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ARTICLE INFO ABSTRACT
Keywords: In this paper we present an immersed weak Galerkin method for solving second-order elliptic interface problems
Immersed weak Galerkin method on polygonal meshes, where the meshes do not need to be aligned with the interface. The discrete space consists
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of constants on each edge and broken linear polynomials satisfying the interface conditions in each element. For
triangular meshes, such broken linear polynomials coincide with the basis functions in immersed finite element
methods [33]. We establish some approximation properties of the broken linear polynomials and the discrete
weak gradient of a certain projection of the solution on polygonal meshes. We then prove an optimal error
estimate of our scheme in the discrete H'!-seminorm under some assumptions on the exact solution. Numerical
experiments are provided to confirm our theoretical analysis.

1. Introduction

There are a wide range of physical and engineering problems that are governed by partial differential equations having an interface. For example,
a second-order elliptic partial differential equation with a discontinuous coefficient is often used as a model problem in material sciences and porous
media involving multiple materials or media. To solve such a problem, one can use some classical numerical schemes with interface-fitted meshes,
such as finite element methods (FEMs), discontinuous Galerkin (DG) methods, etc. However, it is difficult and takes a lot of time to generate such
fitted meshes when the domain boundary and the interface are geometrically complicated. Even worse, when the interface is moving, one needs to
generate a new fitted mesh as time evolves.

To overcome such difficulties, researchers developed and studied some numerical methods using unfitted/structured meshes, such as cut finite
element methods (CutFEMs) [3,15,25,26], extended finite element methods (XFEMSs) [6,7,29,35,41], immersed finite element methods (IFEMs)
[28,31,33,36,37], to name just a few. In particular, the IFEMs use basis functions that are modified so that they satisfy the interface conditions.
The authors in [36,37] studied IFEMs using uniform triangular or rectangular grids. In [31,38], the performance of the IFEMs was improved by
adding penalty terms that are commonly used in DG methods. Linear and bilinear nonconforming IFEMs were studied in [33,39]. The IFEM was
also successfully applied to other interface problems: interface elasticity problems [32], elliptic eigenvalue interface problems [34], Stokes interface
problems [1], etc.

On the other hand, several numerical methods using general polytopal meshes have been developed, such as hybrid high-order (HHO) methods
[21-23], virtual element methods (VEMs) [2,4,11], weak Galerkin (WG) methods (or weak Galerkin finite element methods) [42,46,47], etc. Here
we explain the WG methods in some detail. In WG methods, the discrete space consists of polynomials on an element interior and polynomials on
its edges, and the differential operators are replaced by the so-called weak differential operators. Compared to the classical FEMs, the WG methods
have several advantages. For example, WG methods can handle general polygonal and polyhedral meshes while the FEMs cannot. In addition,
the WG methods can be generalized to higher orders directly. Due to such advantages, the WG methods were successfully applied to various
problems: Darcy problems [47], Stokes equations [48], elasticity problems [51], Maxwell equations [43], etc. For more thorough survey, we refer
to [27,40,42,46,49,50] and references therein.
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Fig. 1. A domain Q with interface I'.

Recently, some researchers developed numerical methods using unfitted polygonal meshes for solving interface problems. Using such meshes
provides advantages of both polygonal meshes and unfitted meshes. For example, polygonal meshes enable us to implement the mesh generation
process with great flexibility for complicated geometries. Unfitted meshes are easy to generate and useful for moving interfaces such as time-evolving
interfaces. We also note that polygonal meshes have been used in many applications: adaptive locally refined meshes, non-matching meshes, hybrid
meshes, etc (see, e.g., [13,30]). In [14,16], the authors proposed unfitted HHO methods for the elliptic interface problems. They used a Nitsche-type
formulation and proved optimal error estimates in the H'-norm. However, the methods double the degrees of freedom in the interface elements,
and require some local cell-agglomeration procedures to ensure the assumptions on the interface elements. On the other hand, the Lagrange-type
immersed VEMs for the elliptic interface problems were developed [17]. Unlike the classical Lagrange-type immersed FEM [31,38], the discrete
space is conforming, and the method does not require the DG-type consistency terms. However, the authors only considered the triangular meshes,
and their analysis cannot be generalized to the polygonal meshes. Meanwhile, an immersed WG method was proposed in [44], but it is also limited
to the triangular meshes. Besides, the discrete bilinear form formulated in their method is different from the usual WG method; they use the usual
gradient and DG-type consistency terms.

In this paper, we develop a new immersed WG method for the elliptic interface problems. Our method uses general polygonal meshes which
allows the interface cut through the interior. We generalize the discrete weak gradient to the case when the coefficient is discontinuous, and use it
to define the bilinear form. Our weak gradient coincides with the usual one [42] when the coefficient is constant. However, they are different from
each other when the coefficient is non-constant. In addition, compared to the unfitted HHO method [14,16], our method has some advantages: the
mesh assumption is less restrictive, that is, the local cell-agglomeration procedures are not necessary, and our method has fewer degrees of freedom
on each interface element.

The rest of the paper is organized as follows. In the next section, we describe the model problem and summarize some preliminaries. In Section 3,
we propose our immersed WG method for the model problem, and prove that the discrete problem is well-posed. In Section 4, we prove some
technical inequalities and approximation properties of broken linear polynomials on polygonal elements. In Section 5, we derive an optimal error
estimate in the discrete H'-seminorm under some regularity assumptions on the exact solution. Finally, in Section 6, we present some numerical
experiments that confirm our theoretical analysis.

