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Chapter 1
System of nonlinear equations

” Approximate infinite dim problem by finite dim problem”
In thish chapter, we consider carious iterative methods for solving the root

of the system of equations

where x € R” and f(x) € R" is a vector valued function.

1.1 Operations with digital computer

Floating-point numbers

A common way of expressing real number is decimal system. For example,

325.7 is expressed as
3x 102 +2x 10" +54+7x 1071
In most computers, numbers are represented using binary system as follows:
(11.0101)g =1-24141-272 4 1.27%
To convert decimal number into binary expression, we let
(0.3)10 = (-aragasz - - )a.

Multiplying by 2
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Thus a; = 0. Repeating, we obtain ay = 1, ag = 0. round up, round off, chop.

Normalized scientific notation

87533432 x 103
67 x 1073,

875.33432
0.00067

In decimal number system the normalized notation is z = +r x 10", 1/10 <

r < 1. In binary we write x = +q x 2™, % < g < 1. Here, q is called the

mantissa and m is the exponent.

Memory in computer K32

Assume a 32-bit machine called K32. Any word(number) is allocated a 32
bits, where one bit is for the 4 sign, seven for exponent, 23 for mantissa. Any
real number has the form z = +¢ x 2™,(1 < ¢ < 2). The normalized binary
expression is ¢ = (1.f)2. Here the first digit is always 1 because 1 < g < 2.

ar  ay  ag
1mzzm+%+£+m:m:L
0.68 = ar+ T+t > ar=0,
1.36 = a3+%+£+"‘:>a3:1.

Thus 0.67 = (1.010--- ). But if 0.43 = 4 + 3 + 53 4 --- , then
0.86 = a1+ 45+ > a=0
1m::@+%+%+m:@:1
144 = a3+ 243 4 Sgy=1

2 22
Thus 0.43 = (0.1101 - - - )2 in normalized form is

(1.101---)g x 271,

One does not record the first digit, always use next 23 digits to record.
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‘ s = (sign ) ‘ e = exponent 8 bit ‘ f = normalized mantissa 23 bits

A word in computer K32
Here, 0 < e < (11111111)9 = 28 — 1 = 255, so —126 < m < 127. If
T = (_1)Sq X 2m,

with ¢ = (1.f)2, f is the 23 bit floating part and m = e — 127. (Here 0 < e <
255) Consider z = —1024.125 = —(2!9 + 273) = (—1)%(10000000000.001)5.
s = 1,¢ = 1.0000000000001, m = 10.

s=1, e=m+ 127 =137 = (10001001)2, f = (0.0000000000001)5.

e The largest and the smallest number K32 can deal with is between
10—38 ~ 1038

e The Precision is 2723 ~ 1.2 x 10~7.

e Integer case: Use all 31 bit(except the sign) So we can represent the
numbers between —(23! — 1) and (23! — 1) &~ 2.1 x 10°.

Overflow, underflow

If a number is too big (m > 127) machine will say ‘overflow” or NaN(Not a
number). The subsequent computation is meaningless. if the number is too

small in size (m < —127) it says ‘underflow’ and the number is treated as zero.

Machine ¢

A positive number that is negligible compared to the unity is called the ma-
chine epsilon, denoted by me. It is the smallest number satisfying 1.0 + m, #
1.0 and can be computed by the following:

input s < 1
for k=1,2,---,2000 do
5 < 0.5s
t+—s+1.0
if (¢ <1.0) then
s+ 2.0s
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output £ — 1, s
endif

endfor

The value m, in K32 is roughly 107 for single precision. The m. bounds the
relative error in representing a number:
‘ fl(z) —x “m

x

—= €

Note : one should not confuse the machine m, with the smallest number a
machine can represent, which is close to 2727, If you change the above code
without assigning the value to t, i.e., change the 5-th line to if (s + 1 < 1.0)
then, you get different output. (s value stored in the registry-CPU)

1.1.1 Absolute, relative error, Loss of significance

Loss of significance

z = 0.123456789
y = 0.123455586
x —y = 0.000001203

If this calculation were performed in a decimal computer with 6 mantissas,
then

fl(z) = 0.123457
Fl(y) = 0.123456
fl(z) — fl(y) = 0.000001

Relative error is large:

z—y—[fl(z) — fl(y)] _ 0.000001203 — 0.000001 _ 0.000000303 -
T —y N 0.000001203 ~ 0.000001203 ~ °7°

The zero is just place holders.
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Subtraction of close numbers

In evaluating

Vaz+1-1

it is easy to lose significant digits if x is small. This phenomena is called
subtractive cancelation. representing small number as a difference

of two large number is a bad idea.

