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1. INTRODUCTION
Let ) be a convex polygonal or smooth domain in % and consider the elliptic problem
Lu:= —V-(AVu) = f, in (), (1.1)
u=20, on 9}, (1.2)

where A := {a(0)}, a; = a; € W'*(Q) is a uniformly positive definite matrix, i.e., there exists
a positive constant » > 0 such that

Correspondence to: So-Hsiang Chou, Department of Mathematics and Statistics, Bowling Green State University,
Bowling Green, OH 43403-0221 (e-mail: chou@bgnet.bgsu.edu)
Contract grant sponsor: National Science Foundation; contract grant number: DMS-0074259 (to S.-H.C.)

© 2003 Wiley Periodicals, Inc.



464 CHOU, KWAK, AND LI

2

2 aij(x)gigj = r(f% + fg) VéE=(§.6) € R, x € Q. (1.3)

ij=1

The variational problem associated with (1.1)~(1.2) is to find u € U := Hy({2) such that

a(u, v) = (f, v) Vve U, (1.4)
where
alu, v) = f AVu - Vudx, (1.5)
Q
(f, v) = f Sfudx. (1.6)
Q

Since one of the main concerns in this article is to derive L” error estimates, we make the
following two regularity assumptions. The first one concerns the elliptic problem (1.1)—(1.2).

R1. There exists a constant r

max

> 1 such that a solution to problem (1.4) exists and such that

lello, = Coll oy VP € (L rina), (1.7)
where the constant C, > 0 depends only on the domain {) and p. Here | - ||, , is the usual norm
of the Sobolev space W**((}).

The second regularity assumption is on the type of problems for which the right side of (1.1)
is specialized as a divergence, i.e., u € Hy(()) satisfies

Lu=V-F. (1.8)
R2. There exists a constant v,,,, > 1 such that a solution to problem (1.8) exists and such that
||u|||,p = C”F”O,p Vp € (1’ YInax)’ (19)

where the constant C depends only on the domain ) and p.
For a polygonal domain (),

— ifB<2,
=12 P
o0, if B=2,
where B = 1/a, air is the largest interior vertex angle of ) (cf. [1]). When Q isa C L1 domain

and a; € C(Q), one can take r,,, = % [2]. On the other hand, under the same assumptions one
can take y,,,, = % as well [3]. For rectangles, one also has r,,, = VYm.x = ® and y,,., > 2 for
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FIG. 1. Primal and dual partitions of a convex domain.

convex polygonal domains. As one may expect, our L” estimates statements below will be more
concise when both parameters are infinity.

Given a polygonal domain (), let 7, = {K,} be a regular triangulation of the domain () into
a union of triangular elements K, with barycenter Q (cf. Fig. 1). Here h := max hg, the
maximum of the diameters /g over all triangles. The nodes of a triangular element are its
vertices and the set of all vertices is denoted by N';,. Associated with the primal partition 7, we
define its dual partition J; of () as follows. Let P, be an interior node and P,,i = 1,..., 6, be
its adjacent nodes, and M, := M, the midpoint of PyP,. Connect successively the points M, Q;,
M, Q, ..., Mg, Qg M, to obtain the dual polygonal element K7, . Its nodes are defined to be
0,i=1,...,6,and the set of dual nodes are denoted by N%. The dual element K",iz based at
a typical boundary node P, is M;,Q,M,Q,M,;P,. Let N := N, — 9, the set of all interior
nodes in J, and let S, and S";,o denote, respectively, the areas of triangle K, and polygon K";,O.
Throughout the article we shall assume the partitions to be quasi-uniform: There exist two
positive constants C; and C, independent of % such that

C\h* = S, = G, VO e N (1.10)
C\h*=S% = C,h*, VPEN,. (1.11)

Corresponding to I, we define the trial function space U, C Hy({2) as the space of continuous
functions on the closure of (), which vanish on 9{) and are linear on each triangle K, € 7. Let
IT,: U N C(Y) — U, be the usual linear interpolation operator, and thus

lu — ,ul,., = Ch?|ul

m,p r.ps

O=so=r—m, l=p=ow
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Throughout the article C will denote a generic constant independent of & and can have
different values in different places. We use || - [|,, and | - |,,, respectively, for the norm | - ||, , and
the seminorm of W"”({)) when p = 2.