2. Preliminaries

We follow the usual notation of Sobolev spaces, inner product, seminorms, and norms (see, for example, [20]). Let D be a bounded domain in R
or R2. For ¢ > 0, we denote by || - lls.p and |- |, p the usual norm and seminorm of the Sobolev space H?(D), respectively. We also denote by (-,-)o p
the usual inner product in L2(D). We define H~'/2(D) as the dual space of H'!/2(D) equipped with the norm given by

(u,0)p
lull_1jop = sup ———,
veH/2(D) ”U”l/Z,D

where (-, ) is the duality pairing. For a nonnegative integer k, we denote by P, (D) the space of all polynomials of degree < k on D.
2.1. Model problem

Let Q be a polygonal domain in R2, which is separated into two disjoint subdomains Q* and Q~ by an interface T, as in Fig. 1. Here we assume
that " is a C?-curve that is not self-intersecting. For any domain D C Q and any function u : D — R, we define its jump across the portion of the

interface I'n D as

[ulrnp :=ulpna+ — Ul pna--

We consider the following elliptic interface problem: Given f € L*(Q), find u € HA (Q) such that

—V-(fVu)=f inQruQ-,
2.1
{ u=0 onoQ, 2.1
with the jump conditions on the interface
ou
=0, [ _] =0, 2.2
[ulr Ponlr (2.2

where § is a positive and piecewise W !°-function on Q bounded below and above by two positive constants §, and * with 0 < f~ < f+ < co. That
is,
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Fig. 2. An interface element 7 in 7;,.

_ [ prx) ifxeQf,
o= { p(x) ifxeq,
for some functions g+ € WL (Q¥), f~ € WL (Q) such that g, < f* < p*, s = +,—. A weak formulation of the model problem (2.1)-(2.2) is written
as follows: Find u € Hé (®) such that

/ﬂVu -Vodx = / frdx VYve HL(Q). (2.3)
Q Q

For any domain D c Q and 3/2 < s <2, let us introduce the space
HY(D) :={u€ H'(D) : ul ppgs € H*(DNQ), s=+,—}

equipped with the following norm and seminorm:

2 . 2 2 2
”u”H»‘(D) = ”u”LD + |”|s,bn9+ + |u|s,DnQ"
2 e 112 2
lulﬁs‘(l)) T |u|s,DnQ+ + |M|s,DﬂQ"

We also define
HY(D) := {ue HS(D) : [ﬂg_Z]FmD =0}.

Then we have the following regularity theorem for the problem (2.3); see [9,18,24].
Theorem 2.1. Suppose that Q is convex and f € L*(Q). Then the problem (2.3) has a unique solution u € H&(Q) n ﬁﬁ(Q) such that

”“”1.72(9) < C”f”(),Q (2.4)

for some generic positive constant C.

Remark 2.2. Theorem 2.1 holds with lower regularity when Q is nonconvex: the solution « is a piecewise H*-function for some 3/2 < s <2, where
s depends on the angle of re-entrant corners of 0Q (see, e.g., [5,9,24]). However, since our analysis below can be carried out with minor change, we
assume that u € H?(Q) for the simplicity of analysis.

2.2. Mesh assumptions

Let {7,}, be a family of decompositions (meshes) of Q into finitely many nonoverlapping polygonal elements T with maximum diameter 4. Let
&, be the set of all edges in 7j,. Let 8}"1 and £Z denote the set of all interior and boundary edges in 7}, respectively. For each T € 7}, let & be the
set of all edges of T. For each T € 7, we denote by |T'| the area of T, by h; the diameter of T, and by n; its exterior unit normal vector along the
boundary 0T For each e € €,, we denote by |e| the length of e. For e € 8;", we define n, by a unit normal vector of e with orientation fixed once and
for all. For e € 82, we define n, by a unit normal vector on e in the outward direction with respect to Q.

We call an element T € 7}, an interface element if the interface I passes through the interior of T’; otherwise we call T a noninterface element.
We denote by Th’ the collection of all interface elements in 7}, and by ThN the collection of all non-interface elements in 7;,. For an interface element
T €7,, we denote by I' Z the line segment connecting the intersections of I' and the edges of T. This line segment divides T into two parts T+ and

T~ with T =T+UT- (see, for example, Fig. 2). For any function u : T — R, we define its jump across FZ NT as
lulpr == ulp+ —ulp-.
We assume that the following holds [4,33,47].

Assumption 2.3. {7},}, satisfies the following properties:

(i) there exists a constant p > 0 independent of 4 such that every element T of 7}, is star-shaped with respect to a ball B; with center x; and
radius phy, and every edge of T has length larger than phy;
(ii) the interface I meets the edges of an interface element at no more than two points;
(iii) the interface I meets each edge in &, at most once, except possibly it passes through two vertices.

Remark 2.4. The assumptions (ii) and (iii) are reasonable if % is sufficiently small. Moreover, the assumption above is less restrictive than the one
used in [14,16], since the methods in [14,16] require that both T and T~ must contain balls with radius comparable to h;. Note also that the
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assumption (i) implies the following properties [11]: there exists N € N depending only on p such that any T € 7, has at most N edges and vertices,

and can be decomposed as at most N triangles, obtained by connecting the vertices of T to x;, such that the minimum angle of the triangles is
controlled by p.

