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Chapter 2

Variational Formulation

2.1 Boundary Value problems
Example 2.1.1 (One dim’l problem).
—u” = fonI=(0,1), with B.C. u(0) = u(1) = 0.

Multiply a test function v € H{(I) and integrate

1
(—u" v) = —/ v vdx (2.1)
0
1 1
= —[u'v]é—i—/o u'v'dx:/o fvdx. (2.2)

Thus we have
(W, v) = (f,v), veV=HI).

We will replace the space H&(I ) by a finite dimensional space Sy (I) of con-

tinuous, piecewise linear functions on I.

Pi—1 Pi Pit1

LTi—1 T Ti+1

Figure 2.1: Basis in one-dimension
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52 CHAPTER 2. VARIATIONAL FORMULATION

Let hz‘ =T; — Tj—1, Ii = [xi_l,xi]. Let up = Z;l:_ll ngbj, where ¢z S Sh(I)
is the Lagrange basis function associated with the note x;. Then substituting

into (2.1), we obtain

n—1 .1 1
A ! dr = ; d, =12 n—1.
> [ aosteeliorta = [ oo ,

Hence we obtain the matrix equation

Apup = fp,
where .
hi_1+ h;
Ay = oy = [ @i, fi == (),
0
If we use a uniform spacing, then a typical row of Ay, is [---,0,—1,2,—-1,0---].

This matrix is the same as the one from FDM (up to the factor of h?).
A typical row of Ay is

2.1.1 The Poisson equation on ) C R?

Let Q be a bounded domain in R? and 92 denote its boundary.

We consider the Poisson equation with homogeneous boundary condition

—Au(z,y) = f(z,y) for (z,y) € Q
u(z,y) = O0for (z,y) € '1,m('1) >0 (2.3)
%(x,y) = 0 for (z,y) € Is,

where A is the Laplacian operator and I'y UT's = 9Q and I'y N T'y is a set of
measure zero. It is well known that for sufficiently smooth boundary, there
exists a unique classical solution u € C?(Q),u € C(Q).

We will assume that €2 is a normal domain, i.e., it admits the application

of divergence theorem:

ou
Q 0x;

dxdy = / uvids, i=1,2 ueCYQ), (2.4)
%9)

where v; are the components of unit outward normal vector to 0f2.
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Fact: Every polygonal domain or a domain with piecewise smooth bound-

ary is a normal domain.

As a consequence of (2.4) we have the Green’s Formula.

/vAudxdy:/ v@ds—/Vu-Vvdxdy. (2.5)
Q oo OV Q

Suppose that u is a classical solution of (2.3) and that v € V = {¢ € C*(Q) :
¢»=0onT;}. Then

—/ vAudxdy = / Vu - Vodzdy := A(u,v).
) Q
Hence u satisfy
A(u,v) = (fiv) vev, (2.6)

where (f,v) = [, fvdzdy. A(u,v) is a bilinear form defined on H*(2) and is
called the Dirichlet integral associated with the Laplace operator —A.

Since the space V is dense in Hf. (Q) = {v € H'(Q) : v =0 on I'1}, (2.6)
actually holds for every v € H%l(Q), ie,

A(u,v) = (f,v) v e Hp (Q). (2.7)

We now define a weak solution u € Hf: (€2) of (2.3) as a function u in Hf\ (2)
which satisfy (2.7). We can show the existence and uniqueness of this weak
solution. There exists a unique u € H%I(Q) such that (2.7) holds. Moreover
llull1 < ¢||f|lo- More can be said about the solution. For example, if 0f2 is of
class C" and f € H"%(Q), then

u e H"(Q) N HE(Q) (2.8)

and
[ull- < Clfllr—2- (2.9)

Results such as (2.8) and (2.9) are known as elliptic reqularity estimates.
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Figure 2.2: Standard nodal Lagrange local basis

An example of FEM

Example 2.1.2 (Poisson problem).

—Au = finQ
v = 0 on 0f2.

Figure 2.3: Finite element meshes

Assume © = [0, 1]? and that we divide Q into 2n? right triangles of length
h. Let Sg(ﬂ) be the space of continuous, piecewise linear on each element sat-
isfying zero boundary condition. Let up =) ; uj¢; where ¢; is the nodal(tent
shape) basis function satisfying ¢;(z;) = d;;. Then multiply ¢; and integrate
by part to get

/Zujw)j -V dedy = / foidx, for each i =1,2,--- .
Q. Q
J
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Writing a(¢s, ;) = [ Vé; - Vidady, we get

> algi, d5)u; = (f, 1)

J

In matrix form, it is

Au=f, Aij = al¢;,d:).
A is called the ‘stiffness’ matrix.
Example 2.1.3 (Neumann problem).

—Au4+u = finQ

% = gonI =090.

(2.10)

Note in this case u is unknown at the boundary. So we set V = H(Q)(not
Hg (). !

(—A’U,,’U) + (u,v) = (vuv VU) + (’U,,’U)— <g,v >1r= (fvv)'
So the variational problem is: (V) Find u € H' such that
a(u,v) = (f,v)+ <gv>, veH,

where a(u,v) = (Vu, Vv) + (u,v).
Show: If u € C? is the solution of (V) then it is the solution of (2.10).

Proof. Let u be the solution of (V). Then

() = (~Buo)= [ Shok (o) = (folt <g>.
r
ou

/(—Au—i—u—f)v = /( — —)uds, veH.
0 T on
Restrict to v € H&. Then we get

—Au+u—f=0in Q.

