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Hitchin System

Definition
A dynamical system is said to be an Algebraically Completely
Integrable system if

@ it is a completely integrable system

H: M? — C' by H(m) = (Hi(m), ..., Hi(m))

@ a generic fiber of H is an (Zariski) open set of an abelian
variety

@ each Hamiltonian flow of Xy, is linear on a generic fiber.
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Definition

A holomorphic structure on a smooth complex vector bundle E of
rank / over a compact Riemann surface R is a differential operator
d); satisfying

di(fs) = Of @ s + fds where s € A°(M,E) and f € C*®(R).
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Hitchin System

Hitchin System

Definition

A holomorphic structure on a smooth complex vector bundle E of
rank / over a compact Riemann surface R is a differential operator
d); satisfying

di(fs) = Of @ s + fds where s € A°(M,E) and f € C*®(R).

v

o Symplectic form: For (A,®) € T A
w(A’¢)((A.1, ¢.1), (AQ, ¢2)) = / Tr(d52 A\ Al — ¢-1 A Ag)
R
@ A momentum map g : T*2A* — Lie(G)* induced by the action
of gauge group G is given by

uA @)  =djo
pH0)/G =TN
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Hitchin System

Theorem (Hitchin)

Let N be a moduli space of stable holomorphic vector bundles over
a compact Riemann surface R of genus > 1. Then T* N is an
algebraically completely integrable system.
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Idea of proof

Spectral curve

A, € Km —— 7\ € 7 K

ﬂl l (1)

ZER +—— Az € Kyr.
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Construction
®00

Idea of proof

Spectral curve

Az € Ky /5 ™A € Ky

ﬂl l (1)

ZER +—— Az € Kyr.

A spectral curve <R associated with a Higgs field ®[4) € T*N'is the
zero locus of a section 7* det(A; - 1) — Ppa)(2)) € (7 Kn)'

R = {Az € K | m* det(Az - fx) — Ppa(2)) = 0}
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Construction
oeo

Idea of proof

Abelianization Program

@ The Hitchin map

/
H:T*N = D HYR K).
i=1
H=1(q) is an open set in Jac(R) where g(R) = (g — 1) + 1.
The Hitchin's Abelianization Program.
T*NCM
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Idea of proof

Example for rank 1

T*N = T* Jac(R) = Jac(R) x HLO(R)
o
>~ Jac(R) x HO(R, Ky)
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Construction
ooe

Idea of proof

Example for rank 1

T*N = T* Jac(R) = Jac(R) x HLO(R)
(*]
>~ Jac(R) x HO(R, Ky)
@ Projection:

H : Jac(R) x HO(M, K) — HO(M, Ky)
([A], [®]) [®].

®
R2)
12
=
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Construction
®0

Hilbert scheme

The Hilbert Scheme of points

Let S be a K3 surface with a line bundle L with hi°(L) = g+ 1.
Define

& : Hilbé S — P(H(S, L)*) = (P8)* by &(¢) = He.

This is a Beauville-Mukai system of Lagrangian fibration.

@ The fibers are open sets in the Jacobi varieties of some curves
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Construction
®0

Hilbert scheme

The Hilbert Scheme of points

o Let S be a K3 surface with a line bundle L with h%(L) = g +1.

@ Define
® : Hilb% S — P(HO(S, L)) = (P€)* by ®(¢) = He.

@ This is a Beauville-Mukai system of Lagrangian fibration.

@ The fibers are open sets in the Jacobi varieties of some curves

Theorem (1995, R. Donagi, R. Lazarsfeld)
A Hitchin system is a deformation of the Beauville-Mukai systems. J
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oce

Hilbert scheme

|dea of proof

e M C S C P8 with g(R) =g.
o Take Cone(S) C P8*! and there exists

f : BLy Cone(S) — P! by f~%(p) = H, N BLy Cone(S)

such that

I

S forp#po
Ky for p=po

12

F~(p)
f~(p)
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Construction
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Hilbert scheme

|dea of proof

e M C S C P8 with g(R) =g.
o Take Cone(S) C P8*! and there exists

f : BLy Cone(S) — P! by f~%(p) = H, N BLy Cone(S)

such that

I

S forp#po
Ky for p=po

12

F~(p)
f~(p)

@ Deformation to a Hitchin system

® : Hilb® F~1(p) — (P8)* = |/R| where g = I*(g — 1) + 1.