Throughout this paper, C will denote a generic positive constant independent of 4, not necessarily the same in each occurrence.
3. Immersed weak Galerkin method

In this section, we describe an immersed WG method for the problem (2.3).
3.1. Broken polynomial space

Let T € 7, be an interface element. We define the piecewise constant function §; on the element T as follows:

—+
- _ ) B ifxeTt,
b= { 5 ifxeT-,

where ﬁs 1= p*(x*) and x* denotes the barycenter of T* for s = +,—. We also let g be the piecewise constant function such that E|T = ET on each
T €T,. The broken polynomial space P 1(T') of degree <1 is defined by

PN _ - 0

Py(T) := {q 2 glpe €PY(TT), glp- €P(TT), [q]rz' =0, [ﬂrﬁ . =0}.
r
h

It is easy to see that dim P 1(T) =3 (see, for example, [33, Theorem 2.2]), and the following piecewise polynomials form a basis of P (T

—1
@1(x)=1, @y(x)=1-(x—xp), @3(x)=p n-(x—xp),
where x is the midpoint of the line segment I', n = (n;,n,) is a unit vector normal to FZ pointing from T to T, and t = (—n,, n,;). Note that, since

P \(T)C H(T), the space vp |(T) is well-defined, and the vector-valued functions V¢, and V¢, form a basis of vp (D).
For convenience, we set P, (T') :=P(T) for any non-interface element T € 7,,. Let

P :={qe LXQ): ql; eP (T VT €T,).
3.2. Weak Galerkin finite element space

We define the weak Galerkin finite element space V), associated to 7}, and its subspace V}, , as follows:

v, ::{U:{vo,v()} S 0ol € BT VT €75, vy, €Py(e) Veeé’h},
Vio :={veV, :v,=00n0Q}.

Here we note that, for any v = {vy,v,;} €V, its second component v, is a single-valued function on each edge e € &,. Thus, the space V, has 3
degrees of freedom on the interior of each element T € 7, and 1 degree of freedom on each edge e € &,.

For each element T € T, let Q, be the L2-projection from L2(T) onto P,(T). Similarly, for each edge ¢ € £, let 0, the L?-projection from L?(e)
onto Py(e). We then define a projection operator Q), : H'(Q) — V}, by

0,v=1{Qp.Qyv}, veEH' Q). B.1)
3.3. Discrete problem and well-posedness
For each v, = {v,, vy} € V},, we define a discrete weak gradient Vv, of v, as a vector-valued function satisfying V,v,|; € VP, (T) and

/ETVWU,,~qux=/ETVu0~qux—/(Qauo—ua)(ﬁTvqu) ds Vgeb,(T), (3.2)
T T oT

for each element T € 7,,.
We next introduce two bilinear forms on V), x ¥V}, as follows:

auy,vp) 1= Z /ﬁrkuh~unhdx,
TET, T

TET,

s(up,vp) 1= Z Arh;l/(Q()uo—ua)(QaUO—v())ds,
or

for any uy, = {ug,u,} €V}, and v, = {vy,v,} € V},, where A; is some positive constant independent of 4. In the analysis, it suffices to choose Ay =1 for
all T € 7,. In practice, there are some cases that the choice A; = max . f(x) exhibits more accurate results (see Section 6). The stabilization a(:, )
of a(-,-) is defined by

ag(uy, vy) = a(uy,vy) + sy, v,)  Yuy,v, €V,
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Fig. 3. Geometric assumptions on an interface element 7'.

We are now ready to formulate the immersed WG method for solving (2.3) as follows: Find u, €V}, , such that

ag(up,vy) = (f,Vo)oq> YU, ={vp,05} € Vjp. 3.3)

We next analyze the well-posedness of the discrete problem (3.3). Define the energy-norm ||| - ||| by

logll := Vay (v, v) Yo, €V,

Clearly ||| - ||| is a seminorm on V},. Moreover, || - ||| is a norm on V,, as shown in the following lemma.
Lemma 3.1. || - || is a norm on V), .

Proof. It suffices to show that |||v,[| =0 = v), =0 for any v, €V}, ;. Suppose that v, = {vy,v,} €V}, satisfies [[|v, || = 0. Since

0=lloghP =Y [ BrIVyvalPdx+ Y ar Y, h;l/|QauO—u3|2ds
e

TeT) TET, ecoT

and since 0 < §, < fy for any T € T;,, we obtain Vv, =0 and Q,v, = v, on each edge ¢ € &,. Then

— - — 0y,
0= [ BrV,vp - Vogdx= | BrVuy-Vogdx+ Y [ (05— Qyuvp) Prs, ) ds
J 7 ecor n
:/ET|VUO|2dx2/ﬂ*|VU0|2dx
T T

for any T € 7;,. This shows that Vv, =0 on each T € 7,,. Note that, for each T € 7;,, Vg =0 implies ¢ = constant for any g € I]SI (T"). Since v, € I]SI (T)
on each T € 7, we obtain that v, is constant on each T € 7,,. Since Q,v, = v, on each e € £, and v, =0 on 9Q, we conclude that vy =v,=0. [

The well-posedness of the discrete problem (3.3) directly follows from the lemma.
Corollary 3.2. The discrete problem (3.3) is well-posed.

Proof. From Lemma 3.1, the bilinear form a(-,-) on V), is coercive and continuous with respect to the norm ||| - ||| on ¥}, ;. The conclusion follows
from the Lax-Milgram Lemma. []

4. Some estimates on interface elements

In this section, we present some inequalities for the function spaces on the interface elements, which are needed for the error analysis of the
immersed WG method.

4.1. Geometric assumptions on interface elements

Let T € 7;, be an interface element. Recall that FZ denotes the line segment connecting two intersection points of I" and the edges of 7. Although
the analysis works for C2-interface, we assume for the simplicity of presentation, that on each mesh element T, the portion I'n T is a line segment
sothatI'nT = FZ and T* =T nQ° for s =+, —. In addition, we assume that I'n 7" aligns with the x-axis and the origin of the xy-plane is contained
in T, so that

TH*=Tn{(x,x) €R?:x, >0}, T~ =Tn{(x;,x)€R?: x, <0} 4.1)

