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SUMMARY

The main focus of this paper is to suggest a domain decomposition method for finite element approx-
imations of elliptic problems with anisotropic coefficients in domains consisting of anisotropic shape
rectangles. The theorems on traces of functions from Sobolev spaces play an important role in study-
ing boundary value problems of partial differential equations. These theorems are commonly used for
a priori estimates of the stability with respect to boundary conditions, and also play very important
role in constructing and investigating effective domain decomposition methods. The trace theorem for
anisotropic rectangles with anisotropic grids is the main tool in this paper to construct domain decom-
position preconditioners. Copyright © 2002 John Wiley & Sons, Ltd.

KEY WORDS: domain decomposition method; anisotropic problem; trace theorem

1. INTRODUCTION

The mathematical modelling of transient and diffusion of matter, energy or other substance
is usually done by partial differential equations with appropriate initial and boundary condi-
tions. Such problems arise in flow of fluids and gases, for example, for transport and dif-
fusion pollutants in the air or ground water aquifers, etc. These problems are characterized
in some practical problems by elliptic boundary value problems with anisotropic coefficients
in anisotropic shape subdomains. It is of great practical importance to accurately compute
the solution, especially in the layers and around the singular points. The numerical methods
for such problems require techniques which are applicable for all scales of the parameters
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involved in the problem. In general, an efficient and accurate method will require new types
of preconditioning for the resulting linear system and the use of efficient solution meth-
ods and algorithms based on domain decomposition, multilevel decomposition methods. The
implementation of these methods with high aspect ratio in the coefficients is a widely open
problem. In this paper a preconditioning technique based on the domain decomposition method
with non-overlapping subdomains is suggested. Elliptic problems in the domains consisting
of rectangles with anisotropic coefficients are considered. The trace theorem for anisotropic
rectangles with anisotropic grids is the main tool in this paper to construct domain decompo-
sition preconditioners. Some results were announced in References [1—4]. For the construction
of preconditioners we use the so-called nested Chebyshev iterations. The general idea of this
trick was suggested by Dyakonov [5] and in domain decomposition/multigrid methods this
approach was used in References [6—8,2]. Also the technique for low rank perturbed systems
of linear algebraic equations is used [9]. The domain decomposition method for anisotropic
elliptic problems was considered in Reference [10]. Each subproblem can be solved by multi-
grid method [11-13]. For anisotropic problems, one needs line smoothing. For convergence
analysis of multigrid methods for anisotropic problems, we refer to References [14—16]. The
remainder of this paper is organized as follows. First, we define an anisotropic problem to-
gether with some notations.
Let us consider the boundary value problem

2, 0 ou
=2 Ao aii(X) - = i Q
i,?::l 0x; a; (x)axj f(x) in (1)

u(x)=0 on I"'=09Q

Assume that the matrix {a;j(x)} is positive definite and the domain 2 is a union of » non-
overlapping subdomains which are rectangles, i.e., Q= (J_, OO, QO NQW) =0, if i # . Let
A= Uf;l OQUN\T. Let a(u,v) be the bilinear form corresponding to problem (1). Assume that
there exist constants o and o; and

()

p(x)—p“)—<p(1) p?,-)>, xeQ?
2

piecewise positive constant matrix such that
opa(v,v) < /(p(x)Vv-Vu)ngocla(v,v), Yo e Hy ()
Q

The coefficient matrix p(x) can be anisotropic in each subdomain, that is, pf”»pg) or
pgi)< pg[) . Each subdomain where the problem is anisotropic can be transformed into a thin
domain so that the problem becomes isotropic. For example, if Q@ =(0,L;) x (0,L,) and
"> p, then the linear map x: R? — R* given by x(x1,x2) = ((1/o)x1,x2), a=(p”/pi")'12,
transforms the domain Q@ onto Q@ =(0,L, /o) x (0,L,) and problem (1) is changed to an

isotropic problem in €;
~pAu(x) = f(x)
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DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 131
for some f(x) where p)= min{NpY), p(zi)}. In Section 2, we construct a trace semi-norm
|- licaaw, for each thin domain Q%) which satisfies

DL s inf Ul s Ve HV2(0QW)
| ‘H‘Z(GSZ“)) ueH‘(Q(“),u\m(k):qb' |H1(9(’”)

Here A ~ B means that there exist ¢ and C such that ¢4 <B<CA. Here ¢ and C are generic
constants independent of p and the mesh size % to be specified later. For ¢p € H'?(A), denote

by ¢® its restriction on dQ® and by ¢* the corresponding function on dQ®). Then we

define a trace semi-norm | - | 2y, ON the whole interface A by

n ~
k
|¢|§ql 2(0) = —~ p( )|¢(k)|§:[1/2(5(~2(k))

k

which satisfies

|| nf a(u,u)

P 1
HEWA) yeHl Q) uly=¢

Let Q= U, ng) be a quasi-uniform triangulation of rectangular grid of 2 of mesh size &
and A, be the triangulation of A induced by ,. Denote by H"(2;,) the space of real-valued
continuous functions linear on each triangles of the triangulation €2, and by W the subspace of
H"(€,) satisfying the Dirichlet boundary condition. Using the standard finite element method,
we have a linear algebraic system

Au= f

The main purpose of this paper is the construction of the preconditioner B such that
c(Bv,v)<(4v,v)<C(Bv,v), YveRY

where N is the dimension of /. Denote

Ay A u

ao= i anl ]

where u; and ur are the vectors corresponding to interior nodes of each subdomains and nodes
on Ay, respectively. If we let S =Ap, —AzlAfllAlz be the Schur complement matrix of A then

(Sur,ur) = inf (Au,u)

Here

n n ~

(Au,u)=a(u,u)~ pOVu- VudQ® = Z/ PO Vul? dQ®

k=1JQ® k=1JQ®

In Section 3, we construct a trace semi-norm | - | i1 aqwy Tor each thin domain Q® which
G

satisfies

2 : 2

|¢)|I_~1hl/2((jﬁ(k)) = lnf |u|H1(Q(k))

Ak
uGHh(Qi1 )),u\m(/;)zd,
“
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Then we define a discrete trace semi-norm | - on the whole interface A by

|H; (M)

k

n

2 (k)| J.(k)|2

1

which satisfies

2 .
D\~ ~ lnf alu,u).
| |H,I1 (M) uEW,uly, =¢ ( ’ )

h

In Section 4, we construct a preconditioner B for A. Finally in Section 5, we provide numerical
results.

