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UNIFORM CONVERGENCE OF
MULTIGRID V-CYCLE ITERATIONS
FOR INDEFINITE AND NONSYMMETRIC PROBLEMS*
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Dedicated to Seymour Parter on the occasion of his 65th birthday.

Abstract. In this paper, an analysis of a multigrid method for nonsymmetric and/or indefinite
elliptic problems is presented. In this multigrid method various types of smoothers may be used. One
type of smoother considered is defined in terms of an associated symmetric problem and includes point
and line, Jacobi, and Gauss—Seidel iterations. Smoothers based entirely on the original operator are
also considered. One smoother is based on the normal form, that is, the product of the operator
and its transpose. Other smoothers studied include point and line, Jacobi, and Gauss—-Seidel. It is
shown that the uniform estimates of [J. H. Bramble and J. E. Pasciak, Math. Comp., 60 (1993), pp.
447-471] for symmetric positive definite problems carry over to these algorithms. More precisely, the
multigrid iteration for the nonsymmetric and/or indefinite problem is shown to converge at a uniform
rate provided that the coarsest grid in the multilevel iteration is sufficiently fine (but not dependent
on the number of multigrid levels).
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1. Introduction. The purpose of this paper is to study certain multigrid meth-
ods for second order elliptic boundary value problems including problems which may
be nonsymmetric and/or indefinite. We consider the solution of the discrete systems
which arises from the application of standard Galerkin finite element methods. For
the resulting solutions to make sense from an approximation point of view, the non-
symmetric and indefinite terms should be well behaved. We consider the case where
the nonsymmetric/indefinite terms are a “compact perturbation.” Thus, we do not
allow their coeflicients to become large or, conversely, we do not allow the coefficient
of the remaining “elliptic part” to become small. Stable approximations to “singular”
problems of the convection dominated type require alternative fine grid approximation
schemes and will not be considered in this paper.

Multigrid methods are among the most efficient methods available for solving the
discrete equations associated with approximate solutions of elliptic partial differen-
tial equations. Since their introduction by Fedorenko [15], there has been intensive
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research toward the mathematical understanding of such methods. The reader is re-
ferred to [19], [17], [3], and the bibliographies therein. Most of these works concern
symmetric, positive definite elliptic problems although a few consider nonsymmetric
and/or indefinite problems. In particular, (1], [18], [10], and [24] deal with such multi-
grid algorithms and are most closely related to the subject of this paper. All of these
papers share the requirement that the coarse grid be sufficiently fine. We shall briefly
describe their contents.

The paper of Bank [1] derives uniform convergence estimates for the W-cycle
multigrid iteration with both a standard Jacobi smoother and a smoother which uses
the operator times its adjoint. In each case, sufficiently many smoothings are required
and a sufficiently fine coarse grid depending on the number of smoothings is needed.
Some regularity for the elliptic partial differential equation was also required.

Mandel [18] studied the V-cycle iteration and showed that it was effective with
only one smoothing and a sufficiently fine coarse grid. His result requires that the
underlying partial differential equation satisfies the “full elliptic regularity” hypothesis
and generalizes the results of Braess and Hackbusch [2] for the symmetric positive
definite problem.

Bramble, Pasciak, and Xu [10] studied the symmetric smoother introduced by
Bank and showed that the W-cycle and variable V-cycle converged with a rate which
was independent of the number of grids without making the undesirable requirement of
“sufficiently many smoothings.” Somewhat more than minimal regularity was needed
as well as a sufficiently fine “coarse” grid.

In [24], Wang showed that, for the standard V-cycle with one smoothing, the
“reduction factor” for the iteration error was bounded by 1 — C/J + C1hy where J is
the number of levels, h; is the size of the coarsest grid, and C and C) are constants.
This estimate deteriorates with the number of levels and will be less than one only if
the coarse grid is subsequently finer as the number of levels increase. Minimal elliptic
regularity was assumed.

In this paper uniform iterative convergence estimates for V-cycle multigrid meth-
ods applied to nonsymmetric and/or indefinite problems are proved under rather weak
assumptions (e.g., the domain need not be convex). Uniform estimates were shown to
hold in [6] and [8] for the V-cycle with one smoothing step in the symmetric positive
definite case under such hypotheses. We show that these results carry over to the
nonsymmetric and/or indefinite case for a variety of smoothers. The coarse grid must
be fine enough but need not depend on the number of levels J. Such a condition seems
unavoidable since, in many cases, it is needed even for the approximate problem to
make sense.

In recent years, some other techniques have been proposed to handle the non-
symmetric indefinite case. One approach in [14], [4], and [7] is to precondition with
a symmetric operator and then solve certain normal equations by the conjugate gra-
dient method. One possible advantage of such a method is that some nonsymmetric
problems which are not “compact perturbations” of symmetric ones may be treated.
Of course, the usual normal equations may be formed and then preconditioned (cf.
[7] and [20]); this approach seems to be rather restrictive in that good preconditioners
may be difficult to construct. Other recent approaches have included Schwarz-type
methods [12] and two-level methods in which a “coarse space” is introduced to reduce
the problem to one with a positive definite symmetric part (cf. [4], [13], and [25]).

The remainder of the paper is organized as follows: In §2, we describe a model
problem and introduce the multigrid method. In §3, smoothers based on the symmetric
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problem (and used in our nonsymmetric and/or indefinite applications) are defined
and the relevant properties which they satisfy are stated. Section 4 develops smoothers
based on the original problem. The main results of the paper, which provide iterative
convergence rates for the multigrid algorithms with the smoothers of §§3 and 4, are
given in §5.