Hence we have 5
/F(g—ﬁ)vdsz(), ve H

'Tf g = 0, we have a physically insulated boundary.
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which proves g = g—z. The condition % = g is called the natural boundary

condition. (Look at the space V', we did not impose any condition, but we got

B.C naturally from the variational formulation.) O

More general Boundary Conditions

We consider a mixed BC. i.e., on one part, the Dirichlet condition is imposed,
while on the other part Neumann condition is imposed. We also consider more

general coefficients,

Example 2.1.4. Assume there exists two positive constants pg,p; s.t. 0 <

po < p(z,y) < p1. Consider

—V:-pVu = finQ

u = wugonly (2.11)
ou

o g on 'y := 0O\T';.

Let Vi = {v e HY(Q),v|r, = 0}. If v € V4,

(=V - pVu,v) = —/p@vds—l—/qu-Vvdxdy
r-on Q

= _/ p@vds—i—/qu-Vvdxdy:(fav)-
r, on Q

The variational formulation is: Find wu satisfying the Dirichlet condition such
that
a(u,v) = £*(v),Yv € V1, (2.12)

where a(u,v) = (pVu, Vo) and £*(v) = (f,v)+ < pg,v >r,.

Exercise 2.1.5. A fundamental solution of the PDE is the solution of

(LyG(z,y))(z,y) = do(y — ), z,y € R?,

in the distributional sense. Greens function of a PDE is a fundamental solu-

tion satisfying the boundary conditions. Greens functions are distributions.
(1) (10pts) In this problem we study Green’s function

(a) Find a function G € H}(I) satisfying

(G’ V') = wv(x;), forall ve HYI). (2.13)
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(b) Assuming G” exists in some sense, interpret
—(G",v) = v(x;), for v e C(I)

This means
G (@) = 3(ay)
where §(x;) the Dirac function. So we have a Green’s function.
(c) Using this show we show that in one dimensional case, up(z;) =

u(z;) for each node.

(2) (10pts) For this and the next problem, assume up = g = 0. Show the
solution of (2.12) satisfies (2.11).

(3) (10pts) Show that we have an equivalent minimization problem : Find
u € Vi such that F(u) < F(v) for all v where

F(v) = 3a(0,0) — (f,0) = < pg,v>r,

(Hint) Take derivative of F'(u + ev) w.r.t € and set it to 0 at € = 0 to
obtain (2.12).

Exercise 2.1.6. (1) (trace thm) (10pts) Let © be a unit square. Assuming

the trace of v exists along the boundary, show that

1/2
(/ v2ds> < Clwllg, Yve HY(Q).
r

(2) (10pts) Show that

2
HUH%%Q) < Cillig+ G

(2.14)

/vdx
Q

(Hint: first assume v € C1(Q). )

2.2 Variational formulation of BVP

In many cases, second order BVP can be cast into a minimization problem of

certain (nonlinear) functional.
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Definition 2.2.1. Let V be a set in a Hilbert space. Let B(ug,e) = {u €V :
||lu—upl|| < €} be a neighborhoodof ug. Let f be a real valued function defined
on V. We say ug € V is a local minimizer of f if there exists an € > 0 such
that f(up) < f(u), Vu € B(ug,e€). If f(ug) < f(u), Yu € B(ug,€) we say

ug € V' is a strong local minimizer of f.

Definition 2.2.2. ug € V is called a global minimizerof f if f(ug) < f(u), Vu €
V.

Definition 2.2.3. Let u,n € V with [|n|| = 1. Suppose there is a ¢ty > 0 such
that the function defined by g¢(¢t) = f(u + tn), [t| < to has continuous m-th

derivative, then the m-th directional derivative of f at wu is

_ A" f(u+tn)

70 (i) = g (0) = =

|t=0-

Definition 2.2.4. If f()(ug;n) =0, Vi € V,||n|| = 1, then f is stationary at

uQ-.

Theorem 2.2.5. Suppose there exists a ug € V such that fU) (ug;n) exist for

all direction n. If ug is a local minimizer of f, then f is stationary at ug.

Proof. By Taylor expansion, f(ug+tn) = f(ugp) +tf(1)(u0; n)+o(t), |n| = 1.
Suppose f (1)(u0; n) is nonzero, say positive for some 7. then there exists a to
such that tf() (ug;n) + o(t) < 0, for —tg < t < 0. Hence every nhd of uy has
a point u = ug + tn such that f(u) < f(up), which is a contradiction. O

Conversely we have

Theorem 2.2.6. Suppose f is C? and ug is a stationary point of f. Suppose

@ (ug; n) > 0 for all direction n. Then ug is a local minimizer of f.

2.2.1 Euler- Lagrange equation

Green’s identities: Let € be a domain in R? with piecewise smooth boundary.

We have for u,v € C'(Q2),

/uvzdxdy = / uvylds—/uxvdxdy (2.15)
Q N Q

/uvydxdy = / uvl/gds—/uyvdxdy. (2.16)
Q o0 Q
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Apply this to each component of ¥ = (v1,v2) and add to get

/ uV - vdxdy = / utf - vds — / Vu - vdxdy.
Q o0 Q

Now if ¥ is replaced by Vv

/uAvdxdy:/ u@ds—/Vu-Vvd:cdy.
Q oo Ov Q

Interchanging u and v and subtracting,

ov ou
/Q(UAU — vAu)dzdy = /89(115 - va)ds,

where ' = (v1,12) is the outward unit normal vector to 0f2.

A minimizer of a functional

Given a continuous function « defined on 0f), we let
Vo ={v e C%Q):v=aondN}
be the set of admissible functions. Then the corresponding test space is
Vo={veC*Q):v=0o0n 00N}
Consider a functional
flu) = /QF(x,y,u,ux,uy)dxdy, u € V,.