(see Fig. 3). Since hy = diam(T), we have T C [~hy, hy]2. Since f° € W°(Qs) and g = 7 on T* for s = +,—, we have
max |f(x) - fr(x)| < Chy,  max |B(x) = fr(x)| < Chy, s=+,-, (4.2)
x€Ts x€enQs

where e C 0T Let np = (n . 1, ;,) be the unit vector normal to I' pointing from 7 to T~, and let tp = (—n, .1y ).
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Remark 4.1. We briefly discuss the case when the interface is not piecewise linear, that is, N T # FZ. Without loss of generality we assume that
FZ aligns with the x-axis and 7 is contained in the box I, x I, where I, and [, are intervals with length not greater than 2/;. Since I' is a regular
C?-curve, there exists a parametrization ¢ ~ (z,(t)) of the curve I'n T for some y € C%(I,), when # is sufficiently small. Then the unit normal vector
np along I'N T pointing from Q* to Q is

_ r'® -1
weer®) = (b wremE) (€

Let us extend the vector-valued function nr- to the box I, X I, by setting (¢, y) = nr(t,7(#)). Then, since y is C?, we have
sup ‘nr(x) - n?’ < Chy, (4.3)
xeT

where n# is the unit normal vector along FZ pointing from T+ to T-. In addition, one can obtain a similar result for the tangential vector of 'NT.
Next, according to Lemma 2 in [8],

IVul2, <chl Y, <||(VM)|QS I por + h§|vu|§jm&) . Vue HXT), (4.4)
s=+,—

where T, is a subset of T given by
T.=T-@Q"'nTH—-(Q nT");
see Fig. 2. Note also that the first estimate in (4.2) is modified as follows:

sup  |p(x)— fr(x)| <Chy, s=+—. (4.5)
x€T3N(TNQY)

Using the estimates (4.3)-(4.5) and the standard trace inequality, all the results below can be derived with only minor modification. We leave the
detailed analysis for a future investigation.

Lemma 4.2. If h is sufficiently small, then either T+ or T~ contains a ball with radius phy /8.

Proof. Recall that T is star-shaped with respect to a ball B centered at x; = (xy, y;) with radius phy. First, assume that |y, | < phy /8. Consider the
ball B* centered at (xg, yr + phy/2) with radius ph; /8. Then BF Cc BNT™.

One can show that, by the same argument, for the case y; > phy /8 the set T* contains the ball centered at (x;, y; + phy/2) with radius phy /8,
and for the case y; < —phy /8 the set T~ contains the ball centered at (x;, yp — phy/2) with radius phy /8. [

4.2. Some inequalities for the broken polynomial space P,

Recall that, on each element T € 7, the standard trace inequality holds:

1/2

hy

lolloar <C (lollor + AplIVollgr) Yo HN(T). (4.6)

The following lemma provides a trace inequality for the space V@l.

Lemma 4.3. Let T € T, be an interface element. Then there exists a positive constant C depending only on p and p such that for any q € [ﬁ’l (T) and any edge
eof T,

[prvel,. <o 5 vl

Proof. Recall that the following piecewise polynomials form a basis of the space [ﬁ’l (T):

P x)=1, @yx)=tp-(x—X), (pg(x)=ﬁ;lnr-(x—x0), VxeT,

where x, is the midpoint of FZ. Let g =ag@, + bg, + c@; for a,b,c € R. Then

-1 > 272
Vg=btr+cpp np, Vq-Vg=b"+c p .

By Assumption 2.3 (iii), we have
— 2 — 2
[prvd||, = / [Brva| ds <878+ Dllel < C(B.. B, ) + Dby,
e

— 2 —
[72Vall = [ FriVa ax > 5.6+ 20 DTI = COL B +
T

Thus there exists a positive constant C depending only on p and $ such that the inequality (4.7) holds. []

Note that we have the following inverse inequality holds (see, for example, (2.6) of [11]):
lalir <Ch7 lallor VaEP(T),  lglp <Ch'lgllop VgEP(B), (4.8)
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where B is a ball in R? with radius ph; and C is a positive constant depending only on p. The following lemma shows that the inverse inequality
also holds for the space P, .

Lemma 4.4. Let T € T, be an interface element. There exists a positive constant C depending only on p and f such that

lal,r < ChMllgllor Ve € P (D).

Proof. By Lemma 4.2, we may assume that 7+ contains a ball B* with radius ph; /8. As in the proof of the previous lemma, consider the basis
{@1, 95,03} of P\(T) and let g = ap, + bp, + c; for a,b,c € R, and define

1
gy t=a+bip-(x—xg)+c(B ) np-(x—xg).
Then g=g, on T*. By (4.8),

la, 115+ < Chz'lla, llo.g+ = Ch7 lgllo.p+ < Chz llgllog- (4.9

Since ¢ - np =0,

— 2 —t\ =
|q+|iB+:/|btr+c(ﬁ+) lnr‘ dx:/(b2+(ﬂ+) 2cz)dx

Bt B+
2h2

> < 4TC(ﬂ*,ﬂ*)(b2 +c), (4.10)
|q|%,T=/|btr+c(ﬁ+)—1nr‘2dx+/‘btr+c(ﬁ_)‘1nr‘2dx

T+ T=

:/(b2+(ﬁ+)‘2c2)dx+/(b2+(E‘)‘2c2)dx

T+ T-

<C(B,. fHYNLB* +cH). 4.11)

Combining the inequalities (4.9)-(4.11), we obtain

8 ‘ -
lgli 7 < Jer C(Bor BN a1 g+ < CB, B 0T gl 7
p

This completes the proof of the lemma. []

4.3. Approximation properties of the broken polynomial space [ﬁ’l

In this subsection, we derive some approximation properties of the broken linear polynomial space @I(T).
It is well-known that, on each non-interface element T € Ty, for any u € H*(T) there exists g € P, such that

lu=gllor + hrlu—aqly r < C,hzllullor, (4.12)
where C, is a positive constant depending only on p [12, Lemma 4.3.8].
Theorem 4.5. Let u € ﬁg(g). Then there exists q € P,(Q) such that
llu = gllo.g + Alu — gl ¢ < CRlull 72 -
where C is a positive constant depending only on p and p.
Proof. Let T €7, be an interface element. Then we have

Vu=(Vu-tp)tr + (Vu - np)np (4.13)
on T. We note that Vu -t € H'(T) and fVu - np € H'(T). Thus, from (4.12), there exist c,,c, € R such that

IVu-tr—cllor < C,hp|Vu-trly . 1BVu-nr—c,llor < Chp|BVu-nply 1.