10/35



Construction
0

Example

Example

o Take a K3 surface
S = {P(Xo, X1, X2, X3) = 0 where deg P = 4}.
o Define
® : Hilb3S — (P?)* by ®(¢) = He.
Note ®(&) = [det g, det 1, det D;, det P3] is a Pliicker
coordinate.
o ®71(g) € Sym3(C) = Jac(C) where C = H; N S and
g(C)=3.
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Construction
oce

Example

Example

o Let g(R) = 2 and define a Hitchin map
H =det: T*N — HO(R,K3,) = C3.

Here, N is the moduli space of stable vector bundles of rank 2
with a fixed determinant bundle.

o R ={)\2— g =0} with g(R) =5.

o H1(q) C Prym(R) = Jac(R)/ Jac(R/0).
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Construction
oce

Example

Example

o Let g(R) = 2 and define a Hitchin map
H =det: T*N — HO(R,K3,) = C3.

Here, N is the moduli space of stable vector bundles of rank 2
with a fixed determinant bundle.

° Z)A‘{:{)?—q:Oiwith g(ifi)zS. ~
o H 1(g) C Prym(R) = Jac(R)/ Jac(R/0o).

Theorem (1996, J. Hurtubise)
Let X = P(Ky ©1).

Hilb8 X =~ T* N, symplectically and birationally.

Here g(R) =g andg = I’(g — 1) + 1.
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Tyurin parameter

Uniquely equipped bundle

Definition
We say that E is a uniquely equipped vector bundle if
dimc HO(R, E) = / and E has an equipment.

13/35



Krichever-Lax matrices
[ 1o}

Tyurin parameter

Uniquely equipped bundle

Definition
We say that E is a uniquely equipped vector bundle if
dimc HO(R, E) = / and E has an equipment.

e An equipment {n1,...,n} generates a fiber E, for all p € R
except Ig points 7;.

13/35



Krichever-Lax matrices
[ 1o}

Tyurin parameter

Uniquely equipped bundle

Definition
We say that E is a uniquely equipped vector bundle if
dimc HO(R, E) = / and E has an equipment.

e An equipment {n1,...,n} generates a fiber E, for all p € R
except Ig points 7;.

o If E is a semi-stable bundle of rank / > 1 and degree Ig over
R, then dimc HO(R,E) = /.

13/35



Krichever-Lax matrices
[ 1o}

Tyurin parameter

Uniquely equipped bundle

Definition
We say that E is a uniquely equipped vector bundle if
dimc HO(R, E) = / and E has an equipment.

e An equipment {n1,...,n} generates a fiber E, for all p € R
except Ig points 7;.

o If E is a semi-stable bundle of rank / > 1 and degree Ig over
R, then dimc HO(R,E) = /.

@ (A. N. Tyurin) There is a one-to-one correspondence between

semi-stable bundles and uniquely equipped bundles of rank /
and degree /g.
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Krichever-Lax matrices
oe

Tyurin parameter

Tyurin parameter

o (%) = 121 aiym;(vi) and (i) # 0.
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Krichever-Lax matrices
oe

Tyurin parameter

Tyurin parameter

-1
o ni(vi) = >_;=1 cijnj(i) and my(v;) # 0.
@ The Tyurin parameters associated with a uniquely equipped
bundle E
lg

{’y,', {O‘id};:l} . € Slg(% X Pl_l).

=
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Krichever-Lax matrices
oe

Tyurin parameter

Tyurin parameter

|—

o mi(vi) = Y1 cijmi(vi) and m(;) # 0.

@ The Tyurin parameters associated with a uniquely equipped
bundle E

g _
{’Yi, {Oéixj};zl}iil € Slg(f)‘i x P! 1).
@ The diagonal action of SL(/,C) on the symmetric power of

Pl_l
S x PI71)/SL(/,C).
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Krichever-Lax matrices
®00

Matrix divisor

Matrix Divisor

Matrix divisor E = [{E;}]: A normal form is

Z% 0 ... 0 1 aipki(z) -~ onki(2)
0 z%« . 0 1 .
Ep.i = . . .
: . . 0 : . T a/—l,l,k,i(z)
0 e 0z« 0 ce. 0 1

Here a, s k.i(z) € — Cliz] and D = ZLV:1 mypk. For an index

2%k =k C[[2]]
J where U; does not contain py, a normal form of E; is defined by

Ej = idyw).
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Krichever-Lax matrices
oeo

Matrix divisor

Matrix Divisor

For an effective divisor D = SN . px, E; =id/x; and

1 0 -+ --- 0 1 0 - 0 ok
0 1 1o 1 L
Epy.i 0
1 0 : R NN
0 0 =z 0 0 1

Here o, i € C.
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Krichever-Lax matrices
ocoe

Matrix divisor

Matrix Divisor

The set {Gj;} of transition functions where

E,--G,-J-:Ejon U,'ﬂUJ'.

