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Abstract: In this paper, we introduce a new family of mixed finite element
spaces for elliptic problem on a domain partitioned by a class of distorted
hexahedra. We show an optimal order of approximation for the velocity variable
for all £ > 0. For the pressure variable, we suggest a local post-processing
technique to obtain an optimal order.

AMS Subject Classification: 65N30, 65N12
Key Words: mixed finite element method, optimal order, hexahedra, local
post-processing technique

1. Introduction

In this paper, we consider mixed finite element approximations of Darcy equa-
tions. Mixed finite element methods have been widely used to obtain an ac-
curate approximation of the velocity of a fluid in porous media (see [1], [2],
3], [4], [5], [6], [7], [8], [9]). It is known that classical mixed finite element
spaces such as the Raviart-Thomas [1], Brezzi-Douglas-Marini [2] and Brezzi-
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Douglas-Fortin-Marini [3] spaces perform well for meshes consisting of triangles
or rectangles in two dimensions. However, for general quadrilateral meshes,
not all the classical mixed finite element spaces are optimal. Arnold et al. [10]
have recently shown that only Raviart-Thomas spaces are optimal in L?-norm.
In three dimensions, most spaces [7], [8], [9] are designed for cubes or paral-
lelepiped. Study for distorted hexahedra are rare. Naff et al. [11], [12], [13]
have shown that even the Raviart-Thomas-Nedelec mixed finite element spaces
[7], [8] do not show optimal orders of approximation.

The purpose of this paper is to introduce a new family of mixed finite
element spaces when the domain consists of distorted hexahedra having only
one pair of quadrilateral faces that are parallel but not necessarily congruent.
As usual, shape functions are defined through mappings from a reference cube:
Scalar functions are defined by a composition with a trilinear map; The vectors
are mapped by the Piola transformation. It can be shown that, when the
vectors in the classical Raviart-Thomas-Nedelec (RT'Nj)) spaces are mapped
through the Piola transformation, the mapped spaces do not contain full set
of polynomials of degree k. This is the reason why one cannot obtain optimal
order of approximation. Our idea is to construct a new set of polynomials
S}, on the reference element which would retain the set of all polynomials of
degree k in the mapped space. Then we define proper degrees of freedom which
determine the element uniquely. We take S; as the reference vector space V.
Next, we define the corresponding pressure space W by taking the divergence
of V. Thus we obtain a stable pair (V,W) for which we show an optimal
order of approximation for the velocity variable for all k¥ > 0. For k = 0, our
new space is also optimal for the pressure variable. For k > 1, we use a local
post-processing technique to obtain the optimal order. Thus we obtained a new
family of mixed finite element spaces which are optimal for both velocity and
pressure for all £ > 0. Near the completion of our paper, we have found out
that Falk et al. [14] have constructed a similar space for the lowest order case.

The organization of this paper is as follows: In the next section, we de-
scribe notations and basic material for mixed methods, focused on hexahedral
meshes. In section 3, we define our new spaces and prove the optimal order of
approximation for the velocity. Finally, a local post-processing technique for
the pressure is presented.
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2. The Mixed Finite Element Methods

We introduce notations for various function spaces. Let K be any distorted
hexahedron having at least one pair of quadrilateral faces that are parallel but
not necessarily congruent (see Fig. 1). We let
Py (K) = {polynomials of total degree up to k },
Py (K) = (P,(K))?,
Qr,mn(K) = {polynomials of degree up to £,m and n
in z, y and z, respectively},
Q%,m,n(K) = Span{xiyjzk |0<i<l,0<j<m, 0<k<n,
(i, k) # (6,mym)},
Qe (K) = Span{a’y/z" |0 <i < £, 0 <j <m,
0<k<n, (k) # (mn)}
The spaces Qp . (K) and Qp . n/(K) are similarly defined. Define

Z,m,n(K) = Qf,m’,n’(K) N Qf’,m’,n(K) N Qﬁ’,m,n’(K)
= Span{xiyjzk\ogigé,0§j§m,0§k§n,
(i,7) # (€, m), (4,k) # (m,n) and(k,i) # (n,£)}.

Finally, we define
y"2"Py(x) = {y™=2"p(x) | p € Pi(x)}.

The spaces ‘2" P,,(y) and x‘y™P,(z) are similarly defined.
Let Q be a bounded polyhedral domain in R? with the boundary 9Q. We
consider the following second order elliptic boundary value problem:

—div(kVp) =f, inQ, (1)
p =0, on 0,

where f € L*(Q) and k = k(x) is a symmetric and uniformly positive definite
matrix, i.e., there exists two positive constants c¢; and ¢y such that

c1€Te < elh(x)€ < eré’e, VEER? x€ Q.