We get a condition for stationary point for f by letting its first order directional

derivative to be zero for all n € Vj, i.e,

oF oF oF
W0 m) — el - - —
' (u;m) /Q( aun + o Ny + auyny)dxdy 0. (2.17)

Integrating by parts, we have

oF 0 (O0F 0 (0F
—_— - = - | =— 2.1
/Q [ﬁu Oz <6um> oy <6uy>} ndwdy (2.18)
F F
—|—/ (1/18— + 1/26—) nds =0, Vnel. (2.19)
o0 6’11,3; 8uy
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Since n = 0 on 02, the line integral vanishes and hence get

OF o0 [ OF o0 [ OF
Ma‘%(au)‘a_y(a_%)]”dmy‘o’ e (2:20)

which in turn implies

OF 0 (OF 0 (OF )
S~ B (au) ~ 9 <—> =0in Q. (2.21)

This is called the Fuler Lagrange equation. The boundary condition u = « is
called essential boundary condition. To find the natural boundary condition,
consider V = {v € C?(Q)}. From (2.18) the second term is zero since Vy C V.
Thus (2.21) still holds. Now from (2.18) again, we have

F F
/ <1/16 +1/28—> nds =0, VneV.
o0 8uw 6’U,y

Since 7 € V' can have nonzero boundary conditions, we have

oF oF
— = Q.
2 D + vy ou, 0on 0

This is natural boundary condition.

Example 2.2.7. Consider a functional f(u) defined on Vj by

) = [ |5 + @) + gate® = riogpu dedy. (222

Here
1 2 2 1 2
F(‘T’ Y, U, Uy, uy) = 5])(%, y)(ux + uy) + 5(](27, y)u - T('T’ y)u
Thus Its Euler-Lagrange equation is
—(puaz)z — (puy)y + qu =r. (2.23)

The natural boundary condition is

9 _ ) on 00 (2.24)
1%

p(riug + V2uy) = p@

We have shown the solution of the pde (2.23) is a minimizer (in the classical
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sense) of the functional (2.22) on Vj. It turns out that the minimizer u satisfies
natural boundary condition.
In some problems the boundary condition may be imposed on some part

of the boundary, say, on I'g C 92. Let
Vo={veC?Q):v=caonly}
In this case the space of test function is
Vi, = {v € C*Q):v=0o0nTg}.

Then from (2.18), we have

OF oF
—=0onIy=T-T,.
6um+1/26uy on i 0

141

Boundary conditions of different type on different portion of boundary are

called mized boundary conditions.

2.2.2 Existence, Uniqueness of a Weak solution

In this section we rephrase previous discussions in a weaker sense. We deal

weak solutions in Sobolev spaces.

Example 2.2.8. Consider

—V-pVu = ginQ

u = 0onlIy (2.25)
ou

o = 0on 'y :=00\I'.

Let
V ={ve H(Q);v =0 on Ty},

where Ty C 99 is nontrivial and f € L?*(Q). The variational form for this

problem is
A(u,v) = / Vu-Vudzdy, veV (2.26)
Q

Gu) = /gudxdy, veV. (2.27)
Q
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For the existence and the uniqueness, we need a theorem. Let H be a

Hilbert space equipped with a norm || - ||.

Example 2.2.9. If we choose H = Hf\, = {v € H',v|r, = 0} and consider

—Au = gin (2.28)
u = 0Oonly (2.29)

ou
5. = 0ondQ Ty (2.30)

Example 2.2.10. (Robin condition) Next we consider Robin problem.

—Au = gin§) (2.31)

9 +ou = 0Oonl =09, (2.32)

where 0 € C(T'),g € L*(Q), 0 < 09 < o(x,y) < o1, (z,y) € T'. Then its

corresponding variational problem is
Au,v) = /Vu-Vvdxdy—i—/ ouvds, veV =HYQ) (2.33)
Q a0

Gv) = /gvdmdy, veW (2.34)
Q

2.2.3 More general coefficient

Example 2.2.11. Let V = {v € H(Q),v = 0 on Ty C 9Q}. Consider : find
u € V satisfying

A(u,v) = G(v), Yv € V, (2.35)
where
A(u,v) = / 22: a~j%@da€dy —|—/ cuvdxdy, veV (2.36)
’ Q- Y Ox; Oz Q ’

ij=1

Gv) = /gvdxdy, velv, (2.37)
Q
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and a;; = aj;i € C(Q), c € C(Q),c > 0, g € L*(). Assume there exists a
constant A > 0 such that

D aii&i&; =AY &, V() €& ER.
i,j i

(This is equivalent to: eigenvalues of {a;;} are positive.) Hence we have

A(u,u) > pllul|?,u € V. The corresponding boundary value problem is

Lu = ginQ (2.38)
u = 0only (2.39)
ou
— = 0ondQ-T 2.40
61/£ on 05 ( )
where Lu = =3}, a%i (%‘j%) + cu and 59772 is the conormal derivative de-
fined by
ou ou
%

Exercise 2.2.12. (1) Derive (2.41) from (2.35).

2.2.4 Inhomogeneous boundary condition

Consider

Lu = ginQ (2.42)
u = -y on 0f, (2.43)

where Lu = —(puy)s — (puy)y + qu on Q. Take V = H}(Q) and let
A(u,v) = /(puxvx + puyvy + quu)dzdy, v eV (2.44)
Q
Gv) = / gv dxdy. (2.45)
Q
Let H1(Q) = {u € H'(Q);u =~ on 09Q}.