For a convex domain () with a smooth boundary (cf. Fig. 1), we triangulate it as before and
call the resulting polygonal domain (), It is further required that the vertices which lie on 9(),,
also lie on 9€). A trial function in U, is now defined to be continuous piecewise linear on (),
and zero outside (). Since the distance

dist(0€),, 0Q) = CI?,
all the approximation properties above still hold for the smooth domain case [4, 5].
The test function space V,, C L*({)) associated with the dual partition 775 is defined as the set

of all piecewise constants. More specifically, let xp, be the characteristic function of the set K";,O,
we have for v, € V,

v, = 2 v(Po)Xe, (1.12)

PoENK

Define the transfer operator 115 : U, — V, connecting the trial and test spaces as

Mw = > wy(Po)Xp, (1.13)

PoENK
Obviously, IT# can be extended to H(l)(Q) N ). By the usual interpolation theory it holds that

||W - H>1l:w||0,p = ChB|W|,\',ps

0=B=s=1, Il=p=om.

The approximate problem we consider is: Find u,, € U,, such that

a*(uh’ vh) = V’ vh) th E Vhs (114)
where
a*(uy, v) = 2 u(P)a*(wy X)), (1.15)
PoEN
a*(uln XP()) = _J (Avuh) * nds, (1 16)
K,

where n is the outward unit normal to aK”IZU, and a*( -, ) is bilinear by construction.
Let K, = AP,P,P; € T, and let M, be midpoint of P, P, , ,, 1 =1 = 3(mod 3). While
(1.15) reflects a conservation law, it is more convenient for the error analysis to write it as
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a*(up, v) = >, Ixluy, vy), (1.17)

KET,

where

3 3
Iy, v) = — 2, J AVu,-nds- v = 2, J AVu, - nds - (v — vy, (1)18
K NK MQ

=1 =1

Here v, = v,(P,;) and n is the unit normal vector pointing to the right as one walks along M,Q
in K3, N K.
By (1.1) and (1.14) we have the “orthogonality” property

a*(u — uy, v,) =0, v, EV, (1.19)
Define the Ritz projection operator R, : Hy(Q) — U, so that
a(Ryw —w, x) =0, x € U,. (1.20)

Let us relate our work to the existing literature. The basic idea of the finite volume method
for general elliptic problems is to use the divergence theorem on the elliptic operator & of (1.1)
to convert the double integral into a boundary integral as in (1.16). The idea is old and the
resulting method comes under a variety of names, e.g., the generalized difference method [6] in
the early 1980s, the box method [7-10], the covolume method [11-16], and the so-called finite
volume element methods [10, 17-20], among others. The term “covolume” can either mean
complementary or control volume, and the term “finite volume element” seems to be coined by
S. McCormick. Reference [6] contains a bulk of contributions in the early years, and the article
of Bank-Rose [7] is pivotal in calling attention to the merits of variational approach in finite
volume methods. Cai et al. [17, 18] give the first finite volume element analysis to some special
tensor coefficient cases. The first unified approach to the analysis of finite volume element or
covolume methods applied to the general anisotropic case on polygonal or smooth domains is
given by Chou and Li [5]. In addition to optimal estimates in H', L?, they also showed how to
derive W' error estimate. The central idea there is to compare the covolume solution with the
corresponding finite element solution via an extra-power-of-4 lemma. In this article we further
explore and generalize that idea to develop L? estimates, 2 = p = 0. (Although of interest in
their own right, such estimates are indispensable for nonlinear problems.) To keep the article
short, results for linear elliptic and parabolic problems are given in Section 2 and Section 3,
respectively. Nonlinear problem results will be given in a follow-up article.

2. ESTIMATES FOR ELLIPTIC PROBLEMS

In this section we first derive a central lemma, as in [5]. This lemma generalizes the one in [5],
which shows that an “extra” power of & is possible when comparing the bilinear forms a( -, *)
and a*( -, - ) with certain arguments. We then use it to derive convergence rates in L” norm for
covolume solutions of the elliptic problem. We also show supercloseness between the covolume
and finite element solutions.
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Lemma 2.1. Let u, € U, v € C(Q) N HYQ), 1 =p = oo, 1{ + pl = 1.
() If u € W*P(Q) N HY(Q) and v € W' (Q), then
la(u — uy, o) — a*(u — uy, Who)| = Chllu — wy|,, + |ul,,1|0]i - 2.1
(i) If u € WAP(Q) N HYQ) and v € W' (Q), then
la(u — uy, o) — a*(u — uy, o) = CR2Lh™|u — wy|y, + |uls,)|0]i (2.2)

Proof. We prove the assertions only for polygonal domains. The smooth domain case only
requires some additional trivial changes since all the integrals involved in the left side bilinear
forms are zero in the skin layer ) — €.

Applying Green’s formula to a( -, I, - ) and a*( -, II})

a(u — u,, M) = D, J [A(x) — AV (u — u,) * VIT,vdx — D, J V - (AVu)II,vdx

KeT, K K

+ > J AV (u — u,) - nIl,uds,
K

IK

where A is the local L? projection of A on K:

A=

J A(y)dy.