Let us introduce a vector variable u = —xVp. Then the problem (1) can be
factored to give the following first order system:

u+xrVp =0, inQQ,
divu =f, inQ, (2)
p =0, on 0.
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In the mathematical modeling of fluid flow in porous media, u and p represent
the velocity and pressure, respectively. The first equation of (2), which relates u
and p, is called Darcy’s law, and the second equation represents the conservation
of mass. In the full system of equations for certain porous media problems such
as oil reservoir, these equations are coupled with a concentration equation.
Since the coupling is only through the velocity variable u, it is important to
get a very accurate approximation for the velocity u.
Now we introduce the function spaces

V = H(div,Q) = {v € (L*(Q))? : divv € L*(Q)},
W = L*(Q).

The weak form of the problem (2) appropriate for the mixed method is to find
(u,p) € V x W such that

(k7 1w, v) — (p,divv) =0, Vv eV, 3
{ (divu,q) =(f,q), VgeW, )

where (-,-) indicates the inner product in L*(Q) or (L?(2))%. Then it is well
known [15] that this problem has a unique solution pair (u,p) € V x W. Now
we consider finite element methods. Assume that we have some finite element
subspaces V C V and Wj, C W. Then the mixed finite element approximation
(up,pn) € Vi, x Wy, is defined as the solution of the following equations:

{ (Hﬁluh,vh) — (ph,diV Vh) = 0, VVh € Vh, (4)
(divup,qn) = (f,an), Yan € Wh.

First, we consider the case when () is a domain partitioned into a family of
tetrahedrons, cubes or parallelepiped. Assume that .7, = {K} is regular and
non-degenerate, i.e. 7, satisfy the following two conditions [16]:

(i) if h is the diameter of K then the quantity h = max e 7 hi approaches
Zero.
(ii) if 7k is the radius of the ball inscribed in K, then there exists a constant o
such that hg/rx < o.
If the spaces V and W), are chosen to satisfy the inf-sup condition and the
ellipticity on the kernel of the divergence operator, then we have the following
error estimates:

_ . —on o< C(inf || u— o+ inf 2= lo).
| w—up [[m@iv) + 12— pa o< (vle%h | w—v || iv) +q16111/Vh l»—qllo)

Next, we consider general hexahedral grids. Here we describe how the space Vy,
are constructed via Piola transformation from a space of shape functions on a
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reference element. Let K be a fixed reference element, typically unit cube with
vertices X; = (&;, s, 2;) and let K be a hexahedron with vertices x; = (z;, ys, 2;)
for : = 1,...8. Here we assume that there exists a one to one map F from K
onto K satisfying

FK()A(Z‘):XZ', ’L:1,8

Let V(K) C H(div, K) be a given finite dimensional space of vector fields on
K. We describe how the space V}, is constructed from V(K). Define u = Prua
by

u(x) = Ppa(x) = |Jx ()| DFx(R)a(%), @€ V(K),

where x = Fi (%), DF is the Jacobian matrix of the mapping Fx and Jg is
its determinant. The transformation P is called a Piola transformation. Then
the Piola transformation has the following well-known properties [1], [17]:

1 .
divy = ——divv, (5)

| JK|
/divvq dx = /dfvflc} dx, (6)
K

K
/ v-ngqgds / v-n g ds, (7)
oK oK

where n and i denote the unit outward normal vectors on K and K, respec-
tively.

Assume that .75, = {K'} is regular and non-degenerate, i.e., each K satisfies
the following two conditions [18]:

(i) There exists a constant o such that h /rx < o, where hg is the diameter
of K and rx is the radius of the largest ball inscribed in K.

(ii) There exists a constant v > 0 such that Jx > yh3..

Using the Piola transformation, we define the following space of shape func-
tions on K

Vi(K) ={v=Ppv:veV(K)} (8)
Then the global finite element space is defined naturally as
Vh:{VEV:V|K€Vh(K), VKE%} (9)

Next, we define the scalar function space Wp. For any scalar function ¢ on K,
we let g =¢qo Fgl. Then we define

Wh(K) ={q=¢oFg':4€W(K)}, (10)
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and define
Wy, = {q S LQ(Q) i q ‘KE Wh(K), VK € %} (11)

Here we recall a well-known example when K is the unit cube. The Raviart-
Thomas-Nedelec spaces of index k£ > 0 is given by

V(K) = RT Ny = Q1,6 (K) X Qi1 (K) X Qphs1 (K),
W(K) = Qrpi(K).