Question

(1) Given a function u € H'(2) how do we define its restriction to 97



64 CHAPTER 2. VARIATIONAL FORMULATION

(2) Given a function v € H*() does there exist u € H () such that the

restriction of u to 02 is 7

Now the functional to be minimized is
1 1
Note that H%(Q) is not a linear space. For any fixed u* € H%(Q), we can write

Hi(Q) ={uc HY(Q):u=w+u",wec H (Q)}

and define
frlw) = flw+u’) = fu?) (2.46)
= %A(w +u',w+u') - Glw+u*) — %A(u*,u*) — G(u*)2.47)
= %A(w, w) + A(u*,w) — G(w) (2.48)
= %A(w,w) - G*(w) (2.49)

where G*(w) = G(w) — A(u*,w). Now Lax-Milgram lemma asserts that

there exists a unique element ug € H¢ () (minimizer of f*(w)) such that
A(’U,Q,’U) = G*(’U), v E H&(Q)

and hence
Alug +u*,v) = G(v), v e H(Q).

Let u = ug + u*, then u € H%(Q) and satisfies
A(u,v) = G(v), v € H Q).
u is the generalized solution of (2.42) since

A(u,v) — G(v) = (Lu — g,v), v € HY(Q).
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2.3 Ritz-Galerkn Method

For the simplicity of presentation, we assume {2 is a polygonal domain. Con-

sider

—Au = finQ (2.50)
u = 0on 0. (2.51)

Assume () is partitioned by triangles. Let S, be a finite dimensional subspaces

of H}(2). The finite element problem is to find a uy, € Sj, satisfying
A(uh,vh) = f(vh), vy € Sh. (2.52)
Let up, = Zjvzl ¢j¢j. Then (2.52) becomes
N
A Sejdj.di) = f(¢i), i=1,.,N = A-¢=f, (2.53)
j=1

where A;; = A(¢j, ¢i) and f(¢;) = [ foidzdy. Such A is called the stiffness

matriz.

2.3.1 Choice of S, and its basis

Thus far we have no assumption on the shape (support, degrees, etc.) of basis

functions. Basic idea is to choose a nice basis {¢;} for S so that
(1) Easy to construct A
(2) A is sparse (To save storage and computations)
(3) The condition number of the matrix A is not too large.

Often, we use continuous functions which are piecewise linear on triangular
elements. Note that in this case, A;; # 0 only if the node ¢,j are adjacent.

Thus the matrix is sparse.
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2.3.2 Inhomogeneous boundary conditions

Consider solving

—Au = finQ (2.54)
u = -yon 0. (2.55)

From earlier discussions, the variational formulation is to find a u;, = 4y +u*,

where 4, € Sy, satisfies

A(ﬂh,vh) = f(vh), vp, € Sh

where u* is any function in H}(Q) = {u € H'(Q),u = v on 8Q}. Then it
amounts to find 4, € S, such that

A(ﬂh,vh) = f(vh) — A(u*,vh), vy, € 5,

In matrix form,

A-¢=f*
where f" = f(¢;) — A(u*, ¢;). The Ritz approximation is then

N

up = chqu +u*.
j=1

Assume the number of unknowns on the boundary is p and let {qu};.\:;f; 1
are the piecewise linear basis associated with the boundary. One often try to
approximate u* in the form u*= Z;V:JS\I; 11 @ ¢; so that

N+p

Z a;0i(zs,y;) = v(xj,v5), (z5,y;) € 0Qp(boundary nodes).  (2.56)

j=N+1

In particular, if ¢; are Lagrange basis so that ¢;(z;,y;) = 0;;, then u* ca be

N
replaced by Zj:JE\I;)H Vi Pj-
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2.4 Finite Element Method -A Concrete Ritz-Galerkin
method

2.4.1 Finite element basis functions

We assume () is subdivided by a non-overlapping elements, say triangles or

rectangles of certain regular shape. For a mesh generator, see
http://www.cs.cmu.edu/ quake/triangle.html

Notations

e [: Total number of elements

M: Total number of nodes

e T': Number of nodes in a single element

ep: £ =1,2,--- , L the elements
e N; = (z;,v;): the nodes

e ¢: the standard(reference) element

3 6
4 5
1 2 1
linear basis quadratic basis

Figure 2.4: Reference element and nodes

7 8 9
4 b 6
1 2 3

Figure 2.5: Global numbering of Elements and nodes

Since the support of ¢; is usually a small subset of €, we say that ¢;

has local support. A rough geometrical description of ¢; is that of a ”tent”
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as

g \
3 dA)(A qS(x):q;oF_lx as
F(f{) :B}E+a1
aj
1 é z B:[agfal,agfal}

Figure 2.6: Reference triangle and the mapping

centered about N;. The floor of the tent is the support of ¢;. If N; ¢ 0Q =T,

¢; vanishes on the boundary of its support.
By definition, a function u belongs to Sy = Sy if and only if it can be

expressed as
M

U(.T,y) = Zci¢i(x’y)’ ('T’y) € Q

=1

Each v is a continuous, piecewise polynomial over 2.

Interpolation

Define the interpolation I, : C(K) — S"(K) by the conditions (I,u)(a;) =
u(a;) for all i = 1,--- | T. For any u € C(Q) let u; € Sps be defined by

u(Ny)gi(z,y), (z,y) €

M:

=1

The function uy is the interpolant of u in Spy.

For error analysis we need to view wuy as interpolant of uw € HP(Q2). But
a function in HP() is actually an equivalence class of functions defined a.e,
u(N;) is not well-defined.

