SUPPLEMENTARY MATERIAL FOR “LOCAL LAW AND TRACY-WIDOM LIMIT
FOR SPARSE SAMPLE COVARIANCE MATRICES”

JONG YUN HWANG, JI OON LEE, AND KEVIN SCHNELLI

ABSTRACT. This is a supplementary material for “Local law and Tracy—Widom limit for sparse sample
covariance matrices”.

A. RECURSIVE MOMENT ESTIMATE

In this section, we prove Lemma 4.1. Throughout this section, we fix ¢ € [0,6log N] and omit ¢ from the
notation in the matrix X;, H;, G¢(z), and their elements. Given ¢ > 0, we introduce the z-dependent control
parameter &, = ® (2),

 pTe 1 Immy N-M 2D—1 —e/4 —1 ~ 2 2D—1
@c(2) 1= NE| (o5 + gt )IP0m)PP 7+ N7 Bl — P PP (A
2D s—2 /
Imm N—M 2s—u —2 o s  _
PN SRS ) Pl PP v
s=2u'=
. 1 1 /Imm; N—M\Y/2 1\ /Immy N—M\s-1 | 1 9D—s
+N ;E[<M+%( Nyt ) +E)< Nyt )P ) Pam) PP,
By expanding zm we get
_ 1 -
D—-1pD1 __ - . D—1pD
E[(1 + zm)PP1P ]7E[N(ZXMGM)P P] (A.2)
Using the generalized Stein lemma, we get
¢
1 (r+1) _ —
E[(1 + zm)PP~PD] = NZK E[ 3 a;i(GMPD—lpD)} (A.3)
= N+11§§;§JJ\L/1+N

where 0,; = 0/(0X4;) and x(¥) are the cumulants of X,;. For the notational simplicity, we set
I=1I(z,m,D):=(1+zm)P(m)P?~1P(m)P. (A.4)
Then, we can rewrite the cumulant expansion (A.3) as
El= Y Y wy EL.,+EQI), (A.5)
1<r<0<u<r
where we set

1 J—
e (rt1 T—Uu U D—1
L o= KDY (007 Gai) (05, (PPTHPP)). (A.6)

The weights w,,, are combinatorial coefficient given by
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By using these condensed form, we get the expansion

E[|P*P]= > Y wy EIL.,

1<r<t0<ulr

1 (4) 1 .
+E[((1—2)m+2m?+ ‘Z—QmQ(zm +1-2)")PPIPP| + EQu(D). (A8)

We will use the following bound frequently in the estimates.

Lemma A.1. Forany1 <i< M+ N,

M+N

Imm(z N-M
> 1Gs < Nn( )4 - (z€CH) (A.9)
=1

1
N

Proof. Fix i. Let x, be the normalized eigenvector of (N + M) x (N + M) matrix H, and A, be the
corresponding eigenvalue. Then we obtain

1 Nf” o=t Y ({0 5 D)
i=1 n=1 n i=1 m
_ 1 & X (1) (Xn, Xm ) Xm (1)
N w1 AnAm
1 M+ . N2
¥ 2 | ;im (A.10)
By the delocalization of eigenvectors,
M+N M+N

% (1)
ZX N2Z|)\|2

Recall the definition of H. Suppose that x, = (un(1),un(2), -, un(n),va(1),v4(2), - ,vn(m)) for some
u, = (un(1),--+ ,un(n)) and vy = (vy(1),- -+ ,va(m)), which are vectors in RY and RM respectively. Then
from Hx, = \yX,, we obtain

—ZUy + XTVu = AnUy,
Xu, — vy = \va. (A.11)

By combining two equations in (A.11), we get
X' Xu, = (A + 1) (An + 2)us. (A.12)
It means that u, is an eigenvector of XX, with corresponding eigenvalue
fin = (An + 1) (An + 2).

If we consider the equation above as the quadratic equation of A\, we get

e+ 1) x VET D A=)

An = 5

(A.13)

Thus for each nonzero eigenvalue p,, of XTX, there exist a pair of eigenvalues \,,, \,, of H satisfying the
above equation. So there are M pairs of such eigenvalues, and the other (N — M) eigenvalues are equal to
—1. Note that for each pair of eigenvalue A, , A\, ,

1 1 Ang 12+ A, 12 c
L PPl e
[An,| [Ans | [Ang Any | |t — 2|
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for some constant ¢, which obtained from the boundedness of eigenvalues of XX . Hence from (A.10),

N
1 1 1 c N-M
il <
RE Z INERE ; - 2F N
Imm(z) N-M
= A~14
Nn * N2 7 ( )
which shows (A.9). O

A.1. Truncation of the cumulant expansion. In this subsection, we bound the error term EQ,(I) in
(A.8) for large £. For 1<i< Nand N+1<a <N+ M, let El denote the (N + M) x (N + M) matrix
determined by

( [1)]) 51a6]b +6lb51a, lfl#], (1 < i,j,a,b < N+ M) (A15)
51a51b7 ifi=}j,

Here, we use the Latin letters such as i,j, a,b to denote the indices that can be in [1, N]. For each pair of
indices (i,)), we define the matrix H (1) from H through the decomposition

H=HY 4+ H;EY, (A.16)
With this notation we have the following estimate.

Lemma A.2. Suppose that X satisfies Assumption 2.0 with ¢ > 0. Let 1 <i,j < N+ M, D eNandz € €.
Define the function Fy; by

Fij(H) = GjiPDilﬁ, (A.17)
where G = GH(2) and P = P(m(z)). Choose an arbitrary £ € N. Then, for any (small) € > 0,
E sup |05 F(HWY 4+ 2EW)|| < N°, (A.18)

z€R,|z|<q, '/?

uniformly z € &€, for N sufficiently large. Here 85 denotes the partial derivative 8H’3 .

Proof. Fix two pairs of indicies (a, b) and (i,j). From the definition of the Green function and (A.16) we get

(ii) (i)

- ij (i)
G =Gl + Hy(GM EWIGH ) =GB, + HyGE Gl + ByGT Gl
i Gj
where we omit the z-dependence. Letting AZ"” = maxq |G 9| and AH := max, , |G|, we get

ij 1 ij
AH <Af+q—AfAf( .
t

By (2.19) we have |H;| < ¢, and by (2.53) we have A¥ < 1, uniformly in z € £ Tt follows that
Af“” < A <1, uniformly in z € £, where we used (2.53). Similarly, for x € R, we have
GH(”)+IE ij] GH(‘J) x(Gﬁlb(ii)E[ij]Ggl{b(ii)wE[ii])ub’

and we get

sup maX\GH(H)'*"TE“w AH(”) <1, (A.19)

uniformly in z € £, where we used once more (2.53).

Recall that P is a polynomial of degree 4 in m. Then Fj; is a multivariate polynomial of degree 4(2D—1)+1
in the Green function entries and the normalized trace m whose number of member terms in bounded by
42P=1 Hence 8 ;Fii is a multivariate polynomial of degree 4(2D —1) + 1+ ¢ whose number of member terms
is roughly bounded by 42P=1 x (4(2D — 1) + 1 + 2¢)*. Next, to control the individual monomials in 95, i Fiis
we apply (A.19) to each factor of Green function entries (at most 4(2D — 1) + 1+ £ times). Thus, altogether
we obtain

E| sup [(05F:)(H™ + xEM)|] < 42P(8D + £)NBP+O (A.20)

—1/2
|z<q, Y/

for any small ¢ > 0 and sufficiently large N. Choosing € = ¢/(2(8D + ¢)) with get (A.18). O
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The error term EQ,(I) in (A.8) is controlled by the following result.