K

meas K

a*(u — u, 1lv)

KeT, I=1

3
- > EJ AV(u — u,) - nlTFuds
oKy, NK

KET) I=1 K Jg

-2 EI [A(x) — A]V(u — w,) - nllfuds — EJ V - (AVu)ITudx
+ EJ AV(u — u,) - nlT}uds.

Thus

4
a(u — uy, I,v) —a*(u — u,, H;SU) = 2 Ei(u — uy, v), (2.3)
i=1

where
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E\(u—u, v) = f [A(x) — A]V(u — u,) * VII,vdx, (2.4)

K Jg

3

E(u—u,v) = > f [A(x) — A]V(u — u,) - nIT}uds, (2.5)
K 0K NK

=1

Ey(u — u,, v) = —EJ V- (AVu)(I1,0 — Ifv)dx, (2.6)
K Jg

Eu—u, v) = > f AV(u — u,) - n(IL,v — IT¥v)ds. (2.7)
K Jok

For convenience we will estimate E,’s for | < p < . The p = 1 or p = % cases involve only
minor changes.
By the Holder inequality,

|E1(u — Uy, 'U)| = Ch E |u - uh||_’PVK|Hh'U|1Yp'7K = Ch|l/l - uh|lvp|'(}|17p/. (2.8)
K

By definition, (1.18) and the Holder inequality

|E2(u — Up, ’U)| = E Z f [A(x) — A]V(u — w,)Nds(v4r — Vsy)

K =1 MiQ
R 1/p
=SS f (i +1bPds} [ora = ol (2.9)
K =1 M
where
a(u — uy) .

d)i_T’ i=1,2. (2.10)

First, on K

8Hhv aHhU
|U1+2 - U1+1| = Txl (x1(Prin) — x(Psy)) + sz (x2(Pri2) — x2(P14y))

)

aHhv
dx,

" ‘ aHhU
dx,

sCh(’
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aHhU r aHhv PP
= Ch2'r| | ——
dx, 0x,
=Cch-|s allidlg + ‘anhv Al Sy is f 1.10
= ol | o, ox, (Sy is from (1.10))
= Ch' " |IL,1|, , &
Thus we have
|'U[+2 - 'Ul+]| = Chl_z/P/|Hh‘U|],p'YK. (211)

Next, introduce the usual affine transformation that maps a reference element K to K with the
following correspondences: ¢, — ¢, M, — M,, p, = p, @ — O, 1 = 1, 2, 3. Obviously,

J |d>i|”dsSChf |b,|Pds, i=1,2. (2.12)
s -

M0

By the Trace Theorem [21], for 1 = p = o,

f |birds = g, i 2.13)

M0
By Theorem 3.1.2 of Ciarlet [22],

”Q?)i”(),p,f( = Chiz/p”d)f”(),p,Ka
‘(ﬁi’l,p,f{ = Ch]_Z/p‘(bi’l,p,K'

Thus,

J |dilrds = ChLR | dills, x + B 2|17, k] = CHIR2|u — w7, + B *[uls, ).
MiQ
(2.14)

Combining (2.11) and (2.14) with (2.9),

|E2(’/l — Up, U)| = Ccp't E hl/p[h72|” - uh|llj,p,l( + hp72|”|127,p,1<]l/phli(Z/p/)|HhU|1,p’,K

K
= Ch221/p E [h—(2/p)|u _ uh|1,p,K + hl_(Z/p)|u|2,p,K]hl_(2/p,)|Hhv|l,p’,K
K
= Cllh ™ u = wily, + Julz ol (2.15)

By the definition (2.6) of Ej, the triangle inequality, and the approximation properties,
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|E3(U — Up, U)| = Ch|u|2,]7|v|l,p" (2.16)

Among E, through E, the only term that would prevent an 4* factor in front of a |u|2,p term
is E;. But if u € W?”, we can proceed as follows to get an extra power of A.
First observe that for barycentric partitions

f (I, v — M¥v)dx = 0, (2.17)

K
and hence

|E3(M — Up, U)| = Z J [V 'AV(“ — Lu) J(Il,v — Iv)dx

K Jg
=C E |’4 - 12U|2,,;,K||Hhv - H?;v”(),p’,](
K
= Ch?|uls,|v]1,, (2.18)

where I, is the quadratic interpolation operator on K.