2. The problem and multigrid algorithm. We set up the model nonsym-
metric problem and the simplest multigrid algorithm in this section. We consider, for
simplicity, the Dirichlet problem in two spatial dimensions approximated by piecewise
linear finite elements on a quasi-uniform mesh. The multigrid convergence results hold
for many extensions and generalizations as discussed at the end of §5.

We consider as our model problem the following second order elliptic equation
with homogeneous boundary conditions.

(2.1) *Zaxj(”a )+Eb -+oau=f inQ,

1,j=1
u=0 on 01,

where Q is a polygonal domain (possibly nonconvex) in R? and {a;;(z)} is bounded
symmetric and uniformly positive definite for x € Q. We assume that a;; is in the
Sobolev space W))(Q2) for p > 2/ (see [16] for the definition of W (€2)). Further, we
assume that b; is continuously differentiable on (2 and that |a| is bounded. Finally, we
assume that the solution of (3.1) exists.

Let H'(Q) denote the Sobolev space of order one on © (cf. [16]) and let Hj(Q)
denote those functions in H'(£2) whose trace vanishes on Q. For v, w € H{ (), define

Ov Ow
(2.2) A(v,w) Z/a”a 8 - dx +Z/ 5 wdx—i—/gavwdx

i,j=1
The solution u of (2.1) satisfies
(2.3) Au,v) = (f,v) for all v € Hy(Q),

where (-,-) denotes the inner product in L2(f2).
For the analysis, we introduce a symmetric positive definite form A(,-), which
has same second order part as A(-,-). We define A(-,-) b

Ou Qv
Alu,v) = Z/ 3(91'1 6x] —dz +/qudx.

i,j=1
The difference is denoted by
D(u,v) = A(u,v) — A(u,v).
The form D(,-) satisfies the inequalities
(2.4) |D(u,v)] < Cllully lv]  and  [D(u,v)] < Clul v, -

Here |-}, and |||| denote the norms in H'(Q2) and L*(Q2), respectively. The second
inequality above follows from integration by parts. Here and throughout the paper, c or
C, with or without subscript, will denote a generic positive constant. These constants
can take on different values in different occurrences but will always be independent of
the meshsize and the number of levels in multigrid algorithms.
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By the assumptions on the coefficients appearing in the definition of /1(-, -, it
follows that the norm A(v,v)/? for v € H'(Q) is equivalent to the norm on H*(Q).
Thus, we take

loll, = A(v,v)'/2.

We develop a sequence of nested triangulations of €2 in the usual way. We assume
that a coarse triangulation {74} of Q is given. Successively finer triangulations {7,
for m > 1 are defined by subdividing each triangle (in a coarser triangulation) into
four by connecting the midpoints of the edges. The meshsize of {7}} will be denoted
to be d; and can be taken to be the diameter of the largest triangle. By similarity,
the meshsize of {7} } is 2}7™d;.

From the theoretical point of view, for the Galerkin approximation to the non-
symmetric and indefinite problem to make sense, the approximation grid must be
sufficiently fine. Our theory will require that the coarsest grid in the multilevel iter-
ation also be sufficiently fine. To this end, we let the coarse gridsize be determined
by an integer L and the number of levels in the multigrid algorithm be determined
by J. For L > 1 and J > 1 define My, for k = 1,...,J, to be the functions which
are piecewise linear with respect to the triangulation {7}, ;}, continuous on 2, and
vanish on 9. Since the triangulations are nested, it follows that

M,CcMyC---C Mj.

The space M), has a meshsize of hy, = 217 L=%d; = 217Fp,.

Remark 2.1. In general, one can only expect that the approximation error depends
in a monotonic way on the meshsize. Consequently, if the fine grid approximation is
of reasonable accuracy, one expects that there is a sequence of coarser grids whose ap-
proixmations make sense. Thus, in practice, the coarse grid can be taken considerably
coarser than the solution grid.

Fix k in {1,2,...}. Let us temporarily assume that for every u € My,

(2.5) A(u,v) =0 forall ve My implies u=0.

This assumption immediately implies the existence and uniqueness of solutions to
problems of the following form: Given a linear functional F(-) defined on My, find
u € My, satisfying

A(u, ¢) = F(¢) for all ¢ € M.

In particular, the projection operator Py : H'(Q) — Mj, satisfying
A(Pyu,v) = A(u,v) for all v € M,

is well defined.
Clearly, if (2.2) has a positive definite symmetric part, then (2.5) holds. More
generally, if solutions of (2.1) satisfy regularity estimates of the form

(26) ”u”1+a < C”f"—1+ou

then, it is well known (cf. [22]) that there exists a constant hg such that for hy < ho,
(2.5) holds and furthermore

(2.7) I(I = Pe)ull < chg||(I — Pr)ullx
and finally,
(2.8) | Peully < Cllully -
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Even if regularity estimates of the form of (2.6) are not known to hold, then (2.5) is
known from a recent approximation result by Schatz and Wang [23].

LEMMA 2.1 [23]. There exists an hy such that (2.5) holds for hy < ho. Moreover,
given € > 0, there exists an ho(e) > 0 such that for all hy € (0, ho], (2.8) holds and

(2.9) (I = Pe)ull < €l[(I = Pe)ulls.