Corollary A.3. Let EQy(I) be as in (A.8). With the assumptions and notation of Lemma A.2, we have,
for any (small) € > 0,

118
EQ(I) < N (=), A21
EQ(D] < V() (A.21)
uniformly in z € £, for N sufficiently large. In particular, the error EQ,(I) is negligible for £ > 8D.

Proof. First, fix a pair of indices (j, 1), j # i. Denoting E;; the partial expectation with respect to H;; = Xj;,

we have from Lemma 2.11, with QQ = q;1/2,

[EQe(Hy Fyi)| < CoBy[|Hy“F?]  sup B 05T B (HY) + 2BV
|z|<q; "

+ CEy[|Hy |21 Hyy > g ) sup |0 Fy (H + o BV, (A.22)
xE

with Cy < (C¢)%/#!, for some numeral constant C. To control the full expectation of the first term on the
right side, we use the moment assumption (2.19) and Lemma A.2 to conclude that, for any € > 0,
c(L+2) 2e
e+ ) | N
Ngf Ngi

CE[Eg[Hyl*?] sup [0f7 Fu(H®) + 2B | < C,
o<y "/

for N sufficiently large. To control the second term on the right side of (A.22), we use the deterministic
bound ||G(2)| < n~! to conclude that

sup 05T Fu(HY) + 2BV < 42P(8D + ¢)
Te

— , (zeCh); (A.23)

()

see the paragraph above (A.20). On the other hand, we have from Hoélder’s inequality and the moment
assumptions in (2.19) that, for any D’ € N,
Ey[| Hy|“21(|Hy > q; /%)) < <5) :

for N sufficiently large. Using that ¢ > N® by (2.20), we obtain, for any D’ € N,

_ . L C\D’
Oty | Hg| 2 Hy > g )] sup |0 F(H + 2B < () (A.24)
xE

uniformly on CT, for N sufficiently large.
Next, summing over «,i and choosing D’ > ¢ sufficiently large in (A.24) we obtain, for any e > 0,

—= 1 Ne
[E[9e((1+ 2m)PP=1PP) | = B[00 (Y HuB) || < =7 (A.25)
dy
uniformly on &, for N sufficiently large. This proves (A.21). |

Remark A.4. We will also consider slight generalizations of the cumulant expansion in (A.3). Let 1 <
i,) < N+ M. Let n € Ny and choose indices 1 < ay, -+ ,a,,b01,---,b, < N. Let D € N and choose
0 <wup,ug,us,us < N. Fix z € £. Define the function Fj; by setting

Fji := Gji [ [ Gayo, PP~ PP =02 (P")"s (PT)"s. (A.26)
=1
It is then straightforward to check that we have the cumulant expansion
1 R | 1
B[ > HyFy| =Y y E[ > 05 Fy| +EQe (5 > HyFy). (A.27)
i#) r=1 i#j i#
where the error EQ(-) satisfies the same bound as in (A.21). This follows by extending Lemma A.2 and
Corollary A.3.
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A.2. Truncated cumulant expansion. In the remainder of this section we derive the following result from
which Lemma 4.1 follows directly.

Lemma A.5. Fizr D > 2 and ¢ > 8D. Let I, be given by (A.6). Then for any (small) € > 0, we have

wiy Bl o] = ~E[ (1 = 2+ zm?) P(m)? POm)P | +0(®0),  wr, ,Ells] = O(®,)

d
wr, o Ell30] = —S;;”E [m2(zm+1— §)2P(m)D1W} +0(®,), (A.28)
i
and
wr,  B[I0] = O(Qc), (4<r <) (A.29)
uniformly in z € £, for any sufficiently large N. Moreover, for any (small) € > 0,
wr, E[l,.] = 0(®), (1<u<r<y), (A.30)

uniformly in z € &, for any sufficiently large N.

Proof of Lemma /.1. By the definition of ®, in (A.1), it suffices to show that E[|P?P(2)|] < ®.(2), for all
z € &, for N sufficiently large. Choosing ¢ > 8D, Corollary A.3 asserts that EQ,(I) in (A.8) is negligible.
By Lemma A.5 the only non-negligible terms in the expansion of the first term on the right side of (A.8) are
wr, \El o and wr, (El3), yet these two terms cancel with the middle term on the right side of (A.8), up to
negligible terms. Thus the whole right-hand side of (A.8) is negligible. This proves Lemma 4.1. O

Now we choose an initial small € > 0. In the remaining sections we bound EI, ,, to prove Lemma A.5.
A.3. Estimate on Iy ,. By the definition of I ¢ in (A.5),
k(2)

IEII,O = WE[Z(aaiGai)(PD_lﬁ)}

[N

1 _
= —E| 53 Y_(GaaGis + GoiGor) (PP~ PP)]
1 _1==D 1 _1=D
_ 7]E{((1 — Z)m+2m?) PPP } - [ﬁ Y (Gui)*PP'P ] (A.31)
The last term on the last line is negligible since
1 9 5D—175D . Imm N-M 9D-1
B[ 2 (G PP PY]| < NER[(G + S 1P,
where we used Lemma A.1. We thus obtain
’11,0 +E[zm?PP-1PD] ( <o, (A.32)
Consider I7,; next. We have
1 _
El, = m1E[Z(GM)(am»PD—lpD)}
[N
1 2(D -1 _9=D
_ 7WIE[% Y GaiP'(m)Y GjiGoy PP P }
7,00 J
1 2D D_1=D-1
i, J
1 -
— (D - 1)1E[m 3 Ga,-GjiGajP’(m)PD*QPD}
1,J,0
1
- QDE[F 3 GmGﬁGajP'(m)PD—lpD—l}. (A.33)

5,0
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Here the fresh summation index j originated from 0n; P(m) = P'(m)+ E;V 1 0aiGjj. Using Lemma A.1,
we get
I N-M
[Eh| < (4D - B[ (5" + MY ppee=] 1 o), (A.34)

for N sufficiently large. This proves (A.30) for r = u = 1.

A 4. Estimate on Iy (. By the definition of I, ; in (A.5), we have
270_"{% NZ azPD 1PD

We then notice that I5 o contains terms with one or three off-diagonal Green functions entries G;. We split
accordingly

1 3
wf‘z,oIQ,O = wI§13I2(73 + wIéSSIéﬁO)’

(P)

where I ; contains terms with p off-diagonal Green function entries and (3 — p) diagonal entries and w 1)
2,0

denote the respective weights. Explicitly,

BI{) = 7L E[Y GaiGiGaa PP PP,

L «
1 R
EIf) = 5" E[ Y (Gai)? PP1PP] (A.35)

where wr, , = 1,w151()) = 3,w1§3()) =1

We first note that 12(?3 satisfies, for N sufficiently large,

Nes® r1 2 12D—1 N¢ 1 Imm N-M, _op_1
RIS < = E[N?)%;IGQJ 1P| }SEE{( N e IP | <. (A.36)

Remark A.6 (Power counting 1). Consider the terms I, o, r > 1. For n > 1, we split

n
2041 (21+1
w[2n70I2n70 = Zw1£21-51)12(n’3_ ), Wiy, OIQn 1,0 = Zw1é2l+l) I2n +1,)0, (A37)
=0 ) =0
according to the parity of . Now we bound the summands in (A.37) as follows. First, we note that each
term in I, o contains a factor of q£T72)+ Second, for ]Eféilérl) and EIQ(il) 1,00 With n > 1,1 > 1, we can extract

one factor of (Imm + 82ZM) by Lemma A.1. Other Green function entries are bounded using |Ga;| < 1.
Thus, for n > 1, lzl

N¢ I N-M
EIS1 < B[ (S + JIpEP1,

" Nn N2
Ne Imm N —M
EIC) . < ]EK )P2D 1} A.38
| 2n—1,0 t(gn_g)Jr N’l7 + N2 ‘ ‘ ( )

for N sufficiently large, and we conclude that all these terms are negligible.

