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Abstract. This is a supplementary material for “Local law and Tracy–Widom limit for sparse sample

covariance matrices”.

A. Recursive Moment Estimate

In this section, we prove Lemma 4.1. Throughout this section, we fix t ∈ [0, 6 logN ] and omit t from the
notation in the matrix Xt, Ht, Gt(z), and their elements. Given ε > 0, we introduce the z-dependent control
parameter Φε ≡ Φε(z),

Φε(z) := N εE
[( 1

q4t
+

Immt

Nη
+
N −M
N2

)
|P (mt)|2D−1

]
+N−ε/4q−1t E

[
|mt − m̃t|2|P (mt)|2D−1

]
(A.1)

+N εq−1t

2D∑
s=2

s−2∑
u′=0

E
[( Immt

Nη
+
N −M
N2

)2s−u′−2
|P ′(mt)|u

′
|P (mt)|2D−s

]
+N εq−8Dt

+N ε
2D∑
s=2

E
[( 1

Nη
+

1

qt

( Immt

Nη
+
N −M
N2

)1/2
+

1

q2t

)( Immt

Nη
+
N −M
N2

)s−1
|P ′(mt)|s−1|P (mt)|2D−s

]
.

By expanding zm we get

E[(1 + zm)PD−1PD] = E
[ 1

N

(∑
i,α

XαlGαi

)
PD−1PD

]
(A.2)

Using the generalized Stein lemma, we get

E[(1 + zm)PD−1PD] =
1

N

∑̀
r=1

κ(r+1)

r!
E
[ ∑

1≤i≤N
N+1≤α≤M+N

∂rαi
(
GαiP

D−1PD
)]

(A.3)

where ∂αi = ∂/(∂Xαi) and κ(k) are the cumulants of Xαi. For the notational simplicity, we set

I ≡ I(z,m,D) := (1 + zm)P (m)D−1P (m)D. (A.4)

Then, we can rewrite the cumulant expansion (A.3) as

EI =
∑

1≤r≤`

∑
0≤u≤r

wIr,uEIr,u + EΩ`(I), (A.5)

where we set

Ir,u := κ(r+1) 1

N

∑
i,α

(∂r−uαi Gαi)(∂
u
αi(P

D−1PD)). (A.6)

The weights wr,u are combinatorial coefficient given by

wIr,u :=
1

r!

(
r

u

)
=

1

(r − u)!u!
. (A.7)
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By using these condensed form, we get the expansion

E[|P |2D] =
∑

1≤r≤`

∑
0≤u≤r

wIr,uEIr,u

+ E
[((

1− 1

d

)
m+ zm2 +

s(4)

q2
m2
(
zm+ 1− 1

d

)2)
PD−1PD

]
+ EΩ`(I). (A.8)

We will use the following bound frequently in the estimates.

Lemma A.1. For any 1 ≤ i ≤M +N ,

1

N

M+N∑
j=1

|Gij|2 ≺
Imm(z)

Nη
+
N −M
N2

. (z ∈ C+) (A.9)

Proof. Fix i. Let xn be the normalized eigenvector of (N + M) × (N + M) matrix H, and λn be the
corresponding eigenvalue. Then we obtain

1

N

N+M∑
j=1

|Gij|2 =
1

N

M+N∑
j=1

M+N∑
n=1

xn(i)xn(j)

λn

M+N∑
j=1

xm(i)xm(j)

λm

=
1

N

M+N∑
n,m=1

xn(i)〈xn,xm〉xm(i)

λnλm

=
1

N

M+N∑
n=1

|xn(j)|
|λn|

2

. (A.10)

By the delocalization of eigenvectors,

1

N

M+N∑
n=1

|xn(i)|
|λn|

2

≺ 1

N2

M+N∑
n=1

1

|λn|2
.

Recall the definition of H. Suppose that xn = (un(1), un(2), · · · , un(n), vn(1), vn(2), · · · , vn(m)) for some
un = (un(1), · · · , un(n)) and vn = (vn(1), · · · , vn(m)), which are vectors in RN and RM , respectively. Then
from Hxn = λnxn, we obtain

−zun +X†vn = λnun,

Xun − vn = λnvn. (A.11)

By combining two equations in (A.11), we get

X†Xun = (λn + 1)(λn + z)un. (A.12)

It means that un is an eigenvector of X†X, with corresponding eigenvalue

µn = (λn + 1)(λn + z).

If we consider the equation above as the quadratic equation of λn, we get

λn =
−(z + 1)±

√
(z + 1)2 − 4(z − µn)

2
. (A.13)

Thus for each nonzero eigenvalue µn of X†X, there exist a pair of eigenvalues λna , λnb of H satisfying the
above equation. So there are M pairs of such eigenvalues, and the other (N −M) eigenvalues are equal to
−1. Note that for each pair of eigenvalue λna , λnb ,

1

|λna |2
+

1

|λnb |2
=
|λna |2 + |λnb |2

|λnaλnb |2
≤ c

|µn − z|2
,
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for some constant c, which obtained from the boundedness of eigenvalues of X†X. Hence from (A.10),

1

N2

∑
n

1

|λn|2
≤ 1

N2

N∑
i=1

c

|µi − z|2
+
N −M
N2

=
Imm(z)

Nη
+
N −M
N2

, (A.14)

which shows (A.9). �

A.1. Truncation of the cumulant expansion. In this subsection, we bound the error term EΩ`(I) in
(A.8) for large `. For 1 ≤ i ≤ N and N + 1 ≤ α ≤ N +M , let E[ij] denote the (N +M)× (N +M) matrix
determined by

(E[ij])ab =

{
δiaδjb + δibδja, if i 6= j,
δiaδjb, if i = j,

(1 ≤ i, j, a, b ≤ N +M). (A.15)

Here, we use the Latin letters such as i, j, a, b to denote the indices that can be in [1, N ]. For each pair of
indices (i, j), we define the matrix H(ij) from H through the decomposition

H = H(ij) +HijE
[ij]. (A.16)

With this notation we have the following estimate.

Lemma A.2. Suppose that X satisfies Assumption 2.6 with φ > 0. Let 1 ≤ i, j ≤ N +M , D ∈ N and z ∈ E.
Define the function Fαi by

Fij(H) := GjiP
D−1PD, (A.17)

where G ≡ GH(z) and P ≡ P (m(z)). Choose an arbitrary ` ∈ N. Then, for any (small) ε > 0,

E
[

sup
x∈R,|x|≤q−1/2

t

|∂`ijFji(H
(ij) + xE[ij])|

]
≤ N ε, (A.18)

uniformly z ∈ E, for N sufficiently large. Here ∂`ij denotes the partial derivative ∂`

∂H`ij
.

Proof. Fix two pairs of indicies (a, b) and (i, j). From the definition of the Green function and (A.16) we get

GH
(ij)

ab = GHab +Hij(G
H(ij)

E[ij]GH)ab = GHab +HijG
H(ij)

ai GHjb +HijG
(H(ij)

aj GHib,

where we omit the z-dependence. Letting ΛH
(ij)

o := maxa,b |GH
(ij)

ab | and ΛHo := maxa,b |GHab|, we get

ΛH
(ij)

o ≺ ΛHo +
1

qt
ΛHo ΛH

(ij)

o .

By (2.19) we have |Hij| ≺ q−1t and by (2.53) we have ΛHo ≺ 1, uniformly in z ∈ E . It follows that

ΛH
(ij)

o ≺ ΛHo ≺ 1, uniformly in z ∈ E , where we used (2.53). Similarly, for x ∈ R, we have

GH
(ij)+xE[ij]

ab = GH
(ij)

ab − x
(
GH

(ij)

ab E[ij]GH
(ij)xE[ij]

ab

)
ab
,

and we get

sup
|x|≤q−1/2

t

max
a,b
|GH

(ij)+xE[ij]

ab | ≺ ΛH
(ij)

o ≺ 1, (A.19)

uniformly in z ∈ E , where we used once more (2.53).
Recall that P is a polynomial of degree 4 in m. Then Fji is a multivariate polynomial of degree 4(2D−1)+1

in the Green function entries and the normalized trace m whose number of member terms in bounded by
42D−1. Hence ∂`ijFji is a multivariate polynomial of degree 4(2D−1) + 1 + ` whose number of member terms
is roughly bounded by 42D−1 × (4(2D − 1) + 1 + 2`)`. Next, to control the individual monomials in ∂`ijFji,
we apply (A.19) to each factor of Green function entries (at most 4(2D− 1) + 1 + ` times). Thus, altogether
we obtain

E
[

sup
|x|≤q−1/2

t

|(∂`ijFji)(H
(ij) + xE[ij])|

]
≤ 42D(8D + `)N (8D+`)ε′ , (A.20)

for any small ε′ > 0 and sufficiently large N . Choosing ε′ = ε/(2(8D + `)) with get (A.18). �
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The error term EΩ`(I) in (A.8) is controlled by the following result.

Corollary A.3. Let EΩ`(I) be as in (A.8). With the assumptions and notation of Lemma A.2, we have,
for any (small) ε > 0,

|EΩ`(I)| ≤ N ε
( 1

qt

)`
, (A.21)

uniformly in z ∈ E, for N sufficiently large. In particular, the error EΩ`(I) is negligible for ` ≥ 8D.

