..., p. (Here Vj can be 0 and V; for i > 1 equals
C; for some j. )

Since L acts on Vj as a positive diagonalizable group, it fixes points pp,...,p, in
general position in S9! := §(V) with ¢ = dimVy. We claim that L contains an abelian
Lie subgroup Q of rank p + ¢ — 1 acting trivially on each Q;, j =1,..., p, and fixing p;,
i=1,...,q. Suppose that Q is properly convex. Then Q is the interior of a simplex. The
cocompactness of a lattice of L shows that L contains a discrete free abelian central group
of rank p + g — 1 by the last part of Proposition 1.4.10. The central group is contained in
Q. Since L is the Zariski closure of the lattice, Q is a subgroup of L.

Suppose that Q is not properly convex. We deform a lattice of L to a diagonalizable one
by a generalization of Lemma A.1.1 to the direct sum of scalar unipotent representations,
and use the limit argument.

Actually, Q is the maximal diagonalizable group with over vectors in directions of
P1,-..,Pq and eigenspaces V;, j=1,..., p. This again follows by the limit argument. This
proves (iv).

(iii) We choose a generic point (X)), (X)) € Q, in the complement of S(Vp), S(V;) for
Jj=1,...,m. Since these are independent spaces, X = Xo + Y./ ; X; where Xy € Vo, X; € V.
We choose a parameter of element 1), of Q fixing Vy or V; for some j with largest norm
eigenvalues and {1n,} converging to 0-maps on other subspaces as t — oo. By Theorem
1.3.13, we obtain a projection to Vy or V; for each j as a limit in S(M, (R")), and (Xp)) , (¥;)
are in the closure of L(((x))).

Since IT;(L(x)) = L(IT;(x)), we obtain

(A.1.2) L{(3)) € L(Go)) + L((x1)) # -+ L((%m))-

From the above paragraph, we can show that L(((X;)) is contained in CI(L((X)))). Hence,

(A.13) CHL((x))) > L((Fo)) * LI(F1)) # - * L{(Xn)-

Since L acts transitively on , L acts so on the projection €; under IT;. Hence,
L((¥)) = @ and L((X;))) = &;. By convexity of the domain CI(Q), (CI(Q))’ = Q. We
obtain

Q= {pi}**{pg} *Qrx---%xQ,)°.

Recall from above that L|Q; is a unipotent abelian group and hence has a distal action.
The proof of Theorem 2 of [80] applies here since L|Q; contains a cocompact lattice, and
it follows that L(X;) is a complete affine space in S(V;). This proves (iii). [S"T]

O

LEMMA A.1.7. Let ty € I for an interval 1. Suppose that we have a parameter of
compact convex domains /\; C S"! for t < to, t € I, and a transitive group action ®, :
Lx A} — A?t €1 by a connected free abelian group L of rank n — 1 for each t € I.
Suppose that ®; depends continuously on t and ®; is given by a continuous parameter
of homomorphisms h; : L — SL+(n,R). Then {/;} — A\, geometrically where /\; is a
convex domain, and L acts transitively on AZ).
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PROOF. Let L2 R""! have coordinates (z1,...,2,-1). ®:(g,-) : "' — §" ! is rep-
resented as a matrix
n—1
(A.14) hi(g) = exp(H, () zi(g)er))

i=1

where {H, : R"~! — sl(n,R)} is a uniformly bounded collection of linear maps.

Since P, is an isomorphism, we may assume that some open set is contained in an
orbit of @, (L) for a point xy. Since ®; — P, algebraically, we may assume without loss
of generality that (,c; A # 0 and contains an open neighborhood of x by taking a smaller
I containing .

Let A, denote the interior of a geometric limit of C1(A;,) for some subsequence #; — fo
as we can see from Section 1.1.2. By Proposition 1.1.9, A, is a convex open set.

Any point x € Ay equals @y, (g,x0) for g € L. Therefore,

{®i(g,x0)} € A7 = @y (g,x0) as t — 1o.

Hence, every point of A\, is the limit of a path y(r) € A? for t < t5. Hence, ®,(L)(xo) is
contained in Ay, by (1.1.1).