As for E,, let L be the common edge of two adjacent elements K; and K,, and let n, and n,
be unit outer normal vectors of K; and K, along L. Let E be the collection of all interior edges
in J,. Observe that AVu,, * n is constant along any edge L and

j (IT,v — IT¥v)ds = 0, (2.19)
L
where the fact of midpoint partition was used. Thus,

j AVu, - n(ILv — ITiv)ds = 0. (2.20)

L
Obviously, on L

I, 0 — 0| < |v; — v, (2.21)

for some / € {1, 2, 3}. Let /; be the linear interpolation operator on K; U K,. Now using the

boundary condition and piecewise continuity of AVu, - n(Il,v — IT}v), we have by definition
(2.7), (2.20), and (2.21)

|E4(“ — U, U)| E J [Alﬂ - Akz]V” -n(I,v — [jv)ds

LeE J

=|> J [Ax, — A ]V (u — Lu) - n(I1,0 — IT}v)ds

LEE J |
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< Cp't0w) E hl/p[h_(ym|u - 11“||,p,1<,u1<2 + hl_(2/p)|u|2,p,K1UK2]hl_(le’)|Hhv|l,p’,K|UKz
L

= Chfuly, |l

where the last three relations were handled as in E,. Combining all the above inequalities with
(2.3) completes the proof. u

Remark 2.1. One should notice from (2.17) that barycentric subdivisions play a crucial role

in the validity of (2.2). All the first-order results in this article are derived via (2.1) and second
or near second-order results via (2.2).

Setting u = 0 in Lemma 2.1, one obtains the following lemma.
Lemma 2.2. Under the same assumptions of Lemma 2.1, we have
|a(uh, IL,v) — a*(uy, >;‘:U)| = Ch|uh|l,p|v|l,p" (2.22)

Lemma 2.3. Assume that u € W>? N H)(Q), 2 < p < . Then

[l — Rhu”l,p = Ch”””z,m 2=p=o, (2.23)

||l/l - RhuHO,p = Chz”””Z,p’ 2 = p < OO’ (224)
) 1

||’" - Rh””o,oc = Ch’log ;* ||u||2,w, (p=0). (2.25)
h

Furthermore, for the conjugate index p' = pl(p — 1) one has
le = Ryully - = Chllull,,,- (2.26)
Inequalities (2.23)—(2.25) are well known [4, 23, 24] and (2.26) can be found in [25]. Note that
they are valid for both convex polygonal and smooth domains.
We are now ready to show the main results of this section. Without loss of generality the two

parameters in (1.7) and (1.9) are chosen the same.

Theorem 2.1. Let u and u,, be the solutions of (1.1) and (1.14), respectively. Suppose that u €
WHP(Q) and 7, = Yoax > 2 Lef. (1.7) and (1.9)]. Then for h sufficiently small:

lu = wll,, = Chllull,,. 2=p < P = . (2.27)

In particular, if the domain () is either rectangular or smooth and a; € C(Y), then
lu = w,, = Chllul,,, 2=p <>, (2.28)
Proof. Since the conjugate index r,,, = r/(r — 1) < p’ = 2, by the regularity condition

(1.9), the following the auxiliary problem is well posed, i.e., given a function ¢ € C; (), find
W € H)(Q) such that
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alv, )= -, v)  YvE HyQ), (2.29)

11
[, = Clllo,» PRIt (2.30)

where the subscript x denotes the partial derivative with respect to x. By (2.29) and (1.19),

((u - uh)x’ llj) = _(l)ljx’ u-— uh)

=alu — u, W)
= a(u — Up, lI’ - Rhlll) + [a(u — Uy, Rh\I’) - a*(u — Uy, H;’:Rh‘lf)]
=] +1, (2.31)

By (1.19), (2.23), and (2.30), we derive

| = |a(u — Ryu, ¥ — RW)| = |a(u — Ryu, ¥)| = Cllu — Ryull; Wl ,, = Chljull,,[[dlo,-

(2.32)
By (2.1) and (2.30),
|12| = Ch(|M - Mh|1,p + |“|2,p)||‘p||1.p' = Ch(|“ - “h|1,p + |“|2,p)||d/||o.p'~ (2.33)
Combining (2.32), (2.33) with (2.31),
= o, = sop Y Ol Ol x =
PECHE) P
Hence using the Poincaré inequality, we have for & sufficiently small
llw = wylly, = Chllull,,,. (2.34)

Finally, the assertion (2.28) follows from the comments following (1.9). This completes the
proof. u

We included the rectangular domain case in the above theorem, since the finite volume
method has its origin as a generalized finite difference method from rectangles to nonrectangular
domains.

Theorem 2.2. Let u and u,, be the solutions of (1.1) and (1.14), respectively. Suppose that u €
WD) and 1,0 = Yiax > 2 Lef. (1.7) and (1.9)], then for h sufficiently small:

||l/t - uh”O,p = Chz”””S,q’ 2 = )4 < "'max = @, (235)

where g > 1, if p = 2;and g = 2p/(p + 2), if p > 2. ~
In particular, for rectangular or smooth domain () and a; € C({)),
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||M - uh”O,p = Ch2||u||3,q’ 2 = p < o, (236)
where q > 1, if p = 2; and q = 2p/(p + 2), if p > 2.