Proof. First, fix a pair of indices (j, i), j 6= i. Denoting Eji the partial expectation with respect to Hij = Xij,

we have from Lemma 2.11, with Q = q
−1/2
t ,

|EijΩ`(HijFji)| ≤ C`Eij[|Hij|`+2] sup
|x|≤q−1/2

t

|∂`+1
ij Fji(H

(ij) + xE[ij])|

+ C`Eij[|Hij|`+21(|Hij > q
−1/2
t )] sup

x∈R
|∂`+1

ij Fji(H
(ij) + xE[ij])|, (A.22)

with C` ≤ (C`)`/`!, for some numeral constant C. To control the full expectation of the first term on the
right side, we use the moment assumption (2.19) and Lemma A.2 to conclude that, for any ε > 0,

C`E
[
Eij[|Hji|`+2] sup

|x|≤q−1/2
t

|∂`+1
ij Fji(H

(ij) + xE[ij])|
]
≤ C`

(C(`+ 2))c(`+2)

Nq`t
N ε ≤ N2ε

Nq`t
,

for N sufficiently large. To control the second term on the right side of (A.22), we use the deterministic
bound ‖G(z)‖ ≤ η−1 to conclude that

sup
x∈R
|∂`+1

ij Fji(H
(ij) + xE[ij])| ≤ 42D(8D + `)

(C
η

)8D+`

, (z ∈ C+); (A.23)

see the paragraph above (A.20). On the other hand, we have from Hölder’s inequality and the moment
assumptions in (2.19) that, for any D′ ∈ N,

Eij[|Hij|`+21(|Hij > q
−1/2
t )] ≤

(C
q

)D′
,

for N sufficiently large. Using that q ≥ Nφ by (2.20), we obtain, for any D′ ∈ N,

C`Eij[|Hij|`+21(|Hij > q
−1/2
t )] sup

x∈R
|∂`+1

ij Fji(H
(ij) + xE[ij])| ≤

(C
q

)D′
, (A.24)

uniformly on C+, for N sufficiently large.
Next, summing over α, i and choosing D′ ≥ ` sufficiently large in (A.24) we obtain, for any ε > 0,∣∣∣E[Ω`((1 + zm)PD−1PD

)]∣∣∣ =
∣∣∣E[Ω`( 1

N

∑
HijFji

)]∣∣∣ ≤ N ε

q`t
, (A.25)

uniformly on E , for N sufficiently large. This proves (A.21). �

Remark A.4. We will also consider slight generalizations of the cumulant expansion in (A.3). Let 1 ≤
i, j ≤ N + M . Let n ∈ N0 and choose indices 1 ≤ a1, · · · , an, b1, · · · , bn ≤ N . Let D ∈ N and choose
0 ≤ u1, u2, u3, u4 ≤ N . Fix z ∈ E . Define the function Fji by setting

Fji := Gji

n∏
l=1

GalblP
D−u1PD−u2(P ′)u3(P ′)u4 . (A.26)

It is then straightforward to check that we have the cumulant expansion

E
[ 1

N

∑
i 6=j

HijFij

]
=
∑̀
r=1

κ
(r+1)
t

r!
E
[ 1

N

∑
i6=j

∂rijFij

]
+ EΩ`

( 1

N

∑
i 6=j

HijFij

)
, (A.27)

where the error EΩ(·) satisfies the same bound as in (A.21). This follows by extending Lemma A.2 and
Corollary A.3.
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A.2. Truncated cumulant expansion. In the remainder of this section we derive the following result from
which Lemma 4.1 follows directly.

Lemma A.5. Fix D ≥ 2 and ` ≥ 8D. Let Ir,u be given by (A.6). Then for any (small) ε > 0, we have

wI1,0E[I1,0] = −E
[(

(1− 1

d
)m+ zm2

)
P (m)D1P (m)D

]
+O(Φε), wI2,0E[I2,0] = O(Φε)

wI3,0E[I3,0] = −s
(4)

q2t
E
[
m2
(
zm+ 1− 1

d

)2
P (m)D1P (m)D

]
+O(Φε), (A.28)

and

wIr,0E[Ir,0] = O(Φε), (4 ≤ r ≤ `) (A.29)

uniformly in z ∈ E, for any sufficiently large N . Moreover, for any (small) ε > 0,

wIr,uE[Ir,u] = O(Φε), (1 ≤ u ≤ r ≤ `), (A.30)

uniformly in z ∈ E, for any sufficiently large N .

Proof of Lemma 4.1. By the definition of Φε in (A.1), it suffices to show that E[|P 2D(z)|] ≤ Φε(z), for all
z ∈ E , for N sufficiently large. Choosing ` ≥ 8D, Corollary A.3 asserts that EΩ`(I) in (A.8) is negligible.
By Lemma A.5 the only non-negligible terms in the expansion of the first term on the right side of (A.8) are
wI1,0EI1,0 and wI3,0EI3,0, yet these two terms cancel with the middle term on the right side of (A.8), up to
negligible terms. Thus the whole right-hand side of (A.8) is negligible. This proves Lemma 4.1. �

Now we choose an initial small ε > 0. In the remaining sections we bound EIr,u to prove Lemma A.5.

A.3. Estimate on I1,u. By the definition of I1,0 in (A.5),

EI1,0 =
κ(2)

N
E
[∑
i,α

(∂αiGαi)(P
D−1PD)

]
= −E

[ 1

N2

∑
i,α

(GααGii +GαiGαi)(P
D−1PD)

]
= −E

[(
(1− 1

d
)m+ zm2

)
PD−1P

D
]
−
[ 1

N2

∑
i,α

(Gαi)
2PD−1P

D
]

(A.31)

The last term on the last line is negligible since∣∣∣E[ 1

N2

∑
i,α

(Gαi)
2PD−1P

D
]∣∣∣ ≤ N εE

[( Imm

Nη
+
N −M
N2

)
|P |2D−1

]
,

where we used Lemma A.1. We thus obtain∣∣∣I1,0 + E
[
zm2PD−1PD

]∣∣∣ ≤ Φε. (A.32)

Consider I1,1 next. We have

EI1,1 =
1

N2
E
[∑
i,α

(Gαi)(∂αiP
D−1PD)

]
= − 1

N2
E
[2(D − 1)

N

∑
i,α

GαiP
′(m)

∑
j

GjiGαjP
D−2P

D
]

− 1

N2
E
[2D

N

∑
i,α

GαiP ′(m)
∑
j

GjiGαjP
D−1P

D−1]
= −2(D − 1)E

[ 1

N3

∑
i,j,α

GαiGjiGαjP
′(m)PD−2PD

]
− 2DE

[ 1

N3

∑
i,j,α

GαiGjiGαjP ′(m)PD−1PD−1
]
. (A.33)



6 JONG YUN HWANG, JI OON LEE, AND KEVIN SCHNELLI

Here the fresh summation index j originated from ∂αiP (m) = P ′(m) 1
N

∑N
j=1 ∂αiGjj . Using Lemma A.1,

we get

|EI1,1| ≤ (4D − 2)E
[( Imm

Nη
+
N −M
N2

)3/2
|P ′||P |2D−2

]
+O(Φε), (A.34)

for N sufficiently large. This proves (A.30) for r = u = 1.

A.4. Estimate on I2,0. By the definition of Ir,s in (A.5), we have

I2,0 := κ
(3)
t

1

N

∑
i,α

(∂2αiGαi)P
D−1PD.

We then notice that I2,0 contains terms with one or three off-diagonal Green functions entries Gαi. We split
accordingly

wI2,0I2,0 = w
I
(1)
2,0
I
(1)
2,0 + w

I
(3)
2,0
I
(3)
2,0 ,

where I
(p)
2,0 contains terms with p off-diagonal Green function entries and (3− p) diagonal entries and w

I
(p)
2,0

denote the respective weights. Explicitly,

EI(1)2,0 = κ
(3)
t

1

N
E
[∑
i,α

GαiGiiGααP
D−1PD

]
,

EI(3)2,0 = κ
(3)
t

1

N
E
[∑
i,α

(Gαi)
3PD−1PD

]
, (A.35)

where wI2,0 = 1, w
I
(1)
2,0

= 3, w
I
(3)
2,0

= 1.

We first note that I
(3)
2,0 satisfies, for N sufficiently large,

|EI(3)2,0 | ≤
N εs(3)

qt
E
[ 1

N3

∑
i,α

∣∣Gαi∣∣2|P |2D−1] ≤ N ε

qt
E
[( Imm

Nη
+
N −M
N2

)
|P |2D−1

]
≤ Φε. (A.36)

Remark A.6 (Power counting 1). Consider the terms Ir,0, r ≥ 1. For n ≥ 1, we split

wI2n,0I2n,0 =

n∑
l=0

w
I
(2l+1)
2n,0

I
(2l+1)
2n,0 , wI2n−1,0

I2n−1,0 =

n∑
l=0

w
I
(2l+1)
2n−1,0

I
(2l+1)
2n−1,0, (A.37)

according to the parity of r. Now we bound the summands in (A.37) as follows. First, we note that each

term in Ir,0 contains a factor of q
(r−2)+
t . Second, for EI(2l+1)

2n,0 and EI(2l)2n−1,0, with n ≥ 1, l ≥ 1, we can extract

one factor of ( Imm
Nη + N−M

N2 ) by Lemma A.1. Other Green function entries are bounded using |Gαi| ≺ 1.