2. CONSTRUCTION OF A TRACE NORM ON A

Let 2 be any open domain in R? and ' = 02. From trace theory in Sobolev spaces [17], we
have the following two lemmas.

Lemma 2.1
There exist ¢ and C such that for any uc H'(Q), and ¢ € H'*(I") with u(x)=¢(x) on T’

PNl aary <cllullmo) (2)

holds, and for any given ¢ € H'*(I"), there exists uc H'(2) with u(x)=¢(x) on I' such
that

lull ) < Cll @l mner) 3)
holds.
Moreover, we have similar results for semi-norm.

Lemma 2.2
There exist ¢ and C such that for any uc H'(Q), and ¢ € H'*(T") with u(x)=¢(x) on T’

|Pley <clulmo (4)
holds, and for any given ¢ € H'*(T"), there exists u € H'(2) with u(x)= ¢(x) on I' such that
|ul 1) < Cllga) (5)

holds.

2.1. Trace theorem for domains with small diameter

We will consider several trace theorems for small domains. Let 0 <e<1 be arbitrary real
number. If we use the change of variables by x=¢s, and y=g¢t, we can transform (2,
and I' into Q,, and I;, respectively. Let u,(x,y)=u(x/e, y/e) and ¢, be defined similarly.

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157



DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 133

We note
2 (p(x) — $(»))?
2y = 2 dxd
|¢‘H/(r) /F . x— P y

Lemma 2.3
For any uc H'(2), and ¢ € H'*(T"), we have

|Pelrm,y = |Plae) (6)

\”a|H1(sz,,) = |“|Hl(sz) (7)

Lemma 2.3 implies that the semi-norms |- |;12r,) and |- |51(o,) do not depend on ¢ but only
on the shape of 2. From Lemmas 2.2 and 2.3, we have the following result.

Lemma 2.4
For any u, € H'(£),), and ¢, € H*(T}) with u,(x) = ¢.(x) on T},

|¢3‘H1/2(E)<C|us|H‘(Qg) (8)

holds, and for any given ¢, € H'/*(I}), there exists u, € H'(2,) with u,(x)= ¢,(x) on I, such
that

|tz 1r1(0,) S Cl el mngy 9)
holds.

It is clear that the above constants ¢ and C are independent of ¢. To obtain a trace theory
for the full norm on I; which is independent of ¢ we first need to define the corresponding
trace norm on I;.

Definition 1
For any ¢, c H'*(I}), define the norm of ¢, by

H(ﬁa”;{wm(n) = SHQZ)SH%Z(I‘H) + |¢s|§{1/2(n)

Remark 2.1
Note that ||| y12r,) and the standard norm ||| 2r,, are not equivalent with constant
independent of .

Lemma 2.5
There exist ¢ and C which are independent of ¢ such that for any u, € H'(),), and ¢, €
HV>4(T,) with u,(x)= ¢.(x) on I}

||¢8HH1/2-‘:(E,)<CHM"HH1(“") (10)

holds, and for any given ¢, € H'*(I}), there exists u, € H'(€),) with u,(x)= ¢(x) on I} such
that

luell o, < Cllell e, (11)
holds.

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157
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Proof
Let ¢, € HV/2(T}) be arbitrary. Let u, € H'(Q,) with u,(x)= ¢.(x) on I,. Then

ell |, = & / $,(x)? T,

:82/¢(s)2 dr
r
< 082||u||12ql(9)

by Lemma 2.1. Since 0 <e<1, we have

82”””%{](9) = |luell7,0,) + 82‘”8&11(90

< ||”s||%11(98)

Hence by Lemma 2.4, we have (10). To prove (11), let u,€ H'(£2,) be the extension of ¢,
given by Lemma 2.4. The corresponding function u satisfies

H”Hiz(ﬂ) <C(||¢||1242(F) + |“‘§11(Q))

by Friedrich’s inequality. Therefore

HuﬁH%z(Q,;) = 82||”sz(52)
< Cﬁz(H(ﬁH%z(r) + |”|12L[1(sz))
< C(gH(f’sH%z(m) + |“|§11(QS))
Hence
llttel| 210y S CllPell ey -
The following lemma is due to Sobolev [17].

Lemma 2.6
Let ¢ € H'?(0,1) and let 4 be any subinterval of (0,1). Then there exists a constant C
depending only on the measure of 4 such that for any ¢ € H'2(0,1),

2
||¢>||%,m(0,1)<c<¢|zm(0,1) 4 ( / ¢dx)>

From this lemma, we obtain the following corollary.

Corollary 2.1
Let ¢ € H'2(0,¢) and let 4, be any subinterval of (0,¢) whose measure is of order ¢. Assume

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157



DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 135

that [ 4, @dx=0. Then there exists a constant C independent of ¢ such that for any ¢ €
H'(0,¢),

1
z ||¢||%2(0,e) <Clpljn 2(0,¢)

Lemma 2.7
Let ¢ € H'/2(0,1) be arbitrary. Define /(x) in the interval (0,3) such that
P(x), if x€(0,1]
Y(x)=q 2-x)p2—x), if xe(1,2]
0, if xe(2,3)

Then there exists a constant ¢ independent of ¢ and y such that
Wl 20.3) <<l @l
Moreover, if fol ¢(x)dx =0, then there exists a constant C independent of ¢ and i such that

1¥11Z,03) + W\fﬂ/z(o,s) < C|¢|§11/z(o,1)

Remark 2.2
The first inequality in the statement of Lemma 2.7 can be proved by interpolation theory
between L, and H' in order to define the H'? norms. And by Lemma 2.6, we have the

following:
1 1 2
/0 ¢*dx<c |¢‘i[|/2(0,1) + </0 (,b(x)dx)

Using this, the second inequality can be proved.
The following is obtained just by scaling.

