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Let k be a field. Define the following three categories:

o(Art/k) : the category of artin local k-algebras with residue field k

o(Loc/k) : the category of local noetherian k-algebras with residue field k

o(CLoc/k) : the category of complete local noetherian k-algebras with residue field k

For A € (Loc/k), we also consider the following subcategories:

o(Art/A) : the category of artin local A-algebras with residue field &

o(Loc/A) : the category of local noetherian A-algebras with residue field &

In case A € (CLoc/k), we consider the following category as well:

o(CLoc/A) : the category of complete local noetherian A-algebras with residue field k

1. BASICS ON FUNCTORS OF ARTIN RINGS
Definition 1.1. (1) A functor of Artin rings is a covariant functor
F: (Art/A) — (Sets)

where A € (CLoc/k). For A € (Art/A), an element £ € F(A) is called an infinites-
imal deformation of § € F(k) if £ — & under the natural map F(A) — F(k). If
A = k[e], the element ¢ is called a first-order deformation of &.

(2) Define hg/p : (Art/A) — (Sets) by

hg/a(A) = Hom(ap/a) (R, A)

where R € (CLov/A). If a functor of Artin rings F is isomorphic to hp/s, then we
say that the functor F' is pre-representable.

Remark. The usage of the word pre-representable is not equal to the one used by the
original paper of Schlessinger.

Example 1.2. Let M be a scheme, and consider the restriction of the functor hyx :
(Sch)? — (Sets) to (Art/k) — (Sets) that sends A — Homy(Spec(A), M).
Fix A € (Art/k), and let ¢ : Spec(A) — M be a morphism of schemes. The composition

Spec(k) — Spec(A) 2 M gives a k-rational point m € M, and consider the subfunctor
F : (Art/k) — (Sets)
defined as
F(A) = Hom(Spec(A), M), = {¢ : Spec(A) — Mlim(6) = {m}}.
Actually, then F' = hp, where R = @M’m.

Proposition 1.3. A pro-representable functor F has the following properties:

Hy) F(k) consists of one element.
H;) For each diagram in (Art/A)

Al A//
A,
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there is a natural map
a:F(A' x4 A") — F(A) X p(A) F(A™.
Then, this « is bijective.

Hy) F(kle]) has a structure of a finite dimensional k-vector space, denoted by tp = tg/y.

Remark. We single out the following special weaker property of H;):

H.) « is bijective for A =k and A” = kle].

Actually, just Hy) and H,) give a k-vector space structure on F'(k[e]) in a functorial way
without the pro-representability:

Lemma 1.4. Let F be a functor of Artin rings with the properties Hy) and H.). Then the
set F(k[e]) has a structure of k-vector space in a functorial way. This space is denoted by
tr.
Proof. We give some details of the proof, as the full details will be quite boring.
(1) (addition structure) For the evaluation map k[e] — k, consider the k-vector space
homomorphism
+ : kle] xi k[e] — K[e]
(a+be,a+be)—a+ (b+b)e.
Claim. This + s a k-algebra homomorphism.
Proof. For two elements (a; + b€, a; + bie), i = 1,2, in k[e] xy, kle],
+ ((a1 + bie, a1 + bie) - (az + bae, as + bhe))
=+ (a1a2 + (a1bg + agby)e, araz + (arbh + azb))e)
= aias + (albg + asby + albIQ + agbll)e.
On the other hand,
+(a1 + bre, a1 + bie) - +(az + bae, az + bhe)
(a1 + (b1 + bll)e) (a2 + (b2 + bé)e)
= ajag + (a1b2 + albé + asby + agbll)e.
This proves the claim. ]
Hence, using the identification a~! (by H.)), and F(+), we have the following
composition:

F(K[E)) % iy F(kl) — F (k[ xx Kld) "3 F(k[),

where the first term is equal to F(k[e]) x F(kle]) since F (k) is a singleton by Hyp).
This is the addition structure +r. That it is commutative is obvious since + is
obvious.

(2) (zero element) Define the zero element in F'(k[e]) to be the image of the map F'(k) —
F(k[e]), denoted by 0.

