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Abstract

In this paper we analyze a class of V-cycle multigrid methods for discretizations of second-order nonsymmetric
and/or indefinite elliptic problems using nonconforming P; and rotated Q) finite elements. These multigrid
methods are based on the so-called Galerkin approach where the quadratic forms over coarse grids are constructed
from the quadratic form on the finest grid and iterated coarse-to-fine grid operators. The analysis shows that
these V-cycle multigrid iterations with one smoothing on each level converge at a uniform rate provided that
the coarsest level in the multilevel iterations is sufficiently fine (but independent of the number of multigrid levels).
Various types of smoothers for the nonsymmetric and indefinite problems are considered and analyzed. The theory
presented here also applies to mixed finite element methods for the nonsymmetric and indefinite problems. © 1998
Elsevier Science B.V. and IMACS. All rights reserved.

Keywords: Mixed method; Nonconforming method; Finite elements; Multigrid method; Convergence;
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1. Introduction

This is the third paper of a series where we develop and analyze a class of multigrid methods for
discretizations of partial differential problems using nonconforming and mixed finite elements. This new
class of multigrid methods, introduced in the first paper [13], is based on the so-called Galerkin approach
where the quadratic forms over coarse grids are constructed from the quadratic form on the finest grid
and iterated coarse-to-fine grid operators. Its convergence for both the V- and W-cycle multigrid methods
with one smoothing iteration on each level has been shown. In the second paper [18], the convergence
of these new multigrid methods for partial differential problems without regularity assumptions has
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been obtained. In contrast, the usual multigrid methods for nonconforming finite elements use discrete
equations on all levels which are defined by the same discretization. Furthermore, for these usual
methods only the W-cycle multigrid methods have been shown to converge under the assumption
that the number of smoothing iterations on all levels is sufficiently large (see the extensive references
in [13]).

In this paper we analyze this new class of V-cycle multigrid methods for discretizations of second-
order nonsymmetric and/or indefinite elliptic problems using nonconforming P; and rotated @, finite
elements. Multigrid methods for solving nonsymmetric and/or indefinite problems by nonconforming
finite elements have been first introduced and analyzed in [19], but these multigrid iterations use
conforming coarse-grid corrections. While the convergence of the multigrid V-cycle methods with
one smoothing has been shown for this conforming coarse-grid correction approach, the analysis only
applies to the Pj-nonconforming finite element [19]. The reason for this is that only the nonconforming
P, element contains the conforming P; element as a subspace over the same triangulation, which
is used in the coarse-grid corrections; other nonconforming elements do not contain any reasonable
conforming subspaces over the same triangulation. We here prove convergence estimates for the V-cycle
multigrid methods for the new approach for the nonsymmetric and indefinite problems under rather weak
assumptions (e.g., the domain need not be convex and problems need not have regularity assumptions) for
both the P; and rotated Q) finite elements. The rotated Q; finite element has applications to the Stokes
problem [26], the problem related to the deformation of martensitic crystals with microstructure [23],
and semi-conductor modeling [11].

A variety of smoothers are considered and analyzed here. These smoothers are the variants of
those for conforming finite element methods [7]. One type of smoothers is defined in terms of the
corresponding symmetric problem, and the other type is entirely based on the original nonsymmetric
and indefinite problem. These two types of smoothers include point and line Jacobi and Gauss—
Seidel iterations. The analysis here assumes that the nonsymmetric/indefinite terms are a “compact
perturbation”; the convection-dominated problems are not studied here. Also, due to the equivalence
between nonconforming and mixed finite element methods (see {2,3,10,12,17] for symmetric problems
and [19] for nonsymmetric problems), all the analysis throughout this paper directly applies to the
mixed methods. Finally, we mention that there has been intensive research on multigrid methods for
nonsymmetric and indefinite problems using conforming finite elements (see the references in [7]).

The rest of the paper is organized as follows. In Section 2 we state the continuous problem and its
corresponding discrete system. Then, in Section 3 we describe multigrid methods for nonconforming
methods and carry out the convergence analysis. Finally, in Sections 4 and 5 we apply the theory to the
Py and rotated Q) finite elements, respectively. We mention that there are extensive numerical results
available for discretizations of nonsymmetric problems using nonconforming and mixed finite elements
by means of the present and usual approaches [13,19]. These numerical results have shown convergence
of these approaches. That is part of the reason that we are interested in the theoretical proof. However,
with the usual approach we are not able to prove the convergence. With the present approach, we can
show it here for both the P; and rotated @ nonconforming elements for second-order nonsymmetric and
indefinite problems. Also, the problem under consideration has many practical applications such as those
to flow of fluids in porous media {15].
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2. Preliminaries

In this section we consider as our model problem the following equation:

—~V-AVu)+B-Vu+cu=f in§2,
u=0 on ds2,

2.1

where £2 C R? is a simply connected bounded polygonal domain with the boundary 852, f € L2(£2), the
coefficient A € (L™>(£2))%*? satisfies the uniformly positive definite condition