Corollary 2.2
Let ¢ € H'/?(0,3¢) be arbitrary. Define y(x) in the interval (0,3¢) such that

P(x), if x€(0,¢]
Y(x)=1< Qe —x)p(2e — x), if x € (e, 2¢]
0, if x€(2¢,3¢)
Then there exists a constant ¢ independent of ¢,y, and ¢ such that

Wl r12:00,36) S €l Pl 1250, (12)

Moreover, if [/ ¢(x)dx =0, then there exists a constant C independent of ¢,y, and ¢ such
that

1
" HlP”%z(o,as) + [l 200,30) S C|¢\?{I’2(o,s)

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157
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2.2. Trace theorem for thin domain problem for continuous case

Let Q2 be a rectangular domain 2 =(0,H) x (0,L) with a boundary I". Assume that this domain
is thin, that is, H <L. Define [x] as the largest integer which is less than or equal to x. Denote
k=[L/H] and H=L/k. Let 6p=19=(0,H) x {0}, 041 =14+1=(0,H) x {L}, and for each
i=1,...,k, let

0, ={0} x((i— DH,iH) and 7,={H}x((i —1)H,iH)
For each i=0,1,...,k, let /; and t; be the connected open subset of ' such that
ZizgiU6i+1 and FiZf,-Uf,-H

Definition 2
Let A and B be any subset of I'. For any ¢ € H'*(I"), define

_ (p(x) — (1))
Lip()= /A/B x— 2 dxdy

Definition 3
For any ¢ € H'*(T"), define

k
1910, = 3 HUDIE 0y + 1120

k
|BlFnry = 2 (11 $) + D $) + L1.n(9))

101y = 101 oy + 10 0n

Theorem 2.1
There exist constants ¢ and C independent of H such that for any u € H'(2), with u(x) = ¢(x),
on I,

H¢||?:112(1‘)<c”u”%1'(ﬂ)
and for all ¢ € H'2(T"), there exists u € H'(Q) with u(x)=¢(x), on I' such that

Proof
Let €, =(0,H) x((i — l)ﬁ,if]), i=1,2,...,k, and Qq :Ql,Qk :Qk, and €); be the overlap-
ping subdomains of 2 such that

Qi:S:)iUéH_l, l:l,Z,,k—l

For any given u€ H'(f2), we have
2 L& 2
”””H‘(Q)>§i§) iz,

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157
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Oi+1
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Figure 1. Subdivision of thin domains.

By Lemma 2.5, we have

i

||”H?{1(Q,) >C(H||¢‘|%2(aszi) + Log, c0.(¢))

Hence

1
||”||§11(sz,) = 2 > ||”||%11(sz,)
i=0

k
=c ;) (H|\¢||i2(asz,-) + Iog,,00,(P))

> elllng

137

This completes the first part. For i=0,1,...,k+ 1, let 6; be the open interval contained in g;
satisfying that the length of &; is of order H and the distance to the end points of g; is also of
order H. Similarly define 7; (see Figure 1). For example, we set 69 =17y = (%H, %H) x {0}, 6411
=T =(3H,3H) x {L}, and for each i=1,...,k,

Gi={0} x (i = DA, (i — DHH) and &= {H}x (i — D, (i - HA)

Given ¢ € H'2(I"), let us define a piecewise linear function ¢’ € H'/>(I") which has a constant

valueon g, 7;,, i=0,1,....k+1

¢H,,~[—a,-—§1/&i¢(s)ds

¢H|‘fi:ﬁi

% /t ¢(s)ds

Between 6; and 6, (%; and 7;,;) we extend the function ¢’ as a linear function. To define
function ¢” on 0();, we define a linear extension between points (0,iH) and (H,iH). So we

Copyright © 2002 John Wiley & Sons, Ltd.
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have a function ¢/ on o, i=1,... k. By Corollary 2.2, it can be shown that
k
; (HH(]SHHEZ(@QI) ’g) CQ (¢H))<C||¢||HI/2(F) (13)
By Lemma 2.5, we can extend ¢ to u’ on each Q, i=1,...,k, such that
u(x)=¢"(x), xec o,
and

1Py <N I o + Lot (6))

Summing these,
||uH||12-I‘(Q) <C”(Zs”f;'l 2(T)

Let Y(x)= ¢(x) — ¢ (x). Then for i=0,1,...,k —

/ Y(s)ds = / Y(s)ds =0

By Corollary 2.2, we can represent the function (x) in the following form:

W) = i Ui t(6) + Y ()

Yi(x)=0, x¢l;
Ui (x)=0, xérn, i=1,2,....k

and the following estimate is valid

k
2 ey + 12y S C IV
=

By Lemma 2.5, we can extend the functions ; ;, ., inside €, i.e. there exist u; ;,u;,, € H'(Q)
such that

w(x)=y;(x), xel
u(x)=0, x¢Q;
and
Hui,ZHHl(Q)\C”lpl IHHIZ(F)

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157
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The same inequality holds for u;, with

ui, (x)=y(x), xel
u,-,,(x)zo, X%Q,‘

Setting

k
u=u" + 3w+,
=1
and summing the estimates obtained, we prove the second part of theorem. |

With the same technique, we have the following theorem.

