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Hitchin System

Hitchin System

Definition

A dynamical system is said to be an Algebraically Completely
Integrable system if

it is a completely integrable system

H : M2l → Cl by H(m) = (H1(m), . . . ,Hl(m))

a generic fiber of H is an (Zariski) open set of an abelian
variety

each Hamiltonian flow of XHi
is linear on a generic fiber.
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Hitchin System

Hitchin System

Definition

A holomorphic structure on a smooth complex vector bundle E of
rank l over a compact Riemann surface R is a differential operator
d ′′A satisfying

d ′′A(fs) = ∂f ⊗ s + fd ′′As where s ∈ A0(R,E) and f ∈ C∞(R).

Symplectic form: For (A,Φ) ∈ T∗AA

ω(A,Φ)((Ȧ1, Φ̇1), (Ȧ2, Φ̇2)) =

∫
R

Tr(Φ̇2 ∧ Ȧ1 − Φ̇1 ∧ Ȧ2).

A momentum map µ : T∗As → Lie(G)∗ induced by the action
of gauge group G is given by{

µ(A,Φ) = d ′′AΦ

µ−1(0)/G ∼= T∗N
.
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A momentum map µ : T∗As → Lie(G)∗ induced by the action
of gauge group G is given by{

µ(A,Φ) = d ′′AΦ

µ−1(0)/G ∼= T∗N
.

4/35



Introduction Construction Krichever-Lax matrices Dynamical system

Hitchin System

Hitchin System

Definition

A holomorphic structure on a smooth complex vector bundle E of
rank l over a compact Riemann surface R is a differential operator
d ′′A satisfying

d ′′A(fs) = ∂f ⊗ s + fd ′′As where s ∈ A0(R,E) and f ∈ C∞(R).

Symplectic form: For (A,Φ) ∈ T∗AA
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Hitchin System

Hitchin System

Theorem (Hitchin)

Let N be a moduli space of stable holomorphic vector bundles over
a compact Riemann surface R of genus > 1. Then T∗N is an
algebraically completely integrable system.
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Idea of proof

Spectral curve

λz ∈ KR
π∗
−−−−→ π∗λ ∈ π∗ KR

π

y y
z ∈ R

π←−−−− λz ∈ KR .

(1)

A spectral curve R̂ associated with a Higgs field Φ[A] ∈ T∗N is the

zero locus of a section π∗ det(λz · Il×l − Φ[A](z)) ∈ (π∗ KR)l

R̂ = {λz ∈ KR | π∗ det(λz · Il×l − Φ[A](z)) = 0}.
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The Hitchin map

H : T∗N→
l⊕

i=1

H0(R,Ki
R).

H−1(q) is an open set in Jac(R̂) where g(R̂) = l2(g − 1) + 1.

The Hitchin’s Abelianization Program.

T∗N ⊆M
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Idea of proof

Example for rank 1

T∗N ∼= T∗ Jac(R) ∼= Jac(R)× H1,0(R)

∼= Jac(R)× H0(R,KR)

Projection:

H : Jac(R)× H0(R,KR) // H0(R,KR)

([A], [Φ]) � // [Φ].

R̂ ∼= R.
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Hilbert scheme

The Hilbert Scheme of points

Let S be a K3 surface with a line bundle L with h0(L) = g̃ + 1.

Define

Φ : Hilbg̃ S → P(H0(S , L)∗) = (Pg̃ )∗ by Φ(ξ) = Hξ.

This is a Beauville-Mukai system of Lagrangian fibration.

The fibers are open sets in the Jacobi varieties of some curves

Theorem (1995, R. Donagi, R. Lazarsfeld)

A Hitchin system is a deformation of the Beauville-Mukai systems.
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Hilbert scheme

Idea of proof

R ⊂ S ⊂ Pg with g(R) = g .

Take Cone(S) ⊂ Pg+1 and there exists

f : BLR Cone(S)→ P1 by f −1(p) = Hp ∩ BLR Cone(S)

such that {
f −1(p) ∼= S for p 6= p0

f −1(p) ∼= KR for p = p0

Deformation to a Hitchin system

Φ : Hilbg̃ f −1(p)→ (Pg̃ )∗ = |lR| where g̃ = l2(g − 1) + 1.
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Example

Example

Take a K3 surface
S = {P(X0,X1,X2,X3) = 0 where deg P = 4}.
Define

Φ : Hilb3 S → (P3)∗ by Φ(ξ) = Hξ.

Note Φ(ξ) = [det Φ0, det Φ1, det Φ2, det Φ3] is a Plücker
coordinate.