Thus, for n ≥ 1, l ≥ 1,

|EI(2l+1)
2n,0 | ≤

N ε

q2n−2t

E
[( Imm

Nη
+
N −M
N2

)
|P |2D−1

]
,

|EI(2l)2n−1,0| ≤
N ε

q
(2n−3)+
t

E
[( Imm

Nη
+
N −M
N2

)
|P |2D−1

]
, (A.38)

for N sufficiently large, and we conclude that all these terms are negligible.

Next consider EI(1)2,0 . Using |Gii| ≺ 1 and |Gαα| ≺ 1 and Lemma A.1 we get

|EI(1)2,0 | ≤
N εs(3)

qt
E
[∑
i,α

1

N2
|Gαi||P |2D−1

]
≤ N ε

qt
E
[( Imm

Nη
+
N −M
N2

)1/2
|P |2D−1

]
, (A.39)

for N sufficiently large. This bound is, however, not negligible. We need to gain an additional factor of q−1t
with which it will become negligible. We have the following lemma.
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Lemma A.7. For any (small) ε > 0, we have, for all z ∈ E,

|EI(1)2,0 | ≤
N ε

q2t
E
[( Imm

Nη
+
N −M
N2

)1/2
|P |2D−1

]
+ Φε

≤ N εE
[(
q−4t +

Imm

Nη
+
N −M
N2

)
|P |2D−1

]
+ Φε, (A.40)

for N sufficiently large. In particular, the term EI2,0 is negligible.

Proof. First we introduce some resolvent expansion formulas. Let i ∈ J1, NK and α ∈ JN + 1, N +MK. Since
G = H−1,

1 = Iii = (HG)ii = −zGii +
∑
α

X†iαGαi = −zGii +
∑
α

XαiGαi, (A.41)

respectively,

0 = Iαi = (HG)αi = −Gαi
∑
j

X†jαGαi = −Gαi +
∑
j

XαjGαi. (A.42)

This gives us resolvent expansion formula

1 + zGii =
∑
α

XαiGαi, Gαi =
∑
j

XαjGαi. (A.43)

Now recalling (A.35), we have

EI(1)2,0 = κ
(3)
t

1

N
E
[∑
i,α

GαiGiiGααP
D−1PD

]
. (A.44)

Using the resolvent formula (A.43) we expand in the index i to get

EI(1)2,0 = κ
(3)
t

1

N
E
[∑
i,α

XjαGjiGiiGααP
D−1PD

]
. (A.45)

For simplicity we abbreviate Î = I
(1)
2,0 . Then for arbitrary `′ ∈ N, the cumulant expansion

EI(1)2,0 = EÎ =

`′∑
r′=1

r′∑
u′=0

wÎr′,u′
EÎr′,u′ +O

(N ε

q`
′
t

)
, (A.46)

with

Îr′,u′ = Nκ(r
′+1)Nκ(3)

1

N3

∑
i,j,α

(
∂r
′−u′
ij (GjαGiiGαα)

)
(∂u

′

αi(P
D−1PD)). (A.47)

and wÎr′,u′
:= 1

r′!

(
r′

u′

)
. We first focus on Îr′,0. For r′ = 1,

EÎ1,0 = −κ
(3)
t

qt
E
[ 1

N3

∑
i,j,α

GiαGjjGiiGααP
D−1P

D
]

− 3
κ
(3)
t

qt
E
[ 1

N3

∑
i,j,α

GijGjαGiiGααP
D−1P

D
]

− 2
κ
(3)
t

qt
E
[ 1

N3

∑
i,j,α

GαiGijGjαGiiP
D−1P

D
]

=: EÎ(1)1,0 + 3EÎ(2)1,0 + 2EÎ(3)1,0 , (A.48)

where we organize the terms according to the off-diagonal Green functions entries. By Lemma A.1,

|EÎ(2)1,0 | ≤
N ε

qt
E
[( Imm

Nη
+
N −M
N2

)
|P |2D−1

]
≤ Φε, (A.49)
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and

|EÎ(3)1,0 | ≤
N ε

qt
E
[( Imm

Nη
+
N −M
N2

)3/2
|P |2D−1

]
≤ Φε. (A.50)

We rewrite Î
(1)
1,0 with m̃ as

EÎ(1)1,0 =− E
[ 1

N2

∑
i,α

m̃GiαGiiGααP
D−1PD

]
− E

[ 1

N2

∑
i,α

(m− m̃)GiαGiiGααP
D−1PD

]
+O(Φε). (A.51)

By Schwarz inequality and the high probability bounds |Gii|, |Gαα| ≤ N ε/8, for N sufficiently large, the
second term in (A.51) is bounded as

E
[ 1

N2

∑
i,α

(m− m̃)GiαGiiGααP
D−1PD

]
≤ N ε/4E

[ 1

N2

∑
i,α

|m− m̃||Giα||P |2D−1
]

≤ N−ε/4E
[ 1

N2

∑
i,α

|m− m̃|2|P |2D−1
]

+N3ε/4E
[ 1

N2

∑
i,α

|Giα|2|P |2D−1
]

=
1

d
N−ε/4E

[
|m− m̃||P |2D−1

]
+N3ε/4E

[( Imm

Nη
+
N −M
N2

)
|P |2D−1

]
(A.52)

Thus we obtain from (A.48), (A.49), (A.50), (A.51), and (A.52) that

EÎ1,0 = −m̃E
[ 1

N2

∑
i,α

GiαGiiGααP
D−1PD

]
+O(Φε) = −Em̃I(1)2,0 +O(Φε). (A.53)

where we used (A.44). We remark that in the expansion of EÎ = EI(1)2,0 the only term with one off-diagonal

entry is EÎ(1)2,0 . All the other terms contain at least two off-diagonal entries.

Remark A.8 (Power counting 2). Comparing (A.5) and (A.46), we have Îr′,u′ = (I
(1)
2,0 )r′,u′ . Consider the

terms with u′ = 0. As in (A.37) we organize the terms according to the number of off-diagonal Green
function entries. For r′ ≥ 2,

wÎr′,0
Îr′,0 =

n∑
l=0

w
Î
(l+1)

r′,0
Î
(l+1)
r′,0 =

n∑
l=0

w
Î
(l+1)

r′,0
(I

(1)
2,0 )r′,u′ . (A.54)

By a simple power counting as in Remark A.6, we get

|EÎ(1)r′,0| ≤
N ε

qr
′
t

E
[( Imm

Nη
+
N −M
N2

)1/2
|P |2D−1

]
,

|EÎ(l+1)
r′,0 | ≤

N ε

qr
′
t

E
[( Imm

Nη
+
N −M
N2

)
|P |2D−1

]
, (l ≥ 1), (A.55)

for N sufficiently large. Here, we used that each term contains a factor κ
(3)
t κ

(r′+1)
t ≤ CN−2q−r

′

t . We conclude

that all terms in (A.55) with r′ ≥ 2 are negligible, yet we remark that |EÎ(1)2,0 | is the leading error term in

|EI(1)2,0 |, which is explicitly listed on the right side of (A.40).
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Remark A.9 (Power counting 3). Consider the terms Îr′,u′ , with 1 ≤ u′ ≤ r′. For u′ = 1, note that

∂i1i2(PD−1P
D

) contains two off-diagonal Green function entries. Explicitly,

Îr′,1 = −2(D − 1)
Nκ

(r′+1)
t Nκ

(3)
t

N3

∑
1≤i1,i2≤N

N+1≤α≤N+M

(∂r
′−1
i1i2

(
Gi2αGi1i1Gαα)

)( 1

N

N∑
i3=1

Gi3i1Gi2i3

)
P ′PD−2PD

(A.56)

− 2D
Nκ

(r′+1)
t Nκ

(3)
t

N3

∑
1≤i1,i2≤N

N+1≤α≤N+M

(∂r
′−1
i1i2

(
Gi2αGi1i1Gαα)

)( 1

N

N∑
i3=1

Gi3i1Gi2i3

)
P ′PD−2PD,

where the summation index i3 is generated from ∂i1i2P . For r′ ≥ 1, using Lemma A.1 we get

|EÎr′,1| ≤
2N ε

qr
′
t

E
[( Imm

Nη
+
N −M
N2

)3/2
|P ′||P |2D−2

]
≤ 2Φε, (A.57)

for N sufficiently large, where we used that ∂r
′−1
i1i2

(Gi2αGi1i1Gαα), r′ ≥ 1, contains at least one off-diagonal
Green function entry.