Hence,
o 2k
1 0 0 a1k Ok 27
0 1
G, i=ElE, .= "~ " 0
Yol T Sy, T Vkd T . : :
2z
L ayikj = u-11kiz >
0 0 20
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Krichever-Lax matrices
©00000

Krichever-Tyurin Parameters

Krichever-Lax matrices |

A Krichever-Lax matrix associated to Tyurin parameters (v, «) and
a canonical divisor K of a compact Riemann surface R of genus g
is a matrix-valued meromorphic function L(p;, ) with at most
simple poles at ; and poles at K satisfying the following
conditions: There exist 3; € C! and kj € Cfor j=1,...,/g such
that a local expression in a neighborhood of ; is given by

18/35



Krichever-Lax matrices
©00000

Krichever-Tyurin Parameters

Krichever-Lax matrices |l

forj=1,...,lg

Lj,—1(7, @)

20— 20+ Lo(ne) + O((z(p) — ()

L(piv,a) =

with the following two constraints

oL 1(v, ) = ,BJ-T -ay, i.e., of rank 1 and it is traceless
T
TrLj—1=«a;-B; =0.
@ «; is a left eigenvector of L; o

ajljo(v, o) = Kja;.
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Krichever-Lax matrices
00®000

Krichever-Tyurin Parameters

Krichever-Lax matrices

@ Let us denote the set of Krichever-Lax matrices associated to
Tyurin parameters (-, ) and a canonical divisor K by [,5,&.
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Krichever-Lax matrices
00®000

Krichever-Tyurin Parameters

Krichever-Lax matrices

@ Let us denote the set of Krichever-Lax matrices associated to
Tyurin parameters (v, ) and a canonical divisor K by [,5704

e For ¢, , such that around v; for j =1,..., /g,
kel

Cralz) = = 2(7)

+ O(1) where ¢; € C,

Li-1 _ _dioj
C’YCY(Z)Z z T z— z('y)+o( )
Cal2)Lio = 299854 0(1)

- z—z(

20/35



Krichever-Lax matrices
00®000

Krichever-Tyurin Parameters

Krichever-Lax matrices

@ Let us denote the set of Krichever-Lax matrices associated to
Tyurin parameters (v, ) and a canonical divisor K by [,5704

e For ¢, , such that around v; for j =1,..., /g,
kel

Cralz) = = 2(7)

+ O(1) where ¢; € C,

L _ dio;
{C7,a(z);z; = Z_Jz(iyj) + 0(1)
Cv,a(Z)Lj,O == J(VJ) +0(1)

o L is a Higgs field, i.e., a section of End E, , ® K.
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Krichever-Lax matrices
000®00

Krichever-Tyurin Parameters

Correspondence

Lemma

Let (v, ) € M. There is a bijective map
lg
L = {aijJv/-YJa K_]}
j=1
between LK and a subset V of S’8(P/=1 x C! x R’ x C) defined by

aj'ﬁjT:0forj:1,...,/g and
£ (2)

Zres (Low)= Z'BJ ~aj = Oy

pER j=1
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Krichever-Lax matrices
0000®0

Krichever-Tyurin Parameters

Correspondence

Let 3(p, 1)L(p) = p(p)¥(p. 12) with 31 ¥;(B) = 1 and

/

R = { det (u Aper = L(pi v, a)) =p' +>  ha(p;L)u'~¢ = 0}-
d=1
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Krichever-Lax matrices
0000®0

Krichever-Tyurin Parameters

Correspondence

Let 3(p, 1)L(p) = p(p)¥(p. 12) with 31 ¥;(B) = 1 and

/

R = { det (u Aper = L(pi v, a)) =p' +>  ha(p;L)u'~¢ = 0}-
d=1

Theorem (. Krichever)

Let [L] € LK /SL(I,C) be an SL(I,C)-orbit of L in LK. Then there
is a one-to-one correspondence

L] +— <(h1, o hy), [5]) — (9?{, [13]).

[D] is an equivalence class of an effective divisor of degree
g+ 1—1 on R where g is the genus of R.