The dimensions of V(K ) and W (K) are 3(k+1)2(k+2) and (k+1)3, respectively.

It is well known that, when the elements are partitioned into general hex-
ahedra, we do not obtain an optimal order error estimates even for the lowest
element [11], [12]. The reason is that the velocity vector fields mapped by Piola
transformation do not contain all polynomials of degree k. Fortunately, for a
special class of distorted hexahedra, we can find a set of polynomials which
have an optimal order of approximation. Utilizing this set, we can design a new
family of mixed finite.

3. Construction of New Mixed Finite Elements

Zefo : 2
. [:2 parallel,not congruent

- ZaN
2,1 3,1 2,1 3,1

Figure 1: A Transformation onto a distorted hexahedron having two
parallel sides

For convenience’ sake, we assume that K is a distorted hexahedron where
two faces are parallel to the xzy-plane. Let x;1 = (x;,vs,21), @ = 1,2,3,4, and
Xi2 = (xi,vi,22), © = 5,6,7,8 denote its vertices (Fig. 1). We use the unit
cube K = [0,1] x [0,1] x [0,1] as the reference element in the Zj2-space with
the vertices

)A(l,l - (07070)7 &2,1 - (17070)7 }23,1 - (]-7 170)7 }24,1 - (07 170)7
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Figure 2: The mesh generation on unit cube

&5,2 - (Oa 07 1)7 &6,2 - (1507 1)7 &7,2 - (15 17 1)7 &8,2 - (Oa 17 1)

First, we consider the mesh generation. We give an example how to generate
hexahedral grids satisfying our conditions. We start from a unit cube [0, 1]3.
First, consider the face z = 0. We refine it by four shape regular quadrilaterals.
We do the similar refinement for the face z = 1. (See the step 1 of Fig. 2). Next,
we connect the each points A...E to A’...E’, respectively(See the step 2 of Fig.
2). Then, we slice the box by the plane z = % to obtain eight hexahedra(See
the step 3 of Fig. 2). Note that the inner faces of these sub hexahedra are
not necessarily planar. Repeat the same process to each of the sub hexahedra.
Then the hexahedra constructed above look like those in the left side of Figure
3. In this case, we can do the similar method on these hexahedra(See Fig. 3).

We assume there exists a unique invertible transformation Fx which maps
K onto K:

Fr(x) = (F1(2, 9, 2), F2(2, 9, 2), o + B2), (12)

where Fi(£,9,2) € Q111(2,9,2), i = 1,2. Also, we assume that the map in
(12) is in its most general form, i.e., the coefficients of Fi (%) are all nonzero.
It is easy to check that the image of K under Fi has two faces which are
parallel to the zy-plane. Let V(R' ) be a finite dimensional space of vector
fields on K. Since u(x) = Pra(X) = Jx(X) ' DFy(%)a(x) for a € V(K), we
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Figure 3: The mesh generation for the distorted hexahedron

can construct the finite element space V,(K) from the definition (8). In order
to obtain O(h¥*1) approximation order, it is sufficient that V3 (K) contains
P (K). From this fact, we determine V(K) by applying the inverse Piola
transformation to Py (K). We first consider the following vectors for 0 < i < k:

i A kA2 ~k41 2 i Akl ~k4-2 o
siy = (@FF2gF 1z 0, 0), sty = (0, #FHgRTRE0),
i (k250 sk+1 i ~k+1 ~i sk42
Sél - (l’ y’LZ ) 07 0)7 532 - (07 07 xr y’LZ )7
1
3 0

i At k42 sk+1
S31 = (07 Ty < ’ 0)7

i (akA2nkl i skl sk42

S1 = (.le Yy 2, —x Y Z 0)7
i (k200 skl Sk k2
Sy = (.le yz ) 07 —x y=z )7
i _ i k2 okl skl sk2
sy = (0, 'R, gyt AT,

Definition 1. We let

~ A

Sk = Q2 (k1) (k1) (K) X Qi) ot b1y (K) X Qi) (k1y 2 (K,

and let S} be the subspace of S), where for i = 1,...,k, j = 1,2, 3, the elements
sj.é(f = 1,2) are replaced by the elements sz

Lemma 2. The image of S} under the Piola transformation of any Fy
contains Py (K).