Claim. For alla € F(k[e]), 0+ra=a+r0=a.

Proof. The composition

F(k) x F(k[e]) — F(k[e]) x F(kld)) — F (k[ xx kle]) 2 F(k[e)

is induced by the identity map, thus 0 +r a = a. ]
(3) (associativity) Use H,) suitably.



(4) (constant multiple) For a constant ¢ € k, define a k-vector space homomorphism
ey : k€] — kle]
a+ be — a+ (cb)e.
Claim. This map cy s a k-algebra homomorphism.
Proof. For two elements a; + b;e € k[e], i = 1,2, note that
¢ ((a1 + br€)(ag + bae)) = cx (araz + (a1b2 + azb;)e)
= ajaz + c(a1bz + azby e,
and on the other hand,
ce(ar + bie) - cu(ag + boe) = (a1 + cbie)(az + cbae)
= ajag + c(arby + agby)e.
This finishes the proof of the claim. (|
]

Definition 1.5. Let f : F — G be a morphism of functors of Artin rings. The induced
map tgp — tg is called the differential of f, and it is denoted by df. Of course, in case both
F and G satisfy Hy and H., then the differential df is k-linear.

2. FORMAL COUPLES

Let F be a functor of Artin rings. Then I’ extends to a functor

F — (CLoc/A) — (Sets)
in the following fashion. Let R € (CLoc/A), and let mp be the maximal ideal of R. Note
that for each n > 1, the ring R/m?} is in (Art/A), and {R/m',,n > 1} forms a projective
system. Define R

F(R) =limF (R/mf%).
For ¢ : R — S, we let F(¢): F(R) — F(S) be the map induced by the maps

F(R/mp) — F(S/mg)
forn > 1.
Definition 2.1. (1) An element @ € F(R) is called a formal element of F. By defini-

tion, in fact u is given by a set of elements {un_1 € F'(R/m})}, 5, such that for

each n > 1, the natural map F (R/m?;rl) — F (R/mf) induced by the projection
sends u, t0 Up—_1.
(2) w is also called a formal deformation of wy.

(3) A pair (R,7), where @ € F(R) is called a formal couple.

Remark. (1) When R € (Art/A), an ordinary couple (R, u) is a special case of formal
couple in which (R, un) = (Ry41,Unt1) for n >> 0.
(2) Let f: F — G be a morphism of functors of Artin rings. It extends to a morphism
of functors f: F—QG.

The following lemma is the crucial result regarding a formal element.

Lemma 2.2. Let R € (CLoc/A), and F be a functor of Artin rings. Then there is a
one-to-one correspondence

ﬁ(R) ~ { morphisms of functors hg/n — F} .
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Proof. Let u € ﬁ(R) This is given by a set of elements {u, € F (R/mTIL%H)}nzo such

that u, — uy—1. Since Hom(R/m%t F) = F(R/m5™), each element u,, gives a functor

hp Jmntt = F such that the following diagram

hR/m%‘"1 — F

|

hR/m;}z
is commutative. For each A € (Art/k), being finite dimensional, for n >> 0,
Bty (A) = D) (4)

is an isomorphism. Thus, we can define hp/y — F to be the limit
lim (hR i (4) = F(A)) .
n+1

Conversely, given hp/y — F, let u,, be the image of the canonical projection R — R/m’,
via the map hp/, (R/m%“) — F (R/m’é“). It gives u since u, — u,_1 for n > 1. O

Definition 2.3. Let F' be a functor or Artin rings, and let (R, %) be a formal couple for
F, where R € (CLoc/A) and @ € F(R). If an element @ gives an isomorphism hr/a — F,
then certain F' is pre-representable, and we say that @ is a universal formal element for F.
The formal couple (R, u) is called a universal formal couple for F.

Remark. A universal formal couple rarely exists so that we need to introduce some weaker
conditions: semiuniversality and versality. To do so, we need the concept of smoothness of
functors of Artin rings.

3. SMOOTH FUNCTORS

In this sections, all functors F' of Artin rings are supposed to satisfy the condition Hy),
i.e. F(k) is a singleton.