22/35



Krichever-Lax matrices
00000e

Krichever-Tyurin Parameters

Correspondence

@ Universal symplectic form

lg
Q=05Tr(Lolog W) => w =) res,, Qdz

s=1
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Krichever-Lax matrices
00000e

Krichever-Tyurin Parameters

Correspondence

@ Universal symplectic form

lg
Q=05Tr(Lolog W) => w =) res,, Qdz

s=1

@ J. Hurtubise, |. Krichever

g
w=Y k(%) Adz(Ts) on Hilb® Key .

s=1

Here (z, k) is a coordinate of Kg;.
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Dynamical system
©00000

Cohomological Interpretation

Lax representation

@ Lax Representation

—L; = [Mg, L]
dtt[ht]
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Dynamical system
©00000

Cohomological Interpretation

Lax representation

@ Lax Representation

d
—L; = [Mg, L]
dt t [ tsy t]

@ lIsospectral Deformation

iTr(Lk) = kTr(( d

9\ k-1 k—1y _
o LY = kT L) = 0.

24/35



Dynamical system
©00000

Cohomological Interpretation

Lax representation

@ Lax Representation

d
—L; = [Mg, L]
dt t [ tsy t]

@ lIsospectral Deformation

d d .k _
AETKU):kT}«aLﬂk1):deWLuU H=o.

For a polynomial P(L) and [Q,L] = 0, we have

iL =[M+ P(L), L]

dt
=[M+Q,L] = [M,L].

24/35



Dynamical system
0®0000

Cohomological Interpretation

Eigenvector mapping

Definition
We shall call (3)
P:(y(t),a(t) : R = P (3)

an eigenvector mapping associated to a Lax equation

d
— L = [Mg, Le].
dtt[tat]
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Dynamical system
0®0000

Cohomological Interpretation

Eigenvector mapping

Definition
We shall call (3)
P:(y(t),a(t) : R = P (3)

an eigenvector mapping associated to a Lax equation

d
— L = [Mg, Le].
dtt[tat]

e The eigenvector mapping v, induces

g 1 LE/SL(1,C) — PicEH "1 (R) by pg([Le]) = ¥; (Op1(1)).
(4)
We will also caIAI it an eigenvector mapping associated to a
spectral curve ‘R. 25/35



Dynamical system
00@000

Cohomological Interpretation

Euler sequence

Pulling back the Euler sequence (5) on P/~ by ), gives the
following short exact sequence on fR:

0 Opi-1 C'® O]p/q(l) Opi-1 0. (5)

0—>0x —C'®L — 9 Op 1 —>0. (6)
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Dynamical system
00@000

Cohomological Interpretation

Euler sequence

Pulling back the Euler sequence (5) on P/~ by ), gives the
following short exact sequence on fR:

0 Opi-1 C'® O]p/q(l) Opi-1 0. (5)

0—>0x —C'®L — 9 Op 1 —>0. (6)

From short exact sequence (6), we have a long exact sequence:

HO(R, C' @ L) — HOR, 31 Opr 1) ——> HY(R, Og) — - -
(7)

26/35



Dynamical system
000®00

Cohomological Interpretation

Residue section

Using %(Qp L)=pn- %T/’ and %Lt = [M¢, L4,

d

¢tMt + (E‘pt) = /\f'l»bt' (8)
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Dynamical system
000®00

Cohomological Interpretation

Residue section

Using %(Qp L)=pn- %T/’ and %Lt = [M¢, L4,
d

¢tMt + (E‘pt) = /\f'l»bt' (8)

Definition

A residue section p(M;) € HO(%R, Cr-1(nk)) associated to My is
defined to be the Laurent tail {\;;} of A; in Equation (8) at

K=" pi.

27/35



Dynamical system
0000@0

Cohomological Interpretation

Residue section

0 09/% Oi)?i ® 7 K" L Cw*l(nK) —0. (9)

This induces a long exact sequence

0 —= H(R, O5) — HO(R, 7* K™) —— HO(R, 1k

—2, Hl(é\{, Oﬂ’;{) —_— Hl(é\%, m* Kn) - Hl(é\%7 C7r*1(nK))'

(10)
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Dynamical system
00000e

Cohomological Interpretation

Cohomological Interpretation

Theorem

If [M¢, L] is tangent to Eg, then

d - -
S Lt =0p(My) € HY(R, O5) = HO(R, Ky).
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Dynamical system
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Cohomological Interpretation

Cohomological Interpretation

Theorem

If [M¢, L] is tangent to Eg, then

d - -
S Lt =0p(My) € HY(R, O5) = HO(R, Ky).

Corollary
L¢ is linear on PicE'=1(R) if and only if

d
dc’

(M) = 0 modulo span{s( H(R, 7* K")), p(M¢)}.