Proof. Since 2 <p <o and r,,, > 2, we have by (1.7) that for 1 < p’ < r,_,, the solution

max max

to the following problem exists: given a function ¢, find @ € Hy({)) such that

a(v, ®) = (¢, v), v E Hi(Q)), (2.37)

11
@], = Cldlo,y , =L (2.38)

Thus,

(M - uhv qb) = a(u - uh9 (I’)
=a(u — u,, ® — R®) + [a(u — u,, R,®) — a*(u — u, IIIR,D®)] :=J, + /..
(2.39)

By (2.27) and (2.26),
= cllu = il |® — R®l, e = CHu,,|Pl, (2.40)

By (2.2), (2.27), and the imbedding theorems (e.g., Wa* C Wy, 1 + 2/q' = 2/p', p > 2)
2 —1 1 1 2|
|J2| = Ch’[h |M - uh|l,q + |u|3,q]|¢)|l,q"5+ ? =1=Ch ||u||3,q||(l)||2,p" (2.41)

Combining (2.40), (2.41) with (2.39) and applying (2.38) complete the proof. u
Given any z € (), we define G” € U, to be the discrete Green’s function associated with the

form a( -, -) if
a(G!, wy) = w,(z) Yw, € U, (2.42)

Let v be a given unit vector (direction) and let Az be any vector parallel to »v. Then we define

h _ h
GZG? .= lim M

— 2.43
A (2.43)

Here following [26], we have used 0, even for nonpartials. However, in this article the reader
can think of 9, as v+ V_, where v is either (1, 0) or (0, 1)".

Lemma 2.4. The derivative azGi‘ € U, has the following properties.

a(9,G", v,) = 9,u,(2) Yu, € U, (2.44)
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For rp,. > 2 [cf. (1.7)], there exists a positive constant C, independent of z and h such that

3.G[l5 + llo-G2lli.a + llG2

1= Cln hl. (2.45)

For ryax > 1 there exists a positive constant C,,, dependent on p but not on z and h, such that
forp <2,

1G], = C,. (2.46)

The inequalities (2.45) and (2.46) can be found in Theorems 3.14 and 3.17 of [26],
respectively.

Theorem 2.3. Let u and u,;, be the solutions of (1.1) and (1.14), respectively. Then for h
sufficiently small

le = will o = Ch(ulloie + [ll3), (2.47)

1
e = willo. = Chlog 7 (lulle. + [lull), (2.48)

u = ;. = Chllog hl[jull,... (2.49)

provided that the solution u has the indicated smoothness.

Proof. The first two inequalities were proved in [5]. The third inequality simply says we do
not need ||u/|; if we are willing to pay with a logarithmic factor.

Let us show (2.49). It is known from Lemma 2.3 that |u — R,u||, .. = Chlful}, ... Thus, by the
triangle inequality it suffices to show the following. By (2.44), (1.19), (1.20), and (2.1):

3Ry — u,)(2)] = |a(Ryu — uy, 9.GY)|
= |a(u — u,, 3,G?)|
= la(u — u,, 9,G") — a*(u — u, 150,G")|
= Ch(lu — uy)y . + [ulo)]0.Gl..
= Ch(|lu — Ryu|,o + |Ryu — o + |ul,.)]

9.G"

L. (250)

Now to complete the proof, use (2.45) and absorb the Ch|log A||R,u — u,|; .. term to the left side.
[Note that if we apply (2.2) instead of (2.1), we can prove (2.47).] u

Remark 2.2. One might ask if the technique of compensating a logarithmic factor for relaxing
regularity also works for (2.48). Unfortunately, the answer is negative. This may be seen as
follows. Recall from Lemma 2.3 that |[u — Ryully.. = #*[log Al[ul,.... Now

[(Ryu = w,)(2)| = |a(Ryu — uy, GY)|
= |a(u - uh’ G?)|
= |a(u — u,, GY) — a*(u — u,, IIEG?)

= Ch(lu — uy),, + |ul,.)|G), 5. (2.51)
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We lose a power of h in the W% error if u is less smooth. In contrast, if we invoke (2.2) instead
of (2.1), we actually get (2.48).

The remainder of this section deals with the issue of how close the covolume solution is to
the standard finite element solution.

Theorem 2.4. Let u and u,, be the solutions of (1.1) and (1.14), respectively. Suppose that u €
W3(Q) and r > 2. Then for h sufficiently small,

max  Ymax
||Rhu - uh”l,p = Ch2||u||3,p’ 2= p < V'max =, (252)

Furthermore, for rectangular or smooth domains and a; € C(Q), one can take r,,,, = « in the
above inequality.