Next consider IEIQ(B. Using |G| < 1 and |Goa| < 1 and Lemma A.1 we get

Nes®) 1 N¢_r/Imm N — M\1/2
|EI2( O| < a E[Z m'GaiHP‘zD_l] < EE[(TW + T) |P|2D_1:|7 (A39)

for N sufficiently large. This bound is, however, not negligible. We need to gain an additional factor of ¢, 1
with which it will become negligible. We have the following lemma.
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Lemma A.7. For any (small) € > 0, we have, for all z € £,

Imm N —M\1/2
PQD—1:| (be
Nn + N2 ) 7] *
Imm N-M
< NE[ (gt 4 I
< + Ny + N2

for N sufficiently large. In particular, the term Els o is negligible.

EIS)| < —]EK

)\P\QD_l} + ., (A.40)

Proof. First we introduce some resolvent expansion formulas. Let ¢ € [1, N] and o € [N 4+ 1, N + M]. Since
G=H"1,

1=1I; = (HG)i = —2Gii + Yy X},Goi = —2Gii + Y XaiGlai, (A41)

respectively,
0=TIni = (HG)ai = —Gai »_ X1oGai = —Gai+ Y XajGai. (A.42)
j J

This gives us resolvent expansion formula

1+ 2Gy; = ZXaiGai7 Guoi = ZXochozi- (A43)
o J

Now recalling (A.35), we have

EI) = [Z GaiGiiGaa PP~ 1PD} (A.44)

Using the resolvent formula (A.43) we expand in the index ¢ to get

I = x| ©L [ZXMGJZGMGMPD 1PD} (A.45)

ll)é

(

For simplicity we abbreviate I= 12}8. Then for arbitrary ¢/ € N, the cumulant expansion

A Ne
EIf) =Ef =} ZwlluEI,/u/—i—O( Z,) (A.46)
r=1u'=0
with
A ’ 1 G ! ==
Iy = N&© +1>N,-;<3>m > (057 (GaGiiGaa)) (04(PP1PD)). (A.47)
1,7,0
and wi, = rl,,( ) We first focus on I 10. For v’ =1,
7 "§3) D—-15
EII,O = - |:N3 ;GzaG_]]GmGaaP P :|
“E?’) D-15
~3°E [N3 > GijGiaGiiGaa PP P”
7,5,

(3)
- 2% [NS > CoiyGuGiuP? ' PY
ij,a
= ]Eff}g +3EI) + 2RI, (A.48)
where we organize the terms according to the off-diagonal Green functions entries. By Lemma A.1,

N N¢ Imm N-M
IEI(Q) < 7E[(7+
| 1’0| g Nn N2

)PP <@ (A.49)
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and

- € Imm N — M\3/2 _
|]EI{3(;\ < 7E[<N7n + T) |P*P 1} < P (A.50)

We rewrite 1( 0 with m as

Ell)=-E [% > ﬁLGmG“-GMPD_lﬁ]
> (m — 1)GiaGiiGaa PP~ 1PD] +O(®). (A.51)

i,

1
=%
By Schwarz inequality and the high probability bounds |Gy, |Gaal] < N8, for N sufficiently large, the
second term in (A.51) is bounded as

1

]E{N2 Z(m m)GmG”GaapD lpD} < Ne/4E[ 12 ZIm—ﬁLHGmHPPDil}

i,

. 1 _ ~ . 1 -
< NHE[55 Y Im - wPEPT 4 N “E[ﬁzmmmw ]

1 Imm N-M
_ Lar—e/a _ ~|1p|2D-1 3¢/4 2D—1
=N E[lm — || P[P ] + N/ E | Nyt JIPEP1] (A.52)
Thus we obtain from (A.48), (A.49), (A.50), (A.51), and (A.52) that
; - D-15D ~ (1)
El o= _mE{m Y GiaGiiGaoP PD} +0(®,) = —Emls}) + O(®,). (A.53)

7,0

where we used (A.44). We remark that in the expansion of El = Elélg the only term with one off-diagonal

entry is IEI2 o- All the other terms contain at least two off-diagonal entries.

Remark A.8 (Power counting 2). Comparing (A.5) and (A.46), we have I, = (Ié}g)rgu/. Consider the
terms with v = 0. As in (A.37) we organize the terms according to the number of off-diagonal Green
function entries. For v’ > 2,

Wi, Lo = Zw <z+1>I / 0 Zw D 120 . (A.54)
By a simple power counting as in Remark A.6, we get

N¢ I N — M\1/2
|IE /0| —E[( mm+7) ‘P‘2D71:|,
q

Nn N2
I N-M
ELUEY) < [(—?\}: =) IPEPT =, (A.55)

for N sufficiently large. Here, we used that each term contains a factor K§3)R§TIH) <CN~™2¢; " We conclude

that all terms in (A.55) with r’ > 2 are negligible, yet we remark that |]Efélg| is the leading error term in
|E12(713|, which is explicitly listed on the right side of (A.40).
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Remark A.9 (Power counting 3). Consider the terms IAT/’M/, with 1 < o/ < 7', For v/ = 1, note that

—D
04, (PP~1P) contains two off-diagonal Green function entries. Explicitly,

7 N“ET/H)N“&S) —1 1 o ' pD—2DHD
foa==2D-1)=—= 3 (05 (GiaaGini, Gad)) (N 3 GisilGim)P pb-2pD
1<i1,i2<N i3=1
N+I<a<N+M
(A.56)
Ne{" D N o 1 jp—
DY (O 71 (GizaGiriy Gaa) (N 3 GigilGi2i3)p’PD 2pD,
1<iy,ia<N iz=1
N+I1<a<N+M
where the summation index i3 is generated from 0;,;, P. For ' > 1, using Lemma A.1 we get
- 2N¢ Imm N — M\3/2 _
Bl < E[( N e )PP < 20, (A.57)

for N sufficiently large, where we used that 8;;2 Y(GiyaGiyi,Gan), " > 1, contains at least one off-diagonal
Green function entry.
For 2 <’ <7r’, we first note that, for N sufficiently large,

N¢ 1 —u’ u —-1pD
|EIT o ‘ ST IE|:]\]3 Z (8:112 (Gi?aGililGO‘a)) (81112 (PD 1PD))H
i1,82,00
N¢ I N —M\/2 1 _
<SE[(G ) X 0L(PPTPY). (A.58)
9 N 1<iq1,ia<N