ETA()E >aot™s, xeR, E€R”, (2.2)

and the coefficients B and ¢ are bounded. Other conditions on .4 and B will be stated later. Finally, we
assume that (2.1) has a unique solution.
Problem (2.1) is recast in weak form as follows. The bilinear form a(., -) is given by

a(v, w) = (AVv, Vw) + (B- Vv, w) + (cv, w), v,we H(2),

where (-,-) denotes the L2(£2) or (L%($2))? inner product, as appropriate. The solution u € Hy (£2)
of (2.1) then satisfies

a(u,v)=(f,v) Vve H(R). (2.3)
Associated with a(-, -), we also introduce the symmetric positive definite form a(:, -) by

a(v, w) = (AVy, Vw) + (v, w), v,we H'(2).
The difference form is indicated by

D, w)=a(,w) —a(v, w). 2.4)

For 0 < h < 1, let &, be a partition of £2 into triangles or rectangles of size 4, and define V} to be
the space of the nonconforming P; [21] (see the definition in Section 4) or rotated Q; [2,11,26] (see
Section 5) finite elements. Associated with V,, we define a mesh-dependent form ay (-, -) by

a,(v, w) = Z {(AVy, Vw)g + (B- Vv, w)g} + (cv,w), v, we VU Hol(.Q),
Eeé‘h

where (-, -)g is the L2(E) inner product. The corresponding symmetric form is denoted by @y (-, -). The
nonconforming finite element solution u;, € V, of (2.1) is given by

ap(up,v) =(f,v) YveV,. 2.5)

The norm induced by (ay (v, v))” Zforve VU HO1 (£2) is equivalent to the norm

12
(X 190k + 1olis))

Ee&y
Thus, we define

lvllen = an(w, v)'/? Yve VyUHy(£2).
Let us note the inequality
|lan (v, w)| < Cllvllgnllwlier Yo, w e ViU Hy(£2), (2.6)
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where (and below) C, with or without a subscript, denotes a generic constant independent on h.
We now state the next theorem [19].

Theorem 2.1. Let V), be the space of the nonconforming Py or rotated Q, finite elements. Then
problem (2.5) has a unique solution for h sufficiently small.

3. The multigrid method

To develop a multigrid method for (2.5), we need to assume a structure to our family of partitions.
Let ho and &, = & be given. For each integer 0 < k < K, let by = 27%*hg and &, = & be constructed
by connecting the midpoints of the edges of the element in &_;, and let £, = £k be the finest grid. In
this and the following sections, we replace subscript £ simply by subscript k.

Let the mesh size of & be dp; then, by similarity, the mesh size of & is 27%d,. From Theorem 2.1,
for (2.5) to be well behaved, the approximation grid must be sufficient fine. As in the conforming
case [7], we shall require that the coarsest grid in the multilevel method be sufficient fine. Toward that
end, let the coarsest grid size be determined by an integer L. Then the space V; has a mesh size of
ny =2~L—kd() = 2"‘h0, k=0,...,K.

3.1. Notation

Let V; be the space of either the nonconforming P; or rotated @, finite elements on each level
k=0,...,K, and let g;(-,-) be the quadratic form on V;, x V,, as defined in the last section. The
corresponding symmetric form is indicated by a(-,-), k =0, ..., K. Also, for the nonconforming P,
or rotated Q; finite elements, let (-, -); be the usual discrete L? inner product, and I;: Vi — V, be the
standard averaging coarse-to-fine grid operator (see Sections 4 and 5).

We now introduce the iterates of I, [13,20,25]

HY =l Dy :Vi> Vi, k=0,....K,
with H¥ = I (the identity operator), and the quadratic form by (-, -) on V; x V;:
br(v, w) =ak (HXv, Hfw) Yv,weV,, k=0,...,K.
The symmetric positive definite quadratic form bi(-, ) on Vi x Vi is similarly defined by

bi(v, w)=ax (HSv, HXw) Yo,weVi, k=0,....K.

The norms corresponding to (-, ), @ (-, -), and b (-, ) will be denoted by Il - lle. | - ek, and || - {f1 4,
respectively. It follows [13,20,25] that there are positive constants C; and C, such that

Cillvllie < lvliex < Caollvllie Vv eV, k=0,....K, 3.1
and

Clllvllg,kéHH,va&Kgcznvllg_k Yv eV, k=0,....K. 3.2)

As in the previous section, we denote the difference form by

Di(v, w) =ar(v, w) —ar(v,w) VY, we V.
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Also, define

dk(v,w)=DK(Hka,HkKw) Yv, w € Vi, k=0,.... K,
ie.,

dy (v, w) = b (v, w) —l;k(v, w) VYv,weV,.
We now assume that there are positive constants C such that

|Di(v, w)| < Cllvllgcllwle Yo, w e Vg, k=0,...,K, (3.3)
and

| Di(v, w)| < Clvllellwllex Vv, w e Vi, k=0,...,K. 3.4)
Note that (3.3) directly follows from the definition of Dy (v, w):