Now we show that A is a unique open orbit of L under ®;,.

First suppose that A, is properly convex for t € I — {#}. Suppose that A;O contains
more than two open orbits under ®,;. Then there exists a point y in the interior of A{O and
in an orbit of dimension < n. By (iv) of Lemma A.1.6, there exists a one parameter group
of element of form g* € L,s € R fixing each point of a hyperplane P passing y and having
a largest norm eigenvalue at another point x of multiplicity one outside P. (To see, we just
need to consider the diagonalizable group acting trivially on each of the subspaces and find
the kernel acting trivially on the join producing P.)

Let B(y) denote a compact ball which is contained in A{O and in A, for sufficiently
close ¢ to ty. For sufficiently close ¢ to fo, g still has the largest a largest norm eigenvalue
of multiplicity one and a g-invariant plane P, meeting the interior of B(y). Then acting by
g',s € R, we see that A, cannot be properly convex. This is a contradiction. Hence, A7 is
an orbit.

Suppose now that A, is not properly convex for ¢ in J — {to} for some interval J C I.
Then Cl(A;) = Si’l * K; for a properly convex domain K; by Proposition 1.1.4. L acts
on a great sphere Si~! in the boundary of A,. Now, Si~! is the common boundary of i-
dimensional affine spaces foliating A, by Proposition 1.1.4 as in Section 7.1.1. We may
assume without loss of generality that Sf‘ is a fixed sphere S'~! acting by an element g;
where {g; } converging to I as r — #y. There is a projection

Igi - sl —sitl gt

Then we consider ITgi—1 (K;) C S™==1. Now, the discussion reduces to the above by taking
a subgroup L' C L acting transitively on the interior of Il (K;) fort € J — {to}.

For each i-hemisphere in A? for ¢ near ¢ty with boundary Si=1, L acts transitively. We
may assume that this is true for ¢ = £y by the limit argument. Hence, we show that A, is an
orbit. O

A.1.3. Deforming convex real projective structures.

LEMMA A.1.8. Let U be a real projective structure on a closed orbifold M with a
developing map dev : M — S"~! (resp. RP""') is not injective. Then for any structure '
sufficiently close to U, its developing map dev' is not injective.
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PROOF. We prove for S"~!. We take two open sets U; and U, respectively containing
two points x,y € M with dev(x) = dev(y) where dev|U; is an embedding for each i =
1,2. Then for any developing map dev’ for u’ perturbed from dev under the C”-topology,
dev/'(U;) Ndev(U,) # 0. Hence, dev’ is not injective. [S"S] O

A convex real projective structure Yo on an orbifold X is virtually immediately de-
formable to a properly convex real structure if there exists a parameter (U, of real projective
structures on a finite cover X of X so that ¥ with induced structures [, is properly convex
fort > 0.

PROPOSITION A.1.9. A convex real projective structure on a closed (n— 1)-orbifold
M with virtually free abelian holonomy subgroup of a finite index is always virtually im-
mediately deformable to a properly convex real projective structure.

PROOF. Again, we prove for S""!. Let Z denote the fundamental group of a fi-
nite cover M’ of M. Let h € Hom(Z!,SL.(n,R)) be the restriction of the holonomy ho-
momorphism to Z'. Nearby every A, there exists a positively diagonalizable holonomy
B : 7' — SLy(n,R) by Lemmas A.1.1 and A.1.6. By the deformation theory of [49], 1"
is realized as a holonomy of a real projective manifold M” diffeomorphic to M’. Also, the
universal cover of M’ is a union of orbits of an abelian Lie group L by Benoist [16]. Here,
W (Z') is a lattice in L by Lemma A.1.6.

By premise, /' is deformable to h” where 4"(Z!) acts on properly convex domain
cocompactly. By Lemma A.1.10, M” is a properly convex real projective orbifold. [S"T]

(]

Let us recall a work of Benoist: Let M be a real projective (n — 1)-orbifold with nilpo-
tent holonomy. (Here we are not working with orbifolds.) Let N be the nilpotent identity
component of the Zariski closure of the holonomy group, Benoist [16], [19] showed that
M decomposes into a union of connected open submanifolds D;, i € I for an index set 1,
so that dev : D; — dev(D;) is a diffeomorphism to an orbit of a nilpotent Lie group N.
The brick number of M is the number of the (n — 1)-dimensional open orbits that map to
mutually distinct connected open strata in M.