Since v’ < 2, the partial derivative in 8}‘1;2 (PP=1PD) acts on P and P (and on their derivatives) more than
once. For example, for v’ = 2,

812112PD_1 = él(D_ljzz-(l)_Q)(ZGigizGilig)2<P/)2PD_3
+ W(ZGQ’@GMB)ZPNPD_Z _ % Z GiaisGivis P'PP2, (A.59)

where 0;,;, acted twice on P, respectively P’, to produce the first two terms. More generally, for v’ > 2,
consider a resulting term containing

PP P (P (B (P (P4 (P (P7) (A.60)

with 1 <wu}j < D,0 <uj <D and Zi:1 ul, < u'. Note that P® is constant hence we do not list it. We find
that such a term above was generated from PP~1PD by letting the partial derivative Oi,i, act uj — 1-times
on P and u)-times on P, which implies that u} —1 > u} and u > u}. If uj —1 > u}, then §;,;, acted on the
derivatives of P, P directly (u} — 1 — u})-times, and a similar argument holds for P’. Whenever 9;,;, acted
on P, P or their derivatives, it generated a term 2N ! > iy=1 GiriyGiyin, With 45,1 > 3, a fresh summation
N=M). The total

index. For each fresh summation index, we apply Lemma A.1 to gain a factor (“{*

number of fresh summation indicies in a term corresponding to (A.60) is
wy +uh 4 (u) — uh) + (uh —ul) = 2u) + 2ul —uhy —u)y =239 — 5 — 2, (A.61)

with @y := v} + v} and & := s3 + s4. We note this numbers do not decrease when 0;,;, acts on off-diagonal
Green functions entries later. Thus we conclude, upon using |Gy, |P”(m)], |P" (m)|, |[P™ (m)| < 1, that,
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for 2 < <7/,

N¢€ Imm N — M\1/2 1 —
|EI,/u/\ < —E 74-7 E | prlpp)‘
a hia

Nn
’Ll 12
NZE 2D top—2 Imm N — M\ 1/2+2u0—-u—-2 ~ ~
< (T, YoM PFPpe]
_%22; Ny TN |[P'[*| P
up=<« S=

N2€ Z E{(Imm N — M)1/2+27I0—1

- P[0t | P[P 5] A62

for N sufficiently large. Here the last term on the right corresponds to u = ug — 1. Thus, we conclude the
form (A.62) and the definition of ®, in (A.1) that E[I,+ ],2 <u' <7/, is negligible.
To sum up, we have established that all terms E[1, ] with 1 <’ <7’ are negligible.

From (A.44), (A.46), (A.53), (A.55), (A.57) and (A.62) We find that

Imm N —M\1/2

1+ RIELY < E[(F + ) PR e (4.63)

for N sufficiently large. Since |1 + m| > ¢ as proved in (3.23), we obtain that |EIQ(13| < ®.. This shows
(A.40). O

Summarizing, we showed in (A.39) and (A.40) that
[Elz0| < @, (A.64)

for N sufficiently large, i.e., all terms in El5 ¢ are negligible.

A5. Estimate on I, o,r > 4. For r > 5 we use the bounds |Gaal, |Gas| < 1 to get
1 —D
_ (r+D)m |~ T \pD-1
EL,o| = ‘Nﬁ E[— Z(a Gai) PP1PY]|
< [NQ Z PP~ 1] [|P|2D <@, (A.65)

for N sufficiently large. For r = 4, 9],,G; contains at least one off-diagonal term G, thus

[Blsol = | Ve[ 75 30460 PP P

i,Q
N¢ 1
< SB[ D [Gaill PP
< il S el
Nel_r/Imm N —M\1/2
< Nelgr(imm N MY pn) g, Aos

for N sufficiently large, where we used Lemma A.1 to get last line. We conclude that all terms EI, o with
r < 4 are negligible. This shows the fourth estimate in (A.28).

A.6. Estimate on I, ,,r > 2,u > 1. For r > 2 and u = 1, we have

El.; = Nk (TH)]E[ > (Ohr ' Cai) s (PP~ PP) (A.67)

l(l

N2

Note that each term in EI, 1,7 > 2, contains at least two off-diagonal Green function entries. For the terms
with at least three off-diagonal Green function entries, we use the bound |G|, |Gaa| < 1 and

, 1 _ st Imm N - M
NKE[ 3 [Gan GunnGunal PP < N —p[(SR2 4 X220 ppeo-2]
11,02,
Imm N-M 1
< Neg(rt+D) -2 /11 p12D—2 )
< N°s Il:ﬂ[\/lmm(ijw7 + 5 )(7]\777 +q )\PHP\ }, (A.68)
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for N sufficiently large, where we used Lemma A.1. The right side of (A.68) is negligible since Imm < 1.

Denoting the terms with two off-diagonal Green function entries in EZ,.; by Elr(zl) , we have

EI®) = Nn(”l)E[LD Uy g (i i GaizGizir ) P'PP PP
r,1 t 2 ao 1 N aio Tigiq

N . Z1i1 -
i1,0 ig=1
2D 1 ¢ 72
i1, i2=1

where 75 is a fresh summation index and where we noted that r is necessarily even in this case. Using Lemma
A.1, we get the upper bound

Ne¢ I N-M
ELY| < ——E|( + PP, (A.70)
=z

Nn N2

which is negligible for » > 2. For r = 2, we need to gain an additional factor ¢; ! This can be done as in
the proof of Lemma A.7 by considering the off-diagonal entries Gni,Gi,i,, generated from 9,;P(m), since
the index a appears an odd number of times.

Lemma A.10. For any (small) € > 0, we have

N°¢ [(Imm " N-M
a N7 N?
uniformly on €, for N sufficiently large. In particular, the term El5; is negligible.

2 —
L) < JIPIPPP=2] + @, (A7)

Proof. We start with the first term on the right side of (A.69). Using (A.43), we write

5[ 1 o
ZNH,E )E[ﬁ Z Go‘i2G’1°‘GililGi1i2P/PD QPD}
11,12,

1 L
_ Nf-zg?’)IE{ﬁ 3" Hua,Goni,GarasGii, Giyiy P'PP QPD] (A.72)
11,12,001,002

As in the proof of Lemma A.7, we apply the cumulant expansion to the right side. The leading terms of the
expansion is

[ 1 25D
NeE| <5 Y mGayinGayes Guriy G P PP PP, (A.73)
11,712,011

and, thanks to the additional factor of ¢, ! from the cumulant ngg), all other terms in the cumulant expansion

are negligible, as can be checked by power counting as in the proof of Lemma A.7. Replacing m by m in
(A.73), we then get

~ 1 —
|1 +m||NH§3)|‘E|:ﬁ Z mGaliZGalalGililGi1i2P/PD_2PD:|‘ < Co,,
11,182,001
for N sufficiently large; see (A.63). Since |1 + m| > ¢ as in (3.23), we conclude that the first term on the

right side of (A.69) is negligible. In the same way, we can also show that the second term is negligible as
well. We omit the detail. ]

We conclude from (A.68) and (A.71) that E, ; is negligible for all r > 2.
Next, consider the terms
1