Φ−1(q) ⊂ Sym3(C ) ∼= Jac(C ) where C = Hξ ∩ S and
g(C ) = 3.

11/35



Introduction Construction Krichever-Lax matrices Dynamical system

Example

Example

Let g(R) = 2 and define a Hitchin map

H = det : T∗N→ H0(R,K2
R) ∼= C3.

Here, N is the moduli space of stable vector bundles of rank 2
with a fixed determinant bundle.

R̂ = {λ2 − q = 0} with g(R̂) = 5.

H−1(q) ⊂ Prym(R̂) = Jac(R̂)/ Jac(R̂/σ).

Theorem (1996, J. Hurtubise)

Let X = P(KR⊕1).

Hilbg̃ X ∼= T∗N, symplectically and birationally.

Here g(R) = g and g̃ = l2(g − 1) + 1.
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Tyurin parameter

Uniquely equipped bundle

Definition

We say that E is a uniquely equipped vector bundle if
dimC H0(R,E) = l and E has an equipment.

An equipment {η1, . . . , ηl} generates a fiber Ep for all p ∈ R
except lg points γi .

If E is a semi-stable bundle of rank l > 1 and degree lg over
R, then dimC H0(R,E) = l .

(A. N. Tyurin) There is a one-to-one correspondence between
semi-stable bundles and uniquely equipped bundles of rank l
and degree lg .
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Tyurin parameter

Tyurin parameter

ηl(γi ) =
∑l−1

j=1 αi ,jηj(γi ) and ηl(γi ) 6= 0.

The Tyurin parameters associated with a uniquely equipped
bundle E {

γi , {αi ,j}lj=1

}lg

i=1
∈ S lg (R× Pl−1).

The diagonal action of SL(l ,C) on the symmetric power of
Pl−1

S lg (R× Pl−1)/SL(l ,C).
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Matrix divisor

Matrix Divisor

Matrix divisor E =
[
{Ei}

]
: A normal form is

Epk ,i =


zd1,k 0 · · · 0

0 zd2,k
. . .

...
...

. . .
. . . 0

0 · · · 0 zdl,k




1 α1,2,k,i (z) · · · α1,l,k,i (z)

0 1
. . .

...
...

. . .
. . . αl−1,l,k,i (z)

0 · · · 0 1

 .

Here αr ,s,k,i (z) ∈ C[[z]]

z
ds,k−dr,kC[[z]]

and D =
∑N

k=1 mkpk . For an index

j where Uj does not contain pk , a normal form of Ej is defined by

Ej = idl×l .
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Matrix divisor

Matrix Divisor

For an effective divisor D =
∑N

k=1 pk , Ej = idl×l and

Epk ,i =



1 0 · · · · · · 0

0 1
. . .

...
...

. . .
. . .

. . .
...

...
. . . 1 0

0 · · · · · · 0 z





1 0 · · · 0 α1,l ,k,i

0 1
. . .

...
...

...
. . .

. . . 0
...

...
. . . 1 αl−1,l ,k,i

0 · · · · · · 0 1


.

Here αr ,l ,k,i ∈ C.
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Matrix divisor

Matrix Divisor

The set {Gij} of transition functions where

Ei · Gij = Ej on Ui ∩ Uj .

Hence,

Gγk ,ij = E−1
γk ,i
·Eγk ,j =



1 0 · · · 0 α1,l ,k,j − α1,l ,k,i
zk,j
zk,i

0 1
. . .

...
...

...
. . .

. . . 0
...

...
. . . 1 αl−1,l ,k,j − αl−1,l ,k,i

zk,j
zk,i

0 · · · · · · 0
zk,j
zk,i


.
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Krichever-Tyurin Parameters

Krichever-Lax matrices I

A Krichever-Lax matrix associated to Tyurin parameters (γ, α) and
a canonical divisor K of a compact Riemann surface R of genus g
is a matrix-valued meromorphic function L(p; γ, α) with at most
simple poles at γi and poles at K satisfying the following
conditions: There exist βj ∈ Cl and κj ∈ C for j = 1, . . . , lg such
that a local expression in a neighborhood of γj is given by
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Krichever-Tyurin Parameters

Krichever-Lax matrices II

for j = 1, . . . , lg

L(p; γ, α) =
Lj ,−1(γ, α)

z(p)− z(γj)
+ Lj ,0(γ, α) + O

(
(z(p)− z(γj))

)
with the following two constraints

Lj ,−1(γ, α) = βT
j ·αj , i.e., of rank 1 and it is traceless

Tr Lj ,−1 = αj · βT
j = 0.