For 2 ≤ u′ ≤ r′, we first note that, for N sufficiently large,

|EÎr′,u′ | ≤
N ε

qr
′
t

∣∣∣E[ 1

N3

∑
i1,i2,α

(∂r
′−u′
i1i2

(
Gi2αGi1i1Gαα)

)(
∂u
′

i1i2(PD−1PD)
)]∣∣∣

≤ N ε

qr
′
t

∣∣∣E[( Imm

Nη
+
N −M
N2

)1/2 1

N2

∑
1≤i1,i2≤N

|∂u
′

i1i2(PD−1PD)|
]
. (A.58)

Since u′ ≤ 2, the partial derivative in ∂u
′

i1i2
(PD−1PD) acts on P and P (and on their derivatives) more than

once. For example, for u′ = 2,

∂2i1i2P
D−1 =

4(D − 1)(D − 2)

N

(∑
i3

Gi3i2Gi1i3

)2
(P ′)2PD−3

+
2(D − 1)

N

(∑
i3

Gi3i2Gi1i3

)2
P ′′PD−2 − 2(D − 1)

N

∑
i3

Gi3i2Gi1i3P
′PD−2, (A.59)

where ∂i1i2 acted twice on P , respectively P ′, to produce the first two terms. More generally, for u′ ≥ 2,
consider a resulting term containing

PD−u
′
1PD−u

′
2(P ′)u

′
3(P ′)u

′
4(P ′′)u

′
5(P ′′)u

′
6(P ′′′)u

′
7(P ′′′)u

′
8 (A.60)

with 1 ≤ u′1 ≤ D, 0 ≤ u′2 ≤ D and
∑8
n=1 u

′
n ≤ u′. Note that P (4) is constant hence we do not list it. We find

that such a term above was generated from PD−1PD by letting the partial derivative ∂i1i2 act u′1 − 1-times
on P and u′2-times on P , which implies that u′1− 1 ≥ u′3 and u′2 ≥ u′4. If u′1− 1 > u′3, then ∂i1i2 acted on the
derivatives of P, P directly (u′1 − 1− u′3)-times, and a similar argument holds for P ′. Whenever ∂i1i2 acted
on P, P or their derivatives, it generated a term 2N−1

∑
il=1Gi1ilGili2 , with il, l ≥ 3, a fresh summation

index. For each fresh summation index, we apply Lemma A.1 to gain a factor ( Imm
Nη + N−M

N2 ). The total

number of fresh summation indicies in a term corresponding to (A.60) is

u′1 + u′2 + (u′1 − u′3) + (u′2 − u′4) = 2u′1 + 2u′2 − u′3 − u′4 = 2s̃0 − s̃− 2, (A.61)

with ũ0 := u′1 + u′2 and ũ := s3 + s4. We note this numbers do not decrease when ∂i1i2 acts on off-diagonal
Green functions entries later. Thus we conclude, upon using |Gαi|, |P ′′(m)|, |P ′′′(m)|, |P (4)(m)| ≺ 1, that,
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for 2 ≤ u′ ≤ r′,

|EÎr′,u′ | ≤
N ε

qr
′
t

E
[( Imm

Nη
+
N −M
N2

)1/2 1

N2

∑
i1,i2

|∂u
′

i1i2(PD−1PD)|
]

≤ N2ε

qr
′
t

2D∑
ũ0=2

ũ0−2∑
s̃=1

E
[( Imm

Nη
+
N −M
N2

)1/2+2ũ0−ũ−2
|P ′|s̃|P |2D−ũ0

]

+
N2ε

qr
′
t

2D∑
ũ0=2

E
[( Imm

Nη
+
N −M
N2

)1/2+2ũ0−1
|P ′|s̃0−1|P |2D−s̃0

]
, (A.62)

for N sufficiently large. Here the last term on the right corresponds to ũ = ũ0 − 1. Thus, we conclude the
form (A.62) and the definition of Φε in (A.1) that E[Îr′,u′ ], 2 ≤ u′ ≤ r′, is negligible.

To sum up, we have established that all terms E[Ĩr′,u′ ] with 1 ≤ u′ ≤ r′ are negligible.

From (A.44), (A.46), (A.53), (A.55), (A.57) and (A.62) We find that

|1 + m̃||EI(1)2,0 | ≤
N ε

q2t
E
[( Imm

Nη
+
N −M
N2

)1/2
|P |2D−1

]
+ Φε, (A.63)

for N sufficiently large. Since |1 + m̃| > c as proved in (3.23), we obtain that |EI(1)2,0 | ≤ Φε. This shows

(A.40). �

Summarizing, we showed in (A.39) and (A.40) that

|EI2,0| ≤ Φε, (A.64)

for N sufficiently large, i.e., all terms in EI2,0 are negligible.

A.5. Estimate on Ir,0, r ≥ 4. For r ≥ 5 we use the bounds |Gαα|, |Gαi| ≺ 1 to get

|EIr,0| =
∣∣∣Nκ(r+1)E

[ 1

N2

∑
i,α

(∂rαiGαi)P
D−1P

D
]∣∣∣

≤ N ε

q4t
E
[ 1

N2

∑
i,α

|P |2D−1
]
≤ N ε

q4t

1

d
E[|P |2D−1] ≤ Φε, (A.65)

for N sufficiently large. For r = 4, ∂rαiGαi contains at least one off-diagonal term Gαi, thus

|EI4,0| =
∣∣∣Nκ(5)E[ 1

N2

∑
i,α

(∂4αiGαi)P
D−1P

D
]∣∣∣

≤ N ε

q3t
E
[ 1

N2

∑
i,α

|Gαi||P |2D−1
]

≤ N ε

q3t

1

d
E
[( Imm

Nη
+
N −M
N2

)1/2
|P |2D−1

]
≤ Φε, (A.66)

for N sufficiently large, where we used Lemma A.1 to get last line. We conclude that all terms EIr,0 with
r ≤ 4 are negligible. This shows the fourth estimate in (A.28).

A.6. Estimate on Ir,u, r ≥ 2, u ≥ 1. For r ≥ 2 and u = 1, we have

EIr,1 = Nκ
(r+1)
t E

[ 1

N2

∑
i,α

(∂r−1αi Gαi)∂αi(P
D−1PD)

]
. (A.67)

Note that each term in EIr,1, r ≥ 2, contains at least two off-diagonal Green function entries. For the terms
with at least three off-diagonal Green function entries, we use the bound |Gαi|, |Gαα| ≺ 1 and

Nκr+1
t E

[ 1

N3

∑
i1,i2,α

|Gαi1Gi1i2Gi2α||P ′||P |2D−2
]
≤ N ε s

(r+1)

qt
E
[( Imm

Nη
+
N −M
N2

)3/2
|P ′||P |2D−2

]
≤ N εs(r+1)E

[√
Imm

( Imm

Nη
+
N −M
N2

)( 1

Nη
+ q−2t

)
|P ′||P |2D−2

]
, (A.68)
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for N sufficiently large, where we used Lemma A.1. The right side of (A.68) is negligible since Imm ≺ 1.

Denoting the terms with two off-diagonal Green function entries in EIr,1 by EI(2)r,1 , we have

EI(2)r,1 = Nκ
(r+1)
t E

[2(D − 1)

N2

∑
i1,α

Gr/2ααG
r/2
i1i1

( 1

N

N∑
i2=1

Gαi2Gi2i1

)
P ′PD−2PD

]

+Nκ
(r+1)
t E

[2D

N2

∑
i1,α

Gr/2ααG
r/2
i1i1

( 1

N

N∑
i2=1

Gαi2Gi2i1

)
P ′PD−2PD

]
, (A.69)

where i2 is a fresh summation index and where we noted that r is necessarily even in this case. Using Lemma
A.1, we get the upper bound

|EI(2)r,1 | ≤
N ε

qr−1t

E
[( Imm

Nη
+
N −M
N2

)
|P ′||P |2D−2

]
, (A.70)

which is negligible for r > 2. For r = 2, we need to gain an additional factor q−1t . This can be done as in
the proof of Lemma A.7 by considering the off-diagonal entries Gαi2Gi2i1 , generated from ∂αiP (m), since
the index α appears an odd number of times.

Lemma A.10. For any (small) ε > 0, we have

|EI(2)2,1 | ≤
N ε

q2t
E
[( Imm

Nη
+
N −M
N2

)
|P ′||P |2D−2

]
+ Φε, (A.71)

uniformly on E, for N sufficiently large. In particular, the term EI2,1 is negligible.