LEMMA A.1.10. Let M be a closed (n— 1)-orbifold. Let (ML) be a convex real
projective orbifold with a virtually abelian fundamental group. Suppose L is deformed to
a continuous parameter [, of real projective structures so that [ty = . Let h, : w1 (M) —
SLi(n,R) (resp. PGL(n,R)), t € [0,1] = I, be a continuous family of the associated ho-
lonomy homomorphism with dev; : M — S"~! (resp. RP"). Suppose p; has the holonomy
group h,(m (M)) with following properties for t > 0:

(A): it is virtually diagonalizable for or, more generally, it acts on some properly
convex domain D;, or
(B): it acts properly on a complete affine space D,

where Dy has no proper hy(m(M))-invariant open domain.
Then (M, L) is properly convex or is complete affine for t > 0.

PROOF. Again, we prove for S"~!. For = 0, devy is a diffeomorphism to a complete
affine space or a properly convex domain by our conditions.
Define the following sets:

e A is the subset of ¢ satisfying (A) and L is a properly convex structure, and
e Bis the subset of ¢ for (B).
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We will decompose [0, 1] = AUB.

By Lemma A.1.7, the set A of points of I satisfying (A) is open. By Koszul [115], the
set A is open and A C A. We have AUB = [0, 1].

(A) Suppose that we have an open connected subset U with U C A and 1y € CI(U)
with properly convex or complete affine u,,. Then we claim U C A.

Lett € U. Since the holonomy group A, (7 (M)) is virtually abelian, a finite cover M’
of M is octantizable by Proposition 2 of [16]. dev, maps to a union of orbits of an abelian
Zariski closure A, of a finite index abelian subgroup H; of i(mr;(M’)) in S"~! by [19]. He
also shows that A, acts on M.

By our assumption for 4, i, (71 (M')) acts on a properly convex domain in S"~!. A, is
positive diagonalizable by Lemma A.1.2. Now orbits of A, are convex simplexes in "'
by Section 3.1 of Benoist [19] where he explains the classification of such structures by
Smillie [144] and [145].

We claim that dev, cannot map to a more than one orbit of A;: Suppose not. We
take a finite cover M" of M so that M" with induced g, has a brick number > 1. We can
find a parameter {g, } for induced real projective structures of f, on M” converging to a
real projective structure L, on M’ in the C"-sense, and a compact fundamental domain
F; of M obtained by perturbing a compact fundamental domain F of M for Uz, Since F
maps into an open orbit, F; maps into an open orbit for sufficiently small # by Lemma
A.1.7. However, this means that F; is in an orbit of M. (In other words, a sequence of
real projective structures with more than one bricks cannot converge to a properly convex
structure or a complete affine structure.) Since the orbits of A, on S"~! are properly convex,
we conclude that i, € A for a sufficiently small |t —#y| by Theorem 1.4.15. Hence, U NA
is a nonempty open set.

Also, we claim that U is in A: for any sequence {#;} converging to 7, in U in A, choose
a point xo in the developing image of dev,, for sufficiently large i since y;, are sufficiently
C"-close. Then Ay, (xo) — Ay (x0) by Lemma A.1.7. Since M with ,, develops into Ay, (xo),
the fundamental domain of M with Myt develops into A,(/) (x0), and hence dev,(/) develops into
Ay (x0). The developing map is a diffeomorphism to Ay (x0) by Theorem 1.4.15. Hence,
t(’) € A also. Thus, U NA is open and closed and hence U C A.

Hence, for connected open U, U C A, with g € CI(U) for properly convex or complete
affine L,,, we have U C A.

(B) Let I’ denote the subset of # in [0, 1] consisting of ¢ with , satisfying conclusions
of the lemma. Since L is properly convex or complete affine, I’ is not empty. Also, I’
contains all components of A meeting it by the above argument. Also, A’ = I' NA is open.