Note that

Vu-trlyr < Cllull gagry 1V nply 7 < Cllull agr- (4.14)
Thus

”Vu'tl"_ct“(),T SChT”””ﬁZ(]‘)’ ”ﬂvu’nl"_cn”(),T SChT”””ﬁZ(Ty (4.15)
Let

—1
ri=c¢tr+ fp c,np.

Then r € VB, (T). By (4.13), (4.15), and (4.2),
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IVu=rllor < IVu-tr = lloz + A7 e, = BrVu-nllor
< Chyllull oy + B ey = BVu - npllog + B 1B — pr)Vullgr
< Chrllull o (4.16)

Since r € VDSI(T ), there exists g € I]31 (T) such that Vg=r and [T gdx = fT udx. Then (4.16) and Poincaré-Friedrichs inequality (cf. [10]) imply that
llu = gllor < Chylu—qly 7 < Chillull gagg-
This completes the proof of the theorem. []

As a corollary, we obtain the estimate for the L?-projection Q,, onto the space P | as follows.

Corollary 4.6. There exists a positive constant C, depending only on p and f, such that

llu = Qoullo.o + hlu = Qoul, o < CR*|lull o, Vu € HA(Q).

Proof. Let T € 7}, be an interface element. By Theorem 4.5, there exists ¢’ € P 1(T) such that

la=g'llo +hrlu— 'l < CHull gy, 4.17)
where C is a positive constant depending only on p and . Since ||Qqvllo7 < |[vllgr for any ve H I(T)) and Qyq = q for any g € I]31(T), we obtain

llu— Qoullor < llu— ql“(),T + ||Q061/ = Qoullor < Ch;”“”gzm.
By Lemma 4.4,

lu— Qouly 7 < |u—q'ly 7 +100d" = Qouly 7 < lu=d'l; 7 + h7 1Q0d" = Qoullor

<lu=q'lip+ 05 d = ullor < Chyllull o

This completes the proof. []
The following lemma gives the L?-norm estimate of fVu — ET V(Qyu) on each mesh edge (see Proposition 5.2 in [31]).

Lemma 4.7. There exists a positive constant C independent of h such that

rgﬁ v —ETV(Qou)”z‘dT <CHlul, , Vue HA@)

Proof. Let T €7, be an interface element. Let ¢ = Qyu, and let e C dT. As in (4.13), we have

Vu=Vu-tp)tr + (Vu-np)nr, Vqg=(Vq-tp)tr +(Vq-np)np (4.18)

on 7. Since u € H*(T), we have Vu - tr€ HY(T) and fVu-np € H'(T). Note also that ETVq -np- and Vgq - t- are constants on 7. Then, by (4.2),

s, ool +[prsu-7vd,,
< Chr||Vullp, + ClIVu = Vqlly,- (4.19)

By the trace inequality (4.6) and (4.14),

IVullg,e < IVu-trllp, + 6. 1Vu - nrllo.
—1/2 -1/2
<Ch;? (IVu-trllgzr +hp V-1l ) + ChGY? (18Vu - npll - + hr|BVu - nply 1)
-1/2 1/2 -1/2
2P luly g+ Chy Pl oy < Chy Pl o - (4.20)

By (4.18) and (4.2),

<Ch

IVu=Vall, <IIVu-tr=Vq-trllg, + B, 1pr V- np = prVa-nrlly,
<WIVu-tr=Vg-trll, + B, By = HVu-nrlly,
+ M IpVu -y — Vg nrllo,
<\IVu-tp = Vq-trllg + CB; Ayl Vully,
+p M IpVu -y — B Vg npllg,. (4.21)

By the trace inequality (4.6), Corollary 4.6, and (4.2),
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IVu-tr = Vq-trllp, < cn'?

1/2
<Chy P \Vu-tr = Vg trlloz + Chy/*|Vu-tr = Vg - trly 7

-1/2 1/2
SChT/ ||V“'tr—V4‘tr||o,T+ChT/ |Vu-trlyr
<Chullgaqr. (4.22)
- -1/2 - 1/2 -
1pVu-np—BrVa-nrllo, < Chy*118Vu - n. — BrVa- npllor + Chy*|pVu- np— BrVq-npl, 7
-1/2 > 1/2
<Ch; 1PV np ~ Vg - npllgr + ChYZ 1PV - nply 1
<cnl? BV ch V| Vu-v ChYjull 5
<Ch2NB = Br)Vullog + Chy VU= Vallor + Chy* ull o,
1/2
<Chy lull oy (4.23)

Now the conclusion follows from the inequalities (4.19)-(4.23). [
The following lemma gives the L?-norm estimate of V,,(Q,u) — V(Q,u) on each element in 7.
Lemma 4.8. There exists a positive constant C independent of h such that
1V:(@nt) = VQowllo0 < Chllull 2 u € HEQ).
Proof. Let T be an interface element. By the definition of the discrete weak gradient (3.2), we have

_ — 9 ~
/ﬂr (V(Qpu) - V(Qou)) -Vgdx=- /(Qa(Qou) = Qyu) <ﬁr ﬁ) ds VqeP((T).
T or
Letge Iﬁ’l (T) satisfy Vg =V, (Q,u) — V(Qqu). By the trace inequality (4.6), Lemma 4.3, Poincaré-Friedrichs inequality, and Corollary 4.6, we obtain

V.04 = V@I <C Y, llu=Qqulloar [Br Ve, .
TET), ’

<C 2 (h7Mlu = Qoullgr + lu— Qoul, 1) “ﬁlT/ZVQHOT
TET, ,

—1/2
<C X lu=Qpulyr|[By Va|| . < Chllul o IV @ni0 = V@)l
TET, ’

and this completes the proof. []
5. Error analysis

In this section, we present the error estimate in the discrete H'-seminorm for the scheme (3.3).
5.1. Discrete H'-seminorm

We introduce a discrete H'!-seminorm as follows:

oal2, i= D0 IVoQld 7+ Arhr 10500 — V3112 57 0 = (09,05} €V

TETy,

The following lemma shows that two seminorms || - || and | - |, , on V}, are equivalent.