Proof. Tt suffices to show that the inverse image of any polynomial p(x) €
P (K) lies in Sj. First, note that

ag + a1 + a2y + a3z + a4y + azyZz + agZT + arxyz
Fr (%) = | by +b12 + bog + b32 + by + bsG2 + be23 + b2y
a—+ Bz
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Then it can be easily shown that

A Al A1z
DFg(x) = | Ay Az Aoz |,

0 0 8
and
BA2 —BA12 Al
Je(X)DFg (%) = | —=BAa1  BAn Ajg
0 0 5K (%)

Here a;, bi(i =1,...7), ¢, dj, e;(j =1,2,3), o, B, v are constants and

A = a1 + aq§ + a6 + a7z,

Aj2 = ag + a4 + a5z + a7z z,

A1z = a3 + a5y + ag? + a7y,

Aoy = by + byf) + beZ + bry2,

Aoy = by + by + b5z + b712,

Agz = b3 + b5y + bgT + brg,

Ay = A Aoy — Aig Aoy = p1 + 120 + co#2 + 32 + ai? y vi?z, (13)

Al = A13A0 — A1 Aoy = py + di 29 + dofiz + dsi® — ady? + B9*z, (14)

Jr = B(A11 A2 — A19A21) = p3 + e14% + eaZZ + €3Z + ’)/fL’z — Byz%;w
where p; € Pi(Z é’) for j = 1,2,3. Let u(x) € Pr(z,y,2). Then u(x) =

s
Prlu(x) = Jg (%) DF! (%)u(x) contains all the elements belonging to the fol-
lowing set:

B A —BA12 Als r1
—BAy BA1N Abg ro | YV ri,re,r3 € Pp(x,y,2) p . (16)
0 0 %JK()A() r3

For each polynomial r; in Py(x,y,2), j =1,2,3, we have
Tj(.’E,y,Z) = Tj(Fl(j7g72)7F2(£7g7é)7a+5'§) (17)

A~

for some ¢;(Z,9, 2) € Qi kk(Z,7, 2). Noting that

Agy, Arg, Aly € Qour1/(K),
Ay, Agp, Ay € Q1/,2,1'(K),
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Jr (%) € Q1 2(K),

we see that the vectors in (16) belong to Sj. We now show that any el-
ement in the set (16) is contained in S}. To do so, we only need to con-
sider the highest degree terms of vectors in (16). Since those are of the form
(jk+2:gk+12i7 _jk—l—lg)k—I—QZsi’ 0)7 ( k+2gz2k+1 07 k+1yzzk+2) and (0 AZAk-f—Q k:+1
we see that they belong to Sj. O

A‘Ak 15k
y-i-

For the error analysis, we need to define a new space.

Definition 3. We let

A

R_1=1 and Rp = Qry1y (k1) ht+2(K),

for k£ > 0.

Lemma 4. Given any element K, the space Ry, for k > 0 contains all
functions of the form

Jr (X)p(Fr (%)),
for all p € Py(K).

Proof. Let p € Py(K) be arbitrary and consider Jx (x)(p o Fx)(x). Since

Ji (%) € Qu v o(K) and p(x,y, 2) = q(&,§, 2) for some q(&, 9, 2) € Qpp,1(2, 7, 2)
by (18), we obtain the desired result. O

By the construction above, we see that Vj(K) contains Py (K). Similarly,
div V,(K) contains Py (K). Hence the space Vj(K) contains enough polyno-
mials to achieve an optimal order of approximation in the H(div )-norm. Hence
we have the following result.

Theorem 5. There exists a constant C such that

inf (u=vllo+ [ diva—divv o) < CR* (| u st + | diva frg), (18)

for all u € H*1(Q) with divu € H*1(Q).

Now, we introduce new mixed finite element spaces that are based on Sj.
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Definition 6. We let
V(K) = 8j,
W(K) = QZ+1,k+1,k+1(K)a
where Qg+1’k+1,k+1(f() is the space defined at the beginning of section 2.

Then we see that the dimensions of V(K ) and W (K) are 3(k-+1) (k+2)(k+4)
and (k +2)% — 3(k + 1) — 1, respectively.

Remark 7. This type of element can be used if any one pair of opposite
faces are flat quadrilaterals paralleled to yz or zx-plane.

Remark 8. From the definition of above, we know that W (K) contains
Rj;_1 but not Ry. For example, we see that W (K) for k = 0 is a space containing
polynomials of the following form:

P =ag+ a1 + asy + azz.
Since Ry = by + b1Z + boy + bgz + ba§2 + b2 + bg2% + by 2 + bgi)2? for some
constants b;(i = 0,...,8), W(K) contains R_; only.