Theorem 2.2
There exist ¢ and C independent of H such that for all ¢ € H"Y*(T),

(59, ) <[Pl ) <C(Sh. )
where

S, )= inf ul?
(Sh,d) ueH'(Q),u|y:¢| |H‘(SZ)

3. CONSTRUCTION OF A TRACE NORM ON A,

3.1. Trace theorem for anisotropic grid in FEM case

Assume that  is any rectangle. Let I'=0(). Let /,,1,,/5, and I, be the bottom, the right,
the top, and the left side of I', respectively. Let €2, be the triangulation of 2 with grid sizes
hy and hy in x and y directions, respectively. From here, the generic constants ¢ and C
are independent of 4; and h,. Let H'" be the finite element space consisting of continuous
piecewise linear functions and H'/?>” be the trace space of H'". For any subset 7 of I, define

Hp"={ueH""|u=0 on T}
H*"={¢peH"*"|¢=0 on T}

Let n; and n, be the number of nodes in x and y direction, respectively. In this subsection,
we denote by A4 the generic matrix corresponding to the Laplacian with various boundary
condition. Let us define a norm and a seminorm on trace.

Definition 4
For each ¢ € H'?" define
|¢|§11~h(r) = h1(|¢‘§1'(12) + |¢|12{1(14)) + h2(|¢|§11(11) + ‘¢|§11(13))
1l72000) = D132y + 1D

‘d’ﬁil () = |¢|§11 2T + |¢|§1Lh(r)

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157
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Remark 3.1
Note that [|¢||; 2.y and the standard norm |||,y are not equivalent with constant inde-
pendent of /; and #;.

Definition 5
Define S by

(S, d) = inf s ||”H%11(Q)

u€H" ulp

Lemma 3.1
If ¢ =0 on I, Ul; Uly, then there exist ¢ and C such that

o(S, )< Bll7pary + haldlin ) <C(S. )

Proof
Let T=L UL Ul,. For any ueHTl’h, we have

|”|i]1(9) = (Au,u)

Let ¢ = (hy/h;)?, and

2 -1
-1 2 -1
A0:: T
-1 2 -1
-1 2
Then
oAy + 21 -1
-1 oAy +21 -1
A=cg 12 . .
-1 ody+ 21 -1
-1 %O’Ao +1

A can be also expressed as
Ay A u
Au—g-12 [An A 1
Ay Axn| |u
where u, is the vector corresponding to the nodes on ;. Let ¥ =0~ "?(4y — Ay A} 412). Tt

is clear that A, is symmetric and positive definite. Let A be an arbitrary eigenvalue of 4, and
¢ is the corresponding eigenvector. If there exist y;’s such that

Y1 0

An : =
Ym—1 0
Vm ¢

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157
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then
0
Ay Ay =—Vm
0
¢
Assume that y; =o;&, for i=1,2,...,m. Then we obtain
0615 0
An =
OCmflf 0
U ¢
that is,
[(ch+2)] -1 1T & ] [0]
-1 (cA+2)1 -1 0 ¢ 0
—1 (cA+2)] -1 Op—1& 0
i —1 (GA+2) | | ol | 1 <]
or
(6h+2 -1 11 o 7 [0
-/ ol+2 -1 o 0
-1 ol+2 -1 Om—1 0
i -1 oA+2] | om | 1]

Let f=1+ 10/ Since AnAj'A1é =y =0, LE=0""*(B — 2, )¢. Now define a sequence
d;, i=0,1,...,m by

do =1
d, =28

djzzﬁdjfl—djfz, j:2,3,...,m

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157
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then we see that o;=d,_/d,, for i=1,2,...,m. It turns out d;=U,;(f), where U; is the
Chebyshev polynomial of the second kind of degree j. If we let u(X) be the eigenvalue of
> corresponding to the eigenvector &, then

wE)y=o"'? (ﬂ - dgml) =01 (ﬁ - W)

Let us note the formula fU,(B) — Uu—1(B) = Tne1(f), where T;, i=1,2,... is the Chebyshev
polynomial of the first kind of degree i. Then

_ 12 Tm+1(ﬁ) o2/ (ﬁ + /B =D+ (B4 /1)
M=) e P (e

It is easy to show that

(ﬂ+\/ﬁ2 D"+ B+ D™
U T RV e

Since
1 - gl 6272 oi
—_ - < A, - < -
2<VJA+2> o+ 7 \/0/14-2
we have

(VI + Vo) <u(E)<C(VI+ al)

Since this holds for any eigenvalue of 4,, we obtain
c <(A3/2 - Ao) ¢, ¢)> <(Z¢.9)<C ((A}/Z + A0> ¢, ¢>> V€ R"?

Since (lml¢, p)~ ||¢HL2(11) ||¢HL2(F) and ((1/h1)40¢, ¢) ~ |¢|12L11(1,): |¢|3—[1([‘)7 by interpolation

we have (A1/2q5 ¢)~ |¢‘H‘2(F)
Observe that [¢|2, 2ry 2 |¢|H12(r) when ¢ =0 on 7. Hence

(DIl + b2l Blin ) < (S, ) < CUIDIIFpary + 2l Dl )
Observe that for any we H}M", ||w] (@) =~ |W|g ). Hence we have the following estimation

(Sh, 9)<|Dl312 () + haldli ) < C(Sh, D) O
Lemma 3.2

Let u be the discrete harmonic function satisfying du/on=0 on ,,Ul; and u=0 on I, and
u=¢ on I;. Then
C(S¢a¢)<“¢H%112(r) +h2|¢|H1(ll)\C(S¢ ®)

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157
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Proof
Let ¢ = (hy/h;)? and
1 -
-1 2 -1
Ay =
1 2 -1
L -1 1 J
1o i,
0 1 0
J= .
0 1 O
i 0 3
Then
64y + 2J -J i

J GA() + 2J —J
A=g1?
—J GA() + 2J —J

—J oAy +J ]

To estimate the Schur complement matrix of 4, let us define a matrix B which is equivalent
to 4.