We will show that I’ is open and closed in [0, 1] and hence I’ = [0, 1]:

First, we show that I’ is open. Also, for 7y € I’ N B, we claim that a neighborhood is in
I': Otherwise, there is a sequence {;} for #; ¢ I’ converging to 7y with #; € I and dev;, is not
a diffeomorphism to a complete affine space where h;, acts on.

e If t; € A for infinitely many i, then ; € A C I’ for sufficiently large i by the same
argument as the fourth paragraph above. This is a contradiction.

e Assume now ¢; € B for sufficiently large i. Proposition 2 of [16] shows that M de-
composes into orbits of an abelian group that is the Zariski closure of /;, (71 (M)).
By our condition, open orbits are open hemispheres. Since dev;, is not a diffeo-
morphism to an orbit, M has more than two open orbits. Also, M does not have
a compact fundamental domain contained in an orbit since otherwise by dev;,
must map into an orbit. We choose a compact fundamental domain F for dev;,,
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which can be perturbed to a compact fundamental domain F; which is inside an
open orbit. Since M is a union of images of F;, M is inside one orbit. This is a
contradiction.

Hence, we showed that I’ is an open subset of 1.

Now, we show that I’ is closed: For any boundary point 7y of I’ in A, we have 1y € I'
since I’ contains a component of A it meets.

For any boundary point 7y of I’ that is in B, we have dev,, must be injective by Lemma
A.1.8 since deyv, is injective for t < fy or t > 1y for ¢ in an open interval with boundary point
fo. Hence, the image of dev,, meets a complete affine subspace invariant under the action
of hy, (1 (M)). Since the image of dev, for 7 € I is in a hemisphere or a compact properly
convex domain D;, the image of dev,, is in a hemisphere or a properly convex domain that
is the geometric limit of D; up to a choice of subsequences. Hence, f € I'.

Thus, I’ is open and closed. This completes the proof. [S™T] (]

LEMMA A.1.11. Let X be a properly convex closed orbifold with a structure l;,t €
[0,1]. Let dev, be a continuous parameter of developing maps for L. Then fort in a open
subset of [0, 1],

Cl(dev, (X)) = Sy %+ %S,
for properly convex domains Sy,...,S,, where each S;; span a subspace P;;. The finite-
index subgroup of h,(mi1(X)) acting on Pj; acts strongly irreducible for each t. Further-
more, m;,dimS;; are constant and Pj;, j =1, ... ,m; are always independent, and P; ; forms
a continuous parameter in the Grassmannian spaces G(n,dimP; ;) up to reordering.

PROOF. For an open susbet O of [0, 1], dev;, 7 € O, is a diffeomorphism by Porposition
5.3.11. The decomposition follows from Proposition 1.4.10. There is a virtual center Z,
a free abelian group of rank mj, mapping to a positive diagonalizable group Z, acting
trivially on each S;;. By Theorem 1.1 of [21], an infinite-order virtually central element
cannot have nontrivial action on §;, since otherwise the Zariski closure of the subgroup
of h;(m; (X)) acting on P;; cannot be simple as claimed immediately after that theorem.
Hence, any infinite-order virtually central elements are in a maximal free abelian group
of rank m;. Hence, for each ¢, there are subspaces S;; for j = 1,...,m so that the above
decomposition hold. Now, we need to show that the dimensions are constant.

We decompose I into mutually disjoint subsets Iy, ... »,, Where

my
dimS;; =n; where ny +---+ny, +my=n+1forn; <np <--- <y,

by reordering the indices. Then each of these sets is closed as we can see from a sequence
argument since the above rank argument shows that there cannot be further decomposition
in the limit increasing the rank of the virtual center. Since / is connected, there is only one
such set equal to /. Now, the conclusion follows up to reordering. U

We generalize Proposition A.1.10:

COROLLARY A.1.12. Suppose that a real projective orbifold X is a closed (n—1)-
orbifold with the structure l. Let [y, t € [0, 1], be a parameter of projective structures on ¥
so that Uy is properly convex or complete affine and (1) = . Let h; denote the associated
holonomy homomorphisms.

e Suppose that the holonomy group h, (7 (X)) in PGL(n,R) (resp. SL+(n,R)) acts
on a properly convex domain or a complete affine subspace D;.
o Suppose Dy is the minimal h, (7 (X))-invariant convex open domain.
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o We require that mi(X) to be virtually abelian if Dy, is complete affine for at least
one 1.