Bl = Nu{VE| o

> (O Gan) 0 (PP (A.74)
i,0

with 2 < u < r. We proceed in a similar way as in Remark A.8. Note that each term in 09, “G; contains at
least one off-diagonal Green function entries when r — u is even, yet when r — u is odd there is a term with
no off-diagonal entries. Since u > 2, the partial derivative 9%, acts on P or P (or their derivatives) more

than once in total; ¢f. Remark A.8. Consider such a term with

PP PO (P (P,
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for 1 <wu; < D and 0 < up < D. Since P”(m), P"(m), P (m) < 1 and P®) = 0, we do not include
derivatives of order two of higher here. We see that such a term was generated from PP~!1PP by letting
the partial derivative d4; act (u; — 1)-times on P and uo-times on P, which implies that uz < u; — 1 and
ug < ug. If ug < ug — 1, then d4; acted on P’ as well [(u3 — 1) — ug]-times, and a similar argument holds for
P’. Whenever 0,; acts on P or P (or their derivatives), it generates a fresh summation index i;, [ > 3, with
a term 2N 1 Zil G i, Gii- The total number of fresh summation indices in this case is

(u1 —1)—|—1L2—|-[(U1 — 1) —U3)]—|—[’LL2—U4] = 2uy + 2us — uz — ug — 2.
Assume first that 7 = u so that 9.;“ = Gu;. Then applying Lemma A.1 (2u3 + 2ug — ug —ug — 2)-times and
letting ug = u1 + w2 and v’ = uz + w4, we obtain an upper bound for r = u > 2,

2D ug— 1

3 (e ) (e AT o] <o, am

[BL,| <

up=2 u’'=1

for N sufficiently large, i.e. EI,., is negligible for » > 2.
Next, assume that 2 < u < r. Then applying Lemma A.1 (2u; + 2us — uz — ug — 2)-times, we get

2D ug— 1

Imm N — M\ 2uo—u'-2 / _
ELrul < Z > E [( T) [P | P[P “0}
up=2 u’'=1
N o Imm | N = Mywo-l o
e Z]E[(N—n+ e )P pRP ] (A.76)
u0:2

for N sufficiently large with 2 < w < r. In particular, [El,,| < ®, 2 < u < r. In (A.76) the second term
bounds the terms corresponding to ug — 1 = u’ obtained by acting on 0,; exactly (u; — 1)-times on P and
us-times on P but never on their derivatives.

To sum up, we showed that EI, ,, is negligible for 1 < < r. This proves (A.30) for 1 <wu < r.

A.7. Estimate on I5,. We notice that I3 ¢ contains terms with zero, two or four off-diagonal Green function
entries and we split accordingly

Wi a0 = Wy I + w13 + w o I3,
When there are two off-diagonal entries, we can use Lemma A.1 to get the bound
2 4 1 _15D
|EI§,3| = ‘N’fg )E[ﬁ Z GiiGaa(Gai)?PP~'P } ’

N¢ Imm N-M
< —E[(— ) P2D*1} <o,
T q O E gl -

for N sufficiently large. A similar estimate holds for |IEI§?L3 |. The only non-negligible term is I?E?g. Let

M+N

Sy = Sw(z) : g W22 S = Sw(z) = ;’a_%:ﬂ(GM(Z))Q' (A77)
Lemma A.11. We have
wo 1) = —Nw{VE[S3, PP~1PD]. (A.78)
Proof. Recalling the definition of I, ; in (A.5), we get
4
Wy, o 13,0 = ]\[;’E)E[;Q 2(33 M)PDAFD].

i,
We then note that the terms without off-diagonal entries in 83 ,Gai are of the form —G,0GiiGaaGii. We
only have to determine the weight w 1) With regard to the 1ndlces taking the third derivative corresponds

to distributing the indices ai or ic thrlce each. In this sense, the very first o and the very last ¢ are from the
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original G ;. The choice of ai or a0 must be exact in the sense that the connected indices in the following
diagram must have been put at the same time:

aq 1l oo i
= -~
Hence the only combinatorial factor we have to count is the order of distributing the indices. In this case,
we have three connected indices, so the number of terms is 3! = 6. Thus, wy, (I3 = 1 and (A.78) holds. [J

Lemma A.12. For any (small) e > 0, we have, for all z € £,
Ne{YE[Sn Sy PP~VPP] = NkME[m?(zm + 1 — é )2PP=1PD] 1+ O(d,). (A.79)
Proof. Fix e > 0. We first claim that
N&{VE[Sn Sy PP~ PP] = Nk(VE[m?Sy PP~ PP] + O(®,). (A.80)
Using the resolvent identity (A.43) and Lemma 2.11 we get

E[2mSySu PP P| = ~E[Sn 8PP P”| +E [% Z XaiGaiSxSu PP~ P

[SNSMPD 15 ]_i_ZN/ﬁgwl) {N228r GMSNSMPD 15 )}

- 1,

E[Qe,(NZXMGMSNsMPD*? )} (A.81)

for arbitrary ¢ € N. Using the resolvent identity (A.43) once more, we write
1 & 1 1
zSN = N ; 2Gii Gy = _NGii + N iza:XaiGaiGii'
Thus, using Lemma 2.11, we also have
E[2mSy Sy PP ' P’| = —E[m2Sy PP'P”| +E [% Z XoiGaiGamSy PP~ P” |

= { 26,,PP-1P }+ZN/£§T+1) {N228T (GoiGiimSy PP~1P )}

E [Qg/ (N Z X0iGaiGiiSy PP~IP )} : (A.82)

for arbitrary ¢ € N. By Corollary A.3 and Remark A.4, The two error terms E[Q (-)] in (A.81) and (A.82)
are negligible for ¢ > 8D.
With the extra factor Nx(®), we write

Nﬁf‘@E[zmstMPD_lﬁD} = —Nri" [SNS PD_l?D} + Ziwi,sEfras +0(2),

r=1s=0

NifE [zmSy Sy PP 7P| = ~Nw(VE|m?8) PP~ P” }+ZZw~ El,, +O0(®,), (A.83)
r=1s=0
with

Towi= Ni{ONA(H 2 Z (907 (GasSnSu)) (92, (PP PY)),

Iy = NifONR LS (005 (GaiGuiSur)) (02, (PP1PPY), (A.84)

za

and wy = Wy T s
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For r = 1,5 =0, we find that

~ 1 _
Elio = ~Ni"E| 15 Y GaaGuSn Sy PP P | + 0(0,)

= -N&YE Lem+1 - 1 su s, PP-1P"] + 0(a, , A.85
d d

and similarly,

ET, o = —NK;“JE[ ZGMGZ%sNSMPD—lﬁD] +O(®,)

- —anl)E[f

1 _
—m(zm +1 - g)SNSMPD—lpD} +0(®,), (A.86)

where we used (A.77). We hence conclude that ]ETLO =EI 1,0 up to negligible error. Following the ideas in
Subsection A.4, also we can bound

Bl < G B[ 5 GsSivsu 0us (PP

N
Qt

el 2

) Pepe?) < e,

and similarly |IET171| < &, for N sufficiently large. In fact, for » < 2, u < 0 we can use, with small notational

modifications the power counting outlined in Remark A.8 and Remark A.9 to conclude that
El. < O(®,), EI.,<O0(®.).