αj is a left eigenvector of Lj ,0

αjLj ,0(γ, α) = κjαj .
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Krichever-Tyurin Parameters

Krichever-Lax matrices

Let us denote the set of Krichever-Lax matrices associated to
Tyurin parameters (γ, α) and a canonical divisor K by LKγ,α.

For ζγ,α such that around γj for j = 1, . . . , lg ,

ζγ,α(z) =
cjαj

z − z(γj)
+ O(1) where cj ∈ C,

{
ζγ,α(z)

Lj,−1

z−zj =
djαj

z−z(γj )
+ O(1)

ζγ,α(z)Lj ,0 =
κjcjαj

z−z(γj )
+ O(1)

.

L is a Higgs field, i.e., a section of End Eγ,α⊗KR.
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Krichever-Tyurin Parameters

Correspondence

Lemma

Let (γ, α) ∈M′0. There is a bijective map

L 7→
{
αj ,βj , γj , κj

}lg

j=1

between LK and a subset V of S lg (Pl−1 × Cl ×R× C) defined by

αj · βT
j = 0 for j = 1, . . . , lg and∑

p∈R
res(L⊗ ω) =

lg∑
j=1

βT
j ·αj = Ol×l .

(2)
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Krichever-Tyurin Parameters

Correspondence

Let ψ(p, µ)L(p) = µ(p)ψ(p, µ) with
∑l

i=1 ψi (p̂) = 1 and

R̂ =
{

det
(
µ · Il×l − L(p; γ, α)

)
= µl +

l∑
d=1

hd(p; L)µl−d = 0
}
.

Theorem (I. Krichever)

Let [L] ∈ LK/SL(l ,C) be an SL(l ,C)-orbit of L in LK . Then there
is a one-to-one correspondence

[L]←→
(

(h1, . . . , hl), [D̂]
)

=
(
R̂, [D̂]

)
.

[D̂] is an equivalence class of an effective divisor of degree
ĝ + l − 1 on R̂ where ĝ is the genus of R̂.
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Krichever-Tyurin Parameters

Correspondence

Universal symplectic form

Ω = δ Tr(Lδ log Ψ) =⇒ ω =

lg∑
s=1

resγs Ωdz

J. Hurtubise, I. Krichever

ω =

g̃∑
s=1

δk(γ̂s) ∧ δz(γ̂s) on Hilbg̃ KR .

Here (z , k) is a coordinate of KR.
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Cohomological Interpretation

Lax representation

Lax Representation

d

dt
Lt = [Mt , Lt ].

Isospectral Deformation

d

dt
Tr(Lk) = k Tr

(
(

d

dt
L)Lk−1

)
= k Tr([M, L]Lk−1) = 0.

For a polynomial P(L) and [Q, L] = 0, we have

d

dt
L = [M + P(L), L]

= [M + Q, L] = [M, L].

24/35
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Cohomological Interpretation

Eigenvector mapping

Definition

We shall call (3)

ψt(γ(t), α(t)) : R̂→ Pl−1 (3)

an eigenvector mapping associated to a Lax equation

d

dt
Lt = [Mt , Lt ].

The eigenvector mapping ψt induces

ϕ
R̂

: LK
R̂
/SL(l ,C)→ Picĝ+l−1(R̂) by ϕ

R̂
([Lt ]) = ψ

∗
t

(
OPl−1(1)

)
.

(4)
We will also call it an eigenvector mapping associated to a
spectral curve R̂. 25/35
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Cohomological Interpretation

Euler sequence

Pulling back the Euler sequence (5) on Pl−1 by ψt gives the
following short exact sequence on R̂:

0 // OPl−1 // Cl ⊗OPl−1(1) // ΘPl−1 // 0. (5)

0 // O
R̂

// Cl ⊗ Lt
// ψ
∗
tΘPl−1

// 0. (6)

From short exact sequence (6), we have a long exact sequence:

H0(R̂,Cl ⊗ Lt)
// H0(R̂,ψ

∗
tΘPl−1)

δ // H1(R̂,O
R̂

) // · · · .
(7)
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Cohomological Interpretation

Residue section

Using d
dt (ψ · L) = µ · d

dtψ and d
dt Lt = [Mt , Lt ],

ψtMt + (
d

dt
ψt) = λtψt . (8)

Definition

A residue section ρ(Mt) ∈ H0(R̂,Cπ−1(nK)) associated to Mt is
defined to be the Laurent tail {λt,i} of λt in Equation (8) at

K =
∑2g−2

i=1 pi .
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Cohomological Interpretation

Residue section

0 // O
R̂

// O
R̂
⊗ π∗ Kn  // Cπ−1(nK) // 0. (9)

This induces a long exact sequence

0 // H0(R̂,O
R̂

) // H0(R̂, π∗ Kn)
 // H0(R̂,Cπ−1(nK))

∂ // H1(R̂,O
R̂

) // H1(R̂, π∗ Kn) // H1(R̂,Cπ−1(nK)).