(oA + 21 -1 i
-1 oAo+21 —I
B=¢"""?

-1 GA() + 21 —I
71 %O’AO —+ I_

The proof of the equivalence of 4 and B is simple and omitted. Note that if 4 and B are
equivalent then the corresponding Schur complement matrices are also equivalent. The rest of
the proof is quite similar to that of Lemma 3.1 except that 4, is only positive semi-definite,
that is, it has 0 eigenvalue. If 4 is non-zero eigenvalue of Ay and ¢ be the corresponding
eigenvector then by using the same technique, we have

(S5, &)~ (Ao v é) o ey + ol (14)

Let A=0. It is obvious that the corresponding eigenvector ¢ is just a constant vector. If
we let pu(3p) be the eigenvalue corresponding to ¢ then it is easy to obtain that u(Xz)=
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hi/(hy + 1) ~hy, so

(858, &)~ (MIE, &)~ ||ElI7,ry (15)
Combining (14) and (15), we have
(8¢, ) <|Dll72(r) + ha| Dl 1) < C(Sh, ) o

Theorem 3.1
There exist ¢ and C such that

(Sh, O <||Dl7n ) SC(SP, P), Ve HV>H(T)

Proof
Let ¢;=¢|;, for i=1,2,3,4. Let u; and u, be the discrete harmonic functions satisfying
Ouy/0n=0uy/on=0 on LUIl, and u; =0 on I3 and u;=¢; on [; and up =¢3 on 5 and
u, =0 on /;. By Lemma 3.2, we have

(|1 ||%11(sz) ~||¢ ||311 2y T h2|¢|§11(1l)

||”2||%11(Q) = ||¢3||§11/2(r) + h2|¢|;2111(13)
For j=2,4, let y; = ¢;—u1|;, —u>|;,. Let us be the discrete harmonic function satisfying u3 =,

on [, and vanishing elsewhere and u4 be the discrete harmonic function satisfying u4 =4 on
1, and vanishing elsewhere. Then by Lemma 3.1,

||”3||§1'(Q) = H%”%ﬂ?(r) + h1|¢2|?1'(12)
< C(||¢2||§11 xry T ||u1|12||5~11 xry T ||u2|12||?11’2(r))
+c(h |¢2\311(12) + hifuy ‘lzﬁ-ﬂ(lz) +h \”2|Iz|%11(12))
By Lemma 3.2, u; for i=1,2, satisfies
H”i|l,»||f11/2(r)<C||“i||311(sz)» for j=2,4
And it is easy to show that
hl|“i|1_,|311(1,)<CH”:‘||?1'<Q)

Hence by Lemma 3.2

||”3H%1l(sz) < C(II(szfp xmy T ¢ ||f-11/2(r) + ||¢’2H%11 Z(F))

+ C(hl |¢2|§11(12) + h2|¢1 |?—[1(11) + h2|¢3 ‘?—11(13))
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Similar estimation holds for u4. Now let u= Z?:l u;, then ulp = ¢. It is clear that

4
[ullZ ) < 21 il 310
P
< C||¢||12ql/z,h(r)

Now consider the opposite inequality. Let u be any function in H"(Q) satisfying u|r = ¢. By
trace theorem,

DNl 2y < Cllul| o)

Let z;, i=0,1,...,m be the nodes on I,. Then

m—1
h1\¢|§{1(12) <C ;) %((b(zHl) o ‘15(21'))2

= 'S by (”(Z"“L_ ”(Zi)>2
i=0 2

< Cllullio

Similar inequalities hold for /;, /5 and /;. From above inequalities, we have

&1l 120 <Cw€m(}g’fwh:¢ Wz )
This completes the proof. 0
Definition 6
Define S by
(8o, 9)= ueHI(gn),t;\r ¢ ‘”ﬁ/l(m
Theorem 3.2

There exist ¢ and C such that

C(§¢’ ¢) < |¢)|5~["2~h(F) < C(§¢7 ¢)

Proof
Consider the second inequality. Let u be such that u|r = ¢. Decompose u =ug + u;, where u
is constant and u, satisfies
/M] dQ =0
Q
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Let (bo:uolr and ¢1 :u1|r. Then ¢:(i)o+ (i)] and

|u|Hl(S2) |ul|Hl(Sl) > CHUIHHI(Q)
= 1 Hl/z,h = 1 HI 2,h T — Hl,z,h T

By taking the infimum, we obtain the second inequality. Now consider the first inequality.
Decompose ¢ = ¢ + ¢, where ¢ is constant and ¢, satisfies

/ b dl =0
r
Let uy be the trivial extension of ¢y. By Theorem 3.1 we can choose u; such that
1
5 [ ][7 2 < (Sr, pr) <cll b llFpncry (16)

Let u=uo + u;. Then by the definition of S, (16) and Poincaré inequality, we see

(Sh,9) < C|u|iﬂ(ﬂ) :C|“1|%11(Q)
< CHuIHzI(Q)<CH¢1||§112-h(r)<c|¢l|if”~h(r) :C|¢|§11’2~h(r)

This completes the first inequality. |

3.2. Trace theorem for domains with small diameter in FEM case

We will consider trace theory for a small domain in finite element case. Let 0<e<1 be
arbitrary real number. By the change of variables, x =¢s, and y = &, we can transform €, Q,, T,
and /; into Q,, Qy.), [, and 7; ,, for 1<i<4, respectively. Denote by H'/®) the space of finite
element functions on ), and denote by H'Y>"® the space of finite element functions on
Lye). For ue H" and ¢ € H'>", let u,(x, y)=u(s,t) and ¢.(x,y)=¢(s,1).