29/35
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Examples

Toda Lattices
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Dynamical system
©00000

Examples

Toda Lattices

@ Spectral Curve R
0 = det(nhxo — L(£)) = n? — bc — a°.

o Risa hyper-elliptic curve.

30/35



Dynamical system
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Examples

Toda Lattices

@ Eigenvector mapping

({69 Se) () =0 ()
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Toda Lattices

@ Eigenvector mapping

({69 Se) () =0 ()

@ Residue section

31/35



Examples

Toda Lattices

@ Eigenvector mapping

({69 Se) () =0 ()
@ Residue section

(65 %) () = () =0 (o)
® A(E,) = €, )b(&. ) ~ M(EDBLE, 1) anc

d d )
Ep('\/') = Ek(f, t)=n°—an.
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Examples

Dynamical system
0®0000

Toda Lattices

@ Eigenvector mapping
<a(£7t) b(&f)) < 1 )_ < 1 )
c(6t) —a(e,r)) \552) ~ T\552)
@ Residue section
2ab  b? 1 d (1 1
(bes 55) ()~ () =20 (o22).
° )\(f, t) = a(év t)b(é) t) - n(é)b(fv t) and

d d ,
/(M) = A 1) =07 — an.
o 72 —an € HY(R, 7*O(n - 0)) where 7 : R — PL.
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Examples

Dynamical system
0®0000

Toda Lattices

@ Eigenvector mapping
<a(£7t) b(&f)) < 1 )_ < 1 )
c(6t) —a(e,r)) \552) ~ T\552)
@ Residue section
2ab  b? 1 d (1 1
(bes 55) ()~ () =20 (o22).
° )\(f, t) = a(év t)b(é) t) - n(é)b(fv t) and

d d )
Ep('\/') = Ek(f, t)=n°—an.

o 72 —an € HY(R, 7 O(n - 0)) where 7 : R — PL.
e Linearity: %p(M) =0 up to j( HY(R, 7*O(n - 0))).

31/35



Dynamical system
00®000
Examples

Toda Lattices

b a1 a3t
d
al b2 an

dt
a3 a b3
0 —ap ax¢? by a1 a7t
:[ ai 0 —ay |,| a1 b ar

—a3{ a 0 a§ a b

2(3%-— af) al(bl-— b2) a3f_l(b3-—»b1)
= al(b1<—-b2) 2(a%<— a%) 32(b2-— b3)
a3é(bs — b1) ax(b>—b3)  2(a5 — a3)
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Dynamical system

[ele] le]ele]

Examples

Toda Lattices

by ar a7t
— al b2 an
dt

a3 a b3

~1 1
0 —a a3 by a1 a3
= ai 0 —ay |,| a1 b ar
—az§ @ 0 a§ a b

al b1 — b2 2(3% — a%) 32(b2 — b3)
836 b3 — b1 32(b2 — b3) 2(3% — a%)

In general,

= ak bk — bk+1) with ag = a,
bk =2(a?_, — a?) with by = byy1

( 33 — al al(bl — b2) 235_1([33 — bl)

Q‘Q Q‘Q
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Dynamical system
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Examples

Toda Lattices

o (N. Saitoh) Toda = KDV

0 0 93
—u=6u—u+ —suasn—x.

ot Ox 0x3
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Dynamical system
000®00

Examples

Toda Lattices

o (N. Saitoh) Toda = KDV

0 0 93
—u=6u—u+ —suasn—x.

ot Ox 0x3

e (B. Dubrovin, |. Krichever, S. Novikov) KDV Equation

0 L
EL = [M, L] where {M

= —02 + u(x, t)
= —403 +6ud + Zu’

33/35



Dynamical system
0000®0

Examples

Toda Lattices

@ Spectral Curve R
0= det(nl3><3 — L(f))
3
=1 + (biby + bobs + b1bs — Y a?)n
i=1

+ aibs + asby + a3by — bibobs — a1apaz(€+ 7).

o R is a hyper-elliptic curve (g(S) =2)).

o 3 first integrals

TrL(E) = by + by + b3, TrL?, and TrL3.
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Dynamical system
00000e
Examples

Toda Lattices

@ Eigenvector mapping
b1 a1 835_1 1 1
dal b2 an f =n f
a3l a b3 g g
@ Residue section

0 —a; ag¢! 1 4 (1 1

a 0 —as fl——|f]| = /\(t) f
dt

—a3§ & 0 g

e For n71(c0) = p +q,

A(t) = —n+ holomorphic terms at ¢
A(t) =mn+ holomorphic terms at p.

Consequently,
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