Remark 2.2. The above € will appear in our subsequent analysis. We note that
€ can be taken arbitrarily small if L is large enough. However, L will be taken large
enough so that (2.5), (2.8), and (2.9) hold. Thus, the coarse gridsize (i.e., L) for any
estimate in which e appears will depend on e.

In our analysis, we shall use the orthogonal projectors Py : H}(Q) — M; and
Qr : L*(Q) — My, which, respectively, denote the elliptic projection corresponding to
A(+,-) and the L?(Q) projection. These are defined by
/i(f’ku, v) = A(u, v) for all v € My
and

(Qru,v) = (u,v) for all v e M.

The multigrid algorithms will be defined in terms of an additional inner product
(,*)x on My x M. Examples of this inner product in our applications will be given
in the next section. Additional operators are defined in terms of this inner product as
follows: For each k, define Ay : My — M) and Ak : My — My, by

(Agu,v) = A(u,v) for all v € M
and X R
(Agu,v)y = A(u,v) for all v € M.
Finally, the restriction operator PY_; : My — Mj_1 is defined by
(P,?_lu,v)k_l = (u,v) forall ve My_;.
We seek the solution of
(2.10) A(u,v) = (f,v) forallve M,.
This can be rewritten in the above notation as

(2.11) AJU= QJf

We describe the simplest V-cycle multigrid algorithm for iteratively computing
the solution u of (2.3). Given an initial iterate ug € My, we define a sequence approx-
imating u by

(2.12) uiy1 = Mg (ui, Qs ).

Here Mg (-, ) is a map of My x M; into M; and is defined as follows.

DEFINITION MG. Set Mg, (v,w) = A7 w. Let k > 1 and v,w be in Mj. Assum-
ing that Mg,,_,(-,-) has been defined, we define Mg, (v,w) by

(1) 2k = v+ Ri(w — Agv).

(2) Mg, (v,w) =z + q, where q is defined by

q = Mg,_,(0, PI?—I(w — Agzy)).
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Here Ry : My — Mj is a linear smoothing operator. Note that in this V-cycle,
we smooth only as we proceed to coarser grids.

In §3, we define Ry, in terms of smoothing operators defined for the form A(-,-).
Specifically, the smoothing procedure for the symmetric problem will be denoted Ry :
My, — My, and we set Ry = Ri. In 84, we consider smoothers, which are directly
defined in terms of the original operator Ay.

A straightforward mathematical induction argument shows that Mg;(-,-) is a
linear map from M; x M; into M;. Moreover, the scheme is consistent in the sense
that v = Mg, (v, A v) for all v € M. Tt easily follows that the linear operator
E = Mg,(+,0) is the error reduction operator for (2.12); that is,

U — Uj41 = E(u — uz)

Let Ty, = RyAPy for k > 1 and set Ty = P;. Using the facts that PJ_; Ay =
Ax_1Px_1 and P,_1 P, = Pi_; and Definition MG, a straightforward manipulation
gives that for £ > 1 and any u € M,

u — Mgy (0, Ap Pyu) = (I — Ty )u — Mg _1(0, Ak—1 Pi—1( — Ti)u).
Let Exu = u — Mg, (0, Ax Pyu). In terms of Ej, the above identity is the same as
Er = Ex_1(I = Ty).
Moreover, by consistency, ¥ = E; and hence
(2.13) E=1-T)I-Ty)...(I-Ty).

The product representation of the error operator given above will be a fundamental
ingredient in the convergence analysis presented in §4. Similar representations in the
case of multigrid algorithms for symmetric problems were given in [9].

The above algorithm is a special case of more general multigrid algorithms in
that we only use presmoothing. Alternatively, we could define an algorithm with just
postsmoothing or both pre- and postsmoothing. The analysis of these algorithms is
similar to that above and will not be presented.

Often algorithms with more than one smoothing are considered (3}, [17], [19].
This is not advised in the above algorithm since the smoothing iteration is generally
unstable in the sense that repetitive application of the smoother is a divergent process.
Thus, multigrid algorithms with more than one smoothing per level are less likely to
converge.

3. Smoothers based on the symmetric problem. In this section, we con-
sider smoothers which are based on the symmetric problem. This smoother will be
denoted by Ry, We state a number of abstract conditions concerning these smoothing
operators. We then give three examples of smoothing procedures which satisfy these
assumptions. In §5, we provide convergence estimates for multigrid algorithms with
Ry = Ry, in Definition MG.

The first two conditions are standard assumptions used in earlier multigrid anal-
yses. For k > 1, let K, =1- R,A,; (defined on M}) and Ty = Rp APy (defined on
Mj). We assume that

(1) there is a constant Cr such that

(C.1) @’X% < Cr(Rpu,u)g, for all u € My,
k
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where Ry, = (I — K ,’;K’k)fi;l and )\ is the largest eigenvalue of A;. Here and in
tpe remainder of this paper, * denotes the adjoint with respect to the inner product
(2) There is a constant § < 2 not depending on k satisfying

(C.2) A(Tkv,Tkv) < 0/1(Tkv,v) for all v € M.
Provided that (C.2) holds, (C.1) is equivalent to

(3.1) (u:\_u)k < C(Rpu,u)y for all u € My,

k
When Ry, is symmetric with respect to (-, )k, (C.2) states that the norm of T}, is less
than or equal to #. Even in the case of nonsymmetric Ry, (C.2) implies stability of
(I = Tj). In fact, for any w € My, (C.2) implies that

A((UI = T)w, (I — Ti)w) = A(w, w) — 24(Tiw, w) + A(Tpw, Trw)

(3.2) ; - )
< A(w,w) — (2 - 0)A(Trw,w) < A(w,w).