Therefore the only non—neghglble terms on the right hand side of (A.83) are N Ht E[Sn Sy PP~ 1pP ],

Nm§4)E[ 28\ PP~ 1p” ] as well as I, 11,0. Since, by (A.85) and (A.86), the latter agree up to negligible
error terms, we conclude that the former two must be equal up to do negligible error terms. Thus (A.80)

holds. Similarly, expanding the term E[zm?Sy, PP *1PD] in two different ways to above, we get
— 1 —
N/@§4)E[mQSNSMPD‘1PD} - Nn(‘*)IE[mQ (zm 41— g)2PD‘1PD] (A.87)
Together with (A.80) this shows (A.79) and concludes the proof of the lemma. O

Finally, from Lemma A.11 and Lemma A.12, we conclude that

(4) _
wiy Elso = —‘LE[ 2(cm 41— $)2PD*1PD} +0(®.). (A.88)

This proves the third estimate in (A.28).

Proof of Lemma A.5. The estimates in (A.28) and (A.30) were obtained in (A.32), (A.64), (A.65), (A.66)
and (A.88). Estimate (A.30) were obtained in (A.34), (A.68), (A.75) and (A.76). O

B. PROOF OF LEMMA 4.2 AND LEMMA 4.4

In this Section we prove Lemma 4.2 and Lemma 4.4.

B.1. Proof of Lemma 4.2.

Proof of Lemma /.2. Recall the definition of a1, as and g in (4.2) and the definition of A; in (4.3), where
we for simplicity omit the z-dependence. Recall that A; < 1 on € by Proposition 2.13 and that a; < Clag|
by Lemma 3.1.
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Let D > 10 and choose any small ¢ > 0. For brevity, N is implicitly assumed to be sufficiently large.
From Lemma 3.1, we can easily see that C Imm > 7, thus

N-M 1 1
~ ~ 1
< B(Im(my — my) + Immy, + (1 — &)7]) (B.1)

< CBag + As).

Using (B.1) and applying Young’s inequality we get for the first term on the right side of (4.1) that

|P(me) PP~ + Negi | P(me) PP

Imm; N-M
NE(
N + N2
N(2D+1)e

2D

_ _ Lo+ A
g ) [P(m) PP < NI

N@D+De 22D —1) .«
—p 8D 4 —p N |P(my)|*P. (B.2)

C2D62D(041+At)2D+

For the second term on the right hand side of (4.1), we have

_ _,_ N-D/ahe 2D -1 .
N=PEq NG| P(me) PP € g 2P ALY + S N7 | P(my) PP (B.3)
2D 2D
Taylor expanding P’(m;) around m;, we get
|P'(my) — P'(ii,) — P" (i) (my — )| < Ca A, (B.4)

and |P'(my)| < |aa| +3((1+/1/d)? + 1)As < |az| + 15A,, for all z € £ with high probability. We note that,
for any fixed s > 2,

(a1 4+ M) % 2 (Jao| + 15A,)" < N/ (g 4+ Ay)* (o] + 15A,)° 1
S Ne(al + At>s/2(|0é2| + 15At)s/2

with high probability uniformly on &, since a; < Clag| < C and A; < 1. In the third term of (4.1), note
that 2s — v’ — 2 > s since v’ < s — 2. Hence, for 2 < s < 2D,

Immy n N-M
N N2
< Neg ' B (ar + A)» 7 "2 (Jas| + 15A,)" | P(my) 2P~
< N1 OB (an + Ay)* 2 (|az| + 15A,)*/2| P(m,) 2P~

2s—u'—2 ,
Vg ( ) P )l P me) PP

2D —
< N2€qt_1iO2D62D(Oll +At)D(‘Oé2| +15At)D+N25qt—1 5|P(mt)|2D (B5)
2D 2D
uniformly on £ with high probability. For the last term, we note that
1 -1 Im ™y 1/2 _9
— =< B.6
N7 +q; ( N7 ) + 4y B (B.6)

uniformly on £ with high probability. Hence we find that, for 2 < s < 2D,

NE<L+ 71(Immt n N—M)1/2+ 72)(Immt n N-M
Ny "%\, N? 2 N7 N?

< N2€CS/8 . Bsfl(al +At)5/2(|a2| + 15At)8/2|P(mt)|2D78

) 1P m) P Pm) PO

s g 1, 2D=9)e\2D/s o o 5 B

< 55 (VN ) 0P8 (0 £ A)P(fol + 15A,)
— _s)e\ 2D/(2D—s
2131) s (N_%) / )

< NCPHICP 32D (ay 4 M) P (|aa| + 15A,)P + N=/*P|P(my) PP, (B.7)

+

|P(my)[*P
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for all z € £, with high probability. We thus get

N(@D+1)e
E[|P(m,)[?) SCNEPHR(EP (0 + M) (sl + 15A)P) + ~—p—a
N (2 PEIAP) + ON /2P P () 7] (B.3)
°D q; t t ) .

for all z € £. Note that the last term on the right hand side of (B.8) may be absorbed into the left hand
side of (B.8). Therefore,

E[|P(m:)[*"]
N(@2D+1)e 3 N—(D/4=1)e
< ONCPHVR 32D (o) + AP (Jas| + 15A:)P] + C— 5 0 ¢ 5

< N3D652D|OZQ|2D + NgDe/BzDE[A%D] + N3Deqt—8D + N*DE/Sqt—QD]E[A?D]’ (Bg)

a; *VE[A}")]

uniformly on £, where we used that D > 10 and the inequality
(a+Db)P <271 (aP +bP), (B.10)

for any a,b > 0 and p > 1, to get the second line.

From the third order Taylor expansion of P(m;) around m;, we get
P”('fﬁ/t)

2
since P(my) = 0 and P (m,) = 8e~tq; s (2%my + z(2my + 1 — 3)). Then using A, < 1 and P” (i) =
22+ O(q; ?) we get

P(mt) — ag(mt — ﬁlt) — (mt — ﬁlt)Q S Oqt_QA? (Bll)

A? < 2|ag|As +2|P(my)], (2 €€E). (B.12)
Taking the 2D-power of the inequality and using (B.10), we get after taking the expectation
E[AP] < 42D N¢/2|ay|PPE[AZP] + 42D N/2E[| P(m)|?P]. (2 € &) (B.13)
Replacing from (B.9) for E[|P(m;)[*P]], for N sufficiently large,
E[AP] < N¢|ag|?PE[AZP] + NBD+e32D| o, (2D | N(3D+1)egdD 4 N(38D+1)e ~8D
 N—De/8+e—2D 4D (B.14)

uniformly on £. Applying the Schwarz inequality to the first and the third term on the right side, absorbing
the terms o(E[A#"]) into the left side and using ¢; > < § in the fourth term, we arrive at

]E[A?D] < N2E‘a2|4D —|—N(3D+2)552D|0¢2‘2D +N(3D+2)EB4D (B15)
uniformly on £. Feeding back, we obtain, for any D > 10 and small € > 0,
]E[|P(mt)|2D] < N3D€ﬁ2D|OAQ‘2D +N3D6B2DE[A?D] +N(3D+1)6ﬁ4D +qt—2D|a2|4D
< N5DE/82D|Q2‘2D —|—N5D6ﬂ4D _|_qt—2D‘042|4D7 (Blﬁ)

uniformly on &, for n sufficiently large, where we used Schwarz inequality to get second line.
By the Markov inequality, we thus obtain that for fixed z € &, |P(m;)| < |aa|B + 8%+ ¢; ‘|az|?. From the
Taylor expansion of P(m;) around m; we get

g (my — 1ig) + 2(my — )| < BAT + 2|8 + 8% + ¢; Ml (B.17)
for each fixed z € £, where we used that ¢; 2 < B. To achieve a uniform bound on &, we choose 18N® lattice
points z1,...,21gns in € such that, for any z € £, there exists z, satisfying |Z — 2z,| < N~%. Since

~ 0 - 1
|me(2) — me(zn)| < |2 — 2n| sup ‘ mi(2) ‘ <|Z = zp|sup —— < N2 (B.18)
z€E&

0z

€€ (Im 2)2 -

and since a similar estimate holds for |m.(Z) — m+(z)|, a union bound gives that (B.17) holds uniformly on
& with high probability. This completes the prove of Lemma 4.2. O
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B.2. Proof of Lemma 4.4. We start with the upper bound on the largest eigenvalue )\{(TX.