Lemma 9. We have the following property:

div V(K) = W(K).

Proof. First, we shall investigate the divergence of an element in Sj. Then
as a special case, we show that the the divergence of elements in S; must
belong to W(K). Let ¥/ = (9},0),7) be any element in S,. Since 4| €
Qr+2,(k-+1), (k+1y (),

o /
896 = q, for some ¢ € Qrt1,(k+1), (k+1) -

In the same way, we have

9y /
8y = ¢y, for some gy € Q (k1) kt1, (k1)

and

vl
8A = q3, for some ¢ € Qr1y (k1) ht1-

However, from the construction of S}, we see that the following vectors are
replaced by divergence free vectors si- fori=1,...,k, j=1,2,3:

(£k+2gk+12i’ 0, 0)’ ( k+2gzzk+1 0, 0) (0’ @g k+2 k+1 0)’
(O, :Ack+1yk+22i7 0)’ (0’ 0’ .’Ek+lgjz,§k+2) (O O AzAk—l—l k+2)
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Hence for v = (01,02, 03) in S5, we see that
9 9 k>

961 Do dis ,
0 = q1, 8—32 = {42, g = q3 for some qi, q2, q3 € Qk+1,k+1,k+1'

Therefore we see that divV(K) C W(K). The reverse inclusion divV(K) D
W (K) is clear, thus the proof is complete. O

Now we need to define the degrees of freedom and show the unisolvence.
For this purpose, we first consider the following vectors for 0 < ¢ < k:

0 _( kgk-i-lw 0, 0) d)Z12 _ (0’ Ak+1§kmi 0)’
by = (91F 0, 0), @by = (0, 0, #FF1yizR),
gl = (07 ji:gkék-i_l? 0)7 ¢§2 = (07 ) yk-ﬁ-l k)
| =@, —atrgte o),
b= (&5’ 0, —aFtlgiak),
é: (0, :AcigkékJrl’ Azngrl k)

Definition 10. We let

') = Qp (k1) (k1) (BK) X Qurerny s (brry (K) X Quisry b1y (K
and let W be the subspace of ¥’y where for i =1,..., k, 7 =1,2,3 the elements
o(¢ = 1,2) are replaced by the elements ¢’.

Note that the definition of ¥’y and ¥} are similar to those of S} and Sj
except that the highest exponent k + 2 is replaced by k.

For any @ = (i1,1s,43) € V(K), we consider the following degrees of
freedom:
/ﬁ hGdA, Ge Q;€+17k+1(f), for each face f, (19)
!
/ﬁ-fp dx, 1 c U} (20)
K

The number of conditions is 6{(k +2)? — 1} +3{(k + 1)(k +2)? — (k+ 1)} —
6(k + 1) 4+ 3(k + 1) which is also the dimension of V(K). See Fig. 4 for an
illustration of degrees of freedom when k = 0.

Now we show that these choice of V(K) and degrees of freedom determine
a finite element subspace of H(div ).
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,,,,,,,
il

|

Figure 4: The degrees of freedom for k£ = 0. Three normal components
per face and six interior degrees of freedom.

Theorem 11. A vector function & € V(K) in the Definition 6 is uniquely
determined by the degrees of freedom (19) and (20). Moreover, the space V}, of
finite elements defined by mapping the element in V(K) using (8) is divergence
conforming.

Proof. We verify the unisolvence by showing that if all the quantities (19)

N

and (20) vanish, then @ = 0. Since @-f € Q) ;,,(f), it is clear that G-n =0
on each face and this proves the conformity. Then, & = (41, G2, Ug) satisfies

A\ A

’ELl = .’i(l — .’i)@l, ’ELQ = g)(l — @)@2 and ’EL3 = 2(1 — Z)Ug,

where v = (01,02,03) € ¥y. Thus we can take ¥ = Vv in condition (20) and
this implies . = 0. U

For the error estimates, we define a projection operator II : Hk“(.f( ) —

~

V(K) satisfying

A

/f(ﬁ —1IIa) 0GdA=0, §€Q)y41(f), for each face f,
/(ﬁ—ﬂﬁ)-qbdx_o, e Wi
K

Then this operator has the following property:

Lemma 12. We have

(div (0 — ITa), §)x =0, YaeH'YK), V§eW(K).
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Proof. First, we note that ¢ |z€ Q;C+17k+1(f) for all ¢ € W(K). Since
Vq € ¥;, we have by the definition of II,

(divIIa, §)xg = IIa - fg dA — / IIa - V§ dx
0K

= / 4-ng dA — /
0K
= (diva, ¢k

O

For an arbitrary element K = F' (K), we define the following projection
My : H*Y(K) - PpV(K) by Ilx = ProIlo P;'. Then we have the
following commutative diagram:

HEL(R) L v (k)

.| It

H 1 (K) =5 PrV(K)

K
Lemma 13. We have
(div (u—TIgu),q)x =0, VueH""(K), VgeW,(K).

