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1. GROTHENDIECK SPECTRAL SEQUENCE

We prove the following theorem of Grothendieck:

Theorem 1.1 (Grothendieck spectral sequence). Let A, B, C be abelian categories and
assume that A, B have enough injectives. Let F': A — B, G : B — C be left exact functors,
and suppose that for any injective object I of A, F(I) is G-acyclic, i.e. RPG(F(I)) =0 for
p > 0. Then, for any object A in A, there is a spectral sequence {E,(A)} such that

ENI(A) = (RPG)(RIF)(A) = RPTI(GF)(A).

To prove this theorem, we need a fully injective resolution of a complex, not just an
injective resolution. Let’s recall the definition of it first.

Definition 1.2 (Fully injective resolution). Let C' = @CP be a complex. An injective
resolution Ic = (IP1) of the complex C is called fully injective if for any row g,

ZP% = ker(IP? — Ip+17q)
BP:d — im(_fpfl,q — IP)
HP4 = 7P /BPa

are all injective and

0— ZP(C) — ZP7
0 — BP(C) — BP”
0 — HP(C) — HP”
are all injective resolutions as well.
The existence of such an injective resolution can be proven as follows:

Lemma 1.3. Let 0 — M’ — M — M"” — 0 be ezact, and let 0 — M’ —I', 0 — M" — I"
be injective resolutions. Then, there is an injective resolution 0 — M — I such that

0 r 1 I’ 0
0 M M M 0
0 0 0
s exact and commutative.
Proof. This is a typical lemma so-called the Horseshoe lemma. U

Lemma 1.4 (Existence of fully injective resolution). Given a complex C, there exists a
fully injective resolution of C.
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Proof. First, we consider the kernels and cokernels in C"
(1) 0— BP(C)— ZP(C) — HP(C) — 0
(2) 0— zP~Y(C) — CcP7(C) — BP(C) — 0.
We prove it inductively. Begin with an injective resolution of (2). Then, we choose

any injective resolution of H?(C) in (1), and then by the Horseshoe lemma, we can find a
resolution for ZP(C') that fits into (1). This completes the proof. O

Now we are ready to prove the theorem.

Proof of the theorem. Let A be an object of A, and choose an injective resolution 0 — A —
C" in A. Then, by applying F', we have

FC :0— FC° = FC! - FC? —

which is a complex in B.
Now, apply the lemma to obtain a fully injective resolution

0—FC —1

in B where I is a double complex of injective objects. It can be written as follows:

d d d
0 IO,l J _[1’1 J 12,1 s
d d d
0 IO’O g Il,O d 12,0 d
0 ——FC" ——=F(C! FC?
0 0 0

It is commutative, and its columns are exact.
Now apply G to I and consider the double complex GI = GI". We have two filtrations
on it:
'FP(GI) = @ GIPI
p'zp
"FUGI) = & GIPY
q'2q
so that we have two spectral sequences 'E,. and " E,.. Let’s try to compute them separately.
We do the easier one first, which is 'E,.
'ERY = ('FP(GI))P4/('FPTY(GI))P4 ~ GIPY and dy = d, so,
'EVT = HI(GIP).

By the definition of RYG, above 'EV? is in fact RIG(FCP), and by assumption FCP was
G-acyclic, so we have
0 ifg>0

'EY? = Hj(GIP") = RIG(FCP) = { GFCP ifq=0 "

Pictorially, 'Eq with dy = 6 looks as follows:



q=1 0 0 0
q=0 GFCY — GFC! — GFC?
p=0 p=1 p=2
Hence, by taking the cohomology for di = d, we obtain
1P _ 0 itg>0
2 RP(GF)(A) ifqg=0 -~

Of course, now we see that do = 0 so that 'E, degenerates at r = 2. But, in fact, from
above computation, we can say much more about the cohomology of the total complex:

Claim. H"(tot(GI)) = R"(GF)(A)
Proof. When n = 0 it is obvious. So, assume that n > 0. Then, from
'EY" = 0= FPHP™(tot(GI))/FPT HP ™ (tot(GT))
for all p and n > 0, we have
FPHPT™(tot(GI)) = FPH HPY (tot(GI)).

We apply above identity over an over again, until we cannot do it any further.

H"(tot(GI)) = F*H" (tot(GI)) = F* H'* (=D (tot(GI))
= F2H* (2 (t6t(GI)) = - - - = F*H" O (tot(GI)).
Since, obviously, F"™H"(tot(GI)) = 0, we have
'E;’O = R"(GF)(A) = F"H"(tot(GI))/F" "™ H" (tot(GI)) = H"(tot(GI))
which proves the claim.
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Now we compute ”E,.. Since the resolution 0 — FC" — [ is fully injective we have
injective resolutions

0— ZIFC)— Z%

0 — BYFC") — BY

0— HYFC')— HY
and, split exact sequences

0— Z%P _, 9P _, Batlpr _,

0 — BIP — 79P _, HIP _, ()
which are still split after applying G.
Then,
"EP = H}(GI'?) = GZ%"/GBY’ = GH®?
so that
"EYT = HI(GH®).



Notice that H?" was an injective resolution of HY(FC") = RIF(A), so that by the
definition of RPG,
"EyY = HY(GH?') = RPG(RF(A)),
and by the spectral sequence theorem, we know that it abuts to HP*9(tot(GI)) which was
RPTI(GF)(A). This proves the theorem.
O

2. APPLICATIONS

Corollary 2.1 (Leray spectral sequence). Let m : Y — X be a morphism between spaces
equipped with suitable Grothendieck topologies, and let F be a sheaf on Y. Then, there is a

spectral sequence
H"(X,R°m.F) = H (Y, F).

Proof. We have the following functors:

Sh(Y) = Sh(X) "5 A
and obviously I'(X,—) o m, = I'(Y,—). Since m, preserve injectives we can apply the

Grothendieck spectral sequence to above left exact functors.
O

Remark. When the given Grothendieck topologies are really a topology in the usual sense,
including Zariski topology, or étale topology, then we obtain the usual classical Leray spec-
tral sequence.