Example 1.1.1. (1) The avoid the subtractive cancelation in the evalua-
tion of v2 + 1 — 1, we change it to 22/v/22 + 1+ 1. On the hand held
calculator, (having 9 significant digits) with = = 0.00001

Va2 +1-1=05x10"%, while 2%/v/22 +1+1=04x 1078

a relative error is
0.1 x 1078

04 x 105~ 2%

(2) Assume a computer with 6 digits accuracy:

True value x = 0.0000024 stored as =(0.000002
True value y = 0.0000005 stored as =0.000001
True value x — y = 0.0000019 computed as =0.000001

The rel error is

x—y— [fl(z) - fl(y)] _ 0.0000019 —0.000001  0.0000009

= =47
-y 0.0000019 0.0000019 %
(3) As another typical example consider
_x 22 3 2t b
e —(1—$+7):—§+?—y+ (11)

The true value of e=45 — (1 — 4.5 + %) is close to —6.61389100. But

. . . . . 3 4 5
computing it using the series expnsion —% + % — % + -+ could be
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terrible!
4.5%  4.5%
3 + o = —15.1875 + 17.0859375 = 1.8984375
453  4.5% 455
T +r - = —15.1875 + 17.0859375 — 15.37734375 = —13.47880

4.5  45% 455 4.5
- + — +

31 a0 5l a —15.1875 + 17.0859375 — 15.37734375

+11.5330078 = —1.945792

To avoid subtractive cancelation use a nested multiplication.

e—x—(1—x+%2) = _§(1_§(1_§(1—%)))+-~ (1.2)
—  15.1875(1 — Z%5(1 - 4?5(1 (1— 4?5)))) — 4746
= Sa-ta-fa-Za-dy)
— _15.875(1 — %(1 - %(1 - %(1 - %)))) — 87125

Exercise 1.1.2. (1) Write a computer code (use single precision if possible)
to carry out the evaluations in (1.1) and (1.2) . For (1.1, mimick Taylor
expansion; save the result of each terms like @—? as temp = @—? then add.

For example,

2

input temp = 5, sum =0

for k=1,2,---,2000 do
temp2 = —temp x x/(k + 2)
sum = sum + temp2, temp = temp?2
output k, sum

endfor

Other wise, all the computations are carried out in the CPU and you do

not see much difference.
Compare the difference in the values. How many terms are needed to

get accurate value in each case 7

(2) Write a code (as given above) to compute the machine € in your machine

and execute to find it. Do eith single precision or Double precision
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(specify).

(3) What if you change the 5-th line of the code to if (s + 1 < 1.0) then ?

1.2 Roots of a nonlinear equation

1.2.1 Iterative method-scalar equation

We first consider one dimensional case.

Given f(z) find all « € [a, ] such that f(a) = 0.
Case 1) f(x) can be computed exactly for all x € [a, b].
Case 2) f(x) is known only by data.

Definition 1.2.1. « is a zero of multiplicity m of f(z). If

m = Tub{k | Tim L&)

z—a |x — a|k

< 00}
The equation f(z) = 0 can be written in a variety of forms:

v = flx)+z=yg)
or x = xz—¢)f(x), o¢x)#0 forx € [a,b]
or x = z—F(f(z)), F0)=0, F(y)#0 fory#D0.

These leads to a so called ‘Picard iteration method’.

Picard iteration method

(1) Start with some xg.

(2) Put a1 = g(ag).
Theorem 1.2.2. [Convergence of Picard iteration method] Suppose the fol-
lowing condition hold.

(1) lg(z) —g(')] < Mw — 2’|, Va, 2" € [x0 — p,mo +p] = 1

(2) 0<A<1

(3) lwo — g(zo)| < (1= A)p.

Then
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g(@1) 1+

1 T2

Figure 1.1: Picard’s method

(1) the sequence {xy} generated by xp1 = g(xy), stays in I
(2) there exists an a satisfying o = g(«) and ), — «
(8) « is unique.
If g satisfies (1), (2) of the above condition, we say it is a contraction map.