Di(v, w) = Z (B-Vv,w)g + ((c — Dv, w).
Ec&
While (3.4) is trivial for conforming finite elements, it is not so straightforward for nonconforming
elements. It has been shown in [19] for the P; nonconforming element. For the rotated Q; nonconforming
element, it will be proven in Section 5. Due to (3.1), (3.3) and (3.4) also hold for the norm || - ||; « in place
of || - ||lg.«- Finally, if (3.3) and (3.4) hold for Dy, so do they for d; by (3.1) and (3.2).
The following operator 7% : Vx — V; plays a crucial role in the subsequent analysis:

bi(Miv, w) = bg (v, HEw), ve Vg, weV,,

fork=0,..., K;ie., IT% is the adjoint operator of HX with respect to b (-, -). If the solution of (2.1)
satisfies regularity estimates of the form

lulliva SCUfll-14e, O<ea<, (3.5
then it follows [13,14] that there exists a constant 4 such that for iy <% (k =0, ..., K),

1(1 — B T )ol| ¢ < CRE||(F = HETR) ]|, Vv eV, (3-6)
and

|HET)|,  <Cllvlixk YveVgx,  k=0,....K. (3.7

In the case where regularity estimates of the form of (3.6) are not known to hold, it can be shown by
combining the techniques in [27] for conforming finite elements and the ideas in [13] for handling HX T
for nonconforming elements that, given & > 0, there exists an A (¢) > 0 such that for 0 < h; < 7,

(1 — HS )|, <el|(I - BETR)v|, , YveVk,  k=0,... K. (3.8)

The above ¢ will appear in our later convergence result. We observe that ¢ can be taken arbitrarily small
if L is sufficiently large. Hence L will be sufficiently large so that Theorem 2.1, (3.7), and (3.8) hold.

We remark that the hard part in these inequalities (3.1)—~(3.8) is the verification of the upper bound
in (3.2). That is why we are here restricted to the P; and rotated @; nonconforming elements for which
it was verified under some conditions on & [20,25] (see also Sections 4 and 5). This upper bound for
other nonconforming elements was discussed in [13].
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3.2. The multigrid method

Note that while on the finest level
bx(v,w)=ag(v,w) Vv, we Vg,
bi (-, -) are different from a; (-, -) on all the lower levels. The multigrid method below will be defined
in terms of b, (-, -) instead of a;(-, -). Hence this approach differs from the usual one in that the usual
nonconforming multigrid methods are defined in terms of ax (-, -) [19]. This idea has been exploited for a
long time in the context of finite difference methods (see the references in [22,24]). For conforming finite
elements, these two quadratic forms are the same.
We define the discretization operator Ay : Vi — V. on level k given by
(Apv,wh =b (v, w), v,weV, k=0,...,K.
Also, define the operators P,_q:V, — V;_ and P,?_l Vi—> Vi1 by
bi_1(Prv, w) = b (v, [Lw), w e Vi, k=1,...,K,
and
(Pjv,w),_, =@ hawy, weVia, k=1,....K.

The operators Ay and Py, are similarly defined in terms of the by form in place of by. Finally, let
Ri: Vi — Vi fork=1, ..., K be linear operators; examples of R, will be given in Sections 3.3 and 3.4
below. On V), let Ry = Aj'; i.e., we solve exactly on the coarsest level. Now we define a simplest V-
cycle multigrid method only with pre-smoothing. Other types of methods with just post-smoothing or
both pre- and post-smoothing can be analyzed analogously. Also, the analysis of the W-cycle can be
given similarly.

The following method iteratively defines a multigrid operator By : Vy — V:

Muitigrid Method (MG). Set By = A, ! For 0 < k < K, assume that B;_ has been defined and define
B,g for g € V, by

(1) Setx,=R.g.

(2) Define Byg = x; + Irq, where g € V;._ is given by

g =B 1P, (g — Ax).

We shall now write the multigrid operator By in a product form, which is a fundamental ingredient in
the subsequent convergence analysis.
Let g = Agx. It is clear from MG that

q = Bi_1PX_ | Ac(I — ReAp)x,
so that, by the facts that P} | Ay = Ay_1 Pi_; and P,_1I; = I on V;_; [13,18], we have

q=Br 1A 1P (I — R Ap)x.
That is,

I —BiAr = — Ik B 1A 1 Pi1) i, (3.9
where J; = I — R A;. Also, by the definition of IT Ik( we see that

os'=p % and NE'HX =P .
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Then it follows from (3.9) that
[ - HEBATE =1 — HEITE + HEX(1 - B A ITY,
=1—HXITE + HX(1 — LBy 1 Ay Poo)) T ITE
= (I — HX By Ay TSN (1 — HETTK + HE 3, 0TE).
Now, set S = HX R, A IT% . Note that S* maps V into Vg, but exploits the coarse space V. That is

why we here use the superscript k to differ from the subscript used in other operators such as I, which
have a range in V}. Then we obtain

I — HYB AT, = (1 — HE | By A T (1 - SY).
Finally, let E* = I — HX By A IT% and E = EX, so E¥ = E*='(1 — §¥) and
E=(I—-S5%---(1-5%). (3.10)

The same remark for the notation on S* applies to E* as well. A product form for symmetric problems
has been described in [13,18].