The final condition is that for k£ > 1, there exists a constant C satisfying
(C.3) (Twu, Tyu)p < CAG*A(Thu,u)  for all u € My,
A simple change of variable shows that (C.3) is the same as
(Rkv,f?kv)k < C)\,zl(f%kv,v)k for all v € M.
In the case when Ry, is symmetric, this is equivalent to
(3.3) (Ryv,v) < CAM(v,v)p for all v € My

and is the opposite inequality of (3.1). Note that both (C.2) and (C.3) hold on M.
Remark 3.1. If Conditions (C.1)-(C.3) hold for a smoother Ry, then they hold for
its adjoint R! with respect to the inner product (-,-)x. This means that (C.1) holds
for Ry = (I - IA{kf(,’;)/Al,:l and that (C.2) and (C.3) hold with T,:‘ replacing Tj. In the
case of (C.2) and (C.3), the corresponding inequalities hold with the same constants
as those appearing in the original inequalities.
Ezample 1. The first example of a smoother is the operator

Rk = 5\;11
where I denotes the identity operator on M} and A < M < CAg. In this case, (3.1)
holds with C' = A\t /Ak, (C.2) holds with § = 1, and (3.3) holds with C' = A /Ax. To

avoid the inversion of L? Gram matrices in the multigrid algorithm, we use the inner
product

(3.4) (u,v)x = hi Zu(wl)v(asl)
Here the sum is taken over all nodes x; of the subspace My. Note that (-,-); is
uniformly (independent of k) equivalent to (-,-) on Mj.

The remaining smoothers correspond to Jacobi and Gauss—Seidel point and line
iteration methods. We shall present these smoothers in terms of subspace decomposi-
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tions. Specifically, we write
l .
(3.5) My, =Y Mj
i=1

where M} is the one-dimensional subspace spanned by the nodal basis function @t or
the subspace spanned by the nodal basis functions along a line. The number of such
spaces | = I(k) will often depend on k. These spaces satisfy the following inequality.

(3.6) lv]| < Chy ||v]l; for all v € M.
Ezample 2. For the second example, we consider the additive smoother defined
by
~ l ~
(3.7) Re =7 A 1Qks

i=1

Here flk,i : Mi — ]V[,i is defined by
(Ak,iv,X)k = A(v,x) for all x € Mj,

and Qi : My, — M is the projection onto M; with respect to the inner product (-, ).
The constant - is a scaling factor which is chosen to ensure that (C.2) is satisfied (see,
e.g., [11], [5]). Note that Ry, is symmetric with respect to the inner product (-,-)g.
In addition, (3.1) and (3.3) are shown to hold in [11] with point Jacobi. When the
subspaces M} are defined in terms of lines, (3.1) was proved in [5]. The estimate (3.3)
easily follows in the line case using the support properties of the basis functions and
(3.6). For this example, we take (-,-)x = (-,-) for all k.

Ezample 3. We next consider the multiplicative smoother. Given f € My, we
define Ry, by the following.

(1) Set vg =0 € My.

(2) Define v;, fori =1,...,1, by

v, = Vi1 + A;ika(f — Api_y).

(3) Set Ryf =v;.
Conditions (C.1) and (C.2) are known for this operator (see, e.g., [5]). The next lemma

shows that (C.3) holds for this choice of Ry. For this case, we also take (-,-)x = (-, )
for all k.

LEmMA 3.1. (C.3) holds when Ry, is defined to be the multiplicative smoother of
Ezxample 3.

Proof. The proof uses the techniques for analyzing smoothers presented in [5].
Fix k£ > 1 and let

(3.8) E=(I-PHI-PY...(I-P)

where Pi denotes the A(-,-) projection onto M;, and & = I. Note that (I — Tx) = &
and gi—l = gz -+ P;ﬁ&'—b Hence

!
Ty=1-§6= Zﬁliéi—l
i=1
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and for every u € My, (cf. [5]),
A((2I = Ti)u, Tru) = A(U w) — A€, Eu)

= 2 —1U, gz lu)

Since hZ < c)\gl, the proof of the lemma will be complete if we can show that

~

(3.9) (Thu, Tru) < Z (Pi&i_1u,&iqu).

Expanding the left-hand side of (3.9) gives

(3.10) (Tku, Tku) = Z Z(P,ﬁc‘:}_lu, Pg:‘fj_lu).

=1 j=1
Because of the support properties of {¢%}, the subspaces {M}} satisfy a limited in-
teraction property in that for every i, the number of subspaces j for which (vi,v9) #
0, with v* € M and v/ € M} is bounded by a fixed constant ng not depending on k

or I. Lemma 3.1 of [5] implies that the double sum of (3.10) can be bounded by ng
times its diagonal; i.e.,

1
(3.11) (Teu, Tiu) < no ¥ _(Piéiru, Piéi_yu).
i=1

Applying (3.6) gives
(312) (Is,ﬁfi_lu, P,ié‘i_lu) < C’hi/l(p,ﬁé}_lu, fi_w).

Combining (3.11) and (3.12) proves (3.9). 0
Remark 3.2. The same analysis could be used for successive overrelaxation-type
iteration. In that case,

£ =(1-BPY(I-BP")...(I-BPY)
where 8 € (0,2) is the relaxation parameter.

