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Teichmüller spaces

The Teichmüller space is the space of quasiconformal
deformations of a (fixed) Riemann surface.

First, we define differentiable quasiconformal mappings on
domains for understanding what happens locally under a
quasiconformal deformation.
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Conformal mappings

Let us recall the geometry of conformal mappings.

Let f (z) = f (x + iy) = u(x, y) + iv(x, y) be conformal (injective and
holomorphic). Then,

(

ux uy

vx vy

)

C−R
=

(

ux −vx

vx ux

)

=

(

R 0
0 R

) (

a −b
b a

)

where R =
√

u2
x + v2

x，a = ux/R, b = vx/R. Hence, Jacobi matrix is
the composition of an expansion (contraction) and a rotation. This
means that conformal mapping sends an infinitesimal circle to an
infinitesimal circle.
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Differentiable quasiconformal mappings

U, V : domain in C
Let K ≥ 1 and k = (K − 1)/(K + 1).

An orientation preserving diffeomorphism f : U → V is said to be
K-quasiconformal if
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at any points on U. The infimum of such K is called the maximal
dilatation of f , which will be denoted by K( f ).

Hideki Miyachi Earthquakes



Teichmüller theory
Measured Geodesic Laminations and Topology

Earthquakes
Homeomorphism theorem

Quasiconformal mappings
Teichmüller space

What happens around a point?

To compare quasiconformal mappings with conformal mappings,
we give an infinitesimal picture of quasiconformal mappings

Suppose the origin 0 is in both U and V , and f (0) = 0.
Let A = fz(0) and B = fz(0).

f (z) = Az + Bz + O(|z|) = L(z) + O(|z|).

as |z| → 0, where L is the real linear transformation

L(z) = Az + Bz,

which is the infinitesimal approximation of f at z = 0.
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What happens around a point?

L(z) = Az + Bz = eiθ
(

|A|(e−iθz) + |B|(e−iθz)
)

where θ with B/A = k′e2iθ. Suppose for the simplicity that A > 0.
By assumption |B| ≤ kA, k = (K − 1)/(K + 1) < 1.
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What happens around a point?

Since B/A = k′e2iθ, k′ ≤ k by definition. Thus, we have

major axis
minor axis

=
|A| + |B|
|A| − |B| =

1+ k′

1− k′
≤ 1+ k

1− k
≤ K
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Quasiconformal mappings in general

A quasiconformal mapping is NOT a diffeomophism in general. I
omit to give the “general definition” of quasiconformal mappings
here.

For instance,
w(z) = z|z|K−1

is K-quasiconformal (in general sense), however, not diffeomorphic
at z = 0.

Fortunately, it is known that quasiconformal mappings in the
general definition are known to be differentiable almost everywhere
in the domain and the infinitesimal picture given here is OK at
differentiable points.
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Properties of quasiconformal mappings
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(1)

k = (K − 1)/(K + 1).

(0) If f is K-quasiconformal, then f is also K′-quasiconformal for
K′ ≥ K.

(1) 1-quasiconformal if and only if conformal. It seems to be
obvious from Cauchy-Riemann equation fz = 0 and (1).

(2) If f is K-quasiconformal, so is f −1. It seems not to be obvious
from (1), but to be obvious from the infinitesimal picture of
quasiconformal mappings.

(3) If fi is Ki-quasicorformal for i = 1, 2, then f2 ◦ f1 is
K1K2-quasifonmal. (Exercise)
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An example of quasiconformal mappings

Ar = {r < |z| < 1}
(1) w(z) = z|z|K−1 : Ar → ArK is K-quasiconformal.

Proof.

Since w(z) = z
K+1

2 z
K−1

2 ,

wz(z) =
K − 1

2
z
z
|z|K−1 (2)

wz(z) =
K + 1

2
|z|K−1 (3)

Hence

|wz(z)| =
K − 1
K + 1

|wz(z)| = k|wz(z)|.

�
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An example of non-quasiconformal mappings

Ar = {r < |z| < 1}

(2) f (z) = 4|z|2−1
3 z : A1/2→ A0 is not quasiconformal.

Proof.