Proof. We proceed as in Theorem 2.1. By (2.29), we have

|((Rhu = Uy l!f)| = |a(Rhu — Uy, III)|
= |la(Ru — u,, ¥ — R,W) + a(Ru — u,, R,W)|
= la(u — wy, R,W) — a*(u — u,, IFR, W) (by (1.19), (1.20))
= CR[h"u = w,,, + [uls, ][ %], (by (2.2))
= Chlulls il (by (227), (2.30))

The proof is complete. -
Theorem 2.5. Let u and u,, be the solutions of (1.1) and (1.14), respectively. Then for h
sufficiently small

1
IRt = wy, .. = Ch*log |l (2.53)

provided that the solution has the indicated smoothness.

Proof.

|0.(Ryu — u,)(2)] = |a(Ryu — uy, ang)|
= |a(u — u,, 9.G"
= la(u — u,, 9.G") — a*(u — u,, 1159.GY)|
= CR[h~"u — wyl, .. + |ul5.]]0.G?

1,1

1
= Ch*|ul;.log n

where we have used (2.45). This completes the proof. u
The logarithmic factor can be removed in the Wo=(Q) case.
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Theorem 2.6.

IRy = wllo. = CHfulls,, p>12,
provided that the solution has the indicated smoothness.

Proof. Using Lemma 2.1, we deduce

|(Rh’/l - “h)(Z)| = |Q(Rhu — Uy, Gf')|
= |a(u — u,, GY) — a*(u — u,, IIEG")|
= CI’[h 'u — w,, + |ul5,]|G"
= Ch?|luls ,,

1p'

where we have used (2.46). u

Remark 2.3. It should be noted that for smooth domains and smooth data, the assumption u €
W3, 2 < p < oo, that appeared in the last few theorems is not stringent at all. For the polygonal
domain case, the assumption is of course unrealistic. However, one can always replace the ||u||3p
term by a lower order term times a logarithmic factor using the techniques in the proof of (2.49).

3. ESTIMATES FOR PARABOLIC PROBLEMS
By now one should be clear about the role of the two parameters r,,,,, = Ymax 1D the assumptions
R1, R2 in the statements of various theorems. Thus in the remainder of this article, we will
simply deal with rectangular or smooth domains. Furthermore, we assume that a; € C({2) and
that the solution have required smoothness. For ease of exposition, these conditions will not be
stated explicitly in the theorems below.

Consider the parabolic problem

u, + Lu = f(x, 1), (x,1) € Q X (0, 1], (3.1)
=0, (x,0)€0Qx][0,T] (3.2)
u = uy(x), t=0,x€Q, (3.3)

where fu = —V - (AVu) as in (1.1) and u, =: du/dt. Then
(u,, vy,) + a*(u, v,) = (f, vp), v, E V). (3.4)
The approximation problem is then to find u,(¢) : [0, T] — U, such that
(U vp) + a*(uy, v) = (f, vp), v, €V, 0<t=T, (3.5)

u,(0) = Riuy, (3.6)
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where R} : H)(Q2) — U, is the generalized elliptic projection operator defined by

a*(R¥w —w, v,) =0, vE V. 3.7)
Theorem 3.1. For h sufficiently small
, 12
e, — Riul|, = Ch2<f ||u,||§y,d7) , 0t=T,r>1. (3.8)
0
Proof. Let & = u, — Riu, n = Riu — u, so that
u,—u=&+m. (3.9)
By (3.4)—(3.7), we derive the error equation
(&, vy) + a*(& v) = —(n,, vp)s v, € V) (3.10)
Taking v, = IT}¢,
1d 1
&G+ 5 5 a*(& 158 = = (. 1) + 5 [a*(& 1Y) — a*(& 18], (3.11)
where || & |3 = (&, ITF€). Recall that
(wy, Ew,) = (wy,, ITEw,) Yw,, w, € Uy,
and that ||+ ||| , is an equivalent norm to the usual || |||, norm on U, (cf. Lemma 2.2 of Chou
and Li [9]). In addition, (cf. Lemma 2.4 of [5])
|a*(wy, TTET,) — a*(T,, ITEw,)| = Ch|willilI Tl Ywy, T, € U,
Combining these with an inverse inequality, we derive
|a*(&. T38) — a*(& 113E)| = Chll&[l\llgl, = Clléfoll &l = Cll&lt + ell& 5.
where we have used the e-inequality: ab = ea® + ibz, a>0,b>0. Also
(.. TE)| = Clmifls + €l &[5
Taking e small enough to absorb the &, term into the left side of (3.11), we have
d
2r & T8 = Cllndls + (1€ (3.12)
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Integrating and noting £(0) = 0

of|€][f = a*(& T1%,¢) = CJ (Indls + Il

Then Gronwall’s inequality and (2.35) imply that

llgll} = CJ Infl6dr = cn* J lee 15,7
0 0

This completes the proof.