3.3. Smoothers based on Zk

The smoothers presented in this and next subsections are the variants of those for the conforming finite
element method (see, e.g., the references in [7]). In this subsection we describe three smoothers denoted
by Ry, which are based on the symmetric problem. We list three conditions on these smoothing operators,
and then we give convergence estimates for MG with R, = Iik

Let ITk be the adjoint operator of HX with respect to the b; form; i.e.,

b (ITkv, w) = by (v, HXw) Vw e V.
Accordingly, set S¥ = HX R, A, IT%. Now, the first assumption is standard:

v, V)
Ak

where the constant Cy, is independent of k, R, = (I — fk*ﬁ)gk’l with JAk =1- I?kgk and * being the
adjoint with respect to the inner product b,(:,-), and A; is the largest eigenvalue of A,. The second
assumption is also standard:

bk (S*v, $¥v) < 0bg (S*v,v) Vv e Vg, (3.12)

where the constant 6 (independent of k) is required to be less than two. Note that if (3.12) holds, then for
vE VK,

bx (I = 8%)v, (I — 5%)v) = bk (v, v) — 2bg (§*v, v) + by (S*v, S*v)
<bg(v,v) — (2 — )bk (§kv, v)
< bg (v, v), (3.13)

so that the operator norm of 7 — S* in terms of by is bounded by one. The last assumption is that for
k > 0, there exists a constant Cs such that

(§*v, §*v) , < Csag'bg (S*v,v) Vve Vg, (3.14)

< Cr(Riv,v), YveV, (3.11)
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Note that both (3.12) and (3.14) hold on V. Also, we remark that if assumptions (3.11), (3.12), and
(3.14) are satisfied for a smoother Ry, so are they for its adjoint R] with respect to the inner product
(-, ). This implies that assumption (3.11) is satisfied for Ri=( — fkfk*)g,:l and assumptions (3.12)
and (3.14) for (5%)*.

Example 1. The simplest smoother is given in this example:
Re=27'1,

where A, is defined as in (3.11). For this example, it is trivial to see that (3.11), (3.12), and (3.14) hold
with Cgx = 6 = Cs = 1. Obviously, (3.11), (3.12), and (3.14) also hold with any A; replacing A, in this
example provided that it satisfies that A; < Ax < CAg. In this case, (3.11) is valid with Cgr = Ax/A¢ and
(3.14) holds with Cs = Ax/A.

The next two smoothers are defined in terms of subspace decompositions. Toward that end, we define

1(k)

Ve=Y Vs
j=1

where V; ; is the one-dimensional subspace spanned by a nodal (respectively, edge) basis function for the
Py element (respectively, for the rotated Q; element) or the one spanned by the nodal (respectively, edge)
basis functions along a line, and I(k) is the number of such spaces. These spaces satisfy the following

property:
ik < Chellvllie Yve Vi (3.15)

Example 2. This example defines an additive smoother:
1(k)

Ri=y ZA\;llcQj,k,

j=1
where A :V; — V; is the symmetric discretization operator on V;; given by

(A\]'-kv’ (p) = I;k(v, ‘P) V(P S Vj,ka

Qjk: Vi — V;; is the projection operator on V; ; with respect to the inner product (-, -)¢, and the constant
y is a scaling factor which is chosen to ensure that the smoothing property (3.12) is satisfied [6]. Note
that Ry is symmetric with respect to the inner product (-, -)..

Example 3. The final example in this subsection determines a multiplicative smoother. Given g € V,,

we define
(1) Set xq=0.
(2) Determine x;, fori =1,...,1(k), by

Xi =Xxj_1 + 2;116 Q;x(g— A\kxi—l)-

(3) Set ﬁkg = XI(k)-
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Applying the support properties of the basis functions, the subspaces V; 4 satisfy a so-called limited
interaction property with respect to b (-, -) for each j, as seen in [13]. Thus, assumptions (3.11) and
(3.12) can be shown in a standard way as in the conforming case [5,6]. Also, the proof of (3.14) in [7]
for the conforming case just uses the same limited interaction property with respect to the inner product
(-, -)x. Again, this property obviously holds for the nonconforming P; and rotated Q; elements, so (3.14)
can be proven as in [7].

3.4. Smoothers based on A;

In this subsection we give three examples of smoothers directly based on A;. Example 4 below
corresponds to the first example, and Examples S and 6 are closely related to Examples 2 and 3,
respectively.

Example 4. We define
Re=xAT,
where . is given as in Example 1 and A7 is the adjoint operator of A; with respect to the inner product

(-, -)x- This smoother was originally analyzed in [4].