4. Smoothers based on A;. In this section, we consider smoothing operators
Ry, which are defined directly in terms of the nonsymmetric and /or indefinite operator
Ajg. The first smoother is one that was originally analyzed in [1] and subsequently
studied in [10].

Ezample 4. For our first example of a smoother based on Ay, we consider Ry
defined by

Ry = 5\;214',2

Here, A is the adjoint of Aj with respect to the inner product (-,-)x and Ak is as in
Example 1. A possible motivation for such a choice is that, on My, the iteration

vt =0T 4 N2AL(f - Aot

is stable in the norm (-,~),lc/ % provided that A? is greater than or equal to half the
largest eigenvalue of A% Ay.
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Example 5. This example is closely related to the second example of the previous
section. As in that example, we define the line or point subspaces {M}} fori = 1,... L.
Note that the form A(-,-) satisfies a Garding inequality

e A(u,u) — ¢ ||u|]2 < A(u,u) for all u € Hy(Q).
Consequently, by (3.6),
(e — Ch¥)A(u,u) < A(u,u) for all u € M}.
We will assume that ho is sufficiently small so that
(4.1) Ch3 < ¢1/2.

This means that A(-, ) restricted to M, }c has a positive definite symmetric part. Hence,
the projector P} : My, — M}, satisfying

A(Piv,w) = A(v,w) for all w € M}
is well defined and satisfies
(42) 1Piull, < Cllull, g -

The second norm is taken only over the subdomain 2} which is the set of points of
Q) where the functions in M} are nonzero. In addition, the operator Ay : Mf — M
defined by

(Ag v, w) = A(v,w) for all v,w € M}

is invertible. We set Ry by
1
Re=7) A;iQki
1=1

We choose v as in Example 2 so that the symmetric smoother defined by (3.7) satisfies
(C.2).

Ezxample 6. Our final example is that of Gauss-Seidel directly applied to the
nonsymmetric/indefinite equations. We assume that the subspaces {M}} satisfy the
conditions of the previous example. The block Gauss—Seidel algorithm (based on Ay)
is given as follows:

(1) Set vo =0 € M.

(2) Define v;, for i =1,...,1, by

vy =1 + A;ij,i(f — Apvi_1).
(3) Set Rif = vy.

5. Analysis of the multigrid iteration (2.12). We provide an analysis of
the multigrid iteration (2.12) in this section. This analysis is based on the prod-
uct representation of the error operator (2.13). All of the analysis of this section is
based on perturbation from the uniform convergence estimates for multigrid applied
to symmetric problems.

We start by stating a result from [6] estimating the rate of convergence for the
multigrid algorithm applied to the symmetric problem. Specifically, we replace Ay by
Ay, and Ry, by Rk in Definition MG. Set 7 = P;. From the earlier discussion, the error
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operator associated with this iteration applied to finding solution of the symmetric
problem

Aju=Q,f
is given by E = E; where
(5.1) Ey=U-T)I-Ty)...(I -Ty).

We then have the following theorem.

THEOREM 5.1 [6]. For k > 1, let Ry, satisfy (C.1) and (C.2). Under the assump-
tions on the domain Q and the coefficients of (2.1) given in §2, there exists a positive
constant b < 1 not depending on J such that

A(E u, EJu) < 52/1(u, u) forallue Mjy.

To analyze the multigrid algorithms using the smoothers of §3, we use the per-
turbation operator

Zi = Ti — T
We note that for any u,v € My, for k > 1,
(5.2) A(Zyu,v) = D(u, Tyv).
Indeed, by definition,
A(Tku, v) = (Tku,Akﬁkv)k = (Ax Pyu, R}cflkﬁ'kv)k
= (AxPeu, Tjv)e = A(Pou, Tiv)
= A(u, Tpv) = A(u, Tfv) + D(u, Tiv).

The equality (5.2) immediately follows.
To handle the case of k = 1, we have

(5.3) A(Zyu,v) = D((I - Py)u, Pyv).
In fact, by definition,
A(Pyu,v) = A(Pyu, Pv)
Alu, 1311)) — D(Pyu, 1511))
= A(Pyu,v) + D((I — P)u, Pv).

The following theorem provides an estimate for the multigrid algorithm when the
smoothers of §3 are used.

THEOREM 5.2. Let Ry = Ry and assume that (C.1)~(C.3) hold. Given € > 0,
there exists an hg > 0 such that for hy < hy,

A(BEu, Eu) < 6%A(u,u) for allu € My,

for § = 6+ c(hy +¢€). Here b is less than one (independently of J) and is given by
Theorem 5.1.