If u is piecewise polynomials then
cmYQ) c H™(Q), H™H Q) c c™Y(Q)

In general, this does not hold since there exists nowhere differentiable continu-
ous functions. If m = 1, then V), is appropriate for 2nd order elliptic problem,

called ”conforming”. Referring to the figure (2.6), the nodal basis functions
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are
br=1—0—14, dpo=12, 3 =71. (2.57)

Example 2.4.1. Piecewise linear basis on triangular element. First, on the

standard refernce basis element é,
be(d,g) = e + i+ g1 =1,2,3.
Let the local basis function on a general element e; be give by
Gr(w,y) = cr o+ g+, (w,y) €e, L=1--+ L, 7 =1,2,3.

It is nothing but the restriction of global basis function o (x,y),i=1,---, M.
Since the affine map Fj is of the form

b )
artowtel _ped, (2.58)

a2 + bay + co

we have
gbf,(ac,y) = QET('%’Q) = QET © ngl(xay)'

We use conventional counterclockwise ordering as local ordering.
Example 2.4.2. (Piecewise bilinear basis on rectangular elements) Let
¢r(T,y) = 1 + c2T + c3y + cazy.

Then the standard basis functions on é are

bilag)={0-D1-0),  GE)=t1+H0i-7) (25
Ba(dg) = {A+ DA +0),  Gi@g) = 1=+ (2.60)

2.4.2 Assembly of stiffness matrix

Consider

-V -pVu+qu = g¢ginQ (2.61)
u = ~vonly (2.62)
uy+ou = Eonly, T'=TyUTly. (2.63)
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Let
Hi(Q) ={ve HY(Q):v=ronTy} (affine)

H%O(Q) = {ve H(Q):v =0 on Ty} (linear)

Find u € Hi(Q) such that

a(u,v) = Gv), Yve H%O(Q), (2.64)

where
a(u,v) = //puzvz + puyvy + quudz —l—/ pouvds (2.65)

Iy
= (pVu, Vo) + (qu,v)+ < pou,v >p, (2.66)
= a(u,v)o+ < pou,v >r, (2.67)
and

G) = (g9,0)+ <p&v>r, (2.68)
= G)a+ < p&v>r, (2.69)

Then as shown before, the solution © minimizes the functional
1 1
flu) = Ea(u,u) —G(u) Vue H ().
If u* is any function in H%(Q) one can see
H(Q) = Hy(Q) +u* = {u € H'(Q) : u = ug + u*,up € Hf ()}

and (2.64) is equivalent to finding ug € Hf, (€2) such that

a(ug,v) = G(v) — a(u*,v), Yo € Hp () (2.70)

2.5 Outline of Programming

Let T, = {K,} be a triangulation of the domain Q and let
Vi = span{¢; linear on each element and , ¢; € Hy, (Q)}.

Let us list some notations:
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e [: Total number of elements

M: Total number of nodes

I'g: the part of boundary where Dirichlet condition is imposed

e Mj: the number of nodes on I'y

Jo: the index set of node numbers of nodes on T'y (Dirichlet condition)

I';: the part of boundary where Neumann condition is imposed

L1: the number of element edges on I'y

e N: number of nodes in QUT"; (Total unknowns)

J: index set of node numbers of nodes in Q U T
e (J: number of integration points in each element

To form a finite element matrix, we need to replace (2.70) by a finite dimen-

sional analog: Find uy, := uny + ujy s.t.
a(un,v) = G(v) — a(uy,v), Yv € Vn, (2.71)

where
uy =) 0
JjeET
and u* is replaced by a P. L. function satisfying the BC(at least weakly.) We

usually choose

uy = Y i so that i (N;) = 7i(N;).
1€Jo

Even though u} ¢ H%(Q), it would suffice our purpose.

A tip for the boundary nodes

When Ty N T # 0, i is important for application to
(1) place nodes at the end points of I'g.

(2) assign nodes to [y rather than to I'y.
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Assembly of stiffness matrix

We usually compute so called element stiffness matriz and sum them over all
elements to assemble the global stiffness matrix, denoted by K here. From
(2.71) we have

aun, i) =Y aj /Q(Pvﬁbj Vi +qdihi) + Y Oéj/r pod;dids, 1 € T,

JjET JeT

and

G} = G(¢i) — alu’, ¢7) = /Q g% + /F pEsids — > y(Nj)a(py, ¢1), i € T

Jj€Jo

Hence we get

Ka=G", a=(v)jes

where

by = | 096 Vot a0y00 + [ pooyous.
Some general issues:
(1) Input data : 2,T,I'1,g,7,&, coefficients, etc.
(2) Construction and representation of 7y,
(3) Computation of element stiffness matrix o’ and b
(4) Assembly of global stiffness matrix K, G*
(5) Solver of Ka = G*

(6) Presentation of result. Discrete L?, H!'-error. Numerical Table, order of

convergence, graphics.

Remark on (2): quasi uniform—essentially the same size, but it is desirable
to vary the size of triangle—adaptive or successive refinement. Conforming:
vertex should not lie in the interior of an edge.

We need to compute k;;.
(1) kl] = a(¢ja¢i)9) /L)j = 15 )M

(2) Gz = G(¢Z)Q, 1= 1,"- ,M
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(3) ij = kl] +a(¢j7¢i)1—‘17 ’i’jv: 17 7M

(4) GZ = GZ+G(¢Z)F17 1= 17 7M

G; =G; — ’Y(Nj)kijv 1€ J
k‘z‘j :ZOijZ‘, 1€ J

Since k;; is symmetric, the computation in (1), (3) and (5) are done for j =
1,---,¢ only to save time and memory. (For places where k;; appears for k;;

we compute for j > i instead. For details see Axellson p. 185)