Definition 7

For each ¢, € H'/>"®)  define

|Belinom) =embsling, ) + |6lina, ) + ehalldeling, , + 1d:ling, )
|¢8|§.[1/2.h(;:)(1';:) = |¢£|%_[l‘2([‘8) + |¢g|%.[1,h(z:)(1‘;;)
||¢6H§11 LI = 8H¢8||%2(D,) + |¢8|12L11/2~h(a>(rﬂ)

From the definition, we immediately obtain the following:

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157



DOMAIN DECOMPOSITION FOR ANISOTROPIC PROBLEM 147

Lemma 3.3
For any ¢ € H'>" we have

|¢s|i]1/2.h(zz>(n) = |¢|f.11 2.0(T)

The following two lemmas are direct consequence of Theorems 3.1, 3.2, Definition 7, and
Lemma 3.3.

Lemma 3.4
For any u, € H"® and ¢, € H'/>"* with u,(x)= ¢,(x) on I}

ez <cluelma,) (7)
holds, and for any given ¢, € H'/?>" there exists u, € H""® with u,(x)= ¢,(x) on I, such
that

|us‘H1(Q‘:)<C|¢)8|H1’2.h(s)(n) (18)
holds.
Lemma 3.5

There exist ¢ and C which are independent of ¢ such that for any u, € H""® and ¢, € H"/>"®
with u,(x) = ¢.(x) on T

| Pellrranomy < clluel| mo,)

holds, and for any given ¢, € H'/>"®) there exists u, € H""® with u,(x)= ¢.(x) on I}, such
that

el 2,y S CllPell ooy

holds.

Lemma 3.6

Let 7, and J;, be the uniform triangulation of (0,1) and (0,3), respectively, with mesh size 4.
For i=0,...,3/h, let x;=ih. Let H; and H; be the spaces of continuous and piecewise linear
functions on /, and J;, respectively. Let ¢ € H; be arbitrary. Define y(x) € H, in the interval
(0,3) such that

o(x:), if x;€(0,1]
Yxi)=q 2—-x)P2 —x;), if x;€(1,2]
0, if x;€(2,3)

Then there exists a constant ¢ independent of ¢ and  such that
7 20,3) T 0. <C(||(f’||%11/2(0,1) + hl L)
Moreover, if fol ¢(x)dx =0, then there exists a constant C independent of ¢ and s such that
Ylirea) + A5 03) < CUDlmewny + dliney)
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Proof
Define the following discrete norms:

181340, =S #2e)

(i) — ¢(x)))?

i — x;[?

Hq‘)H%]l/Z.h(Ih) = h2 ; ;

91311 = 7 55 (9xis1) — )

Then it can be shown that these discrete norms are equivalent to their corresponding continu-
ous norms. Then the following inequalities can be shown by direct computation, from which
the proof of the lemma is derived.

112405y < €l
|¢|i?1/2‘h(‘]h) < c(\d)ﬁ:p 2y T Hd)”ihah))

h|¢|?§l,h(‘]h) S h|¢‘121?1,/1([h) D

We can directly obtain the following just by scaling.

Corollary 3.1

Denote by Hf and H} be the scaled finite element spaces with respect to H; and Hj, re-
spectively. Let X; =ex;, for i=0,...,3/h. Let ¢ € Hf be arbitrary. Define (x) in the interval
(0,3¢) such that

d(F), if X;€(0,¢]
Y(E) = { (e — #)p2e — ), if % € (e,2¢]
0, if % €26 3¢)

Then there exists a constant ¢ independent of ¢,y, and ¢ such that
8||¢||%2(0,38) + |‘//|§11 20,30 T 8h|l//|%11(0,31:) < C(8||¢||%2(o7g> + |¢|12L1"2(o,g) + 3h|¢|12'11(0,1;)) (19)

Moreover, if [ ¢(x)dx=0, then there exists a constant C independent of ¢,, and & such
that

1
" ||‘P||%2(0,3s) + W|§{1/2(0,3£) + 8h|‘ﬁ|§{l(o,3s) < C(|¢’|§11/Z(o,g) + 8h|¢|%—[‘(0,3))

3.3. Trace theorem for anisotropic grid on thin domain in FEM case

This section is closely related to Section 2.1, but we deal with finite element case. Let
Q=(0,H)x(0,L) and let I'=0€). Assume that H <L. Let k=[L/H] and H =L/k. Let Q"
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be a triangulation on {2 with uniform grid size #; and 4, in x and y direction, respec-
tively. Let ny = H/h, and ny =L/h,. Assume that A, is sufficiently small so that there exists
an integer m>3 so that m-hy <H <(m + 1)-h,. We can choose a sequence {s;}_, of inte-
gers such that 0=so<s; < --- <sy=ny and m; =s; — 5;_1 =3 of order m, and m; =m; =m.
Decompose the interval [0, L] :Uf.‘:1 I; where I, = (s;i_1 - hy,s: - hs). Let g =19 =(0,H) x {0},
or=71=(0,H)x{L}, and 0;,={0} x I;, 7;,={H} x I;. Define I;=0;U0c;, and r;=7,U71;;;.

Definition 8
For any ¢ € HY>", define

P racey = mdalin ) + | Dnlinwe) + a(bulin ) + [Baliner,)
k
||¢Hiz(r) = Z:OH(HQ"H%Z(I,) + ||¢|Ifz(r,.))
k
|¢|,2f11/z.h(r) = Z:,)(Il,-,ll((ﬁ) + ]rf,r,((f)) + 11,,r,-(¢)) + |¢|§1Lh(r)

2 2 2
||¢)||]-71 2(T) = H¢||]:2(r) + |¢|1:[1 2.0(T)

Theorem 3.3
There exist ¢ and C independent of H, h;, and &, such that for all ¢ € HV>"