Proof. For an arbitrary operator O : My — My, let ||O|| ; denote its operator
norm,; i.e.,

[ p—CL) R—
uweM,y A(u,u)l/2A(v,v)1/2
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Applying (2.4), (2.9), and (2.8) to (5.3) gives
|A(Z1u,v)| < Cell(I = Pryully lloll, < Celull, o]l -

This means that the operator norm of Z; is bounded by Ce. Since the operator norm
of (I — Py) is less than or equal to one, the triangle inequality implies that the operator
norm of (I — P;) = (I — P, — Z;) is bounded by 1 + Ce.
For k > 1, applying (2.4), (C.3), Remark 3.1, and (3.2) to (5.2) gives
|A(Zu, )| < chi |lull, A(Tyo, v)'/?
< chy [lully vl
i.e., the operator norm of Z is bounded by chy. Since, by (3.2), the operator norm of
(I —T}) is less than or equal to one, the triangle inequality implies that the operator

norm of (I —Ty) = (I — Ty, — Zy) is less than or equal to 1 4 chy. Hence, it follows

that
k

Bkl < (14 Ce) [J(1+chi) < C.

i=2
It is immediate from the definitions that
(5.4) Ey, — Ey = (Ej—1 — Ex_1)(I = T3,) — Ex—1Zk.
By (3.2) and the above estimates, for k£ > 1,
(5.5) 1Bk — Exll 4 < ||Bi1 — E:k-—l”AHI = Till 4 + 1 Be-1ll 411 Zkll 4
< ||Ex=1 — Ex—-1l| 4 + Chy.
Repetitively applying (5.5) and using

By = Exll 4 = 11211 4 < Ce

gives that
J
|Es — Ej||; < Ce+CY hi < c(hy+e).
k=2
The theorem follows from the triangle inequality and Theorem 5.1. o

Remark 5.1. Note that € can be made arbitrarily small by taking h; small enough.
Consequently, Theorem 5.2 shows that the multigrid iteration converges with a rate
which is independent of J provided that the coarse grid is fine enough. The coarse
grid meshsize can also be taken to be independent of J.

We next consider the case of Example 4. For this example, we consider first the
multigrid algorithm for the symmetric problem which uses

(5.6) Rk = ;\,:21416

as a smoother. From the discussion in §2, the iteration (2.12) with Ry (given by (5.6))
and Ay replacing Ry and Ag, respectively, in Definition MG gives rise to the error
operator given by (5.1) where, as above, for k£ > 1, T\, = Ry A;, P.. The smoother (5. 6)
does not satisfy (C.1) and so the first step in the analysis of the nonsymmetric and/or
indefinite example is to provide a uniform estimate for E; given by (5.1). Such an
estimate is provided in the following theorem. Its proof is given in the Appendix.
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THEOREM 5.3. Let E; be given by (5.1) where Tw = R APy and Ry, is defined
by (5.6). Then,

A(EJU, EJu) < 52A(u,u) for allu € M.

Here b is less that one and independent of J.

We can now prove the convergence estimate for multigrid applied to (2.1) using
the smoother of Example 4.

THEOREM 5.4. Let Ry be defined by Example 4. Given € > 0, there exists an
ho > 0 such that for hy < hg,

A(Eu, Eu) < §A(u,u)  for allu € My,

for & = 6+ c(hy +€). Here b is less than one (independently of J) and is given by
Theorem 5.3.
Proof. For k > 1, we consider the perturbation operator

Zy =Ty — Tx = \{2H(ALALP, — AZEy).
Clearly,
(57) Zy = XEQ[AZ(AkPk — Akpk) + (Ai: — Ak)z‘ikpk].
As in (5.2),
:\;1/1((AkPk — AP, v) = X;ID(u,flk.ka)

from which it follows using (2.4) that

HX\EI(A]CP)c - Akpk)”A < chy.
A similar argument shows that

||5‘1:1(A7I:c - Ak)pkllfi < chy.
It is not difficult to show that B
ALl 4 < Chg.
Combining the above estimates with (5.7) gives
12l 4 <IN AR (AkPe — Ae Pl 4

+ A (AL = A) Bl 4110 Ak Pl 4 < chye

The remainder of the proof is exactly the same as that of Theorem 5.2. 0
We next cqnsider the case of Example 5. We use perturbation from the multigrid

algorithm for A which uses the smoother Ry deﬁnedAby Example 2. Theorem 5.1
provides a uniform estimate for the operator norm of F;.

THEOREM 5.5. Let Ry be defined by Example 5. Given € > 0, there exists an
ho > 0 such that for hy < hg,

A(Eu, Eu) < 82A(u,u) for allu e My,

for § = 6+ c(hy +€). Here b is less than one (independently of J) and is given by
Theorem 5.1 applied to Ry, defined in Example 2.
Proof. For this case, the perturbation operator Z;, is given by

!
Zy=vYy (Pi—P)).

=1
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As in (5.3),

A((P} = Byu,v) = D(I - Py, Pi).
Applying (2.4), (3.6), and (4.2) gives
(5.8) A((P{ = BYyu,v) < chy |lully o l10]l1,05

and hence
l

A(Zyu,v) < chy Z lluelly s Mlvlly, s -

i=1
Using the limited overlap properties of the domains Qi gives
HZkHA < chg.

The remainder of the proof of the theorem is exactly the same as that given in the
proof of Theorem 5.2. 0

We finally consider the case of Example 6. We use perturbation from the multigrid
algorithm for A which uses the smoother Rj defined by Example 3. Theorem 5.1
provides a uniform estimate for the operator norm of E;.