Then X is also properly convex or complete affine where the following hold:

e a developing map dev, is a diffeomorphism to R;(Dy) for every t € [0, 1]

e where R, is a uniformly bounded projective automorphism for each t and is a
composition of reflections commuting with one another.

e Furthermore, ¥ is properly convex if so is D;.

PROOF. Again, we prove in S"~!. If 7 (X) is virtually abelian, then it follows from
Proposition A.1.10

Now, suppose that ; (X) is not virtually abelian. Then D; is properly convex for every
t,t € I, by the premise.

The set A where L, is properly convex is open by Koszul [114]. Let ¢y be the supremum
of the connected component A’ of A containing 0. There is a developing map dev; : £ —
S"! for ¢ € A is a diffeomorphism to a properly convex domain D, where D, = R,(D;) for
a projective automorphism R; by Lemma 1.4.16.

Since associated developing map dev, maps into D; for 7 < #y, dev,|K for a compact
fundamental domain F C £ maps into a compact subset of D} for t < to. Since dev, : &
is injective, devy, : ¥ — S"! is also injective by Lemma A.1.8. By the injectivity and the
invariance of domain, dev,, is a diffeomorphism to an open domain . Since every point of
the image of dev,, is approximated by the points in the image D;° of dev, for t < #y. Hence,
C1(Q) is contained in the geometric limit of a convergent subsequence of any sequence
CI(Dy,) by Proposition 1.1.7. By Lemma 1.4.16, Q is a properly convex domain since the
holonomy group acts on a properly convex domain Dy, and Q = Ry, (D;,) for a projective
automorphism Ry, that is a composition of reflections commuting with one another.

Hence, A is also closed, and A = [0, 1]. By Lemma A.1.11 the uniform boundedness of
R, follows since the subspaces P;; are continuous and R; are either I or &/ on it. [S"T] [

A.1.4. Geometric convergence of convex real projective orbifolds. Note that the
third item of the premise below is automatically true by Theorem 8.1.2 if ¥ is an end-
orbifold of a properly convex affine n-orbifold for any 7.

COROLLARY A.1.13. Suppose that ¥ is a closed (n— 1)-orbifold. We are given a
path Uy, t € [0,1], of convex RP"~!-structures on ¥ equipped with the C"-topology, r > 2.
Suppose that W is properly convex or complete affine.

e Suppose that the holonomy group h; (7 (X)) in PGL(n,R) (resp. SL+(n,R) ) acts
on a properly convex domain or a complete affine subspace D;.

o Suppose Dy is the minimal holonomy invariant domain.

o We require that if |, is complete affine for at least one t, then the holonomy group
is virtually abelian.

Then the following holds:

o We can find a family of developing maps dev, to RP"™™! (resp. in S""1) contin-
uous in the C"-topology and a continuous family of holonomy homomorphisms
h : T — T, so that K, := Cl(dev, (L)) is a continuous family of convex domains
in RP"! (resp. in S"~') under the Hausdorff metric topology of the space of
closed subsets of RP" ! (resp. S"™™1).

o In other words, given 0 < € < 1/2 and ty,t; € [0,1], we can find § > 0 such that
if [to—t1| < O, then K;; C Ne(Ky,)) and Ky, C Ne(Ky, ).
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e Also, given 0 < & < 1/2 and ty,1; € [0, 1], we can find 8 > 0 such that if |to — 11| <
0, then dK;, C N¢(dKy,) and dK;, C Ne(dK;,) where we assume dev, maps to
S"=1 exclusively here.

o Finally, U is always virtually immediately deformable to a properly convex struc-
ture.

PROOF. We will prove for S"~!. Suppose first that 7; (X) is not virtually abelian. Then
Dy is never a complete affine space and hence is always properly convex by the premise.
By Lemma A.1.10, dev; is an embedding to the interior of K; for each t.