Example 5. We define
1(k)

-1
Re=y ZAj,ij,k,
Jj=1
where A, : V; — V; is the discretization operator on V;; given by

(Ajev, ) =bi(v,9) Vo€V, (3.16)

and Q;: Vi = Vi and y are as in Example 2. For A ; to be invertible, we need 4, to be small enough
(e.g., 0 < hy < h, as in Section 3.1) so that (3.16) is well defined. For the subsequent analysis, we shall
also use the projection operator P;; : V; — V; satistying

bk(Pj,kv,w)zbk(v,w) Yw € Vj,k.
Asin (3.7), P; ; satisfies
I1Pjrvilie < Clvlvg,, veEW, 3.17)

for 0 < h; < h, where the subdomain §2 jk is the support of functions in V; 4.

Example 6. Given g € V,, we define
(1) Setxp=0.
(2) Determine x;, fori =1,...,I(k), by

X =xi_1+ AJ-}( Qjx(g — Arxi—1).
(3) Set Rrg =xi¢)-
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3.5. Analysis of the multigrid method

We now carry out a convergence analysis for MG with the smoothers provided in Examples 1-6 in the
framework of [7]. The analysis is based on the product form (3.10) and perturbation from the convergence
estimate for the multigrid method applied to the symmetric problem.

We first state a result from [13,14,18] on the convergence rate for the application of MG to the
symmetric problem. For this, we need an additional assumption on the coefficient .A. In the case of
s<1 (independent of k) in Theorem 3.1 below, we assume that the elements of 4 are in the Sobolev
space W, ,(£2) for r > 2/q (see [1] for the definition of W, ,(£2)) in addition to (2.2). In the other case
which does not require any elliptic regularity (i.e., in the case of §=1-1 /(CK) in Theorem 3.1 below),
we just assume (2.2) and the boundedness of the elements of .,A. With this and the definition of EX

EX=(1-5%...(1 -5%), (3.18)
we have the following theorem [13,14,18]:
Theorem 3.1. For k > 0, let Ry be given by any of Examples 1-3. Then there exists a positive constant
3 such that

by (EKU, EKU) < 8%k (v,v) Vve Vg,
where 8 < 1 is independent of K if A € (W, (2)%% (r > 2/q), and §=1— 1/(CK) for some positive

constant C otherwise.

The proof of Theorem 3.1 for the symmetric problem with full elliptic regularity (i.e., « = 1 in (3.5))
or without any elliptic regularity was carried out in detail in [13] and [18], respectively. The case of less
than full elliptic regularity was mentioned in [14]. To estimate EX, we need the next lemma.

Lemma 3.2. For k > 0, let R, be defined by any of Examples 1-3. Then with Z* = §* — Sk,

b (Z*v, w) = Dg (v, (§)"w) Vv, we Vg, (3.19)
where (S¥)* = HkKﬁfA\kﬁllé. For k =0, we have
b (Z%, w) = D (1 — HXI%)v, HXTTQw) Vv, w e V. (3.20)

Proof. For k > 0, with R, = ﬁk we see that
bk (Skv, w) =bg (HkKI’kakH,k(v, w)
= b (Re AT v, TTEw)
= b (ITkv, RT AT w)
=bg (v, HE RT AT Ew)
= bk (v, (§)"w)
=bx (v, (5%)"w) + Dk (v, ($*
=bx (§*v, w) + Dk (v, (§)"w).

*

w)
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For k =0, we have
bx (HEMYv, w) =bo(M%v, Miw)
= bo(Qv, ﬁ,gw) — do (MM}, ﬁgw)
= by (v, HXTTRw) — Dx (HX M%v, HXTTw)
= by (v, HXTT2w) + Di (v, HE T2 w) — D (HE v, HE TR w)
=bx (H¥TIv, w) + D (I — HEY)v, HXTRw).
This completes the proof. 0O
To use the perturbation analysis, we need to estimate Z*. In turn, it follows from Lemma 3.2 that we
need to bound Dg. That is why we have assumed (3.3) and (3.4) for the difference form d, (-, -). To
show (3.4), we require an assumption on the coefficient B. That is, we assume that B is continuously
differentiable on §2 and piecewise C? with the sum of the second-order derivatives over pieces being

bounded (see Lemma 3.3 in [19] and Lemma 5.1 in Section 5). With this, we have the next convergence
result when R, = R, given by Examples 1-3.

Theorem 3.3. Let Ry = Ry be one of the smoothers defined in Examples 1-3 and B satisfy the above
assumption. Then, given € > 0, there exists an h > 0 such that for 0 < h, < h,

BK(EU, Ev) < 523;((1), v) Vve Vg,
where E = EX is given as in (3.10), § = 5+ C(hy+¢), and 8 is determined by Theorem 3.1.

