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We develop a class of mixed virtual volume methods for elliptic problems on polygonal/polyhedral grids. Unlike
the mixed virtual element methods introduced in [22,13], our methods are reduced to symmetric, positive
definite problems for the primary variable without using Lagrangian multipliers. We start from the usual way
of changing the given equation into a mixed system using the Darcy’s law, u = —KVp. By integrating the system
of equations with some judiciously chosen test spaces on each element, we define new mixed virtual volume
methods of all orders. We show that these new schemes are equivalent to the nonconforming virtual element
methods for the primal variable p.

Once the primary variable is computed solving the symmetric, positive definite system, all the degrees of freedom
for the Darcy velocity are locally computed. Also, the L?-projection onto the polynomial space is easy to compute.
Hence our work opens an easy way to compute Darcy velocity on the polygonal/polyhedral grids. For the
lowest order case, we give a formula to compute a Raviart-Thomas space like representation which satisfies the

conservation law.

An optimal error analysis is carried out and numerical results are presented which support the theory.

1. Introduction

The virtual element method (VEM), introduced by Beirdo da Veiga,
et al. [7], is a generalization of the conventional finite element method
to general polygonal (or polyhedral) meshes, where thorough error
analysis and numerical tests for more general cases for elliptic prob-
lems were developed in [7,1,9,10,33,25]. VEM is similar to the mimetic
finite difference method (MFD) [20,17,21,23,6] in the sense of flexibil-
ity of mesh handling and using degrees of freedom only to construct
the bilinear form. However, MFD does not use basis functions while
VEM assumes basis functions as solutions of local partial differential
equations. The word virtual comes from the fact that no explicit knowl-
edge of the shape function is necessary. By designing suitable elliptic
projection operators on the local approximation space, VEM can be im-
plemented using only the degrees of the freedom and the polynomial
part of the approximation space, while the integration of source-term
multiplied by virtual element test function on the right hand sides is
carefully handled using certain L2-projection (see [1]).

The detailed guidelines for the implementation of VEM for ellip-
tic problems including the construction of the projection operators can
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be found in [9,40]. Also, nonconforming versions of VEM were stud-
ied in [33,25]. Recently, p- and hp-versions of VEM were analyzed
in [11,38,14,26]. The developments and theories of VEM for elastic-
ity problems and Stokes problems can be found in [8,34,16,4,5,41] and
[3,24], respectively. Meanwhile, couplings of VEM with boundary ele-
ment methods were studied in [35,31,32].

On the other hand, the idea of VEM was extended to the H(div)
- conforming space on general polygons/polyhedral, called the mixed
virtual element method (MVEM) in [22,12,13], where the approxima-
tion spaces for the vector variables have degrees of freedom similar
to those of Brezzi-Douglas—Marini (BDM) [19] or Raviart-Thomas (RT)
space [39].

The inner product term in the MVEM is defined through an L?-
projection, thus the computations of the local integral are possible from
the knowledge of degrees of freedom of elements, plus a stabilizing term
which makes it compatible with ordinary inner product. The MVEM
leads to a saddle point problem similar to that of the mixed finite ele-
ment methods, which is a disadvantage of the mixed FEM. Thus, it is
necessary to devise a fast solution method for the algebraic equations
arising from the mixed formulation of VEM. For example, an Uzawa
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type of solver may be used, or a hybridization technique as in [2,19,30]
can be employed. Still, the resulting system involving the Lagrange mul-
tipliers is nontrivial to solve; one has to invert the local matrix to find
the Schur complement.

In this paper, we develop new mixed VEM formulations for two
and three dimensional problems along the line of mixed finite volume
method (MFVM) introduced in [28,36], where for the momentum equa-
tion, the gradient of test functions of a nonconforming space and some
subspace of polynomials are applied on each element, while the mass
equation is tested by a space of polynomials. One of the advantages of
the MFVM proposed in [28,36] is that the formulation can be converted
to the nonconforming finite element method for the primary variable
with modified forcing term. Once the primary variable is obtained from
solving the symmetric positive definite system, the velocity variable can
be recovered locally. Another advantage of this scheme is that the con-
servation of the momentum as well as the mass hold.

We develop a similar mixed volume formulation using virtual ele-
ments on general polygonal/polyhedral meshes, by modifying the weak
formulation introduced in [36]. The H (div)-conforming VEM space in
[12] or [13] is used for the vector variable, and the nonconforming VEM
(NCVEM) space developed in [33] is used for the primary variable.

Our method is more naturally related to the NCVEM than MFEM is
to nonconforming FEM, in the sense that the treatment of the forcing
term is exactly the same as NCVEM (i.e., one uses the L? projection on
the right hand side.)

As is usual in VEMs, the variation form involves elliptic projection
operators and stability terms for the primary variables, see (3.5), (4.2a).
By eliminating the velocity field from the first equation, we obtain an
equation for the NCVEM in the primary variable. Once the primary
variable is obtained by solving the symmetric, positive definite (SPD)
system, all the moments of the velocity variable can be recovered lo-
cally. Also, one can compute the L2-projection of velocity variable
easily. Thus, the whole process can be implemented efficiently, avoid-
ing the saddle point problems. We name our method a mixed virtual
volume method (MVVM).

The proposed method is the first success in MVEM to compute the
H (div) - conforming velocity variables by solving SPD problems in the
primary variable. Optimal error estimates for the proposed schemes are
provided for 2D case. Numerical results supporting our analysis are
presented. One may raise questions regarding the relationship of the
proposed scheme with the reconstruction of velocity variable as in [37].
The possibility is discussed in Section 4.2. In the lowest order case, we
propose a way to reconstruct Raviart - Thomas type velocity similar to
[371 in general polygonal/polyhedral mesh.

The rest of our paper is organized as follows. The governing equa-
tion and brief review of MVEM are given in Section 2. In Section 3,
we review the nonconforming virtual element methods for the variable
coefficient. In Section 4, we introduce an MVVM and show that it is
equivalent to the NCVEM. The error analysis is given in Section 5. The
numerical tests supporting our analysis are given in Section 6. The con-
clusion follows in Section 7.

2. Preliminaries

Let Q be a bounded polygonal/polyhedral domain in R?,d = 2,3
with the boundary 0Q. We consider the second-order elliptic bound-
ary value problem

{

where K is a smooth, bounded, symmetric and uniformly positive defi-
nite tensor.

We introduce some notations here: For any domain D, let H*(D) (or
H¥(D)) be the scalar and vector Sobolev spaces of order k > 0. We use
the standard notations | - |, p, || - |l p for the (semi)-norms on H k(D),

—divkVp=g inQ,
(2.1)

p=0 onoQ,
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Il - |lyp for the L?(dD), and (-, ), for the L? inner product. When D = Q,
we drop the subscript Q and write |- |, || - ||, instead. In two dimensions,

we let
dq O0q
drotg=( —,—— ),
>an o <0y 6X>

rotv= <

for smooth enough vector and scalar functions v and ¢. Let

ovy

0x dy

H(div; D) = {u € (L*(D))?, (d =2,3) with divu e L2(D)},
H(rot ; D) = {u € (L*(D))?, with rotu e L%(D)},
H(curl; D) = {u € (L*(D))’, with curlu e (L2(D))’}.

Let us introduce the vector variable u = —KVp and rewrite problem
(2.1) in the mixed form

u=-KVp inQ,
divu=g inQ, (2.2)
p=0 onoQ.

Throughout this paper, we assume the following regularity hold: The
solution (u, p) of (2.2) satisfies u € H**1(Q), p € H**2(Q), and there ex-
ists some constant C > 0 such that

lallgs1 + 11PNl < Cligllg- 2.3

Its weak form is: Find u € H(div; D) and p € L3(Q) such that

K u,v) - (p,divv)=0, veH(div;Q), (2.4)
divu,9)=(2g.9), q€L*Q). (2.5)

2.1. Mixed virtual element methods

We briefly review the mixed virtual element methods (MVEM) in-
troduced in [22,12,13]. Let 7, be a decomposition of Q into regular
polygons/polyhedra, and let £ be the set of all interior edges (faces),
6';3 be the set of boundary edges (faces), and &, = &) U SZ. Following
[13,33], we mean by “regular” that, there exists some p > 0 such that

* h; 2 php holds for every element P € 7, and for every edge (face)
fcopr,

« every element P is star-shaped with respect to all points of a sphere
of radius > phyp,

« when d =3, every face f € &, is star-shaped with respect to all
points of a sphere of radius > ph/,

where h, (resp. hp) is the diameter of edge (face) f (resp. P). We
denote the maximum diameter of elements P € 7, by A. Throughout
the paper, the constants C, C, and C* will be independent of mesh size
h, not necessarily the same for each occurrence.

For any integer k >0, we denote by P, (D) the set of all polynomials
of total degree less than or equal to k, and set P_;(D) = {0}. Also, we let
the scaled polynomials:

a
Mk<D>:{<X X”) ,|a|5k}, 2.6)
hp
where a = (a;, -, ay) (d =2,3) is the multi-index and x,, is the center
of mass.
Let
G (P) :=VP 1 (P),
Qk(P)l := orthogonal complement of G, (P) in (Pk(P))d,

Ry (P) := curl (P, (P))’ if d = 3 and rot (P, (P))* if d = 2.

If we let r; ; be the dimension of P,(RY), then we see
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dim Gy (P) = 731 g — L. AIM G (P)r =dmy g — 7y g + 1. 2.7)

Given P € 7, the local H(div)-conforming virtual element space is
defined as follows:

Vfl(P) :={veH(div;P)nH(curl;P) : v-n|,; € P(f), V edges (faces)

fcop, divve P,(P), curlv e R,_,(P)}, (2.8)

where in two dimensional case, the ’curl’ operator is replaced by the
'rot’ operator and the space R,_,(P) is replaced by P,_;(P).
The global space of order k is the space V‘;l defined as

Vi ={veH(div:Q) : v|p € VE(P).VP €T, }. (2.9)
The degrees of freedom for VI;; are
Fll/v»ngkds, VE € M (f),Vf €Ep (2.10)
!
1
ﬁ /V -gr_1dx, Vg_1€G._(P),VPeT,, (2.11)
P
ll?l/v‘gt dx, Vgt eGP, vPeT, (2.12)
P
Here, | - | for any geometrical object means its Lebesgue measure

and g, g, gi are taken from the scaled monomials. Let ¥,(P) =
G (P)® gt(P). The conditions (2.11), (2.12) can be replaced by a sin-
gle condition.

1
W/wgdx, vgeV¥,(P),VPET,.
P

The pressure space is
W i={qe L*(Q), qlp € P(P)}.

Remark 2.1. Let k > 1. Replacing the condition div v € P,(P) by divve
P._;(P) in (2.8) and replacing k — 1 by k —2 in (2.11), we obtain a
BDM like virtual element space defined in [12]. However, we get O(h¥)
instead of O(h**!') in H(div)-norm. See Remark 4.1 in Section 4.

2.2. Interpolations and L?-projections

The L?-projection operators Hg : L*(P)— P.(P) and 1'[2 (LA(P)) >
(P,(P))? are defined as follows: On each P, we define

When no confusion arises, we use the same notations 1'[2 and 1'[2 to
denote the L2-projections from some virtual element spaces of L*(Q) or
(L2(Q))4, although the computations are sometimes nontrivial (see the
definition of nonconforming virtual spaces in the next section).

As is shown in [12], we can compute the L?-projection l'[‘;v forve
V’;l from the degrees of freedom of v and the following properties hold:

[pla-T)é dx=0, V& € P(P),

2.13
Jp(v=T0v)q, dx =0, Vq, €(P(P)). @19

llg— nguo <Chk! lglisrs V= H2V||o < ChkH [VIs1-

The local interpolation operator H,f C(HP)! - V’;l(P) is defined
by

/(v—l'[,':v)~n§kd0'=0, V& € My (f), (2.14)
7
/(v—ﬂ[v).gdx=0, Vg €W, (P). (2.15)
P
Define bilinear forms (for vector variables)
al (u,v) 1= (KI0u, M0v);, + 87 (u — Mu, v - Iv) (2.16)
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and

a,(u,v)=Y a}(u,v), (2.17)
P

where S”(u,v) is any bilinear form that scales with the inner product
K- )p-
For k >0, the MVEM is: Find (ii, p,) € V¥ X W[ such that

ay (i, vj,) — (B div v,) =0, Vv, € VK, (2.18a)

(div i, q,) =(g.q;), Vg, € WL, (2.18b)

The following error estimates are given in [13].

Theorem 2.1. Under the assumptions above, the problem (2.18a,b) has a
unique solution (i, p,) and the following error estimates hold.

= K+
lp = Bullo < CA (llull s + 1PN ks1)s
- K+l
lu—1t,llp < CA* lullyy,
F Kt
lu— T ullg < CR** Hlullyyg,

Il div (u —,)llg < CAF g,y
3. Nonconforming virtual element methods

We briefly describe NCVEM introduced in [33], [25].
We need a broken Sobolev space
H' (T)={q€ L’ @ :qlpe H'(P), VPET,},
with a broken norm
lall} =Y llgl? .
PeT,

For each f € &, we associate a unit vector n, at f. We define the jump
lq], for g € H'(T}) as follows:

9,00 1= lim (g(x = 6n;) — g(x +6m ), if £ €&},
9,0 1= lim (q(x = 8nyq)), if £ €&},

where n,q is an outward unit vector on 0Q. For positive integers r =
k+1,(k>0), we let

HY (T30 = qu'(T,,):/[q]_fmd(;:o,mep,,l(f), VfeE)
f

3.1

In order to utilize the nonconforming virtual element space in the next
section, we need to use an extended version of VEM as in [25]. The
reason is to compute L2-projection onto the space P,.

The local space for NCVEM on each P € 7, is defined as

N,(P)={qeW(P): (¢-TT}q.m)p=0,Vme P,_|(P)UPP)}, (3.2)

where W/ (P) is an auxiliary space defined by

[é]
W;,’(P)={qu1(P):a—q

L €PNV CoP.Aqe P,(P)},

and IT! is a certain projection onto P, that can be computed from the
degrees of freedom. For example, one can use the elliptic projection ITY
[7,25].

The global nonconforming virtual element space N; is defined as

Nj = {q € H"(T;;1) : qlp € Nj(P),VP,
(3.3)
/qmda =0,YmeP,_|(f).Vf CE]

f f
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The global d.o.f.s are given by the followings:

uf,u<q>=ﬁ/qm,,da,\1maeM_l(f),feso,
f

) 3.4
Hp (@)= W /qma dx,Nmy € M,_,(P), P€T,.
P

We define the usual elliptic bilinear forms (for scalar variables) a” :
H P)xH (P)>Randa: H/(Q)x H/(Q) — R as:

P p.g) = / KVp-Vadx, Vp.qeH'(P),
p

ap.9)= Y, d(p.9), Vp.ae H'(Q).
PeT),

Now we define a discrete bilinear form af(~, )N, xN; —>R:

al) (pp-qp) = (KIC_ V. I Vay)p + S7((I =T)py). (I = 110)gqy,),  (3.5)

where S” is any stabilizing term satisfying
C.a) (qy.,) < S” (@2 qp) < C*a}, (G- 44). Y4y, € ker(I)).
We let

ay(pp>qp) = Z af(ph,qh),vph,qh EN,.
P

Now the NCVEM of order r > 1 is defined as in [25]: Find p, € N ; such
that

ah(ph,qh)=(H9_1g, an)s (3.6)

The following optimal error estimate for (3.6) is given in Theorems 6.2
and 6.3 [25].

Theorem 3.1. Let p and p, be the solutions of (2.1) and (3.6). Assume
pe€ H'™(Q), g € H1(Q). Then, there exists a constant C > 0 independent
of h such that

lp = pallo + 2lp = pplij < CH Pl
Remark 3.1.

1. If we use l'[?m(r_2 & on the right hand side of (3.6), we can still
get H! error estimate like

[p=pulin SCH(Ipll 41 + 18I

but we do not get optimal L?-error estimate.

2. As is well known in VEM community, there are two choices of bi-
linear forms. We used the more general form (3.5) which works
for variable coefficient. For constant coefficient K, the form using
elliptic projection

(VI py, VIT gp) + ST = T1V)py), (I = T1V)gp,)

defined in [7,33] can be used.

4. Mixed virtual volume methods

Let k > 0. Assume that we have some H(div) virtual element space
V¥ and NCVEM space N, hk“ (to be associated with V¥).

We denote the number of edges (faces) of each element P by np,. We
note the following type of Euler’s formula:

Z np = Z Z 1=2 Z 1+ Z 1= 2480 +#ED.

PeT), PEeT;, fCoP P fegz

“4.1)
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Now we introduce our mixed virtual volume method (MVVM) for all
order k > 0: Find (uy, p,) € VI;. X N ;"“ which satisfies on every element
PeT,

/ w, - Vy+a, (py. x)=0.Yy € NH(P), (4.2a)
P

/(uh+ICH2Vph)-vdx:O, Wy eGP, (k>1) (4.2b)
P

/divuhwx:/n‘;gd;dx, Y € P (P). (4.2c)
P P

From (4.2¢) we have

divu, =Tg. (4.3)

We see from (2.10), (2.11), (2.12) (using (2.7)), that the dimension of
k k+1 ;

Vh X Nh is

g HEY + (g — 1 +dmy g — 7y g + DT, + lrk’d,l#é'z + 71 4 #T (4.4)

while the number of equations in (4.2) is

ZPeTh(dimNh(P) -1+ diin‘(P) +dim P, (P))
= Yper, [Tea1np + Ty g — 1+ dmy g = gy g + 1+ 7 4], (4.5)
Using Euler’ formula (4.1), we see
HE, +H#EN =) np.

PeT,

Hence we see (4.4) and (4.5) are equal, and hence (4.2) is a square
system. Integration by parts gives

—/uh-V;(dx=—/u,,-n;(ds+/divuh)(dx. (4.6)
P oP P
Summing over all P, we have, by (4.2a) and (4.3)
ah(ph,x)=—2/uh -Vydx
P
P
=— “4.7)

Z/uh~n)(ds+2/l'[2g;(dx.
P ip P p

Now assume y € N }’f“. Since y has continuous moments up to degree
k across internal edges (faces) and has vanishing moments on 0Q, we
obtain

ap(pp- ) =08, 7). x € NS (4.8)

This is exactly NCVEM of order k + 1. Thus we have shown that our
mixed virtual volume scheme is equivalent to the NCVEM.

Remark 4.1.

1. For k> 1, we can replace the test space in (4.2¢c) by P,_;(P) to
obtain a scheme that corresponds to BDM like MVEM [12], for
which we lose one order in H (div)-norm.

. We can allow each polygon to have different number of edges
(faces). Similarly, the first term of the right hand side of (4.5) has to
be changed exactly the same way. Thus the system is still a square
system.
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4.1. Recovery of u,, and L?-projection

We see from (4.6), (4.3) and (4.2a) that for any y € N;l‘“(P)

/“h'n}(ds=(nzg,)()p —a), (pp- 1)- (4.9)
P

Hence the moments of u, - n € P,(f) can be obtained by choosing the
basis functions y € N ;l‘“ corresponding to the degrees of freedom.

The interior moments can be obtained similarly. Indeed, for v
Ci—1(P) = VP,(P), we have v = Vg, for some g € P,(P). Hence from
(4.2¢), we have

/uh-quxz/uh~nqd0—/l’[2qux,

P P P

(4.10)

which is computable from the moments of u, - n. Meanwhile for v €
Gy (P)*t, we see from (4.2b)

/u,,~vdx=—/icn2vp,,~vdx
P P

= —/ Vp, - TI(KCV) dx

P
:-/phn‘;(icv).nda+/phdiv(n‘,g(nv))dx (4.11)
P P

which is computable from the d.o.f.s of p,. Hence all the degrees of
freedom of u,, can be computed.

Furthermore, we can find the L2-projection of u,,, at the same time.
Since

(P(P)! =G (P)® G (P)L,

and G; = VP, (P) C VN**1(P), the same integration by parts as (4.10),
(4.11) give enough information to compute the projection of u, onto
(P,(P))*. Indeed,

0 —
/Hkuh~v_/uh~v
P P

= —/ICHQVph v (4.12)
P

holds for all v in (P,(P))?. Hence one can easily find the projection of

u,, onto (P, (P)).

4.2. Construction of Raviart-Thomas type approximation for k =0

It is clear that when k =0, MVVM and MFEM are equivalent on
triangular/tetrahedral grids. In the case of MFEM, it is known [37] that,
if K is piecewise constant, then

w, =—-KVp, + %(x—xp), d,=2.3, (4.13)

where g is the average of g on each element P. The same formula holds
for MVVM.

On general grids, we have a similar representation (even when K is
nonconstant). We see from (4.2c), that div (u,, — %(x -xp))=0,d=2,3.
Hence
=8

= S (x = xp) + curlé(rot if d =2), for some & € H'(P).

Substituting this into (4.2a), and letting y = x, y, z, we have
I(curl§) = ~TIH(KTIG(Vpy)) = —KTI)(V p,).
Hence

u, = %(x—xp)—ICl’Ig(Vph)+curl§—l'[8(curl§). (4.14)

Computers and Mathematics with Applications 113 (2022) 345-352

The projection Hg(Vph) can be computed by letting y =x (or y =y,z)
as follows:

/ Y(Vp,) - Vzdx= / Vpp - (1,0,0) dx = / o
P P oP

= Z ”,{|f|ﬁ/phdo': z ”£|f|ﬂf,0(Ph)’
!

fcop fcop

where u; (py) is the degree of freedom of p, on f, n=(n,,n,,n,) is the
unit outer normal to 0P, and n/ = (n){,ni,nf ) is its restriction to each
f. Hence

)(Vpy,)
1 s ; s ’
= ﬁ (Z/ ny |f|l4f,o(17h), Z/- ny, |f|llf,o(17h), Z/- nz |f|l4f,o(17h)) .

We can write (4.14) in the form (when u,, is smooth)

w, =iy, + curlé — M)(curl &) = iy, + O(h),

where

i, = —KI(Vp;) + %(x-xp)ev,,. (4.15)

Thus we have obtained a lowest order Raviart - Thomas approximation
to u, on polygonal/polyhedral grids. We believe it is a better approxi-
mation than the L?-projection KTI)(u,), because it satisfies div @, = g,
while div (ICl’Ig(uh)) =0. Indeed, the numerical tests support this asser-
tion (see Table 2).

5. Error estimates

Although our scheme is developed for problems on 2D (polygonal
domain) and 3D (polyhedral domain), we focus on 2D case for the error
estimates to avoid technicalities. From now on, the symbol P (resp. f)
denotes a polygon (resp. edge). We need some lemmas which can be
found in the literature.

Lemma 5.1. (Inverse inequality for VEM [18,27]) There exists a constant
C > 0 such that

IVallo < Ch™"iqlly. Vg € NS (5.1)
Lemma 5.2. (Norm equivalence for VEM [18,25,27]) For any q € N, ,’f“,

there exists a constant C > 0 such that

1 = =
o IE@lle2 < ligllop < ChplIE@l 2. (5.2)

where E(q) is the vector representing the degrees of freedom of q.

We need the following lemma which are standard for FEM [2], but
not for VEM since there is no reference element.

Lemma 5.3. Let ¢ € L*(P), ¢ € (L*(P))? and u € L*(0P). Then the func-
tion y e N :*I(P) determined by

/)(qdu:/yqda, Vg € M (f), for all edge f of P (5.3a)
f f

/;(mdx:/d)mdx, Vme M;_,(P) (5.3b)
P P

satisfies

lxllop < Clidllop + Al ullop)- (5.4

Similarly, the function v € V‘;,(P) determined by the degrees of freedom
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/V~n§ds=/;4§ds, Vée M (f), forall edge f of P, (5.5a)
S f

/v~gdx=/¢-gdx, vge¥,(P) (5.5b)
P P

satisfies

IVllo.p < Clidllop + A2 Hlullgp)- (5.6)

Proof. We only prove (5.6), since the proof of (5.4) is similar. It is well
known that the square of L?>-norm of a function v € V’;I(P) scales like

03
1P Y15,
i=1

where E,(v) is the i-th d.o.f. of v and n, is the dim V"(P) In other words,

if {¢;} }'¥ = is the canonical basis functions such that Ei(¢;) =5, then

Jj=1 ij>

ny
V=Y EMWe;.
i=1

It can be easily verified that the scaled monomials £ € M, (f) and g €
(M (P))? satisfy

€5 =odsD, liglg» = 0(PD. (5.7)
Hence for any v € V¥, we have

ny
IVIg » <CIPI Y 1)1

i=1

=C|P|[)}(edge d.o.f.5) + Y (interior d.o.f.5)’]

’ 2
<C|P| ZZ |}|/V'n§do' +Z |?1|/V'gdx
fcopP ¢ 1 > J
P|
_c| 2 Z ZII#II el +cipl™! Z||¢||0pllg||0,, (by (5.5))
IfI* /&r 4
P
C% Z ”””-2f+C2”¢||(2),p(by .7)
fcopP 2

<Chllulllp + 1915 ). O

Theorem 5.4. Let (uy, p,) be the solution of the system (4.2). Then there
exists a constant C independent of h such that

llu=wyllo < CA* (llullss + ligllo)s (5.8a)

| divia —up)lly < CA gl 1, (5.8b)

provided that u € H**'(Q) and g € H*+*(Q).

Proof. We shall prove (5.8b) first. We see from (4.3) that

Il divia —wup)llo < llg = Mg llg < CA** gl

Next we prove (5.8a). By the triangle inequality

F F
la—uplly < llu—TL ully + [T w —wy |,

and the approximation property of l'IkF (Theorem 2.1), it suffices to es-
timate

F
1T, w =y, [lo.

For the sake of simplicity we assume K = 1. (Similar estimate holds
as long as K is sufficiently smooth.) Let p, be an arbitrary function in
P, (P). Then, clearly we have a) (p,. y) = a”(p,. y) for all y € N\ (P).
From (4.2a), we see
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/(u —uy)-Vydx=-a"(p. ) +a}, (pp. 1)

=—a"(p—pe )+ @) (P = Prs X)- (5.9)

Let y € H'(P) be the solution of

Ay=0in P,
=(fu-u,)-nonoP.

Since y is completely determined by the moments /' [ xqpdo= / - Mfu-—
u,) - ng, do, Vg, € P(f),Y.f C 0P, we see y € N+ (P). Hence by (5.4)
we have

Ixllop < CRYZ M w—uy) - nllp. (5.10)

Now by the definition of I, (5.9), and (4.2)

/;(zdaz/;((l'[kFu—uh)-ndo

or or
:/;{(u—uh)-nda
or
2/(u—uh)~V;(dx+/div(u—uh))(dx

P

==d"(p—pp )+ a, Py —Pe )+ -1Dg, )p.

Now by the approximation property of p, and p,, the inverse inequality,
and (5.10),
00w —wy) - nll3, <Clp=pellip + oy = P2l 2kl 2
+Ch gl pllxllop
<CQlp—rpllip +llpr —plliplxllip
+CR gl pllxllop
<CRMIpllsapllxlly p + CH*llglli pllxllo p

< CH UIpllisap + gl 2 llo.ps

(by the inverse inequality)
< Chk||g||k’p||)(||0’p, (by the regularity assumption)
SCHH gl p | u —wy) - mll .

Hence

00w —wp) -l yp < CAH' gl . (5.11)

On the other hand, from equations (2.2), (4.2a,b) we see

/ @+KVp) - vdx =0, Vv & (LAP)>.
/(u,, + KM Vp,) - vdx =0, Vv ¥, (P).

Subtracting, we have (since K is constant)

/(u—uh)~vdx=—/(ICVp—ICII2Vph)~vdx, vveW,(P)
—/(ICVp—ICVph)-de, Vv eW¥,(P).

Let y =M u—up)-nand ¢ = KVp— KVp,,. Then 6 =M u—u, € VE(P)
is the solution of
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Fig. 1. Polygonal mesh 7, with 16 (left), 64 (middle), and 256 (right) elements.

Fig. 2. Uniform rectangle mesh 7, with 16 (left), 64 (middle), and 256 (right) elements.

Fig. 3. Trapezoidal meshes 7, with 16 (left), 64 (middle), and 256 (right) elements.

/

/G-gdx=/¢(P)-gdx,Vge‘I‘h.

P P

o-ngds= / uqds,Nqg € M (f), for all edges(faces) of P,
f

Then by (5.6), (5.11), and the approximation property of p,, we have
0w = wyllop < 1KMoV = Vgl p + CAZ M = wy) - nllyp

<CH* ' (|Ipllgyap + gl p)-

By the triangle inequality and approximation property of Hf u, the proof
is complete. []

6. Numerical experiments

In this section, we present some numerical results in two dimen-
sional case. The exact solutions on Q = [0, 1]? are chosen as

p(x,y) = x(1 = x)y(1 - y),
u(x,y) =—K((1 - 2x)y(1 — y), x(1 = x)(1 = 2y)).

Example 6.1 (Numerical results of MVVM on polygonal meshes). The
scheme is tested on the sequential polygonal meshes 7, in Fig. 1. On
each polygon, the maximum number of vertexes is set to six. We report
the error between the exact solution and the L?-projection of u, with
K =1+0.5sin(x), for k=0,1,2,3 in Table 1. Here, the L?-projection of
u,, is obtained using equation (4.12). We observe results optimal for all
cases.

Example 6.2 (Comparison between L>-projection and Raviart-Thomas type
reconstruction). In the lowest order case, we compare the errors of L2-
projection of u;, and Raviart-Thomas type reconstruction (4.15). Here,
we set K = 1. The result on polygonal mesh is reported in Table 2. We
observe that the Raviart-Thomas type reconstruction is more accurate.
We perform similar comparison on the uniform rectangle mesh (Fig. 2)
and trapezoidal mesh (Fig. 3). Table 3 shows the errors on the uniform
rectangle mesh and Table 4 shows those on the trapezoidal mesh. We
see that the convergence rates are optimal for all cases. However, the
Raviart-Thomas type reconstruction is marginally better.

Table 1

L*-errors between exact solution and the L?-projection of u, for orders k =
0,1,2,3. Table at left top, right top, left bottom and right bottom correspond to
the case k=0, k=1, k=2 and k = 3 respectively.

N of Elt. llu = ouy ll order N of Elt. llu = uyllg order
22 x 22 6.494E-02 22 %22 2.964E-02

23 x23 3.250E-02 0.998 23 x23 6.261E-03 1.981
24 x 24 1.578E-02 1.042 24 x 24 1.162E-03 2.041
2 x2 7.853E-03 1.007 2 x2 2.304E-04 2.001
20 %20 3.895E-03 1.012 26 x 26 5.040E-05 2.014
N of Elt. llu — uyll order N of Elt. llu — uyll order
22 x 22 4.158E-03 22 x 22 7.678E-05

23 x 23 6.260E-04 2.732 23 x23 8.684E-06 3.144
24 x 24 6.369E-05 3.297 24 x 24 5.552E-07 3.967
25 x2° 5.719E-06 3.477 25 x2° 3.368E-08 4.043
20 %20 6.326E-07 3.176 20 x 20 2.109E-09 3.997

Table 2

L?-errors of ng,, (left) and Raviart-Thomas type reconstruction i, (right) on
polygonal meshes.

N of Elt. llu = uy |l 120 order e — @yl 12 order

22 x 22 4.303E-02 3.171E-02

23 x23 2.241E-02 0.941 1.628E-02 0.962

24 x 24 1.111E-02 1.012 7.930E-03 1.037

25 x2° 5.575E-03 0.995 4.011E-03 0.983

20 %20 2.784E-03 1.002 1.988E-03 1.013
Table 3

L*-errors of ngh (left) and Raviart-Thomas type reconstruction u, (right) on
uniform rectangular meshes.

N of Elt. Il = uy |l 120 order e — @yl 12 order
22 %22 4.129E-02 2.880E-02

23 x23 2.077E-02 0.991 1.476E-02 0.965
24 x 24 1.033E-02 1.008 7.320E-03 1.011
29 x2° 5.154E-03 0.003 3.647E-03 1.005
20 %20 2.576E-03 1.001 1.822E-03 1.002
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Table 4
L*-errors of ng,, (left) and Raviart-Thomas
trapezoidal meshes.

type reconstruction i, (right) on

N of Elt. llu =TT, 1l 120 order llu = iy |l 2 order
22 x 22 4.910E-02 3.999E-02

23 x23 2.547E-02 0.947 2.366E-02 0.757
24 x 24 1.314E-02 0.955 1.269E-02 0.898
25 x2° 6.683E-03 0.975 6.541E-03 0.957
20 % 20 3.369E-03 0.988 3.314E-03 0.981

7. Conclusion

In this work, we develop mixed virtual volume methods (MVVM) of
all orders on polygonal/polyhedral meshes. For the primary variable we
use the nonconforming virtual element space, and for the velocity vari-
able we use the H(div) conforming virtual element space. The proposed
method is the first success to compute H (div)-conforming velocity vari-
ables through the NCVEM. We show that the MVVM is equivalent to the
NCVEM for all orders. Once the primary variable is obtained from solv-
ing the (SPD) system arising from NCVEM, the velocity variable can be
computed locally. Thus, the whole procedure can be implemented effi-
ciently, avoiding a saddle point problem. The optimal error estimates in
2D are proved and some numerical results supporting our analysis are
presented. The detailed analysis and numerical tests for 3D case will
be given in a future article. The extension to the curvilinear case seems
possible using the results on curved domains in [15,29]. However, some
technical details have to be verified together with numerical works. It
is left for a future investigation.

References

[1] B. Ahmad, A. Alsaedi, F. Brezzi, L.D. Marini, A. Russo, Equivalent projectors for
virtual element methods, Comput. Math. Appl. 66 (2013) 376-391.

[2] D.N. Arnold, F. Brezzi, Mixed and nonconforming finite element methods: imple-

mentation, postprocessing and error estimates, RAIRO Math. Model. Numer. Anal.

19 (1985) 7-32.

P.F. Antonietti, L.B. Da Veiga, D. Mora, M. Verani, A stream virtual element formu-

lation of the Stokes problem on polygonal meshes, SIAM J. Numer. Anal. 52 (2014)

386-404.

E. Artioli, S. De Miranda, C. Lovadina, L. Patruno, A stress/displacement virtual

element method for plane elasticity problems, Comput. Methods Appl. Mech. Eng.

325 (2017) 155-174.

E. Artioli, S. de Miranda, C. Lovadina, L. Patruno, A family of virtual element meth-

ods for plane elasticity problems based on the Hellinger—Reissner principle, Comput.

Methods Appl. Mech. Eng. 340 (2018) 978-999.

L. Beirdo da Veiga, K. Lipnikov, G. Manzini, Arbitrary-order nodal mimetic dis-

cretizations of elliptic problems on polygonal meshes, SIAM J. Numer. Anal. 49

(2011) 1737-1760.

L. Beirdo da Veiga, F. Brezzi, A. Cangiani, G. Manzini, L.D. Marini, A. Russo, Basic

principles of virtual element methods, Math. Models Methods Appl. Sci. 23 (2013)

199-214.

[8] L. Beirdo da Veiga, F. Brezzi, L.D. Marini, Virtual elements for linear elasticity prob-
lems, SIAM J. Numer. Anal. 51 (2013) 794-812.

[9] L. Beirdo da Veiga, F. Brezzi, L.D. Marini, A. Russo, The hitchhiker’s guide to the
virtual element method, Math. Models Methods Appl. Sci. 24 (2014) 1541-1573.

[10] L. Beirao da Veiga, F. Brezzi, L. Marini, A. Russo, Virtual element method for general
second-order elliptic problems on polygonal meshes, Math. Models Methods Appl.
Sci. 26 (2016) 729-750.

[11] L. Beirdo da Veiga, A. Chernov, L. Mascotto, A. Russo, Basic principles of hp vir-
tual elements on quasiuniform meshes, Math. Models Methods Appl. Sci. 26 (2016)
1567-1598.

[12] L. Beirdo da Veiga, F. Brezzi, L.D. Marini, A. Russo, H (div) and H (curl)-conforming
virtual element methods, Numer. Math. 133 (2016) 303-332.

[3]

[4

=

[5

—

(6]

[7

—

Computers and Mathematics with Applications 113 (2022) 345-352

[13] L. Beirdo da Veiga, F. Brezzi, L.D. Marini, A. Russo, Mixed virtual element meth-
ods for general second order elliptic problems on polygonal meshes, ESAIM: Math.
Model. Numer. Anal. 50 (2016) 727-747.

[14] L. Beirdo da Veiga, G. Manzini, L. Mascotto, A posteriori error estimation and adap-
tivity in hp virtual elements, Numer. Math. 143 (2019) 139-175.

[15] L. Beirdo da Veiga, A. Russo, G. Vacca, The virtual element method with curved
edges, ESAIM: Math. Model. Numer. Anal. 53 (2019) 375-404.

[16] L. Beirdo da Veiga, C. Lovadina, D. Mora, A virtual element method for elastic and
inelastic problems on polytope meshes, Comput. Methods Appl. Mech. Eng. 295
(2015) 327-346.

[17] P.B. Bochev, J.M. Hyman, Principles of mimetic discretizations of differential oper-
ators, in: Compatible Spatial Discretizations, Springer, 2006, pp. 89-119.

[18] S.C. Brenner, Q. Guan, L.-Y. Sung, Some estimates for virtual element methods,
Comput. Methods Appl. Math. 17 (2017) 553-574.

[19] F. Brezzi, J. Douglas, L.D. Marini, Two families of mixed finite elements for second
order elliptic problems, Numer. Math. 47 (1985) 217-235.

[20] F. Brezzi, K. Lipnikov, V. Simoncini, A family of mimetic finite difference methods
on polygonal and polyhedral meshes, Math. Models Methods Appl. Sci. 15 (2005)
1533-1551.

[21] F. Brezzi, A. Buffa, K. Lipnikov, Mimetic finite differences for elliptic problems,
ESAIM: Math. Model. Numer. Anal. 43 (2009) 277-295.

[22] F. Brezzi, R.S. Falk, L.D. Marini, Basic principles of mixed virtual element methods,
ESAIM: Math. Model. Numer. Anal. 48 (2014) 1227-1240.

[23] A. Cangiani, G. Manzini, A. Russo, Convergence analysis of the mimetic finite dif-
ference method for elliptic problems, SIAM J. Numer. Anal. 47 (2009) 2612-2637.

[24] A. Cangiani, V. Gyrya, G. Manzini, The nonconforming virtual element method for
the Stokes equations, SIAM J. Numer. Anal. 54 (2016) 3411-3435.

[25] A. Cangiani, G. Manzini, O.J. Sutton, Conforming and nonconforming virtual ele-
ment methods for elliptic problems, IMA J. Numer. Anal. 37 (2017) 1317-1354.

[26] O. Certik, F. Gardini, G. Manzini, L. Mascotto, G. Vacca, The p- and hp-versions of
the virtual element method for elliptic eigenvalue problems, Comput. Math. Appl.
79 (2020) 2035-2056.

[27] L. Chen, J. Huang, Some error analysis on virtual element methods, Calcolo 55
(2018) 5.

[28] S.H. Chou, D.Y. Kwak, K.Y. Kim, Mixed finite volume methods on nonstaggered
quadrilateral grids for elliptic problems, Math. Comput. 72 (2003) 525-539.

[29] F. Dassi, A. Fumagalli, D. Losapio, S. Scilao, A. Scotti, G. Vacca, The mixed virtual
element method on curved edges in two dimensions, Comput. Methods Appl. Mech.
Eng. 386 (2021) 114098.

[30] F. Dassi, C. Lovadina, M. Visinoni, Hybridization of the virtual element method for
linear elasticity problems, arXiv preprint, arXiv:2103.01164, 2021.

[31] L. Desiderio, S. Falleta, M. Ferrari, L. Schuderi, On the coupling of the curved virtual
element method with the one-equation boundary element method for 2D exterior
Helmholtz problems, arXiv:2017.04794, 2021.

[32] L. Desiderio, S. Falleta, L. Schuderi, A virtual element method coupled with a bound-
ary integral non reflecting condition for 2D exterior Helmholtz problems, Comput.
Math. Appl. 84 (2021) 296-313.

[33] B.A. de Dios, K. Lipnikov, G. Manzini, The nonconforming virtual element method,
ESAIM: Math. Model. Numer. Anal. 50 (2016) 879-904.

[34] A.L. Gain, C. Talischi, G.H. Paulino, On the virtual element method for three-
dimensional linear elasticity problems on arbitrary polyhedral meshes, Comput.
Methods Appl. Mech. Eng. 282 (2014) 132-160.

[35] G.N. Gatica, S. Meddahi, Coupling of virtual element and boundary element methods
for the solution of acoustic scattering problems, J. Numer. Math. 28 (2020) 223-245.

[36] D.Y. Kwak, A new class of higher order mixed finite volume methods for elliptic
problems, SIAM J. Numer. Anal. 50 (2012) 1941-1958.

[37] L.D. Marini, An inexpensive method for the evaluation of the solution of the lowest
order Raviart-Thomas mixed method, SIAM J. Numer. Anal. 22 (1985) 493-496.

[38] L. Mascotto, I. Perugia, A. Pichler, Non-conforming harmonic virtual element
method: h- and p-versions, J. Sci. Comput. 77 (2018) 1874-1908.

[39] P.-A. Raviart, J.M. Thomas, A mixed finite element method for 2-nd order elliptic
problems, in: Mathematical Aspects of Finite Element Methods, Springer, Berlin,
Heidelberg, 1977, pp. 292-315.

[40] O.J. Sutton, The virtual element method in 50 lines of Matlab, Numer. Algorithms
75 (2017) 1141-1159.

[41] B. Zhang, J. Zhao, Y. Yang, S. Chen, The nonconforming virtual element method for
elasticity problems, J. Comput. Phys. 378 (2019) 394-410.


http://refhub.elsevier.com/S0898-1221(22)00128-6/bib81FD99FBD425218186839D7D0BD2A2B1s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib81FD99FBD425218186839D7D0BD2A2B1s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibB86FC6B051F63D73DE262D4C34E3A0A9s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibB86FC6B051F63D73DE262D4C34E3A0A9s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibB86FC6B051F63D73DE262D4C34E3A0A9s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib056F6A849702832AA24B5C9844CB97E1s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib056F6A849702832AA24B5C9844CB97E1s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib056F6A849702832AA24B5C9844CB97E1s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib4984DB5BCD2E03E5AD09DCBEE02227ABs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib4984DB5BCD2E03E5AD09DCBEE02227ABs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib4984DB5BCD2E03E5AD09DCBEE02227ABs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibD2E6B1F31EE707D409ED0D0B9C3EB0FEs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibD2E6B1F31EE707D409ED0D0B9C3EB0FEs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibD2E6B1F31EE707D409ED0D0B9C3EB0FEs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib28D45B224930D0980FA23C61A3B26298s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib28D45B224930D0980FA23C61A3B26298s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib28D45B224930D0980FA23C61A3B26298s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib3BE434605BDEF078BE169C6CFF05AB0As1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib3BE434605BDEF078BE169C6CFF05AB0As1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib3BE434605BDEF078BE169C6CFF05AB0As1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib948674B72F7A1BEE30E28E6E3F7BD847s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib948674B72F7A1BEE30E28E6E3F7BD847s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib987DC2C2A6F20BF828BF3EA5D0AB8784s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib987DC2C2A6F20BF828BF3EA5D0AB8784s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib938E7B0B911AC54DABB79EBF5E77F546s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib938E7B0B911AC54DABB79EBF5E77F546s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib938E7B0B911AC54DABB79EBF5E77F546s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibC19A0A26995D2ED56E2E1C23C978A9CAs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibC19A0A26995D2ED56E2E1C23C978A9CAs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibC19A0A26995D2ED56E2E1C23C978A9CAs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib3A61DBC6C5ADCFC451C00367F46C16FFs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib3A61DBC6C5ADCFC451C00367F46C16FFs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibAA1B7D100EC2EC53621059D60659EB1Ds1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibAA1B7D100EC2EC53621059D60659EB1Ds1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibAA1B7D100EC2EC53621059D60659EB1Ds1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib09B1B3B52EDAFD6C6D7DE870E05C3A8Cs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib09B1B3B52EDAFD6C6D7DE870E05C3A8Cs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib4C1EA3776880AFA9083A78199E9A2AF9s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib4C1EA3776880AFA9083A78199E9A2AF9s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib06C675D03548AD755D44AF999F9BB23As1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib06C675D03548AD755D44AF999F9BB23As1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib06C675D03548AD755D44AF999F9BB23As1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibCBE2AA17D288E4DB95A325D2A260C9BEs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibCBE2AA17D288E4DB95A325D2A260C9BEs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibBC8D7E4EEEF1183952DCB35FCE0D5270s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibBC8D7E4EEEF1183952DCB35FCE0D5270s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibE3382E43C4B9147A33DF99782F39D115s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibE3382E43C4B9147A33DF99782F39D115s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibB7532E923A5D396E8D0B8A6EEB0BB12Ds1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibB7532E923A5D396E8D0B8A6EEB0BB12Ds1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibB7532E923A5D396E8D0B8A6EEB0BB12Ds1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib61203462A9FC3B0C308282379CAB9B77s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib61203462A9FC3B0C308282379CAB9B77s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib8541B017C2DD9C0B7C669F42B466A7ACs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib8541B017C2DD9C0B7C669F42B466A7ACs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib08233CBFE63CA95CB39660904CC1FB6Cs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib08233CBFE63CA95CB39660904CC1FB6Cs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib220AF471D1D8210E797DF7187863DC8Cs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib220AF471D1D8210E797DF7187863DC8Cs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib910CB2C681FE6EA6F0A73BAF60C4CB11s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib910CB2C681FE6EA6F0A73BAF60C4CB11s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib3B2D856E2B0D51123CF2336535FA1C6Es1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib3B2D856E2B0D51123CF2336535FA1C6Es1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib3B2D856E2B0D51123CF2336535FA1C6Es1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib3A3BB466BE7923834AE4CC24907C1D74s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib3A3BB466BE7923834AE4CC24907C1D74s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib4493D5285CB27D16FF01BF90E5DFA93Bs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib4493D5285CB27D16FF01BF90E5DFA93Bs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib79B2A1827AB5EBBEC9FC9B37667B3181s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib79B2A1827AB5EBBEC9FC9B37667B3181s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib79B2A1827AB5EBBEC9FC9B37667B3181s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibA3B6A157BA915DA113C0FF44A723A624s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibA3B6A157BA915DA113C0FF44A723A624s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibB94A6EAEDE62E484481E5E32914DD082s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibB94A6EAEDE62E484481E5E32914DD082s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibB94A6EAEDE62E484481E5E32914DD082s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib77595A8725738CB18A9CF046A68601B0s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib77595A8725738CB18A9CF046A68601B0s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib77595A8725738CB18A9CF046A68601B0s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibE7A65EBD7F6C4457FF5BB34A571E9483s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibE7A65EBD7F6C4457FF5BB34A571E9483s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibFCAECDB75819C5961CD71318AA83751As1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibFCAECDB75819C5961CD71318AA83751As1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibFCAECDB75819C5961CD71318AA83751As1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibE0823C12CDF9AEC819BE889859DD3A01s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibE0823C12CDF9AEC819BE889859DD3A01s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibA691A8A2A23740F50B4549B7E2671F15s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibA691A8A2A23740F50B4549B7E2671F15s1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibABF87DCC9E40DAF5C54D54672E1FC5ACs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibABF87DCC9E40DAF5C54D54672E1FC5ACs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibD65999E62799E2D19E7987CDEF063FEDs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibD65999E62799E2D19E7987CDEF063FEDs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibCA155A7899E54673933D1D88CF65578Cs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibCA155A7899E54673933D1D88CF65578Cs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibCA155A7899E54673933D1D88CF65578Cs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib821199DD2E938A4C9124A0D2D73087DCs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bib821199DD2E938A4C9124A0D2D73087DCs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibC7AC01497C5F4AF69D0F5082F51BA1DDs1
http://refhub.elsevier.com/S0898-1221(22)00128-6/bibC7AC01497C5F4AF69D0F5082F51BA1DDs1

	Mixed virtual volume methods for elliptic problems
	1 Introduction
	2 Preliminaries
	2.1 Mixed virtual element methods
	2.2 Interpolations and L2-projections

	3 Nonconforming virtual element methods
	4 Mixed virtual volume methods
	4.1 Recovery of uh and L2-projection
	4.2 Construction of Raviart-Thomas type approximation for k=0

	5 Error estimates
	6 Numerical experiments
	7 Conclusion
	References