Definition 3.1. (1) Let f: F — G be a morphism of functors of Artin rings. It is said
to be smooth if for every surjection p: B — A in (Art/A), the natural map
F(B) — F(A) xg(a) G(B)
induced by the diagram
F(B) —— G(B)

| |

F(A) —— G(A)
is surjective.
(2) The functor F' is called smooth if the morphism from F' to the constant singleton
functor G, where G(A) = {x} for all A, is smooth. Equivalently, the map F'(u) :
F(B) — F(A) is surjective for all surjection p: B — A in (Art/A).

Remark. Any surjection in (Art/A) is a compositionof finite small extensions, thus, a
f: F — G is smooth if and only if the above condition is true for small extensions B — A

in (Art/A).

Proposition 3.2. All functors of Artin rings are supposed to be satisfying the condition
Hy). Under this assumption:
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(1) Let f: R— S be a morphism in (CLov/A). Then, f is formally smooth if and only
if the morphism of functors hy : hg/a — hg/p is smooth.

(2) If f - FF — G is smooth, then f is surjective for each A € (Art/A). In particular,

df : tp — tg is surjective.

(3) If f : F — G is smooth, then F' is smooth if and only sz s smooth.

(4) If f : F — G is smooth, then the induced morphism f F — G is smooth.

(5) If F — G and G — H are smooth, then the composition F' — H is smooth.

(6) If F — G and H — G are morphisms, and F' — G is smooth, then F xq H — H
s smooth.

(7) If F and G are smooth, then F x G is smooth.

3

Proof. (1) Let B — A be a surjection in (Art/k), and consider the induced diagram
hs(B) —— hr(B)

| l

hs(A) —— hgr(A).
To give an element in hg(A) X}, 4) hr(B) is equivalent to give a commutative
diagram of homomorphism of A-algebras
R—— B

A

S —— A
The formal smoothness of f is equivalent to the existence of a homomorphism S — B
so that the resulting diagram
R B
N/
A

is commutative. But, this is equivalent to the surjectivity of
hs(B) — hs(A) Xpp(a) hr(B).

(2) For any surjection B — k, we have a corresponding surjection
But, since F(k) ~ G(k) is a singleton, this surjection ¢ gives a surjection F'(B) —
G(B).

(3) Let u: B — A be s surjection, and consider the diagram

F(B) — F(A) xg4) G(B) — G(B)

l J{G(u)

F(A) —— > G(A).

Suppose that G is smooth. They by (2), G(u) is surjective so that F'(A) X¢a)
G(B) — F(A) is surjective. Thus, F(B) — F(A) is surjective, proving that F is
smooth.

Conversely, let £ € G(A). Since f(A) is surjective, there is n € F(A) that maps
to €. Since F(B) — F(A) is surjective, there is x € F(B) that maps to n. Hence
F(B)(x) € G(B) is sent to . Hence G is smooth.

N




(4) Let o = {v,} € G(R). Since f is smooth, the map
F(R/m%) — F(k) Xq@w) G(R/m%) = G(R/mE)
is surjective. Therefore, there is wy € F(R/m%) that maps to vi. Suppose that for
t=1,---,n—1, there are w; € F(R/mgl) that maps to v; and w; — w;_1. Then,
the surjectivity of

F(R/miE™) — F(R/mj) % Gr/my) G(R/mE™)

shows that there is w,, € F(R/m’5"™) that maps to (wy_1,v,). It gives @ € F(R)
that mapsto v.

The rest are easy.
O

4. VERSALITY OF FORMAL PAIRS

Definition 4.1. Let F' be a functor of artin rings such that F'(k) is a singleton. Let (R, u)
be a formal pair for F'.

(1) ue ﬁ(R) is called versal if the induced morphism hg/y — F' is smooth.
(2) wis called semiuniversal if it is versal, and the differential du : tp/y — tF is bijective.
(3) w is called universal if the induced morphism hp/y — F' is an isomorphism.

Certainly, universal = semiuniversal = versal.