(S0, $) <9111y <C(S$, §)

where
So,p)= inf ul|?
(89, 9) ueHLh,u‘r:d)H HH‘(Q)
Proof
Define 6; and 7; similarly as in the proof of Theorem 2.1. Then we can define o; and f5; to
construct ¢, Yo, Yry1, and Y, for i=1,...,k in the same way as in the proof of Theorem 2.1.
To complete the proof, it is sufficient to show that
k
‘221 |¢H|12.[1,h((3{2i) <C||¢||§§l,2.h(r) (20)
iz
and
2 2 = 2 2 2
Wt lany) + Wliao,) + Z})(|%l|yl-h(m,)+ WVir i1 g00,) < C||¢||,;,1/z.h(r) (21)
=

By direct calculation,
L k 2 2
Zl|¢ ‘Hl,h(gﬁi) < CZ%)((%'H =)+ (Bir1 — Bi)7)

; k1
+C§)((°‘i+l —B)* + (B _ai)2)+cg(:)(o(i_ﬂi)2 22)
< @l g 23
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where the last inequality is obtained as the proof of Theorem 2.1. This completes (20).
Equation (21) follows from Corollary 3.1. O

For the semi norm, we have the following theorem.

Theorem 3.4
There exist ¢ and C independent of H such that for all ¢ € H'/?",

(S ) <IBny, <CS S d)
where

(§¢,¢)= inf :¢|“|%11(Q)

u€H " ulp

The semi-norm, |¢|g14r) i.s complicated to implement, but we can replace it by an equiv-
alent norm ||z, Which is simpler.

Definition 9
For any ¢ € HY>" define

k k
|¢|12:[l 2%(1‘) = ;}(llhli(¢) + Ii’l,n(d))) + glﬂi,‘fi(d)) + |¢‘%{'~’r(r) (24)

Theorem 3.5
There exist ¢ and C independent of H such that for all ¢ € H'/?",

(S, ) <Py <CSb. §)
where

$¢.9)= _ inf _ |ul)

u€H" ulp

4. CONSTRUCTION OF PRECONDITIONER B

Let us decompose W into two subspaces W, W, and construct a preconditioner for each
subspaces. The subspaces W, and W are defined as follows. Let

Wo={uecW|ux)=0, xe Ay}

Set W), be the trace space of W on A,. Let ¢ be the extension operator from W, to W. In
fact,

t= [AI_IIAIZ]
1

and ¢ maps a discrete function defined on S” to the A-discrete harmonic function in €2;. Let
t* be the adjoint map of ¢. In matrix form,

t*=[And;' 1]
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Set Wy =tW), and
Wy ={ue Wy |u(x)=0, x¢ "}, j=12,....n

Let B : W) — W) such that there exist ¢ and C satisfying

c(BY v, v) < P dQ<C(BYv,v), Yoe W)
For any linear operator 7, denote by T'* the pseudo inverse of 7. Set B():Bf,l) + Bf)z) +
-+ BY and Bf =(B")" + (BY)" + --- + (BY")". For the preconditioner for W, let
¢ =lag» ¢ E Wij. Assume that we have X() which induces a semi norm on 02/) which

is equivalent to the norm defined in Theorem 3.5. Let p() = min{ p\/’, pi/’}, for j=1,...,n.

Let
(S, = 3 p DG, y)
j=1

Then (X¢, ¢) is equivalent to the trace norm on Wj,. To give a preconditioner B, for X,
we define ¥/). Fix a subdomain /). For convenience assume that Q) =(0,L;) x (0,L,),
where Ly =n;h and L, =n,h for some positive integers n; and n,. Assume that p§/ )> pgj ). Let
o) =/ p(lj )/ p(Zj ). Assume that 4 is sufficiently small so that there exists an integer m >3 so
that mh < L,/a7) <(m+1)h. By a change of variable (x1,x;) = (x;/0"/),x,), Q) is transformed
onto Q) =(0,L,/a/)) x (0,L,). Let H =L /o)), L=L,, H=Ly/o)), h;=h/o')), and hy = h.
Note that H <L and h; <hy. Each Q) will be decomposed exactly as in Section 3.2, and we
use the same notations m;, 6;,7;, [;,7;,. By Theorem 3.5, we have that for all ¢ € H'>"(T()),

(Sig, )~ ‘d’ﬁ*p 20(F0))

Let us construct ) which is equivalent to |-|21M(fm). For given ¢ € HV2M(TW)), let s be

the restriction of ¢ on S, for any subset S of I'V). From now on, denote by .2/, the generic
matrix corresponding to the 1-dimensional laplacian with Neumann boundary condition where
the size is equal the number of grid points »:

Any =

In fact, (A, ) ="h|p|%, o whenever ¢ is a finite element function on interval / which is
discretized by n points with uniform mesh size 4. Then for i=1,...,k — 1,

1/2
Ili,li((:b) = (%(nii-q-miﬂ-yl)gbl,a ¢l,)
1/2
Let E]t. = “Q{(rr/li+mi+|+1) and Tl, = %(,,1i+m,+1+1).

Copyright © 2002 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2003; 10:129-157



152 D. Y. KWAK S. V. NEPOMNYASCHIKH AND H. C. PYO

For 1, ;,(¢), the situation is quite different since /, is composed of two different meshes 4,
and h, (similarly for 1, ;,(¢), Ly.,(¢), and I, . ($)). Let 6o, and 7, be the triangulation
on oy and ¢, with grid sizes h; and h,, respectively. Let [y, =0¢ 5 Uoin. Let {y;}7, and
{y;}7%m be the grid points of o) and gy, respectively. We will insert new nodes z; and
renumber the whole nodes on [, as follows. Since %, > h, there exists a positive integer
p such that phy<h,<(p + 1)hi. Let zjprs=[(p — 8)y: + syi1l/p, (i=0,...,m — 1 and
s=0,1,...,p—1), and zyps; = Ymsi» (i=0,...,m). Let /=m- p+ny. Observe that {z;}/_, is
a quasi-uniform grid on /, with grid size of order h;. Let [y, be the triangulation induced
by {z;}/_,- Then we have two different finite element spaces on /o, H 110/ f and H,f]/ hzl, which are
finite element spaces on /o, and [y, respectively. Let J, be the natural extension of the
function in H lt/ f to the same function in H 110/ f}. In fact, J;,[p(x)]T = [¢(z;)]". For any ¢ € H)'>

lon?
we have

10 ) = (A1 Do) 22 |31y = Lo 1o (D)