Proof. We start with the first term on the right side of (A.69). Using (A.43), we write

zNκ
(3)
t E

[ 1

N3

∑
i1,i2,α

Gαi2GααGi1i1Gi1i2P
′PD−2PD

]
= Nκ

(3)
t E

[ 1

N3

∑
i1,i2,α1,α2

Hα1α2
Gα2i2Gα1α1

Gi1i1Gi1i2P
′PD−2PD

]
. (A.72)

As in the proof of Lemma A.7, we apply the cumulant expansion to the right side. The leading terms of the
expansion is

Nκ
(3)
t E

[ 1

N3

∑
i1,i2,α1

mGα1i2Gα1α1
Gi1i1Gi1i2P

′PD−2PD
]
, (A.73)

and, thanks to the additional factor of q−1t from the cumulant κ
(3)
t , all other terms in the cumulant expansion

are negligible, as can be checked by power counting as in the proof of Lemma A.7. Replacing m by m̃ in
(A.73), we then get

|1 + m̃||Nκ(3)t |
∣∣∣E[ 1

N3

∑
i1,i2,α1

mGα1i2Gα1α1
Gi1i1Gi1i2P

′PD−2PD
]∣∣∣ ≤ CΦε,

for N sufficiently large; see (A.63). Since |1 + m̃| ≥ c as in (3.23), we conclude that the first term on the
right side of (A.69) is negligible. In the same way, we can also show that the second term is negligible as
well. We omit the detail. �

We conclude from (A.68) and (A.71) that Er,1 is negligible for all r ≥ 2.
Next, consider the terms

EIr,u = Nκ
(r+1)
t E

[ 1

N2

∑
i,α

(∂r−uαi Gαi)∂
u
αi(P

D−1PD)
]
, (A.74)

with 2 ≤ u ≤ r. We proceed in a similar way as in Remark A.8. Note that each term in ∂r−uαi Gαi contains at
least one off-diagonal Green function entries when r − u is even, yet when r − u is odd there is a term with
no off-diagonal entries. Since u ≥ 2, the partial derivative ∂uαi acts on P or P (or their derivatives) more
than once in total; cf. Remark A.8. Consider such a term with

PD−u1PD−u2(P ′)u3(P ′)u4 ,
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for 1 ≤ u1 ≤ D and 0 ≤ u2 ≤ D. Since P ′′(m), P ′′′(m), P (4)(m) ≺ 1 and P (5) = 0, we do not include

derivatives of order two of higher here. We see that such a term was generated from PD−1PD by letting
the partial derivative ∂αi act (u1 − 1)-times on P and u2-times on P , which implies that u3 ≤ u1 − 1 and
u4 ≤ u2. If u3 < u1 − 1, then ∂αi acted on P ′ as well [(u1 − 1)− u3]-times, and a similar argument holds for
P ′. Whenever ∂αi acts on P or P (or their derivatives), it generates a fresh summation index il, l ≥ 3, with
a term 2N−1

∑
il
GαilGili. The total number of fresh summation indices in this case is

(u1 − 1) + u2 + [(u1 − 1)− u3)] + [u2 − u4] = 2u1 + 2u2 − u3 − u4 − 2.

Assume first that r = u so that ∂r−uαi = Gαi. Then applying Lemma A.1 (2u1 + 2u2−u3−u4− 2)-times and
letting u0 = u1 + u2 and u′ = u3 + u4, we obtain an upper bound for r = u ≥ 2,

|EIr,r| ≤
N ε

qr−1t

2D∑
u0=2

u0−1∑
u′=1

E
[( Imm

Nη
+
N −M
N2

)1/2( Imm

Nη
+
N −M
N2

)2u0−u′−2
|P ′|u

′
|P |2D−u0

]
≤ Φε, (A.75)

for N sufficiently large, i.e. EIr,r is negligible for r ≥ 2.
Next, assume that 2 ≤ u < r. Then applying Lemma A.1 (2u1 + 2u2 − u3 − u4 − 2)-times, we get

|EIr,u| ≤
N ε

qr−1t

2D∑
u0=2

u0−1∑
u′=1

E
[( Imm

Nη
+
N −M
N2

)2u0−u′−2
|P ′|u

′
|P |2D−u0

]

+
N ε

qr−1t

2D∑
u0=2

E
[( Imm

Nη
+
N −M
N2

)u0−1
|P ′|u0−1|P |2D−u0

]
, (A.76)

for N sufficiently large with 2 ≤ u < r. In particular, |EIr,u| ≤ Φε, 2 ≤ u < r. In (A.76) the second term
bounds the terms corresponding to u0 − 1 = u′ obtained by acting on ∂αi exactly (u1 − 1)-times on P and
u2-times on P but never on their derivatives.

To sum up, we showed that EIr,u is negligible for 1 ≤ u < r. This proves (A.30) for 1 ≤ u < r.

A.7. Estimate on I3,0. We notice that I3,0 contains terms with zero, two or four off-diagonal Green function
entries and we split accordingly

wI3,0I3,0 = w
I
(0)
3,0
I
(0)
3,0 + w

I
(2)
3,0
I
(2)
3,0 + w

I
(4)
3,0
I
(4)
3,0 .

When there are two off-diagonal entries, we can use Lemma A.1 to get the bound

|EI(2)3,0 | =
∣∣∣Nκ(4)t E

[ 1

N2

∑
i,α

GiiGαα(Gαi)
2PD−1P

D
]∣∣∣

≤ N ε

q2t
E
[( Imm

Nη
+
N −M
N2

)
|P |2D−1

]
≤ Φε,

for N sufficiently large. A similar estimate holds for |EI(4)3,0 |. The only non-negligible term is I
(0)
3,0 . Let

SN ≡ SN (z) :=
1

N

N∑
i=1

(Gii(z))
2, SM ≡ SN (z) :=

1

N

M+N∑
α=N+1

(Gαα(z))2. (A.77)

Lemma A.11. We have

w
I
(0)
3,0
I
(0)
3,0 = −Nκ(4)t E

[
S2
NP

D−1PD
]
. (A.78)

Proof. Recalling the definition of Ir,s in (A.5), we get

wI3,0I3,0 =
Nκ

(4)
t

3!
E
[ 1

N2

∑
i,α

(∂3αiGαi)P
D−1P

D
]
.

We then note that the terms without off-diagonal entries in ∂3αiGαi are of the form −GααGiiGααGii. We
only have to determine the weight w

I
(0)
3,0

. With regard to the indices, taking the third derivative corresponds

to distributing the indices αi or iα thrice each. In this sense, the very first α and the very last i are from the
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original Gαi. The choice of αi or iα must be exact in the sense that the connected indices in the following
diagram must have been put at the same time:

αα i︸︷︷︸ i α︸︷︷︸α i︸︷︷︸ i.
Hence the only combinatorial factor we have to count is the order of distributing the indices. In this case,
we have three connected indices, so the number of terms is 3! = 6. Thus, wI3,0I3,0 = 1 and (A.78) holds. �

Lemma A.12. For any (small) ε > 0, we have, for all z ∈ E,

Nκ
(4)
t E

[
SNSMP

D−1PD
]

= Nκ
(4)
t E[m2(zm+ 1− 1

d
)2PD−1PD] +O(Φε). (A.79)

Proof. Fix ε > 0. We first claim that

Nκ
(4)
t E

[
SNSMP

D−1PD
]

= Nκ
(4)
t E[m2SMP

D−1PD] +O(Φε). (A.80)

Using the resolvent identity (A.43) and Lemma 2.11 we get

E
[
zmSNSMP

D−1P
D
]

= −E
[
SNSMP

D−1P
D
]

+ E
[ 1

N

∑
i,α

XαiGαiSNSMP
D−1P

D
]

= −E
[
SNSMP

D−1P
D
]

+

`′∑
r=1

Nκ
(r+1)
t

r!
E
[ 1

N2

∑
i,α

∂rαi
(
GαiSNSMP

D−1P
D)]

+ E
[
Ω`′
( 1

N

∑
i,α

XαiGαiSNSMP
D−1P

D
)]
, (A.81)

for arbitrary `′ ∈ N. Using the resolvent identity (A.43) once more, we write

zSN =
1

N

N∑
i=1

zGiiGii = − 1

N
Gii +

1

N

∑
i,α

XαiGαiGii.

Thus, using Lemma 2.11, we also have

E
[
zmSNSMP

D−1P
D
]

= −E
[
m2SMP

D−1P
D
]

+ E
[ 1

N

∑
i,α

XαiGαiGiimSMP
D−1P

D
]

= −E
[
m2SMP

D−1P
D
]

+

`′∑
r=1

Nκ
(r+1)
t

r!
E
[ 1

N2

∑
i,α

∂rαi
(
GαiGiimSMP

D−1P
D)]

+ E
[
Ω`′
( 1

N

∑
i,α

XαiGαiGiiSMP
D−1P

D
)]
, (A.82)

for arbitrary `′ ∈ N. By Corollary A.3 and Remark A.4, The two error terms E[Ω`′(·)] in (A.81) and (A.82)
are negligible for `′ ≥ 8D.

With the extra factor Nκ(4), we write

Nκ
(4)
t E

[
zmSNSMP

D−1P
D
]

= −Nκ(4)t E
[
SNSMP

D−1P
D
]

+

`′∑
r=1

r∑
s=0

wĨr,sEĨr,s +O(Φε),

Nκ
(4)
t E

[
zmSNSMP

D−1P
D
]

= −Nκ(4)t E
[
m2SMP

D−1P
D
]

+

`′∑
r=1

r∑
s=0

w˜̃
Ir,s

E˜̃Ir,s +O(Φε), (A.83)

with

Ĩr,s := Nκ
(4)
t Nκ

(r+1)
t

1

N2

∑
i,α

(
∂r−sαi

(
GαiSNSM

))(
∂sαi
(
PD−1P

D))
,

˜̃
Ir,s := Nκ

(4)
t Nκ

(r+1)
t

1

N2

∑
i,α

(
∂r−sαi

(
GαiGiiSM

))(
∂sαi
(
PD−1P

D))
, (A.84)

and wĨr,s = w˜̃
Ir,s

= 1
r!(r−s)! .
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For r = 1, s = 0, we find that

EĨ1,0 = −Nκ(4)t E
[ 1

N2

∑
i,α

GααGiiSNSMP
D−1P

D
]

+O(Φε)

= −Nκ(4)t E
[1

d
m
(
zm+ 1− 1

d

)
SNSMP

D−1P
D
]

+O(Φε), (A.85)

and similarly,

E˜̃I1,0 = −Nκ(4)t E
[ 1

N2

∑
i,α

GααG
2
iiSNSMP

D−1P
D
]

+O(Φε)

= −Nκ(4)t E
[1

d
m
(
zm+ 1− 1

d

)
SNSMP

D−1P
D
]

+O(Φε), (A.86)

where we used (A.77). We hence conclude that EĨ1,0 = E˜̃I1,0 up to negligible error. Following the ideas in
Subsection A.4, also we can bound

|EĨ1,1| ≤
N ε

q2t

∣∣∣E[ 1

N2

∑
i,α

GαiSNSM
(
∂αi
(
PD−1P

D)]∣∣∣
≤ N ε

q2t

∣∣∣E[( Imm

Nη
+
N −M
N2

)3/2
|P ′||P |2D−2

]
≤ Φε,

and similarly |E˜̃I1,1| ≤ Φε, for N sufficiently large. In fact, for r ≤ 2, u ≤ 0 we can use, with small notational
modifications the power counting outlined in Remark A.8 and Remark A.9 to conclude that

EĨr,u ≤ O(Φε), E˜̃Ir,u ≤ O(Φε).