Proof. For an arbitrary operator O : Vx — Vk, its operator norm is defined by

bg (Ov, w)
10l=sup = —
vaweVk bg (v, V)12bg (w, w)l/
First, for k = 0, it follows from an application of (3.4), (3.1), (3.8), and (3.7) to (3.20) that
bx (2%, w) < Cel|(1 - H()]<H1%)U”1,K”HOK1/7\KOw”1,K < Celvllixlwlig-
Next, for k > 0, apply (3.3), (3.1), (3.14), and the remark following (3.14) to (3.19) to see that
lbx (Z4v, w)| < Cllvll k]| () w||, < Chellvllkllwil k-

Since I — S* = I — §k — Z*, the operator norm of I — S* is less than 1 + Chy, by (3.13). Hence we obtain

k
IE [z < 1+ cayJJa+cry<c. (3.21)

i=1
Now, from the definition of E* and E* we see that
Ek _ E‘k — (Ek—l _ Ek—l)(l _ §k) _ Ek_IZk.
Then, by (3.13) and (3.21), we have for k£ > 0,
1B — E*lp < || B = E*igllT = 8* |5+ [|E "Il 24113
<||E! = E¥Yfp+ Chge (3.22)
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By iterating (3.22) and the inequality || E® — E°||3= 1Z%l; < Ce, we find that

K
|EX — E¥|l-< C (e + th> < C(ho +¢).
k=1
Finally, the desired result follows from Theorem 3.1 and the triangle inequality. [0

We remark that & can be made arbitrarily small by taking A sufficiently small. Thus Theorem 3.3
means that MG for (2.1) converges (with a rate which can be independent of K) provided that the coarsest
grid is sufficiently fine. The coarsest grid mesh size can be taken to be independent of K.

‘We next discuss Example 4. For this, we first consider the multigrid method for the symmetric problem
which uses the smoother

R, =7%A,. (3.23)
Specifically, we replace A; by Ay and R by Ry in MG for the symmetric problem. While this smoother
does not satisfy (3.11), we can still show that the error reduction operator EX resulting from this smoother
satisfies the estimate in Theorem 3.1 by applying the arguments in [14,18]. We now show the convergence
rate for MG applied to (2.1) using the smoother given in Example 4. To this end, we need the next lemma.
Lemma 3.4. Fork > 0, let R; be defined by Example 4. Then we have

12515 < Chue

where the constant C is independent of k.

Proof. Note that
Z8 =T HE (ATATS — A20T5) =3, P HE (AT (Al ITS — A TTE) + (AT — A)AJTE).  (3.24)
Next, observe that
bk (HX Ay ITE v, w) = by (AT v, TTEw)
=bk(17,’§v, Xkﬁ}éw)
=bg (v, HngkI/'I\}éw)
= by (v, HkKXkﬁ,léw) + Dk (v, H,fgkﬁéw)
=l;k(1/7\,'§v, Zkﬁ,léw) + D (v, HkKZkﬁ,'éw)
=EK(H,(KK,<I/7\I’§1), w) + Dk (v, Hngkﬁ}éw).
Consequently, by (3.3), (3.2), and the definition of . we see that
% bk (HE (AT, — A, 0TE)v, w) =7, ' Dk (v, HX A, TTEw)
<CR Il || B ATl
<Cx Il | ATTfw]),
< Cx Pllolly k (AT TEw, TEw),”
< Chelivih kllwll k- (3.25)
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In an analogous manner, we have

% HE (AT — A)TTE | < Chy. (3.26)
Finally, it can be easily shown that

% HXATTTE|; < C. (3.27)
Now, combine (3.24)—3.27) and the fact [18] that

OfHY =1 oV, (3.28)
to obtain

12405 < 1 HE AT llplae B (AudTe — AedT) |l

+ % HE (A - AT

< Chy.

HkKZkﬁﬁll;

This completes the proof of the lemma. O
Now, as in the proof of Theorem 3.3, we have the next convergence estimate for Example 4.

Theorem 3.5, Let R, be defined by Example 4. Then, given & > 0, there exists an h > 0 such that for
0< hk S 7{,

bx(Ev, Ev) < 8%bx(v,v) Vv e Vg,
where § =8 + C(hy + &) and 3 is given by Theorem 3.1 applied to Re given in (3.23).

We now consider Example 5. The perturbation analysis is based on the multigrid method for Ak with
Ry as a smoother given by Example 2. Theorem 3.1 provides an estimate for the operator norm of E EX.

Theorem 3.6. Let Ry be given by Example 5. Then the result in Theorem 3.5 remains valid, with 5 being
determined by Theorem 3.1 applied to Ry defined in Example 2.

Proof. It follows from Examples 2 and 5 and the definition of P; ; and I-A’j,k that the perturbation operator
Z* takes the form
1(k) 1(k) .
Zt=y Y HE(PadTy - PjidTf) = ZHk Pix— P + Pis(Tk = TI5)}. (3.29)

For the first term of (3.29), by the the definition of P;; and P] % again we have

bx (HF Pj,kHKU,w) b ( ijKv TEw)

=bi(PjuTv, P;iIT§w)