Proof. 1. |z — 1] = |z —g(xo)| < (1= ANp=>x1 €

Thpr —akl = g(zr) — g(@r—1)| < Mg — x| < -+ < Ny — a0
|Tkt1 — @o] < |Tpgr — @] + |k — 2p—1| + -+ |21 — 20)
< VPN A DA - A)p = (1= AT,
Thus x4 € 1.
2.
|xn - $n+p| < |$n - $n+1| + |xn+1 - xn+2| ++ |xn+p—1 - $n+p|
< NI =XNp+ XA = N)p+- + AP = N)p

ANA=N)pl4+A+-+XH =" (1-N)<e

for all sufficiently large n and p. Hence {x,} is a Cauchy sequence in R and
thus converges. g(a) = « holds by continuity.
3. Assume g(a) = «, g(8) = 5. Then

o — B = |g(e) — g(B)| < Ma— | < |a— |, since A < 1.

This is a contradiction unless oo = (5. O
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If p is large in Theorem 1.2.2, then condition (3) is easily satisfied. But
if p is small then condition (3) is not easily satisfied. Instead condition (1)

A = max |¢'(z)] is easily satisfied.

Remark 1.2.3. In particular, if g(z) € C*(I) and |¢'(z)| < A < 1, then the
conditions (1) and (2) are satisfied and the convergence is guaranteed as long

as x is close to g(xg).
We now present a slightly different version.

Theorem 1.2.4. Assume

(1) g(a) = v i.e., v is a solution of the problem

(2) lg(z) — g(a’)| < Nz —2'| forz € I =[a— p,a + p]

(3) 0<A<1.
Then, for any xg € I, {x} stays in I and {x} — a.
Proof. |x1 — a| = |g(zg) — g(a)] < Axo — a] < p since o € [ — p, 0 + p].

Hence x; € I and by induction,

e —al = |g(zr-1) — g(a)| < A|wg—1 — q
= Mg(zr-2) — g9(a)] < N|zp—g —a| < < Alag —a| <A p<p.

Thus {zx} stays in I and furthermore, {z}} converges to a. O

Order of Convergence

Given a numerical algorithm, the number u satisfying
|21, — af < Mlrg_1 —al”

for some fixed number M > 0 is called the order of convergence. Hence Picard
method is a order one method.

Assume p = 1 then
lz) — o < Mlzp_1 —a| < MY zp_g —a| < --- < M|z — al.

Thus M must satisfy 0 < M < 1 to assure the convergence. (For any initial

guess) The magnitude of M is crucial in linear order method.
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When p > 1, multiply a constant C,
Clzg — ol < CM|zk—1 — ot

Choose C' = Mﬁ Then CM = C* and if we define e = Clxy — |, we see

24tk
Clay —al < CMaj_y —alf > ep < el < (b < <eh .

So we require the initial guess to be close enough to assure the convergence.

Here

loge,  logC+logey  loglry —af

~ = ~ 1.3
H loger—1 logC+loger_1 loglxg_1 — (1.3)

assuming |rx_1 — o << 1. If p = 1 we say, it is linear and if p = 2, it is
quadratic.
In practice it is hard to compute this number since we do not know C.

Instead it can be computed using three term relations (See later sections).

1.2.2 Error propagation

In actual computation, it may not be possible to evaluate g(x) exactly due to
rounding error or g(z) may be given as a numerical table such as numerical
solution of differential equations. Thus, the actual iteration scheme may be
represented as

Thr1 = 9(@k) + Ok,
where |0;| < § for some known bound 4.
Theorem 1.2.5. Suppose
(1) a=g(a)
(2) lg(x) —g(a)] < Az —al, 0 <A <1, z € [a—po,a+ po]
(3) |wo — al < po where 0 < po < p — %
(4) e41 = glar) + 0k, [0k] < 6.

Then, |a — x| < p and

o )
lov — | < T + M (po — m)
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Method of bisection

Assume we have two points a, b such that f(a)f(b) < 0. Put
ro = a, Sy=2>0

and forn =0, 1, 2, ..., do the following:
(1) Set z, = =% and compute f(zp).
(2) With p= f(ryn) - f(zn) do
(a) If p=0 (or |p| < pre-specified TOL), then stop and accept o = z,

(b) If p < 0 then set 1,11 = 7, and sp41 = 2,

(¢) If p> 0 then set r,11 = 2z, and sp41 = Sp.