Let X, =J! 9(/(/ +1)J/o and T, :JIOTJz/(/H)J,O. Note that T}, is a tridiagonal matrix. In fact,

11 -
P P
_1 51 _1
p p p
ST (DU |
T, = »
-1 2 -1
-1 2 -1
L _1 1_
Similarly we can define %,,%,,%,,,T,,, 7, and T,,. Now consider the term I, ..(¢). For
i=1,....k, denote {x, ;}7", and {x. ;})*, be the mesh points on ¢; and t;, respectively.
Then ‘

2
L (¢)= / / GRS

~ / [ @)~ gy dedy
(ml )2 Z (¢( Xa;, j) ¢(xr, k))

= (Em, T ¢> d))
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where

(m; + )]

=t T i+ 1)2 | 1

(m; +1)I
1 -1

Denote by ¢, the restriction of ¢ on I‘éj ). Then
hl |¢|i[l(rl(/)) =~ (EL¢L’ ¢L)

where = = (hy/h2)A,+1). Define Zg, Zp and Er similarly. Now define ) by

. — k
(ED ) = 'f_zll((zm, )+ bt )+ 33 o s )

+ (E/0¢/0’ '10/0) + (Ero¢r07 wlo) + (Elk d)lu Wl/( ) + (Em d)ru lrbrk)
+(ELdr,Yr) + (Zrr, Yr) + (Epds, Yp) + (Er 7, Yr)

and T) by

] k— k
(T(j)d’a (,15) = Z:((Tlid)lr’ lpli) + (Tr,-(pbri: lpr,)) + ;(Ec,,n(pm Ut llb(fiaUTi)

+ (Tlo(l)loa lplo) + (Trnd)m’ lpio) + (led)lk’ lplk) + (Tfk(rbrk’ lrbrk)
+ (Ergr, i) + (Erdr,Yr) + (Epds, ) + (Erdr, Yr)

One can show that

ENT D, )< (D, p)<EIN(T D, ) 25

where ¢/)=1 and ¢V =1/sin(n/2(¢ + 1)). Note that / is of order 1/h. Denote by y*) be
the restriction of i on dQ®) for all y € W, ;. Define bilinear forms ¥ and T by

(Sh.p) = pPEO 0, y)
k=1

(T =3 pO(TOE, b))
k=1
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From (25), we can see that

AT, p)<(2, 9)<ET . d) (26)
1

where ¢=7 and ¢ is the maximum of {¢)}7_,. Observe that each ¥) is a full matrix

and hard to construct, hence it is cost-expensive to invert . However the inversion of T is
reasonably simple. Note that each =, .. is of the form

11 12
_ _ Ki Ki
=0T T KZI KZZ

i i

where K!? and K?' are matrices of rank 1. Hence we decompose T(/) into
L%
T =7 1 S K;
i=1

where 7(/) is a tridiagonal matrix and K,’s are the matrices corresponding to the rank 1
matrices K!?’s and K?!’s. Hence T can be inverted by using rank reduction method [9]. The
cost to invert 7 is of order (1/h)max’_,{o}.

Now we are in position to solve the following complicated system.

Yp=y

Since ¥ is a full matrix, we shall use Chebyshev iteration as a preconditioner. Consider the
following iteration:

¢ =0
P = ¢ = T (S - )

where ¢;’s are Chebyshev set of iteration parameter [4]. Set

n(e)
Bi,= <1 -1Ju - tiT‘lE)> »-!
i=0

where

<12 212
n(e) < 11’1(2/8)’ = %
In(1/q) cl2 4 ¢12

Then, ¢"*) =B} and if we choose &= 3, we see n(¢) = O(h"?) and
%(31/2(15, D)< (X, 9)< %(Bl/Zd)a b)), VoeW ),
Set Bf =By ;* and B~' =B + B/. Then the following theorem holds.
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Theorem 4.1
There exist positive constants ¢ and C independent of # and p such that

c(Bv,v)<(4v,v)<C(Bv,v) YoeW

5. NUMERICAL EXPERIMENT

In this section, we present some numerical results to verify the performance of our domain
decomposition algorithm. The region 2 is the unit square (0,1) x (0,1) and divided into four
squares as in Figure 2. We consider the example

—V-p(x)Vu(x)=0 in

with Dirichlet boundary condition, where p(x) is a piecewise constant function whose value
is p; on each subdomain (2;.

The initial guess is u(x, y)=x(1 —x)y(1 — y). We denote by N the number of iteration of
preconditioned conjugate gradient method. On the first experiment, we fix p(x) and vary A
from 1/2% to 1/28. Tables I and II show that N is stable with respect to 4. Next, for each
h=1/2%.--1/2% we vary p(x), x€Q, Uy from 1 to 10°. Table III shows that N is stable
with respect p(x).

P3 P4
Q3 Q4

n p2
1951 Q2

T
1

Figure 2. Diffusion coefficient p(x).

Table I. py=ps=1, p, =100 and p3; =1000.

,_
—
=
=

[\]
19y
OO N3N W
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10.

12.

13.

Table II. P1= 1 and P2r=p3=ps= 1000.

1/h

=

23
24
25
26
27
28

O O 00 0 W

Table III. The number of iteration N: py = py=1 and pr= p; = p*.

I\ p* 10° 10! 10 10° 104 10°
1/2} 4 5 5 5 5 5
1/2* 5 6 6 6 7 7
1/2° 6 7 7 8 8 9
1/2° 5 6 7 8 8 9
1/27 7 7 8 9 10 10
1/28 6 7 8 9 9 10
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