Theorem 3.2. Let r > 1. For h sufficiently small,

. 1/2
||uh—u||o,pscw[||u||3,q+( J ||u,||§,,d7) ] 1=p<=,
0

where g > 1, if p = 2, and q = 2p/(p + 2) if p > 2.
Proof. By an imbedding theorem
I€llo,, = €l
Combining (3.14) and (2.35) with (3.9) completes the proof.

Theorem 3.3. For h sufficiently small,

Proof. By (3.4) and (3.5)
a*(u — Up, vh) = _((M - uh)n vh)a Up € Vh'
Let W be as in (2.29). Then

((u =)o ) = alu — uy, W)
=a(u—u,, ¥ —RY) + [alu — u,, R,¥)
—a*(u — w, IGR,W)] — (u — u,),, IR, W)  (by (3.18))

:=R, + R, + R,

479

(3.13)

(3.14)

(3.15)

(3.16)

t
u— u,,||lyp =Ch ||u||2,p + [, ()5 + |||, + J ||u,,||2d'r], 2=p<oo, 0<r<T.
0

(3.17)

(3.18)

(3.19)
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Let us estimate R, first.

IR\| = la(u — Ryu, ¥ — R,W)| = |a(u — Ry, W)| = Cllu — Ryul|, I¥],,» = Chllull,, [P,
(3.20)

By (2.1)
|R,| = Ch[|u — u,,|,,p + |u|2,p]|\If|,,pr. (3.21)
Finally, R is estimated as follows. Differentiating (3.10) and setting v, = IT3£, we have
(& I15E) + a*(&, 15E) = — (. 1IE).
For brevity, write || - ||, as || - || Hence

1d
5 g W&MT= Il T3]

To handle the possibility of non-differentiability at & = 0, we rewrite it as

1d .
5 (WENS+ &) =l Tiel.  e>o,

or

d
CIFENNS + €)™ (&G + €)' = [lm.] [T

Now using the equivalence of ||| ||| , and |||, the fact || & [l o = (/| & || 3 + €)"/?, integrating

and letting € tend to zero, we get

&l = Cle@] + ¢ f i ld

0

Setting + = 0 and v, = IT5£(0) in (3.10), one has ||£(0)|| = C||n,(0)||. Thus

t
[l = €| [0 +f Indr| = ch
0

[l (0)]> + f IIu,,||sz], (3.22)
0

where we have used Theorem 2.1. (Similarly, using Theorem 2.2 one can also derive

&l = ch?

t
||Mt(0)||3,r + J ||utt||3,rd7-]’ r> 1’ (323)
0
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which will not be used in this proof, but later in other ones.) Thus by (3.22) and (2.27)

Rs| = (& + [IndD ¥ lo = Ch

0

t
el + e, (O], + f ”un”ZdT]”‘I’”LP" (3.24)

where we have used the fact [ W], = C||®[|, ,, r > 1. Combining (3.20), (3.21), and (3.24) with
(3.19), we have

|((u = up) s Y)| = Ch

t
|” - ”h|1,p + ||’4||2p + ””r(o)Hz + ””z”z + f ||”n||2d7']||‘p||1,p’-

0

Then by (2.30) we have for sufficiently small 4 that
t
le = wills, = Chllu = w1, + Ch| ]z, + Jui Ol + e, + f el |
0

The proof is complete. u

Remark 3.1. The quantity ||u,(0)||, on the right side of (3.17) is treated as data, since we can
use (3.1) with smooth initial function in H'(Q).

Theorem 3.4. For h sufficiently small,

u = wl,. = Ch

. 1/2
||u||2,w+||u||3+< f ||u,||§,qdf) ],q>1, (3.25)
0

1
i o = Chtog ;-

. 12
ol + lels + ( J Hu,Héda) ],q> 1. (3.26)
0

Proof. Let ¢ = u, — Rfu, n = Rju — u. By an inverse property and (3.8)

12
t
gl = ch~gll, = Ch(f ||uz||§,qd7) - (3.27)
0

By (2.47)

nlly. = Chllullz + [luf

51, (3.28)

which along with (3.27) derives (3.25). On the other hand, by using the asymptotic Sobolev
inequality [4] and (3.8)
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1 12 1 12 . 12
0,00 = og 7 0= og Ul344T | - .
1ello- = C|1og ;| [Vélo= Ch*|log | | [ [ (3.29)
0
By (2.48)
5 1
1l = Ch*log § [l + a1, (3.30)
which with (3.29) gives (3.26). u