Proof. From (5) and Lemma 12, we know that

1
(divIIgu, q)xg = / divIIgu g dx = / Jig divIIgu g — dx
K K JK

= /dfvﬂﬁqcifc = /dfvﬁqczfc
K K
1 ~
= — diva ¢ Jx dx = /divuqu
K JK K
= (divu, q)x

O

Now the global projection operator ITj, : H*T1(Q) — V), is defined by
(ITpu) k=g (u |k). Since V,(K) contains Py (K) by construction, we have
the following approximation property of Ilgk.
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Lemma 14. There is a constant C independent of h such that
lu—TIgu fo< CHM [ u s,

for all u € HF1(K).
For the divergence, we have the following approximation property:

Lemma 15. There is a constant C independent of h such that
| div (u — Igu) o< CA* || divu ||y,
for all u € H¥(K) with divu € H¥(K).

Proof. Since div V(K) D Ry_1, we have div V(K) D P;_1(K) by construc-
tion of Ri_1 and (5). Hence we have the result. O

To prove the error estimates, we also need to define an operator ®; :
L?(2) — W), First, let @ be the local L2-projection onto W (K). Then define
g : LAH(K) — Wi(K) by ®xp = (Pp) o Fiz! with p = p o Fr. Finally, we let
(@rp) [k= Pk (p |K)-

Lemma 16. We have

(®Pxp—p, divv)g =0, Vv e Vy(K), Vpe L*(K).
Proof. By the definition of ®x and (5), we obtain

A - 1 -
(Pgp, divv)g = / (®p) o Frt divv dx = / (Op) —divv Jx dx
K K JK
. 1
= / pdivv dx = / p Jgdivv —dx
K K JK

= /pdivv dx = (p, divv)g.
K

O

From Lemma 13 and Lemma 16, we have the following commutative dia-
gram:

HFY(K) 2 [2(K)

I, | o

Vi(K) ——= Wi(K)

From this diagram, one can easily derive the inf-sup condition[2], [19], [20].
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Lemma 17. We have
| div(u —up) [[o< C || div (u — ITpu) |lo, Yu € H(div, ).
Proof. Subtracting (4) from (3), we have

(k7 (u—up),vi) — (p—pn,divvy) = 0, Vv, € Vy, (21)
(diV (u - uh), qh) = 0, Vgpe W, (22)
We define

[ | Ik | divv(x), x€ K, vEVp,
S(X)_{ 0, x €0\ K,

then s € Wj,. From (22) we have
(div (u —up),| Jk | divv) = 0.
Choosing v = uy,, we have

(divuh,| JK | divuh) = (divu,| JK | divuh).

Hence
Il Jic 12 divag 3 < I Jic |2 diva o [|] Jic |2 divag, o,
and so
Il Jic 12 divag flo < Il T |2 diva o -
Therefore

| divey, o < C [ diva o

Choosing v = ITpu — uy, we also have

(divup, | Jx | div(IIpu —uy)) = (divu,| Jx | div(IIyu — uy)).
Subtracting (div ITpu, | Ji | div (IIpu — uy,)) from both sides, we have
(div (up—IIpu), | Jx | div(IIpu—uy)) = (div (u—IIzu),| Jx | div (TIpu—uy,)),
and so
Il Jic |2 div (Tpu—uy) |3 < ||| Jic |2 div (u—Tpu) [lo ||| Ji |2 div (Tpu—uy) o -
Hence we obtain

| div (Tyu —w,) o < C | div (u—Thu) o

By the triangle inequality, we immediately obtain the result. O
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We have the following error estimates:

Theorem 18. Let (up,py) be the solution of (4). Then

[u—w, o < CHu g, (23)
[div(u—w)[lo < CK¥|divall, (24)
Ip—pnlo < CHEFOx|p | kt1480.1,5 (25)

where &g, is the Kronecker delta.