First, for any sequence {#;} converging to #y, we can choose a subsequence {#;;} so
that {K,,./} converges to a compact convex set K., in the Hausdorff metric. /(7 (X)) acts
on K., by Corollary 1.4.17.

By Lemma A.1.11, we define K; , := P, NK; where &, (7 (X)) acts strongly irreducibly
on P, and K; = Ky, *---* K,,,. We obtain Kl,,,.j — K; as j — o for a compact convex
set K; in a subspace P, ;, where a finite-index subgroup of A, (7 (X)) acts on by Lemma
A.1.11 and Proposition 1.1.7. Proposition 1.4.10 shows that the action on P, by m;(X')
is irreducible. Hence, K; must be properly convex by Proposition 1.4.1. We have K., C
K| *---x K, by Proposition 1.1.7 since K,l.j C Kl,tij Ko *Km,tij for each j. Hence, K is
properly convex.

Now, for any sequence {t/} covering to 79, suppose that a convergent subsequence
{K,: } converges to K.,. Then we claim that K.. = K.,: Now, K/, is properly convex also.

i

Choose a torsion-free finite-index subgroup I" of h,, (7 (X)) by Theorem 1.1.19. K2/T”
and K¢ /T” are homotopy equivalent. Since dev,, and devtlg are close, we may assume that
K2NK!° 0. Lemma 1.4.16 shows that K2 = K/°. This implies the first item for this case.

Suppose now that I' is virtually abelian. Then €, is determined by the generators of
the free abelian subgroup I" of a finite index with only positive eigenvalues by Lemma
A.1.6. T” determines the connected abelian Lie group A, containing 4, (I”) and €, is an
orbit of A; by Lemma A.1.6. Now Lemma A.1.7 implies the first item.

The second item follows from the first one. The third one can be deduced by Theorem
1.1.11. The fourth item follows by Proposition A.1.9. [S"T] O

REMARK A.1.14. Of course, we wish to generalize Lemma A.1.10 and Corollaries
A.1.12 and A.1.13 for fully general cases without the restriction on the domains of actions
starting from any properly convex projective orbifold and show the similar results. Then
we can allow NPNC-ends into the discussions. We leave this as a question of whether one
can achieve such results.

A.2. The justification for weak middle eigenvalue conditions

THEOREM A.2.1. Let O be a properly convex real projective orbifold with ends. Let
Y: be an end orbifold of an R-p-end E of O with the virtually abelian end-fundamental
group 7y (E).

o Suppose that [1; be a sequence of properly convex structure on an R-p-end neighbor-
hood Ug of E corresponding to a generalized lens-shaped R-p-ends satisfying the
uniform middle eigenvalue conditions.

e Suppose that U; limits to U in the C"-topology, r > 2.

Then .. satisfies the weak middle eigenvalue condition for E. Furthermore, the holonomy

group for U, virtually satisfies the transverse weak middle eigenvalue condition for E if it
is NPNC and 7y (E) is virtually abelian.
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PROOF. Assume first that & C S”. We may assume that the p-end vertex v 18 in-
dependent of p; by conjugation of the holonomy homomorphism. Let k; : m(Xz) —
SLi(n+1,R)y,. Since these satisfy the uniform middle eigenvalue conditions, we have

A (hi(g))
Avg (hi(8))
where C is a constant which may depend on A;. Let h. denote the holonomy homomor-
phism for L., which is an algebraic limit of 4;. By taking limits, we obtain that &, satisfies
the weak middle eigenvalue condition.

Suppose now that U is NPNC. For convenience, we may assume without loss of
generality that 7| (E) is free abelian. Let I denote /..(71 (E)).

By Lemma A.1.6, £ is the interior of a strict join of hemispheres and a properly
convex domain

C lewl(g) <log< ) < Cewl(g),C>1,g € m (Xg)

Hx---xH,*Kj CSﬁETl

where
e T'|H;, j=1,...,m, has the Zariski closure a unipotent Lie group for a finite index
subgroup I of he. (7 (E)),
e T'|Kj is a diagonalizable group acting so, and
e I has a center Q of rank m + dim Ky — 1 acting trivially on each H;, i=1,...,m

and fixing the vertices of Kj.