We can see

| fz(z)| =
4|z|2

8|z|2 − 1
| fz(z)|

and
4|z|2

8|z|2 − 1
→ 1

as |z| → 1/2. �

In fact, there is NO quasiconformal mapping between A1/2 and A0.
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Teichmüller space

D = {z ∈ C | |z| < 1}

QC = { f : D→ D : quasiconformal}.

[Fact] Any f ∈ QC extends as a homeomorphism of D.

Two f , g ∈ QC is said to be Teichmüller equivalent if f ≡ A ◦ g on
∂D for some A ∈ Aut(D).
� �

T (D) = QC/(Teichmüller equivalent).
� �
is the universal Teichmüller space.
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Teichmüller space of Fuchsian groups

Let Γ is a Fuchsian group and consider

QC(Γ) = { f : D→ D : Γ-compatible quasiconformal},

where Γ-compatible quasiconformal mapping is a quasiconformal
mapping f with

fΓ f −1 := { f ◦ γ ◦ f −1 | γ ∈ Γ} ⊂ Aut(D).

Then,� �
T (Γ) = QC(Γ)/(Teichmüller equivalent).

� �
is the Teichmüller space of Γ. This is canonically identified with the
Teichmüller space of D/Γ.
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An example

As I mentioned,
w(z) = z|z|K−1

is a K-quasiconformal mapping.

Let AL(z) = eLz for L > 0. Then

w ◦ AL(z) = eLz|eLz|K−1
= eKLz|z|K−1AKL ◦ w(z)

and
w ◦ AL ◦ w−1

= AKL ∈ Aut(H).

This means that [w] ∈ T (〈AL〉).
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Topology of Teichmüller space

For [ f ], [g] ∈ T (D), we define

dT ([ f ], [g]) =
1
2

inf
h

log K(h)

where h runs all h ∈ QC with f ◦ g−1
= h on ∂D.

(1) (T (D), dT ) is a complete metric space. dT is called the
Teichmüller distance.

(2) We can also define the Teichmüller distance on T (Γ) for all
Fuchsian group Γ.

(3) The canonical inclusion

T (Γ) ∋ [ f ] 7→ [ f ] ∈ T (D)

is a continuous embedding (actually 1-Lipschitz), but not
isometric in general (Ohtake, McMullen).
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Geodesic Laminations on the unit disk

The unit disk D

ds2
=

4|dz|2
(1− |z|2)2

.

Any complete geodesic in terms of this metric is either a segment
or a circular arc which intersects ∂D orthogonally.

Thus, geodesics in D is determined by their endpoints, and vise
versa.
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Measured Geodesic Laminations

Define
G = (∂D × ∂D \ diag)/(a, b) ∼ (b, a)

The set G is recognized as the set of unoriented complete
geodesic on D.
G has a canonical topology inherited from ∂D × ∂D.

Thus, geodesics converge in G if and only if their endpoints
converge in ∂D × ∂D.
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Geodesic Laminations

A geodesic lamination on D is a closed set on D which consists of
disjoint complete geodesics. A stratum of L is either a geodesic of
L or a component of the complement of L in D.

Notice that each geodesic lamination is canonically embedded into
G as a closed subset.
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Transverse measures : Homotopy preserving strata

Let L be a geodesic lamination.

I1 and I2 are homotopic in preserving strata. i.e.

∃H : [0, 1] × [0, 1]→ D

such that

(1) H([0, 1], 0) = I1 and H([0, 1], 1) = I2

(2) for each t ∈ [0, 1], H(t, [0, 1]) is contained in a stratum.
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Measured Laminations

Let L be a geodesic lamination.

A transverse measure µ with support L is an assignment of a
positive Radon measure λI to each closed finite hyperbolic arc I in
D whose support is I ∩ L and which is invariant under homotopies
which preserve strata of L.

A measured lamination λ is given by a transversal measure with
support |λ|.
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Transverse measures : Invariance

I1 and I2 are two transverse arcs to L which homotopic preserving
strata of L. Two Radon measures λI1 and λI2 on I1 and I2 are
invariant if

λI1(H(B, 0)) = λI2(H(B, 1))

for all Borel set B ⊂ [0, 1].
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Bounded Measured Laminations

A measured lamination λ is bounded if the Thurston’s earthquake
norm

‖λ‖Th = sup
I
λ(I)

is bounded where I runs over all geodesic arcs in D with unit
length.
Let

MLb(D) = {bounded measured laminations on D.}

We will define a topology onMLb(D) later which is compatible
with the Teichmüller topology via Earthquake deformations.
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Measured Geodesic Laminations

Examples

(1) Lamination L with a single geodesic

The measure is just the Dirac measure of the intersecting point.
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Measured Geodesic Laminations

Examples

(2) Laminaiton consists of Infinitely many geodesics
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Measured Geodesic Laminations

Examples

(3) Let Γ be a Fuchsian group. Let γ be a simple closed geodesic
on D/Γ. Then, the lift of γ is a geodesic lamination with natural
transverse measure (defined by the intersection number).