Remark 2.5.1. (1) We used full matrix notation k;; for simplicity of pre-
sentation; However, one need to exploit the sparseness of the matrix to save
memory. So it may be nice to provide a single array K Single[5 x M]|(for 5

point stencil) for ki, j| and write subroutines such as
(1) DoubleToSingle(i,5), 1<i,j7<M
(2) SingleToDouble(j), j=1,--+, M x M

Then step (a) of (5) may look like this:
K Single[DoubleT oSingle(i, j)] = a(¢;, ¢;)

Here one do not save a(¢;, ¢;). Instead, it is stored into K Single[DoubleT 0Single(i, j)]
as soon as it is computed, as shown in the next.
One can use class file to define matrix-function that looks like A(4,j) but
has single array structure of length 5M.
(2) The true number of unknowns are IV, not M. The (d) of step (5) means
we append the following identity equations to the N x N equations;

u(N;) =~(Ni), i€ o

2.5.1 Computation of a(¢;, ;) elementwise.

b)) = b+ s bds =S X
a(¢i, ¢5) ;/K(Z?qu)z V¢J+q¢Z¢J)+;/mF1 podid;ds : ;am
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where the summation runs through the common support of ¢; and ¢;. We find
this by computing the contribution of ax (¢;,¢;) called the element stiffness

matriz.

Some notations:

L: number of triangles(elements)

M : number of total nodes

Ky, £=1,---  L: the elements

Z: 2 x M matrix, Z(j,i),j = 1,2, are the coordinates of node i. - vertex

coordinates table.

T: 3 x L matrix, T'(a, ), « = 1,2, 3, denotes the global node numbering

of ¢-th triangle - element node table.

A triangulation 7, may be represented by two matrices Z : 2 x M matrix and
T : 3 x L matrix. Node ordering is important if we want to use Gaussian
elimination (For instance, we intend to store A as a banded matrix, hopefully
with small band).

Example 2.5.2. Let us divide a unit square by 4 x 4 uniform meshes where
each sub-rectangle is subdivided by the diagonal of slope —1. Label all the
vertex nodes 1,2,3,--- ,25 lexicographically. Label the elements from lower
left corner as K1\ Ko, K3\Ky, K5\Kg, - -.

Compute the element stiffness matrix for each triangle, and add all the
contribution to three vertices as K runs through all element. If i = j, K runs
through all element having the node ¢ as a vertex. If ¢ # j, K runs through
all element having the line segment ij as an edge. In this way, we assemble

the global matrix A all together (not for each entry )

Consider K = Ky;. The indices for its vertices are 7,8 and 12. For the
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Lo vig  I'ov20 v21
7 8
V18 5
u
FO on =92
To Vi2 R E Q]4 u 5 V6 V10
V11 I v17
o
B < 1 2
v6 V10 V16 V9
K> Ky Ko Ky
KD K3 T
v1 v2 v3 vg vs5 V11 V12 V13 V14 V15
I
0 To
(a) Rectangular domain (b) Lshape, mixed BC, unknowns at ®

Figure 2.7: Label of elements and vertices

element matrix we need to compute ax (¢;, ¢;) for i,j =7,8,12.

wono) = [ (1) () =1
ar(p7,¢8) = /K }1L, - %o):_%
K(ds,05) = /K%o :%
ax(9s d12) = /K% )= 0

The element stiffness matrix Ag,, (corresponds to the vertices 7,8 and 12)

is
1 1
L =3 —3 .
1 1 — 11
I LY
1 1
9 07 9
Generate element matrices for all element K = 1,2--- | add its contribu-

tion to all pair of vertices (7, 7). Let L be the number of elements and let T' be

the 3 x L matrix whose /-th column denotes the three global indices of vertices
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of ¢-th element. For example, T(-,11) = [7,8, 12]°.

7 0 025 05 07 1.0 0 025

- (2.72)
0 00 00 00 00 025 025

(2.73)

N~

Il
S N =
S NN
1 00 W

2
3
7

(3) Computation of element stiffness matrix.

Let Ky € Ty, be a fixed element. Then T'(«,{), o = 1,2,3, are the global
numbering of vertices of Ky. The x;-coordinates of vertices are Z(i, T (o, £)),i =
1,2. We note that

p0¢a¢6 ds,

al, = alt = / (PV¢a - Vg + qdads)dr +/
K, K,nI'y

bﬁ = /K 9Pa dx — Z V(Nj)ark, (65, da) +/ pEPads, v =1,2,3.

j€do Kol

Then the assembly of global stiffness matrix is as follows:

(4) Assembly of global stiffness matrix: Let k(M,M),b(M) be arrays.
Initially set k(i,j) = 0,b(i) = 0,4,j = 1,--- , M.

For each £ =1,2,---, L, compute (af;ﬂ) and b’ = (b)) and set

E(T(B,0),T(c, 0)+ = a(T (e, 0),T(B,0))+ = abs, o B=123
b(T(o, )+ = b, a=1,2,3.

Remark 2.5.3. 1). This process corresponds to step (1) and (2) in previous
section.

2). In practice we do not use the full array k(M, M). Instead use either
banded matrix if Gaussian elimination is used(How big is the band and what
happens to the band during the elimination ?) or store only nonzero element

if iterative methods are used.
For FEM software; http://www.netlib.org, http://gams.nist.gov( )
Finite element method (FEM) is a powerful and popular numerical method on

solving partial differential equations (PDEs), with flexibility in dealing with

complex geometric domains and various boundary conditions. MATLAB (Ma-
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trix Laboratory) is a powerful and popular software platform using matrix-
based script language for scientific and engineering calculations. This project
is on the development of an finite element method package in MATLAB based
on an innovative programming style: sparse matrixlization. That is to refor-
mulate algorithms in terms of sparse matrix operations to make use of the
unique strength of MATLAB on fast matrix operations. iFEM, the resulting
package, is a good balance between simplicity, readability, and efficiency. It
will benefit not only education but also future research and algorithm devel-
opment on finite element method.