Note that r, < a < s,,. Convergence analysis: Since z,11 = %(Tn—l—l + Sn+1)s

we see
r. — z = |r, — Tn+Sn — |7"n_5n|
Tn+l — Sp+1| = | " TL| ‘ " 2 2 (14)
|zn - 3n| = ‘T—n;Sn — 8n| = —‘m_s"‘.
Hence | | | |
Tn — S T0o — S0
|'r'n_|_1—$n_|_1|:%S..._W 0

Since 7,41 < @ < Spy1, {rn} converges to a. Hence so does {z,}.

Th —Q  Sp—
2 2

Tn + Sn
2

Tp — Q Sp — &
2 2

Sp — O —Tp  Sp—Tp
2 + 2 2

70 — S0

o1 — 0.

|zn —a| =

_l’_

Considering the sign of terms in (*), we have

Tn + Sn Th —Q  Sp—
2 * 2

|zn —a| =
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This is a first order (linear) method.

1.2.3 Pseudo code for bisection method

input r, s and f with f(r)f(s) <0
for k=1,2,---,2000 do
set z = (r+ s)/2 and compute p = f(z)
If |p| < tol then set z as solution and break;
If p < 0 then set r = z (* do not set s to save time *)
else s =z
endif
output k — 1,z

end

Method of false position-Regular Falsi

Assume f(a)f(b) < 0. Use a linear approximation using first two data (s, f(sn))

and (7, f(r)) to obtain a new prediction. Let

(80— 1n)f(5n) _ Tnf(8n) = snf(rn)
f(sn) = f(rn) f(sn) = f(rn)

and proceed as in bisection method.

Zn = Sp —

Secant method

Secant method is (almost) the same as the method of false position but we do
no check if f(a)f(b) < 0, so it saves some computation. Thus given two initial
guesses 2q, 21, we let

Zn—lf(zn) - an(Zn_l) — oy — f(Zn)(Zn _ Zn—l) n=1,2,---. (15)

T ) — fee) " ) = )

Convergence behavior will be investigated later.

A special case of Picard iteration

Assume g € C? and ¢/(a) = 0 in the Picard iteration xj,; = g(zg). In this

case we can show the convergence is quadratic(same as Newton’s method):
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y = f(z) y = f(z)

Figure 1.2: Method of false position and secant method

Since
o@) = o) td@e )+ L@ w2 e (na)
= 40+ L a2

we have from xy1 = g(xg),

[Zp41 —af = |g(zk) — af = |g(zx) — g(a)] <

g”2(£) ‘ |z — al®. (1.6)

Therefore e+1 < Me? where M = max “7—2(:0)‘. (Quadratic convergence): Mul-

tiply by M and set e = Mey, we have

_ _ _ 1ok _ \ok+1
e < (@) < (@)’ < <P = (e0)

If |eg| = M|zo — a| < 1, it converges quickly.

Newton’s method

Let us now derive the Newton’s method for solving f(z) = 0. To consider a

more general scheme, we put
9(x) =z — ¢(z)f(2).

This is a consistent scheme if ¢(x) # 0 near the solution. We see that
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\Q

Figure 1.3: Newton’s method and secant method

We see from the previous discussion that we get a second order convergence if

¢'(a) = 0. Hence we choose ¢ so that

ie, if ¢(z) = %, the scheme becomes zy11 = o — J{,((“’;’;)) and it was shown

to be second order, provided f’(a) # 0.

Defect of Newton’s method: If the value is given by table or algorithm,
(i.e., as a solution of D.E.) how to find f'(x)?

Convergence of Newton’s method

Suppose f € C? in a neighborhood of Z, where f(Z) = 0 and f/(Z) # 0. The

Newton’s method is:

— f(@n) 7) =
Tn+1 = Tn f/(xn)’ f( ) 0.

Let e, = x,, — T be the error. Use the Taylor expansion near x,,

f"(e)(@ — z)?
2 )
(‘T ) o enf/(xn) B f(xn) _ f//(c)egz

C flaa _
T T ) F'(xn) 21" (wn)’

0 = f(&)=f(zn) + f/(inn)(ﬂ_j —Tn) +

¢ € [Tp, T]
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Let M = supy,y |f"(x)] and m = inf, 4 | f'(z)|. Then by continuity m > 0.

2
lenst| < %|e2|:2_m. %|€n| .
2m' " M 2m

Define E, 1 = %]enﬂl, then we see

Hence the Newton’s method converges if Ey = 2L [eg| < 1.