Lemma 5.1. There exist two positive constants C,; and C, independent of h such that

Ciloplip < Mlvpll £ Colvplyp Yo, €V,

Proof. The proof is similar to the proof of Lemma 5.3 in [42]. Let v, = {vy,v,} € V,,. By the definition of the discrete weak gradient (3.2), we have
/Evauh . qux=/ETVu0 . qux+/(uo - 0,vp) (ETvq-nT) ds VgeB, . (5.1)
T T or

Let g € P, (Q) satisfy Vg =V v, on each T € 7,. Then, by Lemma 4.3,

VWUh“(zszezr /ETVUO~VWU,,dx+/(va—Qauo) (ETunh-nT) ds
w\T

oT

1/2

I
<C 2 (”VUO”O,T“E;"/szljh”OT +11Q,v0 — ”dllOJ’T”ETV"'U””O”’T>
TeT, *
<c ) (||VU()||0,T“E;'/ ZVth”()T +Ch™' 2| Qv - vollo,aT”ﬂﬂVw”hHw)
TeTy, ’ |
< CIUh|1,h”ﬁl/2vwvhﬂo,9'

193



H. Park and D.Y. Kwak Computers and Mathematics with Applications 147 (2023) 185-201

2

L We have

=1/2 .
Thus we have ||V ,v,llo0 < Clogly ;- Since s(vy,, vy) < vy

oall? =[5V 00

2
00 +s(vp,vp) < Clvhlhh.

On the other hand, let g € [ﬁ’l () satisfy Vg =Vu, on each T € 7,. Then, by (5.1) and Lemma 4.3 we have

IVolia<c Y /Erv%vv%dx

TET),
=C z /ETVWU;, -V dx — /(u(, - Q,vp) (ETVUO . "T) ds
TeT, \ T or

<¢ 3 ([ vuenl, 1V eollor +1es = Qo [Brvey- ] .. )
TET, ’ ’

212 -
¢ % <HﬂT v‘”””HoT”V%”o,T+th/2||Ua—Qovo”o,oT ||V”0||0,T)
TETy, ’

< ClllvglliVegli -

Thus [|Voglloq < Clloyll. Since s(uy. vy) < llugll, we obtain

2 2 2
oy, = 11Vollg o + 5Whsv) < Clllwplli™.

Hence we have proved the lemma. []
5.2. Error equation
The error equation presented in the following lemma will be used to derive the error estimate.
Lemma 5.2. Let u € Hé (Q) be the solution of (2.3) with f € L*(Q), and let uj, € V)0 be the solution of (3.3). Then we have

ay(Qpu—uy,vp) = s(Qpu,vpy) + Z (BrV ,(Opu) — fVu) - Voo dx
TEeT, T

+ Z /(QI)UO_U()) (ETVW(Q;,M)—,HVM) -npds

T€Thgr
9
+ Y /(UO—Q(,Uo)ﬂﬁ ds, Vo, €V (5.2)
T€Thgr

Proof. Note that, for any v, €V},

a (Qpu —up,vp) = a(Quu,vy) — (f,Vo)oa

= a,(Qpu,v)— Y /ﬂVu-vUodx—/ﬂg—:uods
T oT

TeTy,

Z /ETVu)(Qhu) ) vah dx

TET,

+s(Qpu,vp) — Z /ﬁVu~VU0dx—/ﬂg—ZU0ds
or

TeT, \ T

Y [ BV Vopdx— Y /(UO—U())<Q() (PrVi@uo-nr)) ds

TET), T€Thir

+5(Qpu05) = Y /ﬂVu~VU0dx—/ﬂg—ZU0ds
aT

TeT, \

s(Qpu,vp) + Z /(ETVM,(Qhu)—ﬁVu)-Vvodx

TET),
= du
- (Vg = V) O ( BTV ,(Qpu) - ds+ B—vyds.
Tg;,,(;l Up = Uy ( o( T l "T)) S Tg;;,,ﬁ a"UO S

Since [ﬂj—:] =0 for each interior edge e and v,|, =0 for each boundary edge e, we obtain
e
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Z ﬂ—uods— z /ﬂ (vg —vy)ds

T€Thir T€Thir
/(vo - va)ﬂ— ds — /(Uo = 0)(Qy(fVu-nr))ds
TeThir T€Thir

+ Y /(uo — 0)(Qy(BVu - ny))ds

TeT,,aT

=Y [w- Qduo)ﬁ—ds+ > /(UO—Ua)(Qa(ﬁanT))d&

TET 4 T€Thir

Using the above equation we obtain

ay(Qpu — uy,v5) = s(Qpu, vp) + Z /(ETVW(Q;,M)—ﬂW)'VUodx

TeT),

/QaUO ﬂT W(Qhu)—ﬂvu)~ans
TeTh

+ Z /(Uo_QdUo)ﬂZ_ZdS-

T€Thir

This completes the proof of the lemma. []
The following lemma can be found in [19].

Lemma 5.3. Let T € 7, and e C dT. There exists a positive constant C independent of h such that
llu=T,ll-1 20 < Chluly 7 Yue H'(T),

where u, = I_i\ [, uds.