Lemma B.1. Let Xy satisfy Assumption 2.0 with ¢ > 0. Let L, be deterministic number defined in Lemma
3.1. Then,
1 1

xtx
A —Lt<g+m,

(B.19)

uniformly in t € [0,61og N].

Proof. Fix t € [0,6log N]. Recall first the deterministic z- and t-dependent parameters a;, as and S
from (4.2). We further introduce the z-independent quantity

S B TV
3= (E + W) . (B.20)

We mostly drop the z- and ¢t-dependence for brevity.
Fix a small € > 0 and define the domain D, by

- 3 Ne
DE::{ —Ein: NYB2 < 3, < g7/, :7}, B.21
S= B N < <0 = (B.21)
where 3¢ = 5 (F) = E — L. Note that on D, for any sufficiently small ¢,

—€

Nty < NG s > N, (B.22)

In particular we have N¢j3 < (Nn)~1, hence N¢q; 2 < C(N7)~! so that ¢; 2 is negligible when compared to
(Nn)~1 and 8 on D.. Note moreover that
NE
laa| ~ ot + 1~ o = N ~ N°j,

n n —5e —be —4e
-~ < N7/ ~ N ag| ~ N . B.23
a0 ! il p (B.23)
In particular we have a; < |ag| on D..
We next claim that

a1 = Imﬁ:},t ~

- 1
At = |mt — mt| < Ni’[] (B24)

with high probability on the domain D..
Since D, C &, we find from Proposition 2.12 that A, < N¢j for any € > 0 with high probability. Fix
0 <€ <¢€/9. From (B.9) we get

E[|P(my)[*"]
, N(2D+1)s’ N—(D/4—1)e’
< CN(4D—1)€ E[BQD(OCI + At)D(|Oé2‘ + 15At)D] + 5 qt—SD + ?qt—QDE[AfD]
S C2DN6DE/54D + N(2D+1)6 q;SD + N4D q;QDﬂ4D

D D

< CQDNGDE/ﬂ4D

for N sufficiently large, where we used that A, < N3 < N€¢3 with high probability and, by (B.23),
a1 < |agl,|az] < CN€B on D.. Applying the Markov inequality and a simple lattice argument combined
with a union bound, we get |P(m;)| < CN* 2 uniformly on D, with high probability. From the Taylor
expansion of P(m;) around m, in (B.11), we then get that

lag|Ay < 5AZ + CN* 52, (B.25)
uniformly on D, with high probability, where we also used that A; < 1 on D, with high probability.
Since Ay < N¢ 3 < CN¢ ~¢|ay| with high probability on D,, we have |as|A; > CN<¢ A2 > |z|A2. Thus
the first term on the right side of (B.25) can be absorbed into the left side and we conclude that

A< ONY g < o,
|z
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must hold with high probability on D.. Hence, using that 0 < € < €/9, we obtain that

N7€/2
A < N~2p<2
t > B = ]\[77 9

with high probability on D.. This proves the claim that A; < (Nn)~! on D, with high probability. Moreover,
this also shows that
~ 1
Imm; <Imm; + A = o —|—A,5<<]\/v77 (B26)
n
on D, with high probability, where we used (B.23).
Now we prove the estimate (B.19). If \; € [E —n, E + 1] for some E € [L; + N¢(q¢; *+ N~2/3), Ly + ¢~ /3]
with z = E +in € D,
I ()>11 ! 1(A EY +n*> ! (B.27)
mm(z) > —=Im——— = — — — .
W= NN CE—y T NIV = 5Ny
which contradicts the high probability bound Im m; < (Nn)~!in (B.26). The size of each interval [E—n, E+
7] is at least N_1+5qtl/6. Thus, considering O(N) such intervals, we can conclude that A\, ¢ [L; + N¢(¢7* +
N—2/3), Ly + ¢~ /3] with high probability. From (2.56), we find that A, — L; < q;1/3 with high probability,
hence we conclude that (B.19) holds for fixed ¢ € [0,6log N]. Then we can obtain (B.19) uniformly in
t € [0,6log N] by using a lattice argument and the continuity of the Dyson matrix flow. O

;
Proof of Lemma /. and Theorem 2.9. Fix t € [0,log N]. For the largest eigenvalue )\f‘ X we already
t t
showed that (L; — /\ft Xt)_ < ¢;* 4+ N~%/3 in Lemma B.1. Tt thus suffices to consider (L, — )\ft Xt)+. By
tx, s t
Lemma 3.1, there exists ¢ > 0 such that ¢(L; — /\ft X‘)‘i/z < n;,t()\f(‘ Xt,Lt). Hence by Corollary 2.8, we
have the estimate

.
(Le=X2 7"y 1

XIXx:\3/2
(Le = A7 7)< 7 + 5 (B.28)
t t
so that (Ly — A7t X)), < g7 + N=2/3. Thus |AS*™ — Ly| < q;* + N=2/3. This proves (1.23) for fixed
t € [0,61og N|. Uniformity follows by the continuity of the Dyson matrix flow. O

C. PROOF OF LEMMA 5.4

In this section, we prove Lemma 5.4. We begin by considering the case » > 5. In this case, we can
see that .J, = O(N3~¢), since it contains at least two off-diagonal entries in 5o (F'(Y)GijGai) and |J;| is
bounded by

N3N—1g4N—2/3+2 < N2/3—€
which can be checked by a simple power counting. Therefore, we only need to consider the cases r = 2, 3, 4.
C.1. Proof of Lemma 5.4 for r = 2. Observe that
0ja(F'(Y)GijGai) = F'(Y)7,(GijGai) + 20jaF' (Y)0ja(GijGai) + (07, F' (Y))GijGai- (C.1)

We first consider the expansion of 832Q(Gij Gui)- We can estimate the terms with four off diagonal Green
function entries, since, for example,

I 2
S E[F/(Y)GijGajGajGaill < NS 1GijGajGajGail < Nc(%:l) < NT4/3+Ce (C2)
e . 0
1,7, 1,7,0
where we used Lemma A.1. Thus, for sufficiently small ¢ and ¢,

e~

t —1
S BIF (V)Giy G GayGall < N2/ (C3)
7,k

For the terms with three off-diagonal Green function entries, the bound we get from Lemma A.1 is