Hideki Miyachi Earthquakes



Teichmüller theory
Measured Geodesic Laminations and Topology

Earthquakes
Homeomorphism theorem

Measured Geodesic Laminations

Examples

(4) Geodesics filling hyperbolic plane.
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Examples

(5) The Hausdorff limit of a sequence of geodesic laminations is
also a geodesic lamination.

This is very complicate. It is hard to draw a picture.

(6) Let Γ be a cocompact Fuchsian group. A measured
lamination is Γ-invariant if

λγ(I)(γ(E)) = λI(E)

for all γ and E ⊂ I. This is the lift of a measured lamination on
D/Γ. Every Γ-invariant measured lamination is bounded.

Hideki Miyachi Earthquakes



Teichmüller theory
Measured Geodesic Laminations and Topology

Earthquakes
Homeomorphism theorem

Measured Geodesic Laminations

Examples

(5) The Hausdorff limit of a sequence of geodesic laminations is
also a geodesic lamination.

This is very complicate. It is hard to draw a picture.

(6) Let Γ be a cocompact Fuchsian group. A measured
lamination is Γ-invariant if

λγ(I)(γ(E)) = λI(E)

for all γ and E ⊂ I. This is the lift of a measured lamination on
D/Γ. Every Γ-invariant measured lamination is bounded.

Hideki Miyachi Earthquakes



Teichmüller theory
Measured Geodesic Laminations and Topology

Earthquakes
Homeomorphism theorem

Measured Geodesic Laminations

Examples

(5) The Hausdorff limit of a sequence of geodesic laminations is
also a geodesic lamination.

This is very complicate. It is hard to draw a picture.

(6) Let Γ be a cocompact Fuchsian group. A measured
lamination is Γ-invariant if

λγ(I)(γ(E)) = λI(E)

for all γ and E ⊂ I. This is the lift of a measured lamination on
D/Γ. Every Γ-invariant measured lamination is bounded.

Hideki Miyachi Earthquakes



Teichmüller theory
Measured Geodesic Laminations and Topology

Earthquakes
Homeomorphism theorem

Earthquakes
Earthquake measures

Earthquakes

A (left) earthquake E with the support a geodesic lamination L is a
surjective map E : D→ D satsifies the following.

(1) E is a hyperbolic isometry when restricted to any stratum of L.

(2) For any two strata A and B, the comparison isometry

(E |A)−1 ◦ E |B

is a hyperbolic translation whose axis weakly separate A and
B, and which translates B to the left as seen from A.

An earthquake E of D continuously extends to a homeomorphism
of the boundary S 1. We denote by E |S 1 the extension.
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(1) E is a hyperbolic isometry when restricted to any stratum of L.

E(z) =

{

eaz (Re(z) > 0)
z (Re(z) ≤ 0)
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(1) E is a hyperbolic isometry when restricted to any stratum of L.

E(z) =

{

eaz (Re(z) > 0)
z (Re(z) ≤ 0)

E |A (z) = z

E |ℓ (z) = z

E |B (z) = eaz
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(2) For any two strata A and B, the comparison isometry

(E |A)−1 ◦ E |B

is a hyperbolic translation whose axis weakly separate A and
B, and which translates B to the left as seen from A.
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(2) For any two strata A and B, the comparison isometry

(E |A)−1 ◦ E |B

is a hyperbolic translation whose axis weakly separate A and
B, and which translates B to the left as seen from A.

E(z) =

{

eaz (Re(z) > 0)
z (Re(z) ≤ 0)

(E |A)−1 ◦ E |B (z) = eaz
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Earthquake measures

Given an earthquake E with support L, there is an associated
positive transversal measure µ to L as follows.