Given any i-dimensional hemisphere V of Sﬁﬁfl for 0 <i < n—1, there exists unique
i+ 1-dimensional hemisphere V in S" in the direction of V from vz and containing vz in
v

We denote by H; the hemispheres in S” corresponding to the directions of H; for i =
1,...,m and p; the great segments in S” corresponding to the directions vertices pi, ..., pr
of Ko. Let g € h(m;(E)). Since a CA-lens for /;(7;(E)) contains the points affiliated with
the largest norm of eigenvalues for /(g) for each g € 7 (E), a limiting argument shows
that points in H? or p; must be affiliated with the largest norm 2 (h(g)) of the eigenvalues.
(Of course, these are not all such points necessarily)

By Proposition 1.1.4, the maximal dimensional great sphere S9! in bdE; C Sﬁgl
corresponding the boundary of complete affine leaves in £z equals dH *- - - * dH,,. Since
these points are not in the directions of dHj * --- * dH,,, the desired inequality 7LV7Z(g) >
Avy (g) holds. [S"T] ]






Index of Notations

These are not the definitions. Please see the pages to find precise definitions.

R: The real number field

R, : The set of positive real numbers

C : The complex number field

&7+ The antipodal map S" — S".

d: The Fubini-Study metric on S". 6

Hom(G,H): The set of homomorphisms G — H for two groups G, H.

rep(G,H): The set of conjugacy classes of homomorphisms G — H for two groups
G,H.

|- |: The maximal norm of the entries of a matrix. p.25

|-|: The Euclidean metric on a vector space over R, (also we use ||-||; for emphasis)
p-21

[/lperes A fiberwise metric on a vector bundle over an orbifold p.82

7 (+): The orbifold fundamental group of an orbifold

% (-): The Zariski closure of a group p.30

Z(-): The center of a group p.30

Aut(K): The group of projective automorphisms of a set K p.12

RP": The n-dimensional projective space. p.5

RP"™: The dual n-dimensional projective space. p.36

A’": The n-dimensional affine space p.11

S": The sphere. p.3

ps»: The double covering map S" — RP”. p. 3

S™: The dual sphere. p.29

IT: R"!— {0} — RP" projection p.10

I': R**! — {0} — S" projection p.11

bd*eQ:

bd*8Q := {(x,H)|x € bdQ,x € H,
H is an oriented sharply supporting hyperspace of Q} C S" x §"*. p. 37

Iag: projection s, : bd*8Q — bdQ given by (x,H) — x. p. 37

dM: manifold or orbifold boundary of a manifold or orbifold M p.3

bdX: topological boundary of X in an ambient space p.3

bdyxY: topological boundary of Y in an ambient space X p.3

M?: the manifold or orbifold interior of a manifold or orbifold M or the relative
interior of a convex domain in a projective or affine subspace. p.3

P(V): the projectivization of a vector space V. p. 5

S(V): the sphericalization of a vector space V. p. 5

Pq: the geodesic segment in RP” or S” connecting p and ¢ not antipodal to p p.4
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Pzq: the geodesic segment in S” connecting p and ¢ antipodal to p and passing z.
p-4

()*: Duals of vector spaces or convex sets or linear groups. p.36

()': The proper-subspace dual of a properly convex domain in a subspace. p.37

()e: The subscript denotes that the representation space or the character space is
restricted by the condition that each end holonomy group to have a fixed point
for R-ends or to have a holonomy group invariant hyperspace satisfying the lens-
condition for T-ends. p.233

().t The subscript denotes that the representation space or the character space or
the deformation space is restricted by the condition that the ends be lens-shaped
R-ends or lens-shaped T-ends only or the corresponding condition for the end
holonomy groups. p.238

()y: The subscript denotes that the representation space or the character space or
the deformation space is restricted by the end holonomy group having a unique
fixed point for R-ends or having a unique end holonomy invariant hyperplane
satisfying the lens-condition for T-ends. p.234

()°: The superscript denotes that the representation space or the character space or
the deformation space is restricted by the stability condition. p.238

()W: The subscript denotes that the deformation has holonomy in an open subset
¥ of the character space and the end is determined by the fixing section sy .
p.276
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