Proof. From (22) and Lemma 16 we see that

cllu—uy |3 N (u— ), u—uy)

<

= (kl(u—wp),Iu—uy) + (k1(u—-uy),u—Iu)
(p — pn, div (TTu — wp)) + (1 (u — up), u — Iju)

= (®pp — pp, div (Ipu — up)) + (k1 (u — up,), u — Iju)

= (k= (u —up),u — IIzu)

= Clu—wuy [of| u—TIIxu o,

where ¢ and C are independent of h and u. Therefore, by Lemma 14, we obtain
the first estimate of the theorem:

u—wy, o< ¢ u—Thu o< CR* [ u [lpsr -

To estimate || p — pp, |0, we use duality argument. Let ¢ be the solution of
Dirichlet problem

—div (kV)) Dpp —pp, in Q,
v = 0, on O0N.

Then, by (21) and (22),

(®rp —pns Pup—pr) = —(Pwp — pp,div (kVY))
—(®np — pp, divII, (kVY
m_l(u uy), (VY

)
)

)
)
= (r'(u—uy), kVY — (V) + (k7 (u —up), —£VY)
= (v 'u—wp),kVY — (V) + (u — up, — V)
= (k' (u—w), kVY — IL,(kVY)) + (div (u — up), ¥)
= (k" '(u—up), kVY — (V) + (div (u — up), ¥ — O40))
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Using elliptic regularity and approximation property of II;, we obtain
| ®np —pn llo< C(h || u =y [lo +h || div (u —up) [|o).
Since div V(K) D Ry_1, it follows from Lemma 15 that
| div (u — ITu) |[o< ChF || divu | .
By Lemma 17, we have the second estimate of the theorem
| div (u —up) |lo < C" || div (u — IIpu) o< CAF || divu | -

Hence, for £ = 0 we obtain

| @np—pnllo < Chllul .
For k> 1 and 0 <t < k, we obtain

I —ppllo < CRFH(| e + [ diva [;) < CA™ [Juflepr . (26)

Choosing t = k — 1, we obtain

| ®hp—pnllo < ChF [l u .

Since W}, (K) space does not fully contain the space Py(z,y,z) except when
k =0, we only have || p — ®,p |o< Ch¥H%x || p ||g41. Then the final estimate
of the theorem follows directly from the triangle inequality. O

Remark 19. We note that the pressure estimate of Theorem 18 is not
optimal for k > 1. The loss of order results from the fact that the pressure
space Wy (K) does not contain enough polynomials. However, we introduce a
local post-processing technique in the next section to obtain an optimal order
in the pressure.

4. Post-Processing for the Pressure

In this section, we present a local post-processing technique which provides an
optimal approximation order for the pressure. Let

Wi ={qeL*Q)| qlk € Qrir(K), YK € T},
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We define the approximation pﬁ € W,%(K ) locally on each element K € .7}, as
the solution to the following equation:

/mVng'qux = —/uh-Vq dx, VqEW}%(K), (27)
K K

/p,ﬁ1 dx = /ph dx. (28)
K K

This technique has been studied on an affine element[21], [22], but we need
to modify it. Let ®f : L2(K) — W¥(K) be the L* projection we let q)ﬁK
L*(K) — Wﬁ( K) be the local projection operator defined by <I>Kp = (PFp)oF it
If we define the weighted norm || - [jo.«:= (k-,-)'/? and the weighted semi-norm
|- [1.0:= (KV-, V-)¥/2, then we have the following error estimate.

Theorem 20. Suppose that (u,p) is the solution of (3) and p?l is defined
by (27) and (28). Then we have

Ip =5} o < CH | u e -
Proof. Let ¢ = CIDﬁKp — pi € W}g Then using (27), we have

g3k = (KV(®kp—p)), Vo)
= (kV(®%p — ), V)i + (kY (D — D), Va) i
- (Hv((bﬁ](p - p)7 VQ)K + (_u + up, VQ)K

By Cauchy-Schwartz inequality and norm equivalence, we have
| gl <Cl®5p—p ik + | u—uy ok )
Let ¢ = q— qwith g = Vol Vol(RK) f i 4 dx. Then by Poincare inequality, we have
Id llox < Chlqlik -
From (28) and [ o p dx = [x ®xp dx, we obtain
Idllox < Chllqle

1
TS /K( KP = Ph) dx|

< C||®xp—pn ok -
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Then we have by the triangle inequality,

Ip—ph llox = [|p—sp+®hp—pl ox

The
(26).