Therefore the only non-negligible terms on the right hand side of (A.83) are Nκ
(4)
t E[SNSMP

D−1P
D

],

Nκ
(4)
t E[m2SMP

D−1P
D

] as well as Ĩ1,0,
˜̃
I1,0. Since, by (A.85) and (A.86), the latter agree up to negligible

error terms, we conclude that the former two must be equal up to do negligible error terms. Thus (A.80)

holds. Similarly, expanding the term E[zm3SMP
D−1P

D
] in two different ways to above, we get

Nκ
(4)
t E

[
m2SNSMP

D−1P
D
]

= Nκ(4)E
[
m2
(
zm+ 1− 1

d

)2
PD−1P

D
]
. (A.87)

Together with (A.80) this shows (A.79) and concludes the proof of the lemma. �

Finally, from Lemma A.11 and Lemma A.12, we conclude that

wI3,0EI3,0 = −s
(4)

q2t
E
[
m2
(
zm+ 1− 1

d

)2
PD−1P

D
]

+O(Φε). (A.88)

This proves the third estimate in (A.28).

Proof of Lemma A.5. The estimates in (A.28) and (A.30) were obtained in (A.32), (A.64), (A.65), (A.66)
and (A.88). Estimate (A.30) were obtained in (A.34), (A.68), (A.75) and (A.76). �

B. Proof of Lemma 4.2 and Lemma 4.4

In this Section we prove Lemma 4.2 and Lemma 4.4.

B.1. Proof of Lemma 4.2.

Proof of Lemma 4.2. Recall the definition of α1, α2 and β in (4.2) and the definition of Λt in (4.3), where
we for simplicity omit the z-dependence. Recall that Λt ≺ 1 on E by Proposition 2.13 and that α1 ≤ C|α2|
by Lemma 3.1.
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Let D > 10 and choose any small ε > 0. For brevity, N is implicitly assumed to be sufficiently large.
From Lemma 3.1, we can easily see that C Im m̃ > η, thus

Immt +
N −M
N2

≤ 1

Nη

(
Immt + (1− 1

d
)η
)

≤ β
(

Im(mt − m̃t) + Im m̃t + (1− 1

d
)η
)

(B.1)

≤ Cβ(α1 + Λt).

Using (B.1) and applying Young’s inequality we get for the first term on the right side of (4.1) that

N ε
( Immt

Nη
+
N −M
N2

+ q−4t

)
|P (mt)|2D−1 ≤ N εα1 + Λt

Nη
|P (mt)|2D−1 +N εq−4t |P (mt)|2D−1

≤ N (2D+1)ε

2D
C2Dβ2D(α1 + Λt)

2D +
N (2D+1)ε

2D
q−8Dt +

2(2D − 1)

2D
N−

ε
2D−1 |P (mt)|2D. (B.2)

For the second term on the right hand side of (4.1), we have

N−ε/8q−1t Λ2
t |P (mt)|2D−1 ≤

N−(D/4−1)ε

2D
q−2Dt Λ4D

t +
2D − 1

2D
N−

ε
2D−1 |P (mt)|2D. (B.3)

Taylor expanding P ′(mt) around m̃t, we get

|P ′(mt)− P ′(m̃t)− P ′′(m̃t)(mt − m̃t)| ≤ Cq−2t Λ2
t , (B.4)

and |P ′(mt)| ≤ |α2|+ 3((1 +
√

1/d)2 + 1)Λt ≤ |α2|+ 15Λt, for all z ∈ E with high probability. We note that,
for any fixed s ≥ 2,

(α1 + Λt)
2s−u′−2(|α2|+ 15Λt)

u′ ≤ N ε/2(α1 + Λt)
s−1(|α2|+ 15Λt)

s−1

≤ N ε(α1 + Λt)
s/2(|α2|+ 15Λt)

s/2

with high probability uniformly on E , since α1 ≤ C|α2| ≤ C and Λt ≺ 1. In the third term of (4.1), note
that 2s− u′ − 2 ≥ s since u′ ≤ s− 2. Hence, for 2 ≤ s ≤ 2D,

N εq−1t

( Immt

Nη
+
N −M
N2

)2s−u′−2
|P ′(mt)|u

′
|P (mt)|2D−s

≤ N εq−1t βs(α1 + Λt)
2s−u′−2(|α2|+ 15Λt)

u′ |P (mt)|2D−s

≤ N2εq−1t Csβs(α1 + Λt)
s/2(|α2|+ 15Λt)

s/2|P (mt)|2D−s

≤ N2εq−1t
s

2D
C2Dβ2D(α1 + Λt)

D(|α2|+ 15Λt)
D +N2εq−1t

2D − s
2D

|P (mt)|2D (B.5)

uniformly on E with high probability. For the last term, we note that

1

Nη
+ q−1t

( Immt

Nη

)1/2
+ q−2t ≺ β (B.6)

uniformly on E with high probability. Hence we find that, for 2 ≤ s ≤ 2D,

N ε
( 1

Nη
+ q−1t

( Immt

Nη
+
N −M
N2

)1/2
+ q−2t

)( Immt

Nη
+
N −M
N2

)s−1
|P ′(mt)|s−1|P (mt)|2D−s

≤ N2εCsβ · βs−1(α1 + Λt)
s/2(|α2|+ 15Λt)

s/2|P (mt)|2D−s

≤ s

2D

(
N2εN

(2D−s)ε
4D2

)2D/s
C2Dβ2D(α1 + Λt)

D(|α2|+ 15Λt)
D

+
2D − s

2D

(
N−

(2D−s)ε
4D2

)2D/(2D−s)
|P (mt)|2D

≤ N (2D+1)εC2Dβ2D(α1 + Λt)
D(|α2|+ 15Λt)

D +N−ε/2D|P (mt)|2D, (B.7)
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for all z ∈ E , with high probability. We thus get

E[|P (mt)|2D] ≤CN (2D+1)εE[β2D(α1 + Λt)
D(|α2|+ 15Λt)

D] +
N (2D+1)ε

2D
q−8Dt

+
N−(D/4−1)ε

2D
q−2Dt E[Λ4D

t ] + CN−ε/2DE[|P (mt)|2D], (B.8)

for all z ∈ E . Note that the last term on the right hand side of (B.8) may be absorbed into the left hand
side of (B.8). Therefore,

E[|P (mt)|2D]

≤ CN (2D+1)εE[β2D(α1 + Λt)
D(|α2|+ 15Λt)

D] + C
N (2D+1)ε

2D
q−8Dt + C

N−(D/4−1)ε

2D
q−2Dt E[Λ4D

t ]

≤ N3Dεβ2D|α2|2D +N3Dεβ2DE[Λ2D
t ] +N3Dεq−8Dt +N−Dε/8q−2Dt E[Λ4D

t ], (B.9)

uniformly on E , where we used that D > 10 and the inequality

(a+ b)p ≤ 2p−1(ap + bp), (B.10)

for any a, b ≥ 0 and p ≥ 1, to get the second line.
From the third order Taylor expansion of P (mt) around m̃t, we get∣∣∣P (mt)− α2(mt − m̃t)−

P ′′(m̃t)

2
(mt − m̃t)

2
∣∣∣ ≤ Cq−2t Λ3

t (B.11)

since P (m̃t) = 0 and P ′′′(m̃t) = 8e−tq−2t s(4)(z2m̃t + z(zm̃t + 1 − 1
d )). Then using Λt ≺ 1 and P ′′(m̃t) =

2z +O(q−2t ) we get

Λ2
t ≺ 2|α2|Λt + 2|P (mt)|, (z ∈ E). (B.12)

Taking the 2D-power of the inequality and using (B.10), we get after taking the expectation

E[Λ4D
t ] ≤ 42DN ε/2|α2|2DE[Λ2D

t ] + 42DN ε/2E[|P (mt)|2D]. (z ∈ E) (B.13)