5.3. Error estimate

Now we prove the error estimates in the energy norm and the discrete H!-seminorm.

Theorem 5.4. Suppose that u € H*(Q)n H(; (Q) is the solution of (2.3) with f € L?(Q). Suppose further that fVu € H'(Q). Let u;, € V;, o be the solution of
(3.3). Then there exists a positive constant C independent of h such that

NQht =yl < Chllul 72
Proof. Let v;, = Qj,u —u,. From the error equation (5.2), we have

2
NQpu = upll

a,(Qpu—uy,vp)

SQpuv) + Y /(ETVM,(Qhu) — pVu) - Vuydx

TEeT, T

/ Qyvp — ﬁTV (Qpu) —ﬁVu) -npds
TeTh

+ ) /(vo—QavO)ﬂg—st

TETh i1
= L+L+I;+1,. (5.3)

By the trace inequality (4.6), Poincaré-Friedrichs inequality, and Corollary 4.6,

-1/2 -1/2
1< Y h 2 lu = Qoullo gr iy *lvs = Qovollo,or

TeT),
-1
<C Y (kg lu = Qoullor + lu—Qouly 1) hy' 11w, = Qsvollor
TEeT,
-1/2
<C z |M—Q0“|1,ThT/ llvg = Qavgllo.or < Chllull g2 g llvplll- 5.4
TeT,

From (4.2), Lemma 4.8, and Lemma 5.1,

1< Y, (181 V.(@u) = Br Vallor +11Br = Vullor ) IV eolor

TeT),
< Chllull gy lloall. (5.5)
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Since V,,(Q,u), V(Qyu) € I]31(T) on each T € 7}, using Lemma 4.3, Lemma 4.7, and Lemma 4.8, we have

1< X Aoy = Qovolloarhs!” ([[Br (Vat@uw - Vo), + [Frv@ow - pva|, . )
TET), .

0,0T
1/2

<Clleall| 3, (HET (Vul@d = V)|, +[[Fryum - ﬁVuH;T>

TET, ’ ’

1/2

<Clloall| X, <|\El/ (Vi@ = V@) [+ hr [ V@ - 5l H)

TET), ’ ’
< Chllull g lopll 56)

Let T € 7;, and e C 9T. Since fVu € H'(Q), by Lemma 5.3 and the trace theorem, we have

du
/(Uo - Q,)Uo)ﬁa ds| < ||/i'Vu||1/2,e||UO - Q()U(J”_l/z,e < Ch”u”gz(T)WUoh,r
e

Thus we obtain from Remark 2.4 that
du
TAEDYD) / (0o = Qo) 5 ds| Ch 3 Nlull gagr | Vo l.r < Chllogllull 2 gy, (5.7)
TET), ecaT |+, TEeTy,

Now combining the inequalities (5.3)-(5.7) we have

ey, = @l < Chllull g2 g Mol = Chllull 2y ity = Q.

This concludes the proof of the theorem. []
Using Lemma 5.1 and Theorem 5.4, we immediately obtain the discrete H!-seminorm error estimate.

Corollary 5.5. Suppose that u € H2(Q)n H,(Q) is the solution of (2.3) with f € L*(Q). Suppose further that fVu € H'(Q). Let u, €V}, be the solution of
(3.3). Then there exists a positive constant C independent of h such that

lup = Qpulyp < Chllull 2 -
6. Numerical examples

In this section, we report several numerical results. We solve the problem (2.1)-(2.2) with Q = (0, 1)? partitioned into two different families of
meshes as follows:

(i) MI1: uniform triangular meshes with h=1/23,1/2%,...,1/27,
(ii) M2: unstructured polygonal meshes with 2 =1/23,1/2%,..-,1/27.

Some examples of the meshes are shown in Fig. 4. The unstructured polygonal meshes are generated from PolyMesher [45]. Let u be the exact
solution and let u;, = {uy,u,} be the solution of our immersed WG method. Here, the parameter A, is chosen as Ay = /Iy) 1= max,er fr(x) or

A= A(T2) :=1 for each T € 7;,. We compute errors in the discrete H'-seminorm and L?-norm, which are given by

lup — Qhuh,hs [lug — Qo“”o,g,

respectively. For the examples below, we plot the error curves versus 4 in Figs. 6 to 10. We observe that the discrete H'-seminorm error converges
with order O(h), which agrees with our theoretical result. We also observe that error in the L2-norm converges with order O(h?). Moreover, in Fig. 6
and 7, the choice A; = max; f; gives better performance than A, = 1.

We also plot the error curves versus the number of degrees of freedom, say N, in Figs. 11 to 15, where Ay is chosen as i; = l(T”. Since N
is roughly proportional to h~1/2, the errors in the H!-seminorm and the L?-norm are expected to converge with order O(N ~1/2y and O(N7Y),
respectively. As shown in Figs. 11 to 15, the errors converge as expected. We also observe that the choice of the mesh does not significantly affect
the performance of our scheme.

Example 6.1 (Circular interface). Take a circle centered at (0.5,0.5) with radius r, = 1/6 as an interface, and choose the following exact solution

)= G =)t if (xy) €QF,
’ /}]—_(r2 — ré)3 if (x,y)€Q~,

where g and f~ are constants and r = 1/(x — 0.5)2 + (y — 0.5)2. Here we consider two cases when (f*, ~) = (100, 1) and (10000, 1).

Example 6.2 (Sharp edge). In this example, we consider an interface with sharp edge. Let L(x, y) = —(2y — 1)?> + ((2x — 2) tan 8)*>(2x — 1) be the level-set
function, with 8 = 10°, and
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o+

Fig. 5. The interfaces in Example 6.2 (left) and Example 6.4 (right).