This

1]

Ip—®p+d +qllox
Ip—®%p o + 1| ¢ llox + 1 T llo.x

IN

< Jlp—@%p o +Ch( | ®hp—p ik + [l u—w, Jox ) +C || @xp—pn |

desired estimate follows from the approximation property of »* , (23) and
]

Acknowledgments

paper has been supported by 2012 Hannam University Research Fund.

References

P.A. Raviart, J.M. Thomas, A Mized Finite Element Method for 2-nd
Order Elliptic Problems, Mathematical aspects of finite element methods,
Lecture Notes in Math., Springer, Berlin (1977).

F. Brezzi, J. Douglas, Jr., L.D. Marini, Two families of mixed finite ele-
ments for second order elliptic problems, Numer. Math., 47 (1985), 217-
235.

F. Brezzi, J. Douglas, M. Fortin et al., Efficient rectangular mixed finite
elements in two and three variables, RAIRO Model. Math. Numer. Anal.,
21 (1987), 581-604.

Hyon YunKyong, D.Y. Kwak, New quadrilateral mixed finite elements,
ETNA, 37 (2010), 189-201.

T. Arbogast, Z. Chen, On the implementation of mixed methods as non-
conforming methods for second-order elliptic problems, Math. Comp., 64
(1995), 943-972.

S.H. Chou, D.Y. Kwak, K.Y. Kim, Mixed finite volume methods on non-
staggered quadrilateral grids for elliptic problems, Math. Comp., 72 (2003),
525-539.



A NEW FAMILY OF MIXED FINITE ELEMENT... 591

[7]
8]

[12]

[13]

[14]

[15]

J. Nedelec, Mixed finite elements in R*, Numer. Math., 35 (1980), 315-341.

J. Nedelec, A new family of mixed finite elements in R®, Numer. Math.,
50 (1986), 57-81.

F. Brezzi, J. Douglas, R. Duran et al., Mixed finite elements for second
order elliptic problems in three variables, Numer. Math., 51 (1987), 237-
250.

D.N. Arnold, D. Boffi, R.S. Falk, Quadrilateral H(div) finite elements,
SIAM J. Numer. Anal., 42 (2005), 2429-2451.

R.L. Naff, T.F. Russell, J.D. Wilson, Test functions for three-dimensional
control-volume mixed finite-element methods on irregular grids, In: Pro-
ceedings of the XIII International Conference on Computational Mehtods
in Water Resources (Ed-s: L.R. Bentley et al.), Calgary, Alberta, Canada
(25-29 June, 2000).

R.L. Naff, T.F. Russell, J.D. Wilson, Shape functions for velocity interpo-
lation in general hexahedral cells, Comput. Geosci., Special Issue on Lo-

cally Conservative Numerical Methods for Flows in Porous Media (2000),
285-314.

R.L. Naff, T.F. Russell, J.D. Wilson, Shape functions for three-dimensional
control-volume mixed finite-element methods on irregular grids, Computa-
tional Methods in Water Resources, 1 (2002), 359-366.

Richard S. Falk, Paolo Gatto and Peter Monk, Hexahedral H(div) and
H(curl) finite elements, ESAIM: Mathematical Modelling and Numerical
Analysis (2010).

F. Brezzi, On the existence, uniqueness, and approximation of saddle point
problems arising from Lagrangian multipliers, RAIRO, Anal. Numer., 2
(1974), 129-151.

Philippe G. Ciarlet, The Finite Element Method for Elliptic Problems,
North-Holland Publishing Company, NewYork (1978).

J. Wang, T. Mathew, Mixed finite element methods over quadrilaterals,
In: The Proceedings of the Third International Conference on Advances in
Numerical Methods and Applications (1994), 203-214.

S. Zhang, Subtetrahedral test for the positive Jacobian of hexahedral ele-
ments, In Press.



592 J.H. Kim, D.Y. Kwak

[19] T. Dupont, R. Scott, Polynomial approximation of functions in Sobolev
space, Math.Comput., 34 (1980), 441-463.

[20] J. Douglas, J.E. Roberts, Global estimates for mixed methods for second
order elliptic equations, Math. Comput., 44 (1985), 39-52.

[21] D.N. Arnold, F. Brezzi, Mixed and nonconforming finite element meth-
ods: Implementation, postprocessing, and error estimates, RAIRO, Anal.
numer., 1 (1985), 7-32.

[22] R. Stenberg, Postprocessing schemes for some mixed finite elements, Math.
Model. Numer. Anal., 25 (1991), 152-167.