This package can be downloaded from http://ifem.wordpress.com/
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Exercise 2.5.4.

To V19 T v20 v21
Yr WP
V18 5
w o _
1-,0 on g2
To 2 3 4 G2 3] V6 v10
v11 I v17
To
B Y1 Y2 U3
v6 V10 V16 v9
Ko Ky Ko Ky
K7 K3 T 2
v1 v2 v3 V4 V5 v11 V12 V13 V14 V15
T
0 To
(a) Rectangular domain (b) Lshape, mixed BC, unknowns at ®

Figure 2.8: Label of elements and vertices

Mid term take home exam Due Oct 28

Write a FEM code for the Robin problem with the following data. Use the
uniform grids of h = 2%,k =2,3,--- ,6. For all problems, ¢ =0 = & = 0.

(1) Compute the 3 x 3 element stiffness matrix Ag,, for the case p = 1+
x + 2y? when k = 2(4 x 4 grid shown in the note above.)

(2) Print the entries of G(i),i = 4,5,6,7 when k = 2 for p = 1 + z + 22,
g=—(1+4y) and vy = 1+ = + y on the boundary.

(3) Solve the problem for the case p = 1+z+2y?, v = 0 (Dirichlet condition
on 092) and u = z(1 — z)y(1 —y).

(4) Solve the problem for the case p =1, u =142+ 9y, g = 0. v = ulgq
(Dirichlet condition on 9f2). Do you find any special phenomena?

(5) Draw the graph of solution wuy, of (3).

To solve the linear system use either Gauss-Seidel method or conjugate gradi-
ent method. Report discrete L2-norm defined by ||u—up||p := /h2 D", (u — up)?(c;).

Here ¢; is the centroid of each element (triangle). Write the Table in a easily

verifiable manner (systematically) for A = 1/2*. Submit the paper report and
the coding(by email).
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ho 2
3
2K, 7
K K3 Kl
Ko K4
1 hq

Figure 2.9: Label of elements and vertices

2.5.2 P, Nonconforming space of Crouzeix and Raviart

We introduce a P; nonconforming finite element method for —Au = f. As-
sume a quasi uniform triangulation of the domain by triangles is given. Con-
sider the space of all piecewise linear functions which is continuous only at mid
point of edges. Here the degree of freedom is located at mid point of edges.
Let N}, be the space of all functions which is linear on each triangle and

whose degrees of freedoms are determined

up(m)|r, = up(m)|rg  when m is a mid point of interior edges

up(m) =0 when m is a mid point of boundary edges

Since wy, is discontinuous, the a(up,vp) = fQ Vuy, - Vup, dx- is not well defined.

So we define a discrete form ay, as follows:

ap(up,vp) = Z /Vuh-Vvhd:c (2.74)
TeT;, /T

The P;-nonconforming fem is: Find up € Nj, such that

ah(uh,vh) = f(?)h), V’Uh S Nh.

Note that in general
an(u,vn) 7 f(vn).

We define a discrete norm on N}, by

unlln = an (up, up) 2.
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as

[ 6 &w Ao
F(f{) = B}E+a1

ai

<

». B =[az —ai,a3 —ai]

Figure 2.10: Reference triangle and the mapping

Assume the reference element K = Ky with hy = hyg. Then the basis

functions are

p1=1-2y, ¢o=20—1, ¢3=2y—2zx+1. (2.75)

Consider Ky. By mapping Fk,(X) = Bxx + b we have

we(i) - (55 C)+ (00
Y 0 —hy) \¥ ho
1
¢i(x) = ¢io(Fh)(x)= ¢ <_h_1 01 ) <x B 2h1> i =2,4,5
ha Y- h2

Hence (or by direct computation) we can obtain associated with functions

2z 2y 2 2y
:3——’ — —1 —, fd —1_ - -
b2 I b5 7 P4 T, " Ko

2.5.3 Integration using reference element

In practice K is in a general position. Hence we show how to compute the

integral

aff = /K (WY - Vo, + a6i6;)dedy

through a mapping to a fixed "nice” reference element K. Let

X — x _ %) = fl(-%,?))
(y) F&) (fzw,@)) (278)
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be a one-to-one invertible map K — K, Then any function and g(x) is related

to a function §(%X) defined on the reference element K by

9(x) = g(F (%)) = 9(%).

In particular, if it is affine then F(X) = Bx + b. For a scalar function g, we

/ o(x)dzdy — / o(F(%)) || divd, (2.77)
K K

where Jx = det(DFk) = det(B). But for a gradient of a function, it is more
complicated: Noting that
Vi = BTvy, (2.78)

we see

A A

BB~V ) - (BTTNG;) + 4didy)|J|dicdy,

(2.79)
where J is the determinant of B. To save computational cost in computing
(2.79) we do as follows: A little of algebra shows that (2.79) is

K

/ (PV i - Vo, + abics;)dady = /
K

p 2 7 %G, 20 2 2 ST TN
aj; = /K {m [El%ﬁf)ge — Ea(9305 + 0305) + Eg%qbﬂ + |J|Go qb]} didy,

where

J = xpyy — vy, By =2l + (2.80)
By = x335 + yayg, B3 = 23 + 2. (2.81)

Things to consider
(1) Use banded storage
(2) Use as many modules as possible.
(3) Iterative method or direct method ?

(4) Output. Check the error by discrete L?, H! inner product. Graphics.