Let I be a closed geodesic arc transversely intersecting L
with arbitrary orientation.
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For given n, choose strata

An = {A1, · · · , An}

of the support of E such that A1 contains the left end point of
I, An contains the right endpoint of I, and Ai intersects I in the
given order.
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The summation of the translation lengths E | Ai+1 ◦ (E |Ai)
−1

for i = 1, 2, · · · , n − 1 is the approximate measure of I.
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If n→ ∞ and An are chosen such that (∪n
i=1Ai) ∩ I is dense in

I for all n, the limit of approximate measure is well-defined
measure
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This measure defines a measured lamination λ with support
L.

We call the measured lamination λ the earthquake measure for E.

We denote by Eλ a earthquake map with earthquake measure λ.
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Two key results

Theorem (Thurston)

For any orientation preserving homeomorphism h on ∂D, there is a
unique measured lamination λ such that h = Eλ.

Theorem (Gardiner-Hu-Lakic, Šarić)

The following are equivalent.

h : S 1→ S 1 has quasiconformal extension on D.

The earthquake measure for h is bounded.
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The earthquake measure map and our result

Therefore, there is a well-defined bijection

EM : T (D)→MLb(D)

where T (D) is the universal Teichmüller space.
The map EM is called the earthquake measure map.

Our main result is the following theorem.

Theorem (Šarić - M)

There is a “canonical” topology onMLb(D) such that the
earthquake measure map is a homeomorphism.
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The cross Ratio and Boxes

The cross ratio of a quadraple (a, b, c, d) is given by

cr(a, b, c, d) =
(a − c)(b − d)
(a − d)(b − c)

.

A box Q = [a, b] × [c, d] is a subset of G which is a product of arcs
in S 1, where an arc [a, b] is a segment in S 1 connecting from a to b.
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Liouville measure

On G, there is a canonical measure, called the Liouville measure,
satisfiying

L(Q) =
∣

∣

∣log |cr(a, b, c, d)|
∣

∣

∣ =

∣

∣

∣

∣

∣

log
∣

∣

∣

∣

∣

(a − c)(b − d)
(a − d)(b − c)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

for all box Q = [a, b] × [c, d].
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Set
Q∗ = [−i, 1] × [i, 1].

Let ℓQ∗ = (e−π/4, e3π/4) ∈ Q∗. Let Q be a box with L(Q) = log 2 and
γQ a Möbius transformation of D with γQ(Q∗) = Q.

We call ℓQ := γQ(ℓQ∗) the center of a box Q.
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Hölder distributions

We give a product distance on G. For 0 < ν ≤ 1, we set

Hölν0 = {ν-Hölder continuous functions on G with compact support.}

The ν-norm of ϕ ∈ Hölν0 is defined by

‖ϕ‖ν = max

{

|ϕ(x, y)|, sup
|ϕ(x, y) − ϕ(x1, y1)|
d((x, y), (x1, y1))ν

}

,

where the maximum inside the brackets is over all (x, y) ∈ G and
where the supremum is over all (x, y), (x1, y1) ∈ G.
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Let

Höl0 = {Hölder continuous function on G with compact support.}

Then, Höl0 = ∪0<ν≤1Hölν0.
A ν-test function is a pair (ϕ,Q) of a Hölder continuous function ϕ
on G and a box Q of L(Q) = log 2 satisfying

supp(ϕ) ⊂ Q and ‖ϕ ◦ γQ‖ν ≤ 1.

Let
test(ν) = {ν-test functions.}.
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A Hölder distribution is a linear functional W on Höl0 such that

‖W‖ν := sup{|W(ϕ)| | (ϕ,Q) ∈ test(ν)} < ∞

for all 0 < ν ≤ 1. The supremum depends on the Hölder exponent ν
in general. Let

Hν = {W : Linear functional on Höl0 with ‖W‖ν < ∞.}

Set H = ∩0<ν≤1Hν.
The family of ν-norms makesH into a Fréchet space.
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Bounded measured laminations as Hölder distributions

Each measured lamination λ corresponds to a positive Radon
measure on G as follows.

(1) For a transverse arc I, the transverse arc λ assigns a Radon
measure λI on I whose support is in L ∩ I. λI can be
recognized as a measure on L ∩ I ⊂ G.
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Each measured lamination λ corresponds to a positive Radon
measure on G as follows.