Case of multiple root

Suppose f(z) = f'(z) =0, f'(z) # 0 except x,, = T near Z, f”(Z) # 0. Then

we have by Taylor series

_ (e)e
et = 2f"(xn)
f(c)er
2f(xn) — 2f'(2)
OE e
2(xn —2)f"(€)  2f7(€)

Thus only 1st order convergence, i.e, |en 41| & %|ey| like bisection. But Newton

method is better because bisection method cannot be used for a double root.

Theorem 1.2.6 (Mean value theorem for integral). Let f be continuous and
g be integrable which does not change sign on [a,b]. Then there exists a point

¢ € la,b] satisfying

[ 1@tras =10 [ ot v

General multiple root

Now Z is a root of f(z) = 0 of multiplicity p, i.e, f(z) = --- f®P~V(Z) = 0
and f®)(z) # 0. By the integral form of Taylor’s formula applied to f and f’

respectively, we have

~ . ~ f(P—l) T - T (e p)p—1 .
@) = @+ f@o=a) oot Loyt [TEZI 00 a
(1.7)
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P = P e LD oy [T g

(p—2)! (p—2)!
(1.8)
On the other hand, since f(z) = --- f®=1(z) = 0, we see (1.7), (1.8) becomes
T p—1
fa) = [ a (1.9)
T p—2
flz) = / % FP(t) dt. (1.10)

Multiply the second equation by (x — Z) and subtract first equation from it,

we have

z £(p)
-0~ ) = [ L)

TR —t)P2(p—1)(x—7) — (x—1t)] dt. (1.11)

Note that the quantity in bracket does not change sign. Hence by integral

mean value theorem, there is a point ¢ between x and Z satisfying

@ (¢ ©
L [amor o - ) - @ - o)
(@ (¢ —
- ({o—(n)! <1pp> &=y 12

T T ) T ) (=) (p— 1)
_ lep [P o 1-p,
T p fE "7 p "

. -1
Since pT < 1 we have first order convergence. However, the convergence rate

deteriorate as p grows.

Improvement of convergence

Assume we know the multiplicity of a root in advance. Consider the following

modification of Newton’s method for the case of p-th multiple root.

— f(an)
onin =0 = pH7. (113)
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Proceeding as in (1.7), (1.8) with p + 1 replacing p, we have

A AP@ e [T E P
fa) =B ey [ 0a
") — f(p)('i') .Z'—fp_l x(x_t)p_l (p+1)
R e L A e o L [CT T (R )

Hence

x r(p+1)
@-0f@ -pi) = [ w0 - -l o)

Again by integral mean value theorem, there exists a point ¢ between & and
x such that

P+ () [=
j;pfl()!) / (@ =)@ = 7) = (w 1)) dt

fPtD(e) (2 — z)PH?
(p=D! plp+1)

(z—2)f'(z) — pf(x)

Hence using (1.10), we see

it = e — flan) _ enf'(zn) — pf(@n)
n+ n f’(ﬂfn) f/(xn)
e% f(p+1) c)

If p = 1 this reduces to original Newton’s method. Note that this scheme may
diverge for a problem with simple root. One has to know the multiplicity in
advance to use this version. But after a few iteration one can find p (since it
is an integer).

Nonconvergence of Newton’s method

There are certain instances when the Newton’s method does not converge. (It

may diverge or fall into some periodic behavior)

1.2.4 Variants of Newton’s Method

A few difficulties with the Newton’s method

(1) It may not be possible to find a formula for f’.
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(2) Even if the formula for f’ is available, it may be too expansive to com-

pute.

(3) Newton’s method may fail to converge.

Finite Differences

We may replace f'(z,) by

for some h.

Quasi Newton Method

Sn
(1) One choice is s, = w(secan‘c method)

Tn—Tn—-1

(2) another choice is to use constant slope s,, = c.

Damping

Failure of Newton’s method may happen for example, when we overshoot the
value: Try Newton’s method for f(z) = 1/x — 10 with z¢p = 10. We will see it
fails to converge.

Thus we use damping;:

f(@n) (1.17)

T+l = Tn — HUn f/((L' )
n

for 0 < pp <1 and py, — 1 as n — oo.

Mixing Methods

Start with bisection (guaranteed) and after a few iteration switch to New-
ton’s method(fast).
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Convergence of Secant method

One of the drawback of Newton’s method is that it requires to evaluate the
derivative which is not only costly but sometimes not available. So we suggest a

variant of Newton’s method which does not require the evaluation of derivative.

We replace the derivative f/(x,) in the Newton method by the backward

finite difference

f(zn) = f(zