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ABSTRACT. This paper presents the lowest-order nonconforming immersed vir-
tual element method for solving elliptic interface problems on unfitted polyg-
onal meshes. The local discrete space on each interface mesh element consists
of the solutions of local interface problems with Neumann boundary condi-
tions, and the elliptic projection is modified so that its range is the space of
broken linear polynomials satisfying the interface conditions. We derive opti-
mal error estimates in the broken H!'-norm and L2-norm, under the piecewise
H?-regulartiy assumption. In our scheme, the mesh assumptions for error
analysis allow small cut elements. Several numerical experiments are provided
to confirm the theoretical results.

1. INTRODUCTION

In recent years, there has been a lot of interest in developing numerical methods
for solving partial differential equations (PDEs) on general polygonal/polyhedral
meshes, including mimetic finite difference (MFD) methods [12,19,21], hybrid high-
order (HHO) methods [31,36], hybridizable discontinuous Galerkin (HDG) methods
[33,34], weak Galerkin (WG) methods [59,65], and so on. Among them, the virtual
element method (VEM), as an evolution of the MFD method into the framework
of the finite element method (FEM), was introduced in [7]. The main feature of
the VEM is that the local shape functions, called the virtual elements, are defined
implicitly as the solutions of certain local PDEs, and they are characterized by the
degrees of freedom (DOFs). Although it is impossible to construct these functions
explicitly in general, the VEM can be implemented using the DOFs only. The
VEM also has been successfully developed for a wide range of problems: Stokes
problem [13,24], elasticity problem [9,51,66], Maxwell problem [8,11], etc. We also
refer to [2,5,10,20,49] and the references therein for more thorough survey.

On the other hand, there are numerous engineering and physical problems where
the underlying PDEs have an interface, such as multiphase flows, solid mechanics
with multiple materials, and Hele-Shaw flows, etc (see, e.g., [6,40,42,47]). The
PDEs governing such problems involve with discontinuous coefficients across the
interface, which usually leads to low global regularity of the solution, even when the
interface is smooth. The low global regularity causes a deterioration in performance
of the traditional FEMs, unless the mesh is aligned with the interface. However, it
takes a lot of time to generate interface-fitted meshes when the interface is geomet-
rically complicated or is moving as time evolves. For such cases, it may be more
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efficient to use unfitted or structured meshes than fitted meshes. Moreover, one can
exploit geometric multigrid methods for the structured meshes. Researchers devel-
oped several numerical schemes using unfitted triangular or rectangular meshes:
cut FEMs [39, 40], extended FEMs [14, 15], and immersed FEMs [52, 56, 57], to
name just a few. In particular, the immersed FEM modifies the traditional finite
elements so that they satisfy the interface conditions, while keeping the optimal ap-
proximation capabilities. Lagrange-type elements were studied in [41,56,57], while
nonconforming-type elements were studied in [44,52,58]. Other related works can
be found in [27,38,43,45,48,50,53] and the references therein.

Due to the great flexibility of polygonal meshes in the mesh generation process,
several researchers focused on developing interface-fitted polygonal mesh generators
and analyzing schemes for interface problems on such meshes (see, e.g., [28,60,64]).
Nevertheless, it would be still attractive to use unfitted polygonal meshes in some
situations, such as problems involving moving interfaces as time evolves or dur-
ing the computation of the free-boundary problems. Recently, several numerical
schemes using unfitted polygonal meshes were developed. The authors in [22,23]
proposed the unfitted HHO method for elliptic interface problems, where a Nitsche-
type formulation is used. They proved that the method exhibits an optimal error
estimate in the H'-norm. However, to ensure the optimal convergence, it requires
some additional mesh procedures, which prevent the appearance of small cut ele-
ments. The lowest-order Lagrange-type immersed VEM for triangular meshes was
developed in [26]. Unlike the Lagrange-type immersed FEM, the local shape func-
tions are conforming, and DG-type consistency terms are not required to guarantee
the optimal convergence. However, its convergence analysis is limited to the trian-
gular meshes. The virtual finite element method [25] was also developed for solving
two-dimensional Maxwell interface problems, in which each interface element is di-
vided into subtriangles and the local space on the interface element is defined by
piecewise Nédélec elements. However, its convergence analysis is also limited to the
triangular meshes. The immersed WG method on triangular meshes was proposed
in [61], and extended to polygonal meshes in [62]. Compared to the lowest-order
unfitted HHO method, the immersed WG method requires less restrictive mesh
assumptions: the unfitted HHO method requires that two subregions of each inter-
face element divided by the interface must contain a ball with radius comparable
to the diameter of the element, while the immersed WG does not require such con-
ditions. However, the immersed WG requires an additional regularity assumption:
The Darcy velocity must be H' on the entire domain.

In this paper, we define and analyze the lowest-order nonconforming immersed
VEM for elliptic interface problems on unfitted polygonal meshes. Motivated by
the conforming immersed VEM [26] and the nonconforming VEM [5], we define the
virtual elements on each interface mesh element by the solutions of local interface
problems with Neumann boundary conditions, and the elliptic projection is modi-
fied so that its range is the space of broken linear polynomials satisfying interface
conditions, which is also used in the linear immersed FEMs (see, e.g., [52, 56]).
We derive optimal error estimates in the broken H!-norm and L?-norm under the
standard regularity assumption that the solution is a piecewise H2-function. More-
over, as in the immersed WG [62], the mesh assumptions in our scheme allow small
cut elements. In addition, since our scheme is also a nonconforming method, the
Darcy velocity can be recovered efficiently by casting a mixed formulation into
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the nonconforming method (see, e.g., [3,4,47,49,52]). We also note that, since
there is an equivalence relation between the nonconforming VEM and the HHO
method [32,54], we can reformulate our scheme in the context of HHO methods.
However, it will be different from the unfitted HHO methods in [22,23], since these
methods use the Nitsche-type formulation, while our method does not.

The rest of the paper is organized as follows. In Section 2, we introduce the
model problem and mesh assumptions. In Section 3, we explain the nonconforming
immersed VEM. In Section 4, we prove some approximation properties of the dis-
crete spaces. In Section 5, we prove optimal error estimates of our scheme in the
broken H'-norm and the L?-norm. Finally, we report several numerical tests that
confirm the theoretical results in Section 6.

2. PRELIMINARIES

We follow the standard notation of Sobolev spaces (see, e.g., [17,30]). For an
integer £ > 0 and a subset D of R or R?, we denote by P.(D) the space of all
polynomials of degree at most k on D. For a subset A of R or R2, the indicator
function on A is denoted by x4. For a bounded measurable subset D of R or R?
and v € L*(D), we denote by (v)p the average of v on D.

2.1. Model problem. Let  be a polygonal domain in R?, which is separated
into two disjoint subdomains Q and Q~ by an interface I' = Q™ NINT (see, e.g.,
Figure 1). Here we assume that T' is a C%-curve that is not self-intersecting. For
any domain D C Q and any function v : D — R, we define its jump across the
portion of the interface I' N D as

[ulrp = ulpno+ — ulpna--
We consider the elliptic interface problem: Given f € L?(Q), find u € HJ(2) such
that

(2.1) -V (BVu)=f inQTuUQ,
’ u=0 on 0f,
with the jump conditions on the interface
ou
2.2 = —| =
(2.2) =0, |s52] <o,

where the coefficient 3 is positive and piecewise constant on Q¥ that is, 5% := |q-
is constant for s = +, —. Let 8, = min{8™", 5~} and 8* = max{3%,37}. A weak
formulation of the model problem (2.1)-(2.2) is written as follows: Find u € Hg (£2)
such that

(2.3) (BVu, Vo)oa = (f,v)ea Vv e Hi(Q).
For any domain D C €, let us introduce the space
H*(D) = {u e H'(D) : u|lpra- € H*(DNQ®), s =+, -}
equipped with the following norm:

||UH§,Di = ||U||%D + M%,Dm(ﬁ + |u|§,DmQ*'
‘We also define

H2(D) := {u € H*(D) : [B0u/dn)pp = o} .

Then we have the following regularity theorem for the problem (2.3); see [16,29].
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FIGURE 1. A domain Q with interface I".

Theorem 2.1. Suppose that Q is a convex polygon in R? and f € L*()). Then
the problem (2.3) has a unique solution u € H(2) N HE(Q) satisfying

(2.4) [ull2,0+ < Callfllo.0

for some generic positive constant Cq.

2.2. Mesh assumptions. Let P, be a decomposition (mesh) of  into polygonal
elements K with maximum diameter k. Let &, be the set of all edges in Py,. Let &
and 5,? denote the set of all interior and boundary edges in Py, respectively. For
each K € Py, let hg and |K| be the diameter and the area of K, respectively. For
each e € &, we denote by |e| the length of e.

An element K € P) is called an interface element if the interface I' passes
through the interior of K; otherwise K is called a non-interface element. We denote
by P and P{¥ the collections of all interface and non-interface elements in P,
respectively. Analogously, an edge e € &, is called an interface edge if T passes
through the interior of e; otherwise e is called a non-interface edge. The collection
of all interface edges and non-interface edges in &, are denoted by & and &V,
respectively. For each K € Py, let &L and EX be the set of all interface and
non-interface edges of K, and let £ := EL UEN.

We assume that h is sufficiently small, and P}, satisfies the following regularity
assumptions [5,7,20].

Assumption 2.2. There exists p > 0 independent of h such that

(i) the decomposition Py, consists of a finite number of nonoverlapping polyg-
onal elements;

(ii) every element K € Py, is star-shaped with respect to a ball Bx with center
x i and radius phg;

(iii) for each element K € Py, all the edges in K have length larger than phg;

(iv) the interface I meets the edges of each interface element at no more than
two points;

(v) the interface I’ meets each edge in &, at most once, except possibly it passes
through two vertices.

Remark that the assumptions (iv) and (v) are reasonable for sufficiently small
h. As mentioned earlier, these assumptions allow small cut elements and do not
require additional mesh procedures.

For each K € Py, let ng be the exterior unit normal vector along 0K . For each
e € &, let n. be a unit normal vector of e with orientation fixed once and for all.
Let e € & and let K; and K3 be the polygons in P, having e as a common edge.
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FIGURE 2. An interface element K in P,

For u : Q — R satisfying u|x, € H'(K1) and u|k, € H'(K3), we define the jump
of u on e by

[u] = (ulk,)(nEk, - ne) + (ulk,)(nK, - 7e).
For e € Eff , we define [u]. := ul.. We use the notations Vj, and Vj,- when the gradi-
ent and divergence operators are taken elementwise for piecewise smooth functions
on Pp.

Let K € P{. For s = +, —, we define K* := K N Q. We denote by T'¥ the line
segment connecting the intersections of I' and the edges of K. This line segment
divides K into two parts K, and K, with K = K," UK, (see, e.g., Figure 2). For
each e € 5}{, we let e® :=eNQ° for s = 4+, —. We define the jumps of a function
u: K — R across I‘fﬂK as

[U]I‘hK = “|K}j - U|K;'
Let (35, be the piecewise constant function on €2 defined as follows:
+ - ; I
i = { XK P K € P
B otherwise.

We also define 8% := ||Bn| (k). Let I'y = UKep}I 'K and let nft and 2 be the
unit normal and tangential vectors along I'y,.

3. NONCONFORMING IMMERSED VIRTUAL ELEMENT METHOD

In this section, we present the nonconforming immersed virtual element method
for the elliptic interface problem (2.3).

3.1. Broken linear polynomials. We consider the space of piecewise linear poly-
nomials satisfying the interface conditions on each interface element. Let K € Py,
be an interface element. The broken polynomial space P; (K) is defined by

~

Py (K) = {q € HY(K) : qli; € P1(K}) Vs = +,—, [Bu0q/0n]px = 0} .

It is easy to see that dimP;(K) = 3 and the following piecewise polynomials form
a basis of Py (K):

QI(m):la q2($):t($_$0)7 Q3(w):6}:1n'(m_w0)a
where x( is the midpoint of the line segment FhK, n = (n1,n2) is a unit vector
normal to I'X pointing from K; to K, , and t = (—na,n1). Since Py (K) C H'(K),

the space V@l(K) is well-defined, and Vg, and Vg3 form a basis of VI?P\’l(K).
We set Py (K) := Py (K) for non-interface element K € Pp,.
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3.2. Nonconforming immersed virtual elements. We first define the local
space on each element. For each interface element K € Py, let

Vi(K) := {v € HY(K):V-B,Vv=0in K, 3,0v/0n € ﬁo(e) Ve € &k,
[Bhav/an]rf =0on I‘hK},
where Py (e) is defined by
Po(e) := {axe+ + bxe- :a,b e R} for e € &L,

and Py(e) := Po(e) for e € EN. Proceeding as in Lemma 3.1 in [5], it is easy to
verify that Py (K) C V3 (K) and the DOFs of V,(K) can be chosen as follows:

(3.1a) ﬁ [+ vds, VecC 0K with e € &f,
(3.1b) ﬁ [.-vds, VecC 0K with e e &f,
(3.1c) ﬁ [,vds, VecC 0K withe e &},

For each non-interface element K € Py, the local space is defined as in the standard
nonconforming VEM [5]:

Vi(K):={ve H'(K): Av=0in K, dv/On € Py(e) Ve € Ex },
and its DOFs can be chosen as (3.1c).

Remark 3.1. If the local space V;(K) on the interface element K defined as in
the local space in the non-interface element, then the inclusion @1(K ) C Vh(K)
and the interface condition [$,0v/0n]px = 0 does not hold. It may lead difficul-
ties in analysis and extending our scheme to some other applications such as the
nonhomogeneous interface problems.

The global nonconforming immersed virtual element space V3, (£2) is given by

Vh(Q) = {’Uh S LQ(Q) : Uh‘K S Vh(K) VK € Py,

/[Uh]equ =0 VgePyle), Ve e Eh}.

e

Note that the DOFs of V;,(§2) are the edge moments (3.1) for e € &£f.
For K € Pj, and v € H'(K), the local interpolant I/<v is defined as the unique
element of V;,(K) satisfying

/Ifquds = /qus Yq € @g(e), Ve € Ek.

Analogously, for v € H (), the (global) interpolant Ij,v is defined as the unique
element of V4, (€2) such that

/Ithds = /qus Vq € Iﬁ’o(e), Ve € &,.

e e

Let Hp(Q) := Vi (Q) + H(Q). We define the broken H!-seminorm on Hj(f2) by

onlin = D IVonllg ks Von € Ha(Q).
KePy,
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3.3. The discrete problem. In order to define the discrete bilinear form ay,(-,-)
on Hy(R), we first introduce some projection operators on the mesh elements and
mesh edges. For each K € Py, let II} be the projection from H!(K) onto HA”l(K)
satisfying

(3.2) / ,BhVHZv -Vgdx = / BrVuv-Vqgdx Vqe€ @1(K),
K K

(3.3) /HIV(UdSZ/ vds.
K oK

Note that integration by parts gives
/ ByVu - Vgdz = / BLVq-ngvds Yo e H'(K), Vq € Py(K).
K oK

Here, since 8,Vq - n. € @o(e) on each e C 9K, the projection IIYv of v € V}(K)
can be computed by the DOFs of v. For v € Hj, (), we define ITV v by the piecewise
broken linear polynomial such that (ITVv)|x = ITY.(v|x) for any K € P

Next, for each edge e € &, let 12 be the L2-projection from L?(e) onto f"o(e).
For v € HY(K) with K € Py, let I1%v be such that (I%v)|. = O2(v|.) for any
e C OK. Analogously, for v € Hy(Q), let 1?0 be such that (I1%v)|, = 2(v].) for
any e € &,.

For each K € Pp,, we define

al (u,v) = (ﬁhVH u, VHKU>0K+S}IL< (U—HXU,’U—HXU), u,v € H'(K),

where SE is the stabilization term defined by

ﬂK

S (u,v) := u,v € HY(K).

(H u, HK'U)O SK

The discrete bilinear forms ay, and Sp on Hp(Q) are defined by

ap(up,vp) = Z af (un,vn),  Sn(un,vn) Z SE (un,vn),

KePh KePn
We also define the discrete energy norm ||| on Hy(Q) by [lvnll? := an(vn, vs). It
is indeed a norm on V}(2), as given in the following lemma.
Lemma 3.2. ||-|| is a norm on V().
Proof. 1t is clear that ||-|| is a seminorm. Thus it suffices to show that v, = 0

if ||vp]] = O for vy, € V(). Let v, € Vi (Q) satisfy ||vp]| = 0. Then we have
VIIVvy, = 0 and 12 (vy, — TV wy) = 0. Since vy, € V4 (), we have

BAlIVorl3 ik < (BuVon, Von)o,x = (B Von, V(ve — Tvn))o.x
= (BnVon - nxc, v — Yvp)o.0x = (B Von - nue, T (o, — TTYvp))o.0K
=0

for any K € P,. Thus vy, is constant on every K € Py. Since I19[vy]. = 0 for any
edge e € &,, we obtain that v, = 0 on 2. This completes the proof. (I

With the above preparations, we state the nonconforming immersed virtual ele-
ment method as follows: Find up, € V3 (£2) such that

(3.4) an(un,vn) = (f,on), Vop € Vi(Q),
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where the loading term (f,-) is given by (f,vn) := (f,IIVvp)o0. Note that the
well-posedness of the discrete problem (3.4) follows from Lemma 3.2.

Remark 3.3. The treatment of nonhomogeneous interface conditions is possible
using such techniques as in [1,27]. However, its analysis involves more technical
issues. It is left for a future investigation.

4. APPROXIMATION PROPERTIES ON INTERFACE ELEMENTS

In this section, we present some approximation properties of the broken linear
polynomials and the immersed virtual elements on the interface elements. Note
that some estimates were given in [62], but only the special case of the piecewise
straight interface was considered. In this paper, we consider the curved interface.
From now on, for X, Y > 0, we write X <Y or X > Y if there exists a constant
C depending only on p, 8 and I" (but independent of the location of the interface
intersected with the mesh elements), and X =Y if both X <Y and Y < X hold.

4.1. Some technical inequalities. We present some technical inequalities used
in the analysis of our scheme. We first recall the Poincaré-Friedrichs inequality and
the trace inequality (see [18, Section 2]): For any K € Py,

/ vds
OK

(4.2) [oll5.0x S P lvllf s + hclolf g, Vo€ HY(K).
Next, for § > 0, let

(4.1) hicllvllox S P + o, Yve HY(K),

Q) = {x € Q: dist(,T) < d},

where dist(x, ') denotes the distance between  and I'. Since I' is C?, there exists
09 > 0 such that the signed distance function p, which is defined by

dist(z,T)  if e QFNQP,
p(x) = ¢ —dist(z,T) ifxecQ NOQY,
0 ifexel,

is a C*-function on Q% such that 101l 2,00 ) < 1 (see [37,45]). Moreover, since

(
|[Vp|=1on Ql‘io, the unit normal and tangential vectors nr and tr along I' can be

extended to the region Q‘sr‘) as follows:

0 7]
TLF:Vp7 tF:( P p).

dry’ Oxy
Thus nr and ¢r can be regarded as O (5 )-functions such that

(43) ||nF||W1,oo(QI§O) S ]-7 ||tF||W1,oo(Q‘5FO) SJ L.

Note that for sufficiently small A (more precisely, for h < &), any interface element
in PI is included in Q‘ISP.

Next, let K € P}IL. Note that both n’li and t? are constant on I‘hK7 and thus can
be regarded as constant vector fields on K. Since I is C?, for sufficiently small h,
there exist an interval Ix with [Ix| < hg, a C?(I)-function yx and g € FhK such
that the following mappings are parametrizations of I' N K and F}If , respectively:

(4.4) s @y + Sth + v (s)nlk, s @y + st
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Since TX is the line segment connecting the intersections of I' and 9K,

(4.5) v lwm e 1) S hE™, m=0,1,2.

Using (4.3), (4.4) and (4.5) we obtain

(4.6) I =0t ooy S Py ltr = 2l 1o (i) S e

By the definition of §;, we have

(4.7) Ble = Brle, Ve C 0K, B=pron K°NKj, s==.

Finally, we also need some estimates on the sets
K,=K—(K"nK})— (K nK;) VKeP}, Q:= ] K.

KeP}

That is, K, is the region bounded by I'N K and I'%, and €, is the region bounded
by I and I',. By (4.5), there exists € > 0 such that € < h? and ' C Q. Thus

(4.8) K.CO.NK, KecPl
According to [55, Lemma 2.1], the following estimate holds:
(4.9) lv 0,00 S hlvl1,a Yve Hl(Q)

Let u € }NI%(Q) Then the Sobolev extension theorem (see, e.g., [17,30]) implies
that for each s = + there exists v* € (H*(2))? such that v* = Vu on Q° and
lv°]l1.0 S ||ull2,0:- Now using (4.9), we obtain

IVullo.os S v llo.gs + o™ lo.op < A(ll0"

e+ [lv7 lLe) S Allullzex-
Combining the estimate above and (4.8), we obtain
(4.10) IVulloo, < IVul

0,00 S hllull2,0x-

4.2. Approximation by broken linear polynomials. We consider the approx-
imation properties of the broken linear polynomial space P, (K). The following
lemma can be seen as a generalization of Bramble-Hilbert lemma (see, e.g., [17,
Lemma 4.3.8]) to the space Py (K).

Lemma 4.1. Let K € Pl. For each u € H2(K), there exists q € Py (K) such that
lu = qllo.xc + hrlu—qlix + hi||BVu — BuVqllo,x

(4.11) < (i |Vullo,x, + P llullg,x+)-

Proof. Note that we can decompose Vu as follows:

(4.12) Vu= (Vu-tr)tr + (Vu - nr)nr.

Since u € ﬁ%(K), we have [Vu - tr|rnx = 0 and [Vu - nr]rax = 0. Thus
(4.13) Vu-tr € HY(K), BVu-nrc HY(K).

Moreover, it follows from (4.3) that
|Vu . tFlLK 5 |Vu . tF|1,K+ + |VU . tF‘l,K*

(4.14) S fula, ke llErl poe (e + luly e
s==+

trl|wie ks S llull2,x,

and similarly
(4.15) 1BVu-nr|i i S [luflz,x
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Let ¢; := (Vu - tr)k and ¢, := (8Vu - nr)k. Then, using (4.1), (4.14) and (4.15),
(416) ||VU tr — Ct”O K hK|V’LL tp‘l K hK”U”Q K%,

(4.17) 1BVu - nr —cpllox S hi S hcllulla, k=

Now we define ¢ € P;(T) by
¢=qo+ (u—qo)x where go = c;(@ - t1) + B, Len(m - mp).
Then we have Vg = ¢, + ;' c,nkt and
18Vu = BuVallox < 1B(Vu-tr)tr — Bretitllo,x + [|6(Vu - nr)
=11+ Is.
For I, it follows from (4.6), (4.15) and (4.17) that
I < |[(BVu - nr)(nr — ng)
For I, using (4.6), (4.14) and (4.16) we obtain
I < [|(B — Bn) (Vu-tr)(tr — ) lo,x + B (IVu - tr = cillo,x
S8 = Bn)Vullox + hllull2, k=
For the term ||(8 — Br)Vullo,x, it follows from (4.7) that
(4.18) (8 = Br)Vullo,x < Vullo,x,.-

Thus we have I; < ||Vullo,x, + Chi|lul|2,x=. Combining the estimates for I; and
I, we obtain

18Vu = BrVallo,x <
Next, using (4.18) again we have

lu—qli,x S 1(Br — B)Vullo,x + [[BVu — BrVallo,x
S IVullo,x, + b llull2, k= -
Finally, by (4.1), we have

S hilu—qlix S hillVullox, + hillulla k+

This completes the proof of the lemma. (I
Using this lemma, we obtain the following projection error estimate.
Lemma 4.2. Let K € 79,11, u € f[g(K), and u, := ITY,u. Then we have

| B
(4.19) < hK||VU||0K + Wy ||U||2 K*-

Proof. Let q € Py(K) satisfy (4.11). By the definition of IIY,
Bult — w2 e < (BAV (1 — ), V(s — )¢ = (BuV (o — ), Vo 1
= (BnV(u—ur), V(u—q))o,x < B u—urli,x|u—ql1,x
S lu—= vl k ([Vullo.x, + hillullz, ).
Thus we have
(4.20) lu—url1x S Vullox, +hillull2, k=
Next, by (3.3), (4.1), and (4.20),
|

S hilu = uxl1x S bl Vullox, + Pillulls, k=
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Finally, from (4.20) and (4.18),
18Vu = BnVuxllox S [IVullox, + hrllull2 k=
This completes the proof of the lemma. O

Lemma 4.3. Let K € PL, u € HE(K), and uy := [IYu. Then we have
(4.21) 18Vu = BrVuxlloorx < hi

Proof. As in the proof of Lemma 4.1, we have
18Vu = BrVurlloox < [(BVu - tr)tr — (B Vg - t)8

+[|(BVu - nr)nr — (ByVur - ni)ntllo.ox
=: 11 + IQ.

1/2
K/ ||U\|2,Ki'

Using (4.6), (4.7), Vu-tr € HY(K), Vu, -t} € H'(K), (4.2) and (4.14), we obtain
IS (lItr = tll z=or) + 18 = Bulln=(om)) |V - trllo,ox
+ [ Vu-tr = Vg - t8lo,0x
< hil| V- trlloox + [V - tr — Vg - 80,0k
< h2(IVu - tellosc + hic|Vu - trl k)
+h (| Vu -t — Vg - 8]0,k + hi |V tr — Vg - 8] k)
S 2 Vullo ke, + Byl ull =
By a similar argument, one can also obtain
Iy £ 1 PV allo s, + by ullz. s
Now the conclusion follows from the estimates on I; and Is. O

Remark 4.4. Although it is not used in the following sections, one can prove the
following interpolation error estimates: For K € 77;{, u € HE(K), and uy = I,f(u,

lu —urllo,x + hi|lu —url,x + hi||BVu — BrVurllo,x
< hil|Vullo ke, + Pcllullo, k-

5. ERROR ANALYSIS

In this section, we derive the error estimate in the discrete energy norm for the
scheme (3.4). We first compute the consistency error.

Lemma 5.1. Let u € HL(Q) N HZ(Q) be the solution of (2.3). Then we have, for
any vy, € Hp(2),

an(u,vn) = (fron) = Sn (u— Vw0 = Vo) + (B VallY u — BV, VAIlVvn ) o

+ Z ﬂV’UJ* }LVHV ) nK,vath‘?vh)
KePy

0,0K °

Proof. Since [fVu - n.]. = 0 for any interior edge e € &, we have

(5.1) Z (BVu - n, T4 )0,05 = 0.

KePy,
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Integrating by parts we obtain

an(u,vn) — (f,vn)
=5 (U — Hvu,fuh — Hv’l)h) + (ﬂhvhﬂvu, vth”Uh)O,Q — (f, vah)QQ
=5 (u — Hvu, Up — Hv’l)h) + (Bhvhﬂvu — BVu, thvvh)

+ Z (BVu - nK’vah>0,8K

0,0

KePy,
=S (u —Vu, vy — vah) + (ﬂhvhﬂvu — BVu, VhHVvh)O o
(5.2) + Z (BVu g, Y vy, — Havh)o oK
KePy '

where the last equality follows from (5.1). Note also that, for any K € Py,
(BRI u - nge, T, — TV vp)o.0x = (BRVITY 4 - nge, v — 1Y vp)0.0K
(5.3) = (V- B VIV u, v — IV 0 )0,k + (B VIV u, V(vp — IV 0p))o,x = 0,

where the last equality follows from V-3, VIIVu = 0, which is a direct consequence
of the fact that II),u € P;(K), and the definition of TIV. The conclusion follows
from (5.2) and (5.3). O

Lemma 5.2. Suppose that u € HE(Q) N H2(Q) be the solution of (2.3). Then, for
any vp, € Hp(9),

> ((BVu = BV ) e, TV vy = T%0) el S B2, o]l
KePy

Proof. Let K € Py,. Using (4.21) we have
((ﬂVu — BpVIIVu) - nge, TV vy, — Havh)o or
<18V = BuVITY uflo ok [T1Y vn — 200,05

< (P ulla.kcx + hig 21V ullo,re,) 1Y vn — T l0.0-

~

Let ¢ := ﬁ Jore Vv ds. By (4.2) and (4.1),
TV vy, — TP J0,05 < TV 0p — TTY vy 0,05 + [T (v, — TV wp)
< |0V vp = elloor + 117 (e = TV vp)l|o,0i + [IT17 (g, — 1TV wp)
< 2|1V vy, — cllo,ox + 117 (vh =TTV vy)|[0,0x

S P (Mol k + BP0 (o, — TV ) [lo.0k) S by llonll.

0,0K

0,0K

Now the assertion of the lemma follows from the estimates above and (4.10). O

The following lemma shows that the discrete bilinear form ay(-,-) is continuous
on Hy () with respect to the H!-seminorm.

Lemma 5.3. It holds that
ak(v,v) < |v\iK Vv e HY(K), K € Py,.
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Proof. Let K € P, and v € H'(K). From (3.2),
BulYv[T ¢ < (B VIIYw, VIIEv)o x = (B VII}v, Vo)o
(5.4) < By kv k-
By (4.2), (4.1) and (5.4),
Siy (v = v, v = TIv) < hictllo = TR0 )5 ok

(5-5) < (hillv = I0|If ¢ + v = TR0l ) S [0l -
Combining (5.4)-(5.5), the conclusion follows. O

We now present the error analysis in the energy-norm and the broken H'-norm.

Theorem 5.4. Let u € HL(Q) N HE(Q) be the solution of (2.3). Let uy, € Vi()
be the solution of (3.4). Then

(5.6) lu — up | < h||u||2,szi-
Proof. Let uy = IVu and vy := u — up, € Hp (). By Lemma 5.1,
llw — wnll* = an(u — wp, vn) = an(u,va) — (f,vn)
= (u =TV u, v, — TV 0h) + (Ba VAT u — BVu, VAITY vp),

+ Y ((BVu =B VIV ) - nge, TV vy = T%03)
KePy

=1+ 1+ Is.

Q

For I, it follows from Lemma 5.3, (4.19) and (4.10) that
(| < fu = uxlyplloall S Allullz,o llvall-

Next, for Iz, we obtain from (4.19) and (4.10) that

1/2
2| < ( > 1188 Vur — BVUII?),K> llonll < Allullz,oxllonll-

KePy,

Finally, we have |I3| < h||ul|2,ox(|vn[| by Lemma 5.2. Now the conclusion follows
by combining the estimates of 17, I, and I5. O

Remark 5.5. One can also obtain the estimate for |u — Hvuh\17h. Let u, = IIVu.

From (4.19), (4.10), and (5.6), we have

lu =TV upl1n < Ju—uglin + Y (u—up)lin S o= el + lu— ul|

S hllullz0x-
We next present the L2-norm estimate of u — IV uy,.

Theorem 5.6. Suppose that Q is convex. Let u € H}(Q) N ﬁ%(ﬂ) be the solution
of (2.3), and let up € V3, () be the solution of (3.4). Then

2,0+ + [|f]

where the hidden constant also depends on Cq in (2.4).

lu =TT unllo.0 < A?(Jlu

0,2)s
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Proof. Let n =u — IV uy. Let ¢ € H}(Q) be the solution of the dual problem
BV, Vo)oo = (1,000, Yo € Hy(Q).
Then Theorem 2.1 shows that ¢ € fNII%(Q) and
(5.7) lellz.ox < lInllo,o-
Let @ € V3, (2) be the solution of the corresponding discrete problem
an(@n,vn) = (n,vn) Yo € Va(Q).
Let uy = IVu, uy = Iyu, pr =11V, and ¢; = I. Then we have
|lu — HvuhHaQ = (u— T up, u)o.0 — (u— TV up, TV up)o.q

= (BVe, Vu)o,a — anl(en, un) = (BVu, Vo)o,a — an(un, ¢n)

= (BVu,V)o.a — an(un, ¢1) + an(un, o1 — on)
= (BVu, Vo)o.a — an(un, ¢1) + an(ur, o1 — ¢n) — an(ur — un, o1 — ¢n)
= (¢ — @)oo+ an(p — n,u) — an(u — un,  — n)
(58) =11 + Iy + I3,

where we have used the fact that Ty ur = Hy.u, 1% u; = 1% u, Hy.¢r = )¢ and
%o = N%¢. For Iy, it follows from (4.19), and (4.10) that

\L] S P21 lloellella,0x-
Next, for I3, from (5.6) we have
13| < fllu = unllllle = nll S A2 lell2.0x lullz,0x-
For I5, proceeding as in the proof of Lemma 5.1, we obtain
Iy = Sp(¢ — ryu —tuz) + ((Bn — B)Ve, Vitx)on

+ Z ((BVe = BrVor) Mg, un — U)o,k
KePp
=il + 122+ I23.

Using the Cauchy-Schwarz inequality, Lemma 5.3, (4.19), and (4.10), we have

L2 S ¢ = erlinlu — unlin S 02(|@ll2.0|ullz,0x -
Using (4.7), (4.19), and (4.10), we have
22| < |((Bn = B)Ve, Vi(ur = u))o,al + [((Br = B) Ve, Vool
S IVelloo, [u — uxlin + (Ve

0, IVullog, < 1llellz0x lullz0x.

For I 3, it follows from (4.2), (4.1), (4.21), (4.19), and (4.10), we have

sl < D 18Ve — BuVerllo.ox |t — rllo.ox
KePy,
S D0 18Ve = BaVenloon (A’ lu = unllo.x + A% — el )
KePy,

1/2
S Z h;{/ 18V — BrVerlloox|u — urlix S h2||90||2,9i [ull2,0x -

KePy
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FIGURE 3. The meshes M1 (left), M2 (middle) and M3 (right).

Thus we obtain |Ir| < h?[|¢]l2.0+ ||ull2,0+. Plugging the estimates of I;, I and I3
into (5.8), together with (5.7), we obtain

= TV unl o < H2l @l (lullz.ax + [ lo.0)
S R (Jlulla,ox + [ fllo.0)lu — TV uy,

This proves the assertion of the theorem. (I

o,

6. NUMERICAL TESTS

In this section, we present some numerical tests for our proposed method.

6.1. Test case 1: errors and condition number versus h. We consider the
problem (2.1)-(2.2) where Q = (0,1)?, and the interface I and the subdomains QT
and 7 are determined by a given function L:

I'= {(Qj,y) € L(Ivy) = O}a
O ={(z,y) € Q: L(z,y) > 0},
Q7 ={(x,y) € Q: L(z,y) < 0}.

The level-set function L, the coefficient 5 and the exact solution u are chosen as in
Examples 6.1 to 6.3. We use the following three different families of meshes:
(i) M1: uniform rectangular meshes with h = 1/23,1/2% ... 1/27,
(ii) M2: uniform trapezoidal meshes with h = 1/23,1/2%, ... 1/27,
(iii) M3: unstructured polygonal meshes with h = 1/23,1/24, ... [ 1/2".
Here the meshes in M3 are generated from PolyMesher [63]. Some examples of the
meshes are given in Figure 3.

Ezample 6.1 (straight line interface). In this example, we let

L(z,y) =2z —y, (B%,87)=(10%1),
u(w,y) =1+ (z+2y) + 2z —y)/Blz,y) + 2z —y)*, V(z,y) € Q.
Ezample 6.2 (circular interface). Let r? = (z — 0.5)% + (y — 0.5)? and
L(z,y) =7 —r%, (BT,57)=10%1), wu(z,y)=0?—-rd)3/8, V(x,y)ecQ
Ezample 6.3 (cubic interface). In this example, we let
L(z,y) = (2y — 1) — 3(2x — 1)(2z — 1.3)(2z — 1.8) — 0.34,
(BT,87)=(10%1), u=1L/B, V¥(x,y) €
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---0()

102 105

—a—M3
---0(h) ---0(?)

102 105

FIGURE 6. Example 6.3: errors versus h of NC-IVEM.

We compute the H'-seminorm and L2-norm errors given by

EHl = |u — Hvuh 1,hs EL2 = ||u — HVU/hHQ,Q,

where uy, is the solution of our scheme (3.4) (NC-IVEM). For all the examples, we
plot the errors versus h in Figures 4 to 6. We observe that the errors converge with
optimal order, which is consistent with the theoretical result (see Theorem 5.4,
Remark 5.5 and Theorem 5.6). In particular, for Example 6.1, we also plot the
results of the immersed WG method (IWG) [62] and the nonconforming immersed
FEM (NC-IFEM) [46,52] on the uniform triangular meshes in Figure 7. In contrast
with the NC-IVEM, both exhibit suboptimal convergence orders.
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H'-error

—e—IWG (ML)
—»—IWG (M2)

—e—IWG (MI)

10° ——IWG (M2)

—a—IWG (M3) —a—IWG (M3)
—a— NC-IFEM —A— NC-IFEM
— —=0(h"%) 102 — — —O(h)

102 107 102 107

[ |—e—Ex 6.1
——Ex 6.2
103k |——Ex 6.3

---0(h?)

condition numbers
=
2

10"2 10"'
FicURE 8. Examples 6.1 to 6.3: condition numbers versus h.

Next, we compute the condition number for each example, where the meshes are
fixed as M1. We plot the results in Figure 8. We observe that the condition number
behaves as usual order O(h~?) for all the examples.

6.2. Test case 2: effect of small-cut edges. In this test, we investigate the
effect of small-cut edges (i.e., the interface edges e with |e™| < |e”| or |e™| < |e™T|)
on the condition number and the errors. Consider the problem with = (0,1)2,
I'={(z,y):€ Q:2=1/2},

Ot ={(z,y) € Q:x<1/2}, Q" ={(x,y) € Q: 2z >1/2},
and the exact solution u is given by

(z.y) = 14+y+(x—1/2)/8% +(x —1/2)? if (x,y) € QF,
OV ZV 14y + (@ —1/2)/87 + (x —1/2)° if (z,y) € Q,

where (87,37) = (10%,1) and (1,102). The mesh is built by partitioning 2 into
4 x 4 squares and relocating the nodes (1/2,35/4) to (1/2+ 6,5/4) if j is odd and
to (1/2 + 1/8,j/4) if j is even, for § = 1072,107%,107°,1076 (see Figure 9). In
Figures 10 and 11 we plot the condition number and the errors versus § for each
pair (81, 87). Here, the results indicated with the word “mod” will be explained
later.

We observe that the condition number seems to be proportional to §~!. Further
theoretical investigation is needed to explain such a phenomenon, which will be a
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/
\
/
N e

FIGURE 9. Test case 2: the interface (red line) and the mesh (black
lines).

subject of future work. In contrast, the errors remain bounded, which is consistent
with our theoretical result that the error bounds are independent of the location
of the interface intersected with the mesh elements (see Theorem 5.4, Remark 5.5
and Theorem 5.6).

As observed above, the stiffness matrix becomes ill-conditioned in the presence
of small-cut edges. However, we can improve the condition number by a simple
modification of the discrete interface I'j, like committing a variational crime in FEM:
If e is an interface edge with |e~| or |eT| < h?, then we relocate the intersection
point of e and T', to the closest vertex of e, and regard e as a non-interface edge
(see Figure 12). This procedure allows us to avoid extremely small-cut edges. The
errors of the modified scheme unchanged (see Figure 11 with “mod”).

We next compute the condition number of the modified scheme. The results are
reported in Figure 10 and are indicated with “mod.” We observe that the condition
number is uniformly bounded with respect to 4.

6.3. Test case 3: effect of small-cut cells. We also investigate the effect of
small-cut cells, as in [35]. Consider the problem with Q = (0,1)%, Q= = (0.25,0.75)2,
QF=0Q—Q-, ' =900~ and the exact solution u is given by

w(z,y) = { sin(4rx) sin(4my) /Bt if (x,y) € QF,
) sin(4rx) sin(4my) /B~ if (x,y) € Q,

where (87,37) = (10%,1) and (1,102). The mesh is built by partitioning 2 into
4 x4 squares and relocating the nodes (1/4,5/4), (3/4,5/4), (i/4,1/4) and (i/4,3/4)
to (1/4+46,5/4), (3/4—46,j/4), (i/4,1/4+ 0) and (i/4,3/4 — §), respectively, for
i,j = 0,1,---,4and § = 1074,1076,... | 1072 (see Figure 13). In Figures 14
and 15 we plot the condition number and the errors versus § for each pair (31, 37).
Similar with the previous numerical test, we observe that the condition number
seems to be proportional to ', and the errors remain bounded.

7. CONCLUSION

We present the lowest-order nonconforming immersed VEM for elliptic interface
problems with unfitted polygonal meshes. The local shape functions on the interface
elements are defined as solutions of local interface problems with Neumann bound-
ary conditions. We prove that our scheme achieves an optimal convergence rates in
the broken H'-norm and L?-norm, under the piecewise H?-regularity assumption.
Some numerical tests are carried out to verify the theoretical results.
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105,
o
[
Q
g
2 10th
o
=}
p=! g g g 5
3
& 102k [——(57,07) = (10% 1)
° ——(8,87) = (1,10%)
—e—(B%,87) = (10%,1), mod
—a—(B%,67) = (1,10%), mod
100
107 10°® 10° 104 108 102
)

FIGURE 10. Test case 2: the comparison of condition numbers
versus 0 with and without the discrete interface modification pro-
cedure.

—— Epp1, (J* 3 )= (10%,1)
—— By, (67,87) = (1,10%)
—eo—Ep, (d* B7) = (107, 1) mod
—a— Ejp, (6,67) = (1,10%), mod

102 10%

, mod
, mod

FIGURE 11. Test case 2: the comparison of errors versus ¢ with
and without the discrete interface modification procedure.

Iy I'y

FIGURE 12. The discrete interface I', (red lines) before modifica-
tion (left) and after modification (right).
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