(1) For a transverse arc I, the transverse arc λ assigns a Radon
measure λI on I whose support is in L ∩ I. λI can be
recognized as a measure on L ∩ I ⊂ G.

Hideki Miyachi Earthquakes



Teichmüller theory
Measured Geodesic Laminations and Topology

Earthquakes
Homeomorphism theorem

Definition of the earthquake measure map
The earthquake measure map and our result
Topology for Bounded measured laminations
Examples
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Bounded measured laminations as Hölder distributions

(2) By the homotopy invariance, λI1 and λI2 agree on their
“intersection” L ∩ I3 ⊂ G.
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Bounded measured laminations as Hölder distributions

(2) By the homotopy invariance, λI1 and λI2 agree on their
“intersection” L ∩ I3 ⊂ G.
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Bounded measured laminations as Hölder distributions

(3) By gluing measures {λI}I along “intersections”, we obtain a
Radon measure λ on L ⊂ G.
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Bounded measured laminations as Hölder distributions

(4) The pushing forward by the inclusion L ֒→ G makes a Radon
measure λ on G.

For example, when L is discrete in G, the Radon measure
obtained in this procedure is just the sum of Dirac measures :

λ =
∑

ℓ:leaf of L
aℓδℓ

where aℓ ≥ 0.
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Bounded measured laminations as Hölder distributions

(4) The pushing forward by the inclusion L ֒→ G makes a Radon
measure λ on G.

For example, when L is discrete in G, the Radon measure
obtained in this procedure is just the sum of Dirac measures :

λ =
∑

ℓ : leaf of L
aℓδℓ

where aℓ ≥ 0.
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Thus, any λ ∈ MLb(D) is recognized as a Radon measure on G
and defines a Hölder distribution by

Höl0 ∋ ϕ 7→
∫

G
ϕdλ.

Indeed, we can see that

‖λ‖ν ≤ ‖λ‖Th

for all 0 < ν ≤ 1.
ThusMLb(D) is embedded into H as a subset. The induced
topology fromH is called the Fréchet topology onMLb(D).
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Our result revisited

There is a well-defined bijection, called the earthquake measure
map.

EM : T (D)→MLb(D)

where T (D) is the universal Teichmüller space. Our main result is
restated as follows.

Theorem (Šarić - M)

WhenMLb(D) is topologized by the Fréchet topology, the
earthquake measure map is a homeomorphism.
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Remarks

(1) We recognize measured laminations as Radon measures on
G. The set of measures admits the other canonical topology
which is called the weak∗ topology (vague topology).

Radon measures λm on G converges to λ∞ in the weak∗

topology if

lim
m→∞

∫

G
f dλm =

∫

G
f dλ∞

for all continuous function f with compact support.

The weak∗ topology is weak in this situation. We will see an
example later.
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Remarks

(2) Let Γ be a cocompact Fuchsian group. If we restrict
Γ-invariant measured laminations, the weak∗-topology
coincides with the Fréchet topology.

In this case, our Radon measures from measured
lamimations are same as geodesic currents.
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Hölder topology vs the weak∗-topology on G

For the simplicity, we discuss on H instead of D. Consider
geodesics ℓn = (1/n,∞) (n ∈ N) and ℓ0 = (0,∞) in G. Each ℓn is
recognized as a measured lamination µn with transverse measure
defined by counting intersection points with transversal arcs.
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For n = 0, 1, · · · , the corresponding Hölder distribution µn is the
Dirac measure with support at ℓn. Then, in the sense of Hölder
distributions, µn does not converge to µ0 as n→ ∞, while ℓn
converges to ℓ0 in the weak∗-topology of G.

For the weak∗-topology, we can see
∫

G
f dµn = f (ℓn)→ f (ℓ0) =

∫

G
f dµ0

for all continuous function f with compact support.
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distributions, µn does not converge to µ0 as n→ ∞, while ℓn
converges to ℓ0 in the weak∗-topology of G.

For the weak∗-topology, we can see
∫

G
f dµn = f (ℓn)→ f (ℓ0) =

∫

G
f dµ0

for all continuous function f with compact support.