THEOREM 5.6. Let Ry be defined by Example 6. Given € > 0, there exists an
ho > 0 such that for hy < hyg,

A(Eu, Eu) < 8A(u,u)  for allu € My,

for § = 6+ c(hy +€). Here b is less than one (independently of J) and is given by
Theorem 5.1 applied with Ry defined as in Example 3.
Proof. The perturbation operator for this example is

Zy=Ti~Th =&~ &
where & is given by (3.8) and
&= (I~ PHI ~PY)...(1- P}
with & = I. As in (5.4),
E—&=(I-P)Ei1—E1)— (Bl —P)E 1.
Since the last two terms are orthogonal with respect to A(-,-) we have that
(€ = Eul% = |1 - Biy(Eicy = E)ull + [1(BE = POE—1ull}

Because of (5.8) and the fact that the operator norm of (I — 13,2) is bounded by one,
it follows that

~

1€ = Eull} < 1oy — Ema)ull}y + ChE IEi-1ull} g -

Summiag over 1, since & = & = I, we obtain

¢
(5.9) 1€~ EDulll < CREY Ei-rull} gy -

i=1

We shall show that

¢
2
(5.10) E ”Ei—lu”LQz < CHUHZ‘
1=1
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By the arithmetic-geometric mean inequality, the definition &; and the limited inter-
action property (see (3.10) and above) it follows that

4 4 e
2 2 2
> I€imruli g <2 llullf o + 2 flu—Eimrul o
i=1 =1 =1

2
< Ol P
(5.11) o L%
<Ol + 3 Y IPrEn-ralfe, )

m=1 i=1
¢
< 0l + 3 IAPEnasally).
m=1
In order to estimate the last term on the right of (5.11) we write

NP Em— 1u||2 = P,Z”Em 1u, Pl Em—1u)
(( m—1 " m)ua( m— l_gm)u)

(5.12) = A((Em-1 = Em)ts (Em—1 + Em)t) — 2A(PPE_1u, Emur)
= A(Em_lu, Em—1u) — A(Emu, Emu)
— 2A(PPEm_1u, (I — PM)Em_1u).
Now, by (5.8),
(5.13) AP Ep—1u, (I — PPYEm-1u) = A(PEm_1u, (P — PM)Epm_1)u

< Chil|P Em—yul] 4 1Em—1ully gp -
Hence, combining (5.12) and (5.13), we have
WP Em-rul} < CLA(Em—1t Em—1u) — A(Emtt, Emu)] + ChE [|Em—1ull} o -

Summing over m we conclude that

L L
Y NP Emull} < Cllully + ChE Y NEm-1ulli qp -

m=1

This together with (5.11) yields (5.10) when hy is small enough. Finally, we obtain
from (5.10) and (5.9) that for k > 1,

12kl 4 < Chi.

The remainder of the proof of this theorem is the same as that of Theorem 5.2. C
Remark 5.2. The same analysis could be used for successive overrelaxation-type
iterations. In that case,

&=(-BPYI-BPY)...(I-BP)

where § € (0,2) is the relaxation parameter.
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Remark 5.3. Many extensions and generalizations of the techniques given above
are possible. These techniques lead to uniform estimates for multigrid iteration meth-
ods for solving nonsymmetric and/or indefinite problems for the following applica-
tions.
(1) Approximations using higher-order nodal finite element spaces.

(2) Three-dimensional problems.
(3) Problems with discontinuous coefficients as discussed in [6].
(4) More general boundary conditions.

(5) Problems with local mesh refinement as described in [11].

(6) Finite element approximation of problems on domains with nonpolygonal
boundaries as discussed in [6].

In addition, the perturbation analysis given above can be combined with results
for additive multilevel algorithms, for example, Theorem 3.1 of [6]. This leads to new
estimates for additive multilevel preconditioning iterations applied to indefinite and
nonsymmetric problems. Provided that the coarse grid is sufficiently fine, the operator

1
2
3
4

k=1

has a uniformly (independent of J) positive definite symmetric part with respect to
the inner product A(-,-) and has a uniformly bounded operator norm. These results
extend to all of the applications discussed in Remark 5.3.

6. Appendix. We provide a proof of Theorem 5.3 in this Appendix. We will
apply the analysis given in the proof of Theorem 3.2 of [6]. Note that we cannot
directly apply Theorem 3.2 of [6] since the smoother Ry = 5\;212116 does not satisfy
(C.1). We note, however, that Theorem 5.3 will follow from the proof of Theorem 3.2
of [6] if we show that (C.2) holds as well as (4.5) and (4.6) of [6] with T} replaced
by T}, defined above. Clearly, (C.2) holds with # = 1. The remaining two inequalities
corresponding to (4.5) and (3.6) of [6] are

(6.1) A(Tyv,v) < (Cn*YH2A(v,v) forallve My, 1<k
and
J ~
(6.2) A(v,v) <C Z (Tyv,v) forallve M;.
k=1

Here 7 is less than one and independent of k and [.
From the definition of \g, we obviously have

A(Tyv,v) < At (Arv,v) = A(Tpv,v).

As in [6], we have set Tj, = A\; ' Ay. Inequality (6.1) follows from Lemma 4.2 of [6].
Inequality (6.2) can be rewritten,

J

(6.3) Alu,u) < C<A(151u, u) + Z 22 “Akﬁkuuf)
k=2
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To prove this we proceed as follows. Let u € M; and Q¢ = 0. Then

J
A, u) =Y A, (Qk — Qr—1)w)
k=1
. - Lo 2\ M2/
(6.4) < (A(Plu, W)+ 3 A7 HA,CPWHI) (A(Qlu,Qlu)
k=2
I 1/2
57 R (AR (Qu — Qumr)us (Qs Qk_l)u»c) .
k=2
Now, for k > 1,