82 CHAPTER 2. VARIATIONAL FORMULATION

Q= 1(P) Q= 3(P) Q="7(Ps)

Figure 2.11: Quadrature points for triangle

2.5.4 Numerical Integration

Abramowitz, Stegun. A software package in the public domain by Gautschi.

We replace integral by certain weighted sum of function values:

Q
I= /Kg(w,y)dwdy ~ > wig(r',y)

=1

where w; and (¢, 2%) are independent of 6.

2.5.5 Quadrature for a triangle

We assume the reference triangle K is the right triangle with vertices at (0,0),
(1,0) and (0,1).

Example 2.5.5. Q = 1. (exact for P;). Quadrature point for K is (%, %),

_1
w—2.

11
dxdy ~ |K|g(=, =
/ngy ||9(3,3)

)

Example 2.5.6. Q = 3. (exact for P). Quadrature points are (3,0), (

PR
and (0,1) w=¢. Thus

)

DN —
DN —

K]

[ aasay~ 51 oG04 065, 5) +a00.5)

11
2 272
2.5.6 Quadrature for a Rectangle
Example 2.5.7. Q = [—1,1] x [-1,1].

(1) @ = 1. (Gaussian quadrature) The point is (0,0) and w = 4. It is exact
for Ql-
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Q=1(Q1) Q = 4(Q3) Gaussian Q = 5(Ps) Q = 9(Q3) Simpson

Figure 2.12: Quadrature points for the rectangle

(2) @ =4. (Product of quadrature) The points are (:l:%, j:%) and w = 1.
Exact for Q3.

(3) Q=5.

[9(=1,—1) + g(=1,1) + g(1, —1) 4 g(1,1) + 8g(0,0)]

Wl

is exact for Pj.

(4) @ = 7. (Product of Simpson).

% [Z g(+1,4+1) + 4 Z(g(%, 0) + g(0, %)) +164(0,0)

is exact for Q3.

2.6 The Equations of Elasticity

Notations: Consider H = (H}())3. For u = (uy,u2,u3) € H, we let

. 8u1 aUQ 8U3

e e 2 =3 fwill?
5= Gor + g aay N vl = 2y

Let
€i;(v) = %(ajvi +Op;) = %(vV +vvT) (2.82)

be the linearized strain tensor and the stress tensor be

3
Jz‘j(V) =)\ <Z Ekk(V)> 5ij + 2/J,€Z‘j(V), (1 < ’i,j < 3) (2.83)
k=1
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or simply
o(v) =2ue(v) + Atr(e(v))d. (2.84)
We also use the following notation (matrix dot product)
3
€(u) : e(v) = Z €ij(u)ei;(v).
ij=1

The equation of elasticity in pure displacement problem is

—div {2pe(u) + Atr(e(u))d} =£, in Q,

(2.85)
u=g, on 0,
where A and p are Lamé constants.
Green’s formula For any tensor o = (0;;) we have
- / (8j0ij)vi dx = / O'ijajvi dx — / O'ij’UZ'Z/j ds. (286)
Q Q T

In particular, if o = divud, then we have

—/Q(ﬁj(divu)dij)vidx = /Qdivu(sijajvidx—/divu&ijviujds

r
= /divudivvdx—/divu(v-n)ds
Q r
= /divudivvdx—/tr(e(u))v-nds.
Q T

Since div (Vu)” = div ((divu)d), the first equation of (2.85) becomes
—div {gVu+ (p+ N)(divu)d} =f, (2.87)
Hence the weak form for the pure displacement problem is
a(u,v) := u/QVu :Vvdr + (p+ N) /Q divudivvdz = f(v). (2.88)

The pure traction problem is

—div {2ue(u) + Atr(e(w)d} = f, in ©Q, (2.89)
o(u)-n=g, on N,
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with compatibility condition:
/f-vdx—i—/ g-vds =0, for ve RM := {(a+ by,c — bx)}.
Q GiY)

Multiply v € (H}(2))? and integrate by part of first term in (2.89), we see

8%-
= _2“/89iZeij(u)njUiJrQ”/QiZeij(u)a—%

.3 1,J

ov; ov; 81)@'
> eij(w) 5 = > eji(u) 5" = > €ij(u) 5~ (2.90)
7 1 Z_] J

Hence

Meanwhile the second term of (2.89), gives

)\/ divudivvdm—)\/ tr(e(u))dn-vds = )\/ divudivvdm—)\/ tr(e(u))v-nds.
Q o0N Q o0N

Hence we get

a(u,v) = f(v), (2.91)

where

a(u,v) = QM/QG(u) ce(v)dx + )\/Q divudiv v dz, (2.92)
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and

flv) = /Qf-vd:c—l—/rg-vds. (2.93)

Thus formally we are solving

3
—Z/ﬂ(ﬁjalj(u))vi = /szvz dX, 1= 1,2,3. (2.94)
j=1

This together with the BC, we can check the weak form is equivalent to the
pure traction case. Compatibility condition: If v.€ RM then e(v) = divv =
0. Hence [, f-vdz + [, g-vds = 0. Conversely, Let €(v) = divv = 0. Then

( 2v11 v12 + V21

= w11 + v2g = 0.
v12 + V21 2v29

Hence

v = g1(y) + c1, v2 = g2(x) + co.

Further, vio 4+ vo; = 0 implies

and hence

91(y) = b— gs(2).
This shows the compatibility condition holds precisely when v € RM :=
{(a + by,c —bx)}.

Relation to Stokes equation

Meanwhile if we introduce p = —Atr(e(u)) then

—div {2ue(u)} + Vp=1£, inQ,

dwu:—% in Q, (2.95)
u=g, on JN.

This is a mixed form. If A — oo then div u = 0 hence we get Stoke problem.