Hideki Miyachi Earthquakes



Teichmüller theory
Measured Geodesic Laminations and Topology

Earthquakes
Homeomorphism theorem

Definition of the earthquake measure map
The earthquake measure map and our result
Topology for Bounded measured laminations
Examples

Indeed, for n ≥ 1 and ω = 3+ 2
√

2, we define a box
Qn = [−an, an] × [ωan,−ωan] with 1/(ωn) < an < 1/n, where
[ωan,−ωan] is the interval in ∂H = R ∪ {∞} which contains ∞ and
connects ωan and −ωan.

Figure: ℓ0, ℓn, and the box Qn of center ℓ0 with L(Qn) = log 2, which
separates ℓ0 and ℓn. The right picture represents how Qn distributes in
the space G.

Hideki Miyachi Earthquakes



Teichmüller theory
Measured Geodesic Laminations and Topology

Earthquakes
Homeomorphism theorem

Definition of the earthquake measure map
The earthquake measure map and our result
Topology for Bounded measured laminations
Examples

Then, one can check that L(Qn) = log 2, µ0(Qn) = 1 and µn(Qn) = 0
since ℓn < Qn.
We take a Lipschitz function on G with support in Q∗ such that
‖ϕ‖1 ≤ 1 and the value at the center ℓQ∗ of ϕ is positive. Set

ϕν,n = (2/π)1−νϕ ◦ (γQn)
−1

for 0 < ν ≤ 1. From the symmetries of Qn and Q∗, one can see that
ℓ0 = ℓQn for all n. Thus, the pair (ϕν,n,Qn) is in test(ν) and satisfies

‖µn − µ‖ν ≥
∣

∣

∣

∣

∣

∣

∫

Qn

ϕν,nd(µn − µ0)

∣

∣

∣

∣

∣

∣

= (2/π)1−νϕν,n(ℓ0) ≥ (2/π)ϕ(ℓQ∗)

for all n and 0 < ν ≤ 1, which implies what we wanted.
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Uniform convergence vs Teichmüller topology

Again, let µn = ℓn = (1/n,∞ and µ0 = ℓ0 = (0,∞). Corresponding
Earthquakes are

Eµn(z) =

{

e(z − 1/n) + 1/n (Re(z) > 1/n)
z (Re(z) ≤ 0)

and

Eµ0(z) =

{

ez (Re(z) > 0)
z (Re(z) ≤ 0)

Then, it is easy to see that Eµn |S 1 converges to Eµ0 |S 1 uniformly.
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For checking that [Eµn |S 1] does not converge to [Eµ0 |S 1] in the
Teichmüller topology, we need the following lemma.

Lemma

Let [hn] converges to [h] in the Teichmüller topology,

sup
Q
{|L(hn ◦ h−1(Q)) − L(Q)|} → 0,

as n→ ∞, where Q runs all boxes with L(Q) = log 2.

This is a kind of the Schwarz lemma in the complex analysis.
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Since

gn(x) := Eµn |S 1 ◦(Eµ0 |S 1)−1(x) =



















x (x ≤ 1/n)
x
e (0 ≤ x ≤ e/n)

x − e
n +

1
n (e/n ≤ x).

For Qn = (∞,−e/n, 0, e/n), then gn(Qn) = (∞,−e/n, 0, 1/n) and

L(Qn) =
(∞ − 0)(−e/n − e/n)
(∞ − e/n)(−e/n − 0)

=
−2(e/n)
−e/n

= 2

L(gn(Qn)) =
(∞ − 0)(−e/n − 1/n)
(∞ − 1/n)(−e/n − 0)

=
e + 1

e

which imply [hn] 6→ [h].
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Thank you very much for your attention.
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Key of the proof

We check the following: Let {µn}n be a sequence of measured
laminations and µ a measured lamination. Suppose that Thurston
norm of µm is uniformly bounded. Then, the following are
equivalent.

(1) For any continuous function f on G with supp(ϕ) ⊂ Q∗,

sup
Q,L(Q)=log 2

∫

Q∗
f d((γQ)∗(µm) − (γQ)∗(µ))→ 0

as m→ ∞.

(2) For all ν,

‖µn − µ‖ν = sup
(ϕ,Q)∈test(ν)

∣

∣

∣

∣

∣

∣

∫

Q
ϕd(µm − µ)

∣

∣

∣

∣

∣

∣

→ 0

as m→ ∞
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