(A1 (Qr — Qr—1)u, (Qk — Qr—1)u)k
(A7 *(Qk = Qr-1)u, )2

= sup

dEM, (6, )k
~ sup ((Qk — Qr—1)y, (C\Q?k - Qk—lW)i.
peMy 1l

By well-known approximation properties,

(Qk — Qk—1)¥, (Qr — Qr—1)¥)}* < CI1Qk — Qr—1)¥l < Chi 0]l -

Combining the above estimates gives

J
AQuu, Qru) + Y N (A7 (Qk — Qr—1)u, (Qk — Qr—1)u)k
k=2

(6.5) . I 9

< C<A(Q1U» Qu) + Z)\k (Qk — Qr—1)ull )

k=2

< C/l(u, u).
The last inequality of (6.5) is (4.5) of [6] and also can be found in [21]. Combining
(6.4) and (6.5) proves (6.3) and hence completes the proof of the theorem. g

REFERENCES

(1] R. BANK, A comparison of two multilevel iterative methods for nonsymmetric and indefinite
elliptic finite element equations, SIAM J. Numer. Anal., 18 (1981), pp. 724-743.

[2] D BrAESs AND W. HACKBUSCH, A new convergence proof for the multigrid method including the
V-cycle, SIAM J. Numer. Anal., 20 (1983), pp. 967-975.

[3] J. H. BRAMBLE, Multigrid Methods, Pitman Research Notes in Mathematical Series, Longman
Scientific and Technical, New York, 1993.

[4] J.H. BRAMBLE, Z. LEYK, AND J.E. PASCIAK, Iterative schemes for non-symmetric and indefinite
elliptic boundary value problems, Math. Comp., 60 (1993), pp. 1-22.

[5] J.H. BRAMBLE AND J.E. Pasciak, The analysis of smoothers for multigrid algorithms, Math.
Comp., 58 (1992), pp. 467-488.

[6] —————, New estimates for multigrid algorithms including the V-cycle, Math. Comp., 60 (1993),
pp. 447-471.
[7] ————, Preconditioned iterative methods for nonselfadjoint or indefinite elliptic boundary value

problems, in Unification of Finite Element Methods, H. Kardestuncer, ed., Elsevier Science
Publ., North-Holland, New York, 1984, pp. 167-184.



MULTIGRID FOR INDEFINITE/NONSYMMETRIC PROBLEMS 1763

[8] J.H. BRAMBLE AND J.E. PAscIAK, Uniform convergence estimates for multigrid V-cycle algo-
rithms with less than full elliptic regularity, in Domain Decomposition Methods in Science
and Engineering, A. Quarteroni et al. eds., American Mathematical Society, Providence,
RI, 1994, pp. 17-26.

[9] J. H. BRAMBLE, J. E. Pasciak, J. WANG, AND J. Xu, Convergence estimates for multigrid
algorithms without regularity assumptions, Math. Comp., 57 (1991), pp. 23-45.

[10] J. H. BRAMBLE, J. E. Pasciak, AND J. Xu, The analysis of multigrid algorithms for nonsym-
metric and indefinite elliptic problems, Math. Comp., 51 (1988), pp. 389-414.

[11] ———, Parallel multilevel preconditioners, Math. Comp., 55 (1990), pp. 1-22.

[12] X.-C. Ca1 AND O. WIDLUND, Domain decomposition algorithms for indefinite elliptic problems,
SIAM J. Sci. Stat. Comp., 13 (1992), pp. 243-258.

[13] X.-C. Cal1 AND J. XU, A preconditioned GMRES method for nonsymmetric and indefinite prob-
lems, Math. Comp., 59 (1992), pp. 311-319.

[14] H. C. ELMAN, Iterative methods for large, sparse, nonsymmetric systems of linear equations,
Yale Univ. Dept. of Comp. Sci. Rep. 229, Yale University, New Haven, CT, 1982.

[15] R. P. FEDORENKO, The speed of convergence of an iterative process, U.S.S.R. Comput. Math.
and Math. Phys., 4 (1964), pp. 227-235.

[16] P. GRISVARD, Elliptic Problems in Nonsmooth Domains, Pitman, Boston, 1985.

[17] W. HACKBUSCH, Multi-Grid Methods and Applications, Springer-Verlag, New York, 1985.

(18] J. MANDEL, Multigrid convergence for nonsymmetric, indefinite variational problems and one
smoothing step, Appl. Math. Comput., 19 (1986), pp. 201--216.

[19] J. MANDEL, S. MCCORMICK, AND R. BANK, Vartational multigrid theory, in Multigrid Methods,
S. McCormick, ed., Society for Industrial and Applied Mathematics, Philadelphia, PA,
1987, pp. 131-178.

[20] T.A. MANTEUFFEL AND S.V. PARTER, Preconditioning and boundary conditions, SIAM J. Numer.
Anal., 27 (1990), pp. 656-694.

[21] P. OSwWALD, On discrete norm estimates related to multilevel preconditioners in the finite element
method, preprint.

[22] A. H. ScHATZ, An observation concerning Ritz—Galerkin methods with indefinite bilinear forms,
Math. Comp., 28 (1974), pp. 959-962.

[23] A.H. ScHATz AND J. WANG, New error estimates in finite element methods, preprint.

[24] J. WANG, Convergence analysis of multigrid algorithms for non-selfadjoint and indefinite el-
liptic problems, in Proc. 5th Copper Mountain Conference on Multigrid Methods, Copper
Mountain, CO, 1991.

[25] J. XU, A new class of iterative methods for nonselfadjoint or indefinite problems, SIAM J.
Numer. Anal., 29 (1992), pp. 303-319.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