Imm 3/2
1 1 a3 pn7Ce€ —1a714Ce
gt N7o q¢
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which is not sufficient. To gain an additional factor of ¢, 1 which makes the above bound a4 INHCe «
N2/3=¢ we use Lemma 2.11 to expand in an unmatched index. For example, such a term is of the form

GijGajGaani

and we focus on the unmatched index « in Gaj. We get

o > EIF (Y)GijGaiGaaGyil = Z E[F' (Y)Gij Hak G GaaGyil
i,7,Q 1,7,k o
Qt_l (7D vt 2/3—¢
= S S BOL(F(Y)Giy Gy GanGsi)] + O(N), (C.4)
r'=1 i,k

for £ = 10.
For " = 1, we need to consider O (F'(Y)G;jGrjGaaGji). When 04y acts on F'(Y') it creates a fresh
summation index n, and we get a term
-1
b 3 BlOuk(F (V)G Gy GaaGis)

i,5,k,a

E[GijGrjGaaGiiF" (Y ) Im(Grk(y + L +ino)Gan(y + L + ino))]dy

£ 1,j,k n,a

GaaGi F" (V) I (GiGan)]dy, (C.5)

[Gij

Ev gk,

where we abbreviate G = G(y+ L +ing). Applying Lemma A.1 to the index n and G, we get

N
Z ‘éknéna| < N_2/3+2€7

n=1
which also shows that
|0 F' (V)] < NTL/3+C¢, (C.6)
Applying Lemma A.1 to the remaining off-diagonal Green function entries, we obtain that
—1
%72 > E[(Qak(F'(Y))GijGriGaaGii)l| < g 'NTENTH3HCNAN IS = gt N2/5+Cc (C.7)
0,7,k o

If Oqr acts on G;;GrjGaaGji, then we always get four or more off-diagonal Green function entries with
the only exception being

—GijGikGajGaaGli-

To the terms with four or more off-diagonal Green function entries, we apply Lemma A.1 and obtain a bound
similar to (C.7) by power counting. For the term of the exception, we rewrite it as

—1 —1
_ ?T? 3" EIF/(Y)GijGiGajGaaGiil = f% 3" E[mF!(Y)GijGajGaaGyl
i,5,k,a 17,0
—1
- %‘% > E[F/(Y)GijGajGaaGyil + Z E[( — m)F' (Y)Gy;GajGaaGlil (C.8)
i, 1,5,

Here, the last term is bounded by q{lNQ/?"“C6 as we can easily check with Proposition 2.12 and Lemma A.1.
We thus arrive at

Z E[F'(Y)GijG0jGuaGji)

i,J,a
1 (' +1)
g K y »
=D T Y B (F (V)G GhyGaaGyi)] + OV, (C.9)

r'=1 T gk
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On the right side, the summation is from 7’ = 2, hence we have gained a factor N~'¢; ! from k(1) and
added a fresh summation index k:, so the net gain is ¢, *. Since |1 4 | ~ 1, this shows that

Z E[F'(Y)GijGajGaaGyi] = O(N?/3~), (C.10)
1,J,a

Together with (C.3), this takes care of the first term on the right side of (C.2). For the second term on the
right side of (C.2), we focus on

/ ZF“ ) I (G Gna)|dy (C.11)
E

1 n=1
and apply the same argument to the unmatched index « in éna. For the third therm, we focus on G;;Gq;
and again apply the same argument with the index « in G;.

C.2. Proof of Lemma 5.4 for r = 3. If 0;, acts on F'(Y") at least once, then that term is bounded by
NeN—1q75—2N3N—1/3+CeN—2/3+25 — qt_2N1+C€ < N2/3—e’

)

where we used (C.6) and the fact that G;;Gqa; or 05(Gi;Gri) contains at least two off-diagonal entries.
Moreover, in the expansion 8]2k (G;jGri), the terms with three or more off-diagonal Green function entries
can be bounded by

NeNflqt—QNBNCeNflJrSe _ qt—2N1+Ce < N2/37€"

Thus,
—tg(Mg- 4le—ts® g2 Z
3'N t E E GZJG(M] - _ETIS - E[FI(Y)GlJGJJGﬂSM]
iy 0]
4l e tsW g2 e
S SRR (V) GiaGaaGaiSi] + ONY), (C12)

where the combinatorial factor (4!/2) is computed as in Lemma A.11 and Sy, Sy are defined in (A.77).
The first term on right side of (C.12) is computed by expanding

¢ > ElemSy F'(Y)Gi;G;Gjil
i

in two different ways, respectively, as in Lemma A.12. Then we can obtain that

- Z]E Y)GiGyiGyiSul = a* ZEKZ’” +1- 3) F(y )GijijGji} +O(N?/3)

— g2 ZE[ (1 + —) F’(Y)Gijajjaﬁ] FONAY),  (C.13)
where we used m(z) = (=1 — 3)71 + O(N~1/3%¢) with high probability. Next we consider

2ZEzF’ G”G”czﬂ]z(ur ) 2ZEF’ )Gy;G1 Gl + O(N?3=<), (C.14)

Expanding the left hand side using the resolvent expansion (A.43), we obtain
2 ZE [2F'(Y)Gi;G;;Gji) = —q; ZE [F'(Y)GiGiil + ;2 Y E[F'(Y)X0;GijGa;Gyil-
i,

Applying Lemma 2.11 to the second term on the right side, most of the terms are O(N2/3_€/) either due to
three (or more) off-diagonal entries, the partial derivative d,; acting on F’(Y), or higher cumulants. Thus
we find that

Z E[F'(Y)GijGaaG;;Gyil

i,j,a
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is the only non-negligible term, which is generated when 0,; acts on G;. From this argument we get

2ZE ZFI GZJGJJGJZ == QZE GZJGJZ]

1 ¢
—q ~2 ZE[ zm+1— g) /(Y)GijijGji] + O(N2/3 )

Combining with (C.13), (C.14) and the fact that m(z) = (-1 — £)=! + O(N~1/3%¢) with high probability,
we get

2 ZE [F'(Y)Gi;G;;Gs:S) = a7 2 Z [( é - d%/g)F’(Y)GijGji} +O(N2/3=), (C.15)

For the second term of (C.12) we can apply similar argument, using an expansion of qt_2 Zi’a E[zmSNF'(Y)Gi6GaaGail
and q; Y2, E[F'(Y)GiaGaaGail- Then we obtain

QZEF’ GzaGaaGalsN _qt ZE[ 2F/( )GiaGaaGai}'i‘O(NQ/S_E/)

=g 2 ZE (1 4+ Vd) " F'(X)GiaGail + O(N?/3=)

=g 221@[ ( d) F'(Y)GiGyi| + O3, (C.16)

where we get the last line by the resolvent expansion (A.43) of G;.
By combining (C.12), (C.15) and (C.16), we get

5(4)qt 1 1\2 /
_ to(4) ,—2 / o~ 2/3—¢
a0 E E[o Y)Gi;Gai] = 2e” q; Vi (1 + 7\/21) E[F'(Y)G;;Gji) + O(N ). (C.17)

C.3. Proof of Lemma 5.4 for » = 4. We estimate the term as in the case r = 2 and one can get

;0

Z |E[0%,(F'(Y)Gi;Gai)]| = O(N?37). (C.18)

We omit the proof.
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