Theorem 3.5. For h sufficiently small

[[Ryu — uh“l,p = Ch?

llulls, + [l (O)l5,, + J itlls dr|,2=p <o, r>1.
0
(3.31)
Proof. By (2.29), (1.20), and (3.18),

((Ryu — uy). ll’) =a(Ru — uy, ¥ — RW) + a(Ru — w, R,W)
= [a(u — w,, R,W) — a*(u — uy, Hth‘p)] = ((u— ), HZth‘I’) =0+ 0,
(3.32)

On the other hand,
|Q1| = Chz[h7'|u - uh|1,p + |u|3.p]|‘lr|1,p'

t
= | [lulls,, + Nt O} + [l + f ||u,,||zd'r)||‘1’||1,,,r, (by 3.17))  (3.33)

0

and by (3.23) and (2.36)

|0a] = C(l&] + ||n,||)|‘1’||ofChz{lluz(())llsﬂr ||u,||3,r+f ||uu3,d7)||‘l’||1,p'- (3.34)
0

Noticing | g, = C| glls,» ¥ = 1 and applying the duality completes the proof. .

Theorem 3.6. For h sufficiently small,

. 12 {
lell.o. + el + U ||u,||§,rd7) llogh
0

12
d 1
||ut(0)||3,r + j ||utt||3,rdT] (log h) ,r>1.

0

||Rhu - uh“l,% = Chz

+ Ch?
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Proof. Since

A (Ryu — uy)(2) = a(Ryu — wy, azGi’)
= [Cl(l/l - uh’ a;G};) - a*(u - Mh’ HtazG?)] - (gt + nn Hﬁa:Gg)s

we have

(R = uy)(2)] = Chlu = sy + [ul22)]0.G2 10 + CUIE] + IndDllo.GE

Recalling that

1
|0.G211.1 + [|0.GIP = C log

and using (3.23) as in (3.34) complete the proof. u
Once again, we compare the covolume solution with the Galerkin finite element solution and
demonstrate a second-order convergence.

Theorem 3.7. Let i, be the finite element solution to (3.1)—(3.3), i.e.,
(ﬂh,t’ U) + a(ﬁh, 7/) = O{‘, ’U), v E Uh’ (335)
ﬁh( M. 0) = Rhuo. (3.36)

Then for p > 2 we have for h sufficiently small that

t
Iy, = wnll, = CR*| fulls,p + Nt (Ols,r + aadls. + J ||u,,||3,,dT], r>1.
0

Proof. By (3.1) and (3.35),
((d@, —u), v) +a(d@, —u, v) =0, v€E U, (3.37)
As in (2.29),

(@, = ), ¥) = alid, — uy, W)
= a(i, — u,, ¥ — RW) + au — w,, R,W) — a*(u — u, IR, W)
— ((u = w,), IGR,W) + a(i, — u, R,¥) (by (1.20), (3.18))
=[a(u — w,, R,YW) — a*(u — w,, IGR,W)] — (u — w,),, [I}R,W)
— (@, — w),, R,W) (by (1.20), (3.37)) = Q, + Q, — (i, — u),, R,W),
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where Q, and Q, are as in (3.32). We know from the known finite element estimate that

||(ﬁh - u)r”o =C

0

Rl + [lu0)])2) + f I = Rhu)nllodr]

= Ch?

t
|2 + [l (0)]|, + f ||u,,||2dT]- (3.38)
0

Combining (3.38), (3.33), and (3.34) completes the proof.

Theorem 3.8. Let r > 1. Then for sufficiently small h,

1 t
||11h - uh”l,oc = Chleg h [”“”w + ||ut(0)||3,r + ||ut||3,r + f ||utt||3,rdT]'
0

Proof. By (2.2) and the estimates similar to (3.24) and (3.34), we have

’6:(’21’1 - uh)| = ’a(ﬂh — Up, azGi’)‘ = “:Cl(u — Up, azGﬁl) - a*(u — Up, H;’:GZG?)]
= ((u = ), 9.GY) = (@), — w),, 8.G)
= CPh'|u — wy)y o + |uf3..] -

azGil”l,l

[ t
+CI| Ol + s, + j el 7 | - llo G2l
0

2.G"

1,1+

+CI2| [t O} + [l + f el
0

This completes the proof.

u
The above theorem corresponds to Theorem 2.5. As in Theorem 2.6, the logarithmic factor

can be removed in the W2*(Q) case and one obtains the following.

Theorem 3.9. Let r > 1. Then for sufficiently small h,

t
@, = willo.- = Ch?| llulso + N2t (O + a5 + f ||u,,||3<,dr].
0
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