(10)
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Cohomological Interpretation

Cohomological Interpretation

Theorem

If [Mt , Lt ] is tangent to LK
R̂

, then

d

dt
Lt = ∂ρ(Mt) ∈ H1(R̂,O

R̂
) ∼= H0(R̂,K

R̂
).

Corollary

Lt is linear on Picĝ+l−1(R̂) if and only if

d

dt
ρ(Mt) ≡ 0 modulo span{

(
H0(R̂, π∗ Kn)

)
, ρ(Mt)}.
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Examples

Toda Lattices

d

dt

(
a(ξ, t) b(ξ, t)
c(ξ, t) −a(ξ, t)

)
=
[( 2ab b2

bc − c
b − a

b

)
,

(
a b
c −a

)]
=

(
c a
−3ac

b −c

)

Spectral Curve R̂

0 = det(ηI2×2 − L(ξ)) = η2 − bc − a2.

R̂ is a hyper-elliptic curve.
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Examples

Toda Lattices

Eigenvector mapping(
a(ξ, t) b(ξ, t)
c(ξ, t) −a(ξ, t)

)(
1
η−a
b

)
= η

(
1
η−a
b

)
.

Residue section(
2ab b2

bc − c
b − a

b

)(
1
η−a
b

)
− d

dt

(
1
η−a
b

)
= λ(t)

(
1
η−a
b

)
.

λ(ξ, t) = a(ξ, t)b(ξ, t)− η(ξ)b(ξ, t) and

d

dt
ρ(M)⇐⇒ d

dt
λ(ξ, t) = η2 − aη.

η2 − aη ∈ H0(R̂, π∗O(n · ∞)) where π : R̂→ P1.

Linearity: d
dt ρ(M) ≡ 0 up to j

(
H0(R̂, π∗O(n · ∞))

)
.
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Examples

Toda Lattices

d

dt

 b1 a1 a3ξ
−1

a1 b2 a2

a3ξ a2 b3


=
[ 0 −a1 a3ξ

−1

a1 0 −a2

−a3ξ a2 0

 ,

 b1 a1 a3ξ
−1

a1 b2 a2

a3ξ a2 b3

]

=

 2(a2
3 − a2

1) a1(b1 − b2) a3ξ
−1(b3 − b1)

a1(b1 − b2) 2(a2
1 − a2

2) a2(b2 − b3)
a3ξ(b3 − b1) a2(b2 − b3) 2(a2

2 − a2
3)

 .

In general, {
d
dt ak = ak(bk − bk+1) with a0 = an
d
dt bk = 2(a2

k−1 − a2
k) with b1 = bn+1

.
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Examples

Toda Lattices

(N. Saitoh) Toda =⇒ KDV

∂

∂t
u = 6u

∂

∂x
u +

∂3

∂x3
u as n→ x .

(B. Dubrovin, I. Krichever, S. Novikov) KDV Equation

∂

∂t
L = [M, L] where

{
L = −∂2

x + u(x , t)

M = −4∂3
x + 6u∂x + ∂

∂x u
.
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Examples

Toda Lattices

Spectral Curve R̂

0 = det(ηI3×3 − L(ξ))

= η3 + (b1b2 + b2b3 + b1b3 −
3∑

i=1

a2
i )η

+ a2
1b3 + a2

2b1 + a2
3b2 − b1b2b3 − a1a2a3(ξ + ξ−1).

R̂ is a hyper-elliptic curve (g(S) = 2)).

3 first integrals

Tr L(ξ) = b1 + b2 + b3,Tr L2, and Tr L3.
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Examples

Toda Lattices

Eigenvector mapping b1 a1 a3ξ
−1

a1 b2 a2

a3ξ a2 b3

1
f
g

 = η

1
f
g

 .

Residue section 0 −a1 a3ξ
−1

a1 0 −a2

−a3ξ a2 0

1
f
g

− d

dt

1
f
g

 = λ(t)

1
f
g

 .

For η−1(∞) = p + q,{
λ(t) = −η + holomorphic terms at q

λ(t) = η + holomorphic terms at p.

Consequently,
d

dt
ρ(M) ≡ 0.
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