=by( JkHKv ijHKw) die( JkHKv ijH w)
-—bk HKU kHK )+dk((1 P],k)HKv, Pj,kHK )

o~

by (HX P ITkv, w) +di (I — P )Tk, P ITEw),

il
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so that

EK (HkK (Pj,k — ﬁj,k)ﬁ,lév, w) = dk((I — Pj,k)ﬁ,lév, ﬁj,kﬁ{éw).
Applying (3.3) for d;, the remark following (3.4), (3.17), and (3.15) yields that

b (HE (P — Pri) TTEv, w) < Chyllvllg,, w2, (3.30)
Hence, we see that

_/® L 1(k)

by (ZHkK(Pj,k — Py ) v, w) SChi Y Ilvllnellwlh,e,,-

j=1 j=1

By a limited overlap property of the subdomains £2; ;, we have

1(k) N .
> HE(Pj— Py ) ITE
=1

< Chy. (3.31)
b

The second term of (3.29) can be estimated in a similar fashion:

I(k) e
> H{ Piu(Ty ~ IIy)
j=1

which, together with (3.29), (3.31), and the proof of Theorem 3.3, implies the desired result. O

< Chy,
b

Finally, we consider Example 6. Perturbation is based on the multigrid method for Ay with Riasa
smoother given by Example 3. Theorem 3.1 provides an estimate for the resulting operator EX.

Theorem 3.7. Let R, be given by Example 6. Then the result in Theorem 3.5 holds, with 5 being
determined by Theorem 3.1 applied to R defined in Example 3.
Proof. From the definition of Ry and R; in Examples 3 and 6, we see that

St =Hf (I - Qu)Tx and ¥ = Hf (I - Q) T,
where

Qi=U—-Pj )T —Pj_1)---I—-Pog), Jj=0,...,1k),

Qi=(I—=Pix)(I—=Pji_14)---(I—Poy), j=0,...,1k).
Consequently, the perturbation operator is given by

Z* = B (I = Quu)ITx — HE (I — Quw) T

= Hf (Quwy — Qi) T + HEU = Qua) (Mg — TTx). (3.32)

To estimate the first term of (3.32), note that

HE(Q) — Q) g = HE(I = Pia) (@)1 — QDT — HE (Pjs — Pia) Qi TT.

Since the last two terms are orthogonal with respect to EK (-, ), we find that
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~ =2
1HE(Q; — Q) ITKI;
= A ) ~ "
= | HS (I~ Pia) (Qj-1 — Qi) TK|l5 + 1 HE (Pi — Pi) Qi Tk I3
It follows from (3.28) and the fact that the operator norm of HkK I - 13,; k)ﬁ ,’§ is bounded by one that
~ =2 = =2 = =2
IHS(Q) — Q) g5 < IIHE(Qj-1 = Qi) Tl + | HE (Prx — Pia) Qi TTE 13-
Summing over j yields that

1(k)
IHE Qi) — Qo) TR NG < D NHE(Pise — Pia) Q-1 TTE
j=0

since O_; = Q_; = 1. Now, applying (3.30) and a limited interaction property (as in the proof of
Theorem 5.6 in [7]), we obtain

IHE (Qiy — Qi) TTE |l < Che. (3.33)
Also, using the relation

by (H (ITk — TT§)v, w) = Dx (I - Hf T} )v, HEMEw),
it can be seen that the second term of (3.32) can be bounded by the same estimate:

IHE (= Qua) (T = ) I < Cha.,
This, together with (3.32), (3.33), and the proof of Theorem 3.3 yields the desired result. O

4. The P;-nonconforming element

In this section we consider the nonconforming P; element. Let k¢ and &, = & be given. For each
integer 1 <k < K, let by = 27*hg and &, = & be constructed by connecting the midpoints of the edges
of the triangle in &_,. For each k, define the P;-nonconforming finite element space [21]

Vi={ve L%(£2): v|g is linear for all E € &, v is continuous at the midpoints of interior edges,

and v vanishes at the midpoints of edges on 352 }.
For the P;-nonconforming element, the inner product (-, -); is defined by

W wh=h; Y viQw(g), v,weV,,
q

where the summation is taken over all the midpoints ¢ in &.

Since V;_1 ¢ Vi (i.e., non-nested), we need to introduce intergrid transfer operators to connect them.
Following [8,9], the coarse-to-fine intergrid transfer operator I;: Vi1 — V; fork =1, ..., K is defined
as follows. For v € V,_, let g be a midpoint of an edge of a triangle in & ; then we define I, v by

0 if g € 352,
(L) (g) = { v(g) if g ¢ 0E forany E € &,
%{lel (@) +vlg,(q)} ifqgedENIE, for some Ey, E; € &_;.
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Now, for the P;-nonconforming element, (3.1)-(3.4), (3.7), and (3.8) are satisfied [13,19,25]. The upper
bound in (3.2) was shown under the condition that there meet at most six edges at each interior vertex
in the initial triangulation & and four edges at each boundary vertex in &, [25]; this condition on &
is easily satisfied. Therefore, the convergence estimates for MG proven in Section 3.5 hold for this
element.

5. The rotated Q,-nonconforming element

In this section we consider the rotated Q-nonconforming element for (2.1). For this, let £,, = &, be
a partition of £2 into rectangles having maximum diameter A and oriented along the coordinate axes.
For each integer 1 < k < K, let hy = 27%ho and £, = & be constructed by connecting the midpoints
of the edges of the rectangle in &£,_y, and let 3&; be the set of all interior edges in &. The rotated Q,
nonconforming space is defined by [11,26]

Vi= {v e L’ (2):vlg=a} +aix+aiy+ag(x* —y?), L eRVE €&

if E; and E, share an edge e, then /Slaglds = /&Iagzds;

and / Elrds =O}.
JENIr
For this element, the inner product (-, -), is given as follows. Let {¢,{ } be the basis functions of V, such

that the edge average of ¢ equals one at exactly one edge and zero at all other edges. Then each v € V;
has the representation

i )
v= Zv’q&k.
J
Now, for v, w € V; we define

(v, W) = h%Zvjwj.
J

By the uniform L2-stability of the basis functions [20], we can easily show that the norm induced by
(-, )k is equivalent to the standard L?(£2) norm.

Since Vi) ¢ Vi again, following [2,11] we define the coarse-to-fine intergrid transfer operators
Iy :Viy = Vi as follows. If v € V;_; and e is an edge of a rectangle in &, then I,v € V, is defined
by

0 ifeCas2,
/Ikvdsz f,vds ife ¢ OF for any E € &1,
e 1 [, (vlg, +vlg,)ds ife CAE, NIE, for some Ey, Ez € &y

For the rotated Q1-nonconforming element, (3.1)—(3.3), (3.7), and (3.8) have been shown in [13,20]. The
upper bound in (3.2) was established for square partitions of a square for the rotated Q;-nonconforming
element [20]. Extensions to other domains and triangulations have been discussed in [20]; it holds for
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polygonal domains if their initial triangulation into quadrilaterals is topologically equivalent to a uniform
square partition of §2 = (0, 1), for example. It remains to prove (3.4), which is completed in the next
lemma.

Lemma 5.1. We assume that the coefficient B is continuously differentiable on §2 and piecewise C?
with the sum of the second-order derivatives over pieces being bounded. Then there is a constant C
independent of k such that (3.4) is satisfied.

Proof. To prove (3.4), we apply integration by parts on each finite element to see that
Di(v,w)=">_ {(B-vgv,w)sr — (V-Bw+B- Vw,v)g} + ((c = v, w). (5.1)
Ee&

Evidently, it suffices to estimate the terms over edges. Let E;, E; € &, share a vertical edge ¢ with
midpoint m*; a horizontal edge can be analyzed similarly. Then, by the midpoint rule we find that

/(B- Vg Vw)|g, ds +/(B- VE, VW)|Eg, ds

= le|{(B - vg,vw)|g, (m*) + (B - vg,vw)| g, (m*) }
lel3 82 B ) k + _?i(B ) k) (5 2
?‘;‘{52‘( -vg, vw)|g, (&7) Vg, VW) g, (€3 }, 2)

ay?
for some points &f, &5 € e.
To estimate the first term of (5.2), note that, by the midpoint rule again,
le]? 3%v

"~ a g lE; .=112’
24y B !

vIE,‘ (mk) =ve|E,~ -
where

_ 1
VelE; =H/v|5i dy.
e

Then, by the continuity of the edge integrals of elements in Vi, we see that

lel{(B - vg,vw)|g, (m*) + (B - vg,pw)|g, (m*)}
le] 3w ) le]? / 8%v 3w
+ | Wer3 T 54 \ 9.2 552
E ay* / |k, 24 \ 9y* dy

_ _ngB ‘VE, (mk){ (m'{;f)

Now, let ¢; be another vertical edge of E, with midpoint m¥. Applying the relation

o)

B- VE, (mk)EEIEI +B- VE, (mllc)vel IEI
= (B *VE, (mk) +B- VE, (mllc))vEIEl -B- VE, (mlf)(i)'e|51 -7, IEx)’
the definition of V;, and inverse inequalities, we see that

3 lel{(B- ve,vw)lg, (m*) + (B vg,vw)|g, (m*)}

ecd&y
< Che(llvlle + vllne) (lwlie + Hlwllie) < Cllollellwil g (5.3)
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Applying the same argument to
O B vrvw) = (B vy + 2 (B v o)
—(B-vgvw)y=—(B-vg)v — (B vg)—(
9y? Ei ay? Ei ay 575y

dv dw 3w 3%v

2(B-vg))——+ B-vg)|l v— — 1, i=12,
+ (B UEl)ay 8y +( vEl)(v ayz +way2) 1
we can show that

|€|3 32 ‘ 82 ‘ <
> - 5;2—(3-v51vw)|51 (&) + W(B-szvw)IEZ(Sz) < Clivllellwli k.
ecd&y
Combine this, (5.2), and (5.3) to obtain the desired result. O

We conclude with a remark that extensions and generalizations of the techniques discussed in this
paper are possible. These techniques can be applied to three-dimensional problems, other types of
nonconforming finite elements, and more general boundary conditions, for example.
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