100 ¢
102 ¢
10-1 L
104 ¢
8 102t 8
=
H' N
T 103} =S ——r =AY, M1
10 ——r =AY, M2
ol —o— X = AP, M1
—— ) =22 M2
—_—— 2
ol o)
10,5 | | | A
1072 107 1072 107
h h
Fig. 6. The error curves versus h of Example 6.1 with (8, #~) = (100, 1).
10—2 L
100 L
104 ¢
-2 L
S 10 55
= =
E:; —
i o0t : e
Tl 9 Rt ——r =AM M1
—— )y =AY M2
108} —o—r =AY M1
108 —a—)r =\, M2
— )
| | 10,10 | |
1072 107 1072 107
h h

Fig. 7. The error curves versus h of Example 6.1 with (g, #~) = (10000, 1).
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100 ¢ 107 ¢
102
- —
o - e
g 10t -7 g 10%}
[ P T
e _\0 « =7 NG
s ——r =AW M1 N ——r =AW M1
—— ) = A, M2 —— ) =AW, M2
—G—AT:Ag), M1 104 ¢ _e_)\T:)\(TQ)7 M1
—a— ) = AP, M2 —=— ) =AY, M2
——-0(h) -—-0(»)
1072 ‘ ‘ 10 ‘ ‘
1072 1071 1072 107!
h h

Fig. 8. The error curves versus h of Example 6.2.
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10'F
107 ¢
~ —
5]
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o 10 S —e— =AW, M1
——r =AY, M2
109 7 —o—)\r =AY, M1
- —=—r =AY, M2
-—-0(1*)
107 : : 104 : :
102 107! 102 107!
h h
Fig. 9. The error curves versus i of Example 6.3.
101 - 100 .
10-1 L
—
2 100t - g
— // = ol
¢ - ¢ 10
o - ——r = A0 M1 s M1
T — ) El
—— =2 M2 , M2
—o— =A% M1 108} . M1
o | —a— )y =AY, M2 , M2
——-0(n) —-—-0()
L L 10>4 L L
1072 10! 1072 107!
h h

Fig. 10. The error curves versus 4 of Example 6.4.

I'={(x,y)€Q: Lx,y)=0}, Qt={(x,»)eQ: Lx,»)>0}, Q ={(x,y)€Q: L(x,y)<0}.

Then the interface I has a sharp corner at (1,0.5) (see Fig. 5). The exact solution is chosen as u = L/p, where g* =10 and g~ =1.

Example 6.3 (Variable coefficient). In this example, we take the level set of L(x,y) = (x — 0.5)? /r% +(y—0.5)? /r% —1 with r, =0.25 and r, =0.125 as
an interface, that is, we set

I'={(x,y€Q: Lx,y)=0}, Q"' ={(x,»)€EQ: L(x,»)>0}, Q ={(x,y)€Q: L(x,y)<0}.

The exact solution is chosen as u = L/f, where
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102 104
— — 5L
10
: :
¢ ¢
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= ~
103 106 ¢
—— M1 —— M1
—o—M2 —e—M2
——-O(N"1?) 107F|———O(N )
102 108 104 10° 108 102 108 104 10° 108
the number of DOFs N the number of DOFs N
Fig. 11. The error curves versus the number of DOFs of Example 6.1 with (%, 7) =(100,1) and A, = }#).
102 105 ¢
10—6 L
10—3 L
= =
S
E 2
o o 107 F
— [a\]
a =
104 ¢
——MI L S ——v)
—o— M2 —e—M2
——-0O(N"17?) ——-O(N Y
10.5 L L L | 10.9 L L L |
102 10° 10% 10° 108 102 10° 10% 10° 108
the number of DOFs N the number of DOFs N
Fig. 12. The error curves versus the number of DOFs of Example 6.1 with (*, ) = (10000, 1) and A, = Ag).
100 ¢ 107 ¢
102 F
: :
g 10t g 103¢
S S
—— M1 10 ¢ —x— M1
—e— M2 —e— M2
——=0(N~17?) ——-O(NY
10—2 L L L I 1075 L L L |
102 108 104 10% 108 102 108 104 10% 108
the number of DOFs N the number of DOFs N
Fig. 13. The error curves versus the number of DOFs of Example 6.2 with A, = /ly).
Bx.y) = 1 if (x,y) € QF,
’ 14+052x - 12 —Q2x—1DRy—-D+Qy—1)? if(x,y) €Q".

Example 6.4 (Cubic curve). In this example, we consider a cubic curve. Let L(x,y) =2y — 1) — 3(2x — 1)(2x — 1.3)(2x — 1.8) — 0.34 be the level-set
function and

I'={(x,y)€Q: Lx,y)=0}, Qt={(x,»)€EQ: L(x,») >0}, Q ={(x,y)€Q: L(x,y) <0};

see Fig. 5. The exact solution is chosen as u = L/#, where g+ =100 and g~ =1.
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100 F
10"k
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g 8
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— [a\}
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= 100} 102 ¢
—»— M1 —— M1
—e—NM2 —e—M2
———O(N"172) 108 |==-0O(N )
102 10° 10* 10° 108 102 10° 10* 10° 108
the number of DOFs N the number of DOFs N
Fig. 14. The error curves versus the number of DOFs of Example 6.3 with A, = A(Tl).
10" 100 ¢
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1 1 1 i 10-4 1 1 1 J
10? 10° 10% 10° 108 10° 108 10* 10° 108
the number of DOFs N the number of DOFs N

Fig. 15. The error curves versus the number of DOFs of Example 6.4 with A, = A(Tl).

7. Conclusion

We introduce an immersed WG method for the elliptic interface problems on general unfitted polygonal meshes. The discrete space consists
of constant functions on the mesh edges and piecewise linear functions in the mesh elements, satisfying the interface conditions. We prove an
optimal-order convergence in the discrete H'!-seminorm under some assumptions on the exact solution.

Data availability
No data was used for the research described in the article.
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