Replacing from (B.9) for E[|P (mt)|2D|], for N sufficiently large,

E[Λ4D
t ] ≤ N ε|α2|2DE[Λ2D

t ] +N (3D+1)εβ2D|α2|2D +N (3D+1)εβ4D +N (3D+1)εq−8Dt

+N−Dε/8+εq−2Dt E[Λ4D
t ] (B.14)

uniformly on E . Applying the Schwarz inequality to the first and the third term on the right side, absorbing
the terms o(E[Λ4D

t ]) into the left side and using q−2t ≤ β in the fourth term, we arrive at

E[Λ4D
t ] ≤ N2ε|α2|4D +N (3D+2)εβ2D|α2|2D +N (3D+2)εβ4D (B.15)

uniformly on E . Feeding back, we obtain, for any D > 10 and small ε > 0,

E[|P (mt)|2D] ≤ N3Dεβ2D|α2|2D +N3Dεβ2DE[Λ2D
t ] +N (3D+1)εβ4D + q−2Dt |α2|4D

≤ N5Dεβ2D|α2|2D +N5Dεβ4D + q−2Dt |α2|4D, (B.16)

uniformly on E , for n sufficiently large, where we used Schwarz inequality to get second line.
By the Markov inequality, we thus obtain that for fixed z ∈ E , |P (mt)| ≺ |α2|β+β2 + q−1t |α2|2. From the

Taylor expansion of P (mt) around m̃t we get

|α2(mt − m̃t) + z(mt − m̃t)
2| ≺ βΛ2

t + |α2|β + β2 + q−1t |α2|2, (B.17)

for each fixed z ∈ E , where we used that q−2t ≤ β. To achieve a uniform bound on E , we choose 18N8 lattice
points z1, . . . , z18N8 in E such that, for any z̃ ∈ E , there exists zn satisfying |z̃ − zn| ≤ N−4. Since

|mt(z̃)−mt(zn)| ≤ |z̃ − zn| sup
z∈E

∣∣∣∂mt(z)

∂z

∣∣∣ ≤ |z̃ − zn| sup
z∈E

1

(Im z)2
≤ N−2 (B.18)

and since a similar estimate holds for |m̃t(z̃)− m̃t(z)|, a union bound gives that (B.17) holds uniformly on
E with high probability. This completes the prove of Lemma 4.2. �
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B.2. Proof of Lemma 4.4. We start with the upper bound on the largest eigenvalue λX
†X

1 .

Lemma B.1. Let X0 satisfy Assumption 2.6 with φ > 0. Let Lt be deterministic number defined in Lemma
3.1. Then,

λX
†X

1 − Lt ≺
1

q4t
+

1

N2/3
, (B.19)

uniformly in t ∈ [0, 6 logN ].

Proof. Fix t ∈ [0, 6 logN ]. Recall first the deterministic z- and t-dependent parameters α1, α2 and β
from (4.2). We further introduce the z-independent quantity

β̃ :=
( 1

q4t
+

1

N2/3

)1/2
. (B.20)

We mostly drop the z- and t-dependence for brevity.
Fix a small ε > 0 and define the domain Dε by

Dε :=
{
z = E + iη : N4εβ̃2 ≤ κt ≤ q−1/3t , η =

N ε

N
√κt

}
, (B.21)

where κt ≡ κt(E) = E − Lt. Note that on Dε for any sufficiently small ε,

N−1+ε � η ≤ N−ε

Nβ̃
, κt ≥ N5εη. (B.22)

In particular we have N εβ̃ ≤ (Nη)−1, hence N εq−2t ≤ C(Nη)−1 so that q−2t is negligible when compared to
(Nη)−1 and β on Dε. Note moreover that

|α2| ∼
√
κt + η ∼

√
κt =

N ε

Nη
∼ N εβ,

α1 = Im m̃t ∼
η√

κt + η
∼ η
√κt

≤ N−5ε
√
κt ∼ N−5ε|α2| ∼ N−4εβ. (B.23)

In particular we have α1 � |α2| on Dε.
We next claim that

Λt := |mt − m̃t| �
1

Nη
(B.24)

with high probability on the domain Dε.
Since Dε ⊂ E , we find from Proposition 2.12 that Λt ≤ N ε′β for any ε′ > 0 with high probability. Fix

0 < ε′ < ε/9. From (B.9) we get

E[|P (mt)|2D]

≤ CN (4D−1)ε′E[β2D(α1 + Λt)
D(|α2|+ 15Λt)

D] +
N (2D+1)ε′

D
q−8Dt +

N−(D/4−1)ε
′

D
q−2Dt E[Λ4D

t ]

≤ C2DN6Dε′β4D +
N (2D+1)ε′

D
q−8Dt +

N4Dε′

D
q−2Dt β4D

≤ C2DN6Dε′β4D

for N sufficiently large, where we used that Λt ≤ N ε′β � N εβ with high probability and, by (B.23),
α1 � |α2|, |α2| ≤ CN εβ on Dε. Applying the Markov inequality and a simple lattice argument combined

with a union bound, we get |P (mt)| ≤ CN4ε′β2 uniformly on Dε with high probability. From the Taylor
expansion of P (mt) around m̃t in (B.11), we then get that

|α2|Λt ≤ 5Λ2
t + CN4ε′β2, (B.25)

uniformly on Dε with high probability, where we also used that Λt � 1 on Dε with high probability.
Since Λt ≤ N ε′β ≤ CN ε′−ε|α2| with high probability on Dε, we have |α2|Λt ≥ CN ε−ε′Λ2

t � |z|Λ2
t . Thus

the first term on the right side of (B.25) can be absorbed into the left side and we conclude that

Λt ≤ CN4ε′ β

|α2|
β ≤ CN4ε′−εβ,
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must hold with high probability on Dε. Hence, using that 0 < ε′ < ε/9, we obtain that

Λt ≤ N−ε/2β ≤ 2
N−ε/2

Nη
,

with high probability on Dε. This proves the claim that Λt � (Nη)−1 on Dε with high probability. Moreover,
this also shows that

Immt ≤ Im m̃t + Λt = α1 + Λt �
1

Nη
, (B.26)

on Dε with high probability, where we used (B.23).
Now we prove the estimate (B.19). If λ1 ∈ [E−η,E+η] for some E ∈ [Lt+N ε(q−4t +N−2/3), Lt+ q−1/3]

with z = E + iη ∈ Dε,

Immt(z) ≥
1

N
Im

1

λ1 − E − iη
=

1

N
η(Λ1 − E)2 + η2 ≥ 1

5Nη
, (B.27)

which contradicts the high probability bound Immt � (Nη)−1 in (B.26). The size of each interval [E−η,E+

η] is at least N−1+εq
1/6
t . Thus, considering O(N) such intervals, we can conclude that λ1 /∈ [Lt +N ε(q−4t +

N−2/3), Lt + q−1/3] with high probability. From (2.56), we find that λ1 − Lt ≺ q−1/3t with high probability,
hence we conclude that (B.19) holds for fixed t ∈ [0, 6 logN ]. Then we can obtain (B.19) uniformly in
t ∈ [0, 6 logN ] by using a lattice argument and the continuity of the Dyson matrix flow. �

Proof of Lemma 4.4 and Theorem 2.9. Fix t ∈ [0, logN ]. For the largest eigenvalue λ
X†tXt
1 , we already

showed that (Lt − λ
X†tXt
1 )− ≺ q−4t + N−2/3 in Lemma B.1. It thus suffices to consider (Lt − λ

X†tXt
1 )+. By

Lemma 3.1, there exists c > 0 such that c(Lt − λ
X†tXt
1 )

3/2
+ ≤ nρ̃t(λ

X†tXt
1 , Lt). Hence by Corollary 2.8, we

have the estimate

(Lt − λ
X†tXt
1 )

3/2
+ ≺ (Lt − λ

X†tXt
1 )+
q2t

+
1

N
, (B.28)

so that (Lt − λ
X†tXt
1 )+ ≺ q−4t + N−2/3. Thus |λX

†
tXt

1 − Lt| ≺ q−4t + N−2/3. This proves (4.23) for fixed
t ∈ [0, 6 logN ]. Uniformity follows by the continuity of the Dyson matrix flow. �

C. Proof of Lemma 5.4

In this section, we prove Lemma 5.4. We begin by considering the case r ≥ 5. In this case, we can
see that Jr = O(N

2
3−ε

′
), since it contains at least two off-diagonal entries in ∂rjα(F ′(Y )GijGαi) and |Jr| is

bounded by

N3N−1q−4t N−2/3+2ε � N2/3−ε′

which can be checked by a simple power counting. Therefore, we only need to consider the cases r = 2, 3, 4.

C.1. Proof of Lemma 5.4 for r = 2. Observe that

∂jα(F ′(Y )GijGαi) = F ′(Y )∂2jα(GijGαi) + 2∂jαF
′(Y )∂jα(GijGαi) + (∂2jαF

′(Y ))GijGαi. (C.1)

We first consider the expansion of ∂2jα(GijGαi). We can estimate the terms with four off diagonal Green
function entries, since, for example,∑

i,j,α

|E[F ′(Y )GijGαjGαjGαi]| ≤ NCε
∑
i,j,α

|GijGαjGαjGαi| ≤ NCε
( Imm

Nη0

)2
≤ N−4/3+Cε, (C.2)

where we used Lemma A.1. Thus, for sufficiently small ε and ε′,

e−tq−1t
N

∑
i,j,k

|E[F ′(Y )GijGαjGαjGαi]| � N2/3−ε′ . (C.3)

For the terms with three off-diagonal Green function entries, the bound we get from Lemma A.1 is

q−1t N−1N3NCε
( Imm

Nη0

)3/2
∼ q−1t N1+Cε,
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which is not sufficient. To gain an additional factor of q−1t , which makes the above bound q−2t N1+Cε �
N2/3−ε′ , we use Lemma 2.11 to expand in an unmatched index. For example, such a term is of the form

GijGαjGααGji

and we focus on the unmatched index α in Gαj . We get

q−1t
N

∑
i,j,α

E[F ′(Y )GijGαjGααGji] =
q−1t
N

∑
i,j,k,α

E[F ′(Y )GijHαkGkjGααGji]

=
q−1t
N

∑̀
r′=1

κ(r
′+1)

r′!

∑
i,j,k,α

E[∂r
′

αk(F ′(Y )GijGkjGααGji)] +O(N2/3−ε′), (C.4)

for ` = 10.
For r′ = 1, we need to consider ∂αk(F ′(Y )GijGkjGααGji). When ∂αk acts on F ′(Y ) it creates a fresh

summation index n, and we get a term

q−1t
N2

∑
i,j,k,α

E[(∂αk(F ′(Y ))GijGkjGααGji)]

= −2q−1t
N2

∫ E2

E1

∑
i,j,k,n,α

E[GijGkjGααGjiF
′′(Y ) Im(Gnk(y + L+ iη0)Gαn(y + L+ iη0))]dy

= −2q−1t
N2

∫ E2

E1

∑
i,j,k,n,α

E[GijGkjGααGjiF
′′(Y ) Im(G̃nkG̃αn)]dy, (C.5)

where we abbreviate G̃ ≡ G(y + L+ iη0). Applying Lemma A.1 to the index n and G̃, we get

N∑
n=1

|G̃knG̃nα| ≺ N−2/3+2ε,

which also shows that

|∂αkF ′(Y )| ≺ N−1/3+Cε. (C.6)

Applying Lemma A.1 to the remaining off-diagonal Green function entries, we obtain that

q−1t
N2

∑
i,j,k,α

|E[(∂αk(F ′(Y ))GijGkjGααGji)]| ≤ q−1t N−2N−1/3+CεN4N−1+3ε = q−1t N2/3+Cε. (C.7)

If ∂αk acts on GijGkjGααGji, then we always get four or more off-diagonal Green function entries with
the only exception being

−GijGkkGαjGααGji.
To the terms with four or more off-diagonal Green function entries, we apply Lemma A.1 and obtain a bound
similar to (C.7) by power counting. For the term of the exception, we rewrite it as

− q−1t
N2

∑
i,j,k,α

E[F ′(Y )GijGkkGαjGααGji] = −q
−1
t

N

∑
i,j,α

E[mF ′(Y )GijGαjGααGji]

= −m̃q−1t
N

∑
i,j,α

E[F ′(Y )GijGαjGααGji] +
q−1t
N

∑
i,j,α

E[(m̃−m)F ′(Y )GijGαjGααGji] (C.8)

Here, the last term is bounded by q−1t N2/3+Cε as we can easily check with Proposition 2.12 and Lemma A.1.
We thus arrive at

q−1t
N

(1 + m̃)
∑
i,j,α

E[F ′(Y )GijGαjGααGji]

=
q−1t
N

∑̀
r′=1

κ(r
′+1)

r′!

∑
i,j,k,α

E[∂r
′

αk(F ′(Y )GijGkjGααGji)] +O(N2/3−ε′). (C.9)
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On the right side, the summation is from r′ = 2, hence we have gained a factor N−1q−1t from κ(r
′+1) and

added a fresh summation index k, so the net gain is q−1t . Since |1 + m̃| ∼ 1, this shows that

q−1t
N

∑
i,j,α

E[F ′(Y )GijGαjGααGji] = O(N2/3−ε′). (C.10)

Together with (C.3), this takes care of the first term on the right side of (C.2). For the second term on the
right side of (C.2), we focus on

∂jαF
′(Y ) = −

∫ E2

E1

N∑
n=1

[F ′′(Y ) Im(G̃jnG̃nα)]dy (C.11)

and apply the same argument to the unmatched index α in G̃nα. For the third therm, we focus on GijGαi
and again apply the same argument with the index α in Gαi.

C.2. Proof of Lemma 5.4 for r = 3. If ∂jα acts on F ′(Y ) at least once, then that term is bounded by

N εN−1q−2t N3N−1/3+CεN−2/3+2ε = q−2t N1+Cε � N2/3−ε′ ,

where we used (C.6) and the fact that GijGαi or ∂jk(GijGki) contains at least two off-diagonal entries.
Moreover, in the expansion ∂2jk(GijGki), the terms with three or more off-diagonal Green function entries
can be bounded by

N εN−1q−2t N3NCεN−1+3ε = q−2t N1+Cε � N2/3−ε′ .

Thus,

e−ts(4)q−2t
3!N

∑
i,j,α

E[∂3jαF
′(Y )GijGαi] = −4!

2

e−ts(4)q−2t
3!

∑
i,j

E[F ′(Y )GijGjjGjiSM ]

− 4!

2

e−ts(4)q−2t
3!

∑
i,α

E[F ′(Y )GiαGααGαiSN ] +O(N2/3−ε′), (C.12)

where the combinatorial factor (4!/2) is computed as in Lemma A.11 and SN , SM are defined in (A.77).
The first term on right side of (C.12) is computed by expanding

q−2t
∑
i,j

E[zmSMF
′(Y )GijGjjGji]

in two different ways, respectively, as in Lemma A.12. Then we can obtain that

q−2t
∑
i,j

E[F ′(Y )GijGjjGjiSM ] = q−2t
∑
i,j

E
[(
zm+ 1− 1

d

)2
F ′(Y )GijGjjGji

]
+O(N2/3−ε′)

= q−2t
∑
i,j

E
[1

d

(
1 +

1√
d

)2
F ′(Y )GijGjjGji

]
+O(N2/3−ε′), (C.13)

where we used m(z) = (−1− 1
d )−1 +O(N−1/3+ε) with high probability. Next we consider

q−2t
∑
i,j

E[zF ′(Y )GijGjjGji] =
(

1 +
1√
d

)2
q−2t

∑
i,j

E[F ′(Y )GijGjjGji] +O(N2/3−ε′). (C.14)

Expanding the left hand side using the resolvent expansion (A.43), we obtain

q−2t
∑
i,j

E[zF ′(Y )GijGjjGji] = −q−2t
∑
i,j

E[F ′(Y )GijGji] + q−2t
∑
i,j

E[F ′(Y )XαjGijGαjGji].

Applying Lemma 2.11 to the second term on the right side, most of the terms are O(N2/3−ε′) either due to
three (or more) off-diagonal entries, the partial derivative ∂αj acting on F ′(Y ), or higher cumulants. Thus
we find that

−q
−2
t

N2

∑
i,j,α

E[F ′(Y )GijGααGjjGji]
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is the only non-negligible term, which is generated when ∂αj acts on Gαj . From this argument we get

q−2t
∑
i,j

E[zF ′(Y )GijGjjGji] = −q−2t
∑
i,j

E[F ′(Y )GijGji]

− q−2t
∑
i,j

E
[(
zm+ 1− 1

d

)
F ′(Y )GijGjjGji

]
+O(N2/3−ε′).

Combining with (C.13), (C.14) and the fact that m(z) = (−1 − 1
d )−1 + O(N−1/3+ε) with high probability,

we get

q−2t
∑
i,j

E[F ′(Y )GijGjjGjiSM ] = q−2t
∑
i,j

E
[(
− 1

d
− 1

d
√
d

)
F ′(Y )GijGji

]
+O(N2/3−ε′). (C.15)

For the second term of (C.12) we can apply similar argument, using an expansion of q−2t
∑
i,α E[zmSNF

′(Y )GiαGααGαi]

and q−2t
∑
i,α E[F ′(Y )GiαGααGαi]. Then we obtain

q−2t
∑
i,α

E[F ′(Y )GiαGααGαiSN ] = q−2t
∑
i,α

E
[
m2F ′(X)GiαGααGαi

]
+O(N2/3−ε′)

= q−2t
∑
i,α

E[−(1 +
√
d)−1F ′(X)GiαGαi] +O(N2/3−ε′)

= q−2t
∑
i,j

E
[
−
( 1√

d
+

1

d

)
F ′(Y )GijGji

]
+O(N2/3−ε′), (C.16)

where we get the last line by the resolvent expansion (A.43) of Gαi.
By combining (C.12), (C.15) and (C.16), we get

e−ts(4)q−2t
3!N

∑
i,j,α

E[∂3jαF
′(Y )GijGαi] = 2e−ts(4)q−2t

1√
d

(
1 +

1√
d

)2
E[F ′(Y )GijGji] +O(N2/3−ε′). (C.17)

C.3. Proof of Lemma 5.4 for r = 4. We estimate the term as in the case r = 2 and one can get

q−t 3

N

∑
i,j,α

∣∣E[∂4jα(F ′(Y )GijGαi)
]∣∣ = O(N2/3−ε′). (C.18)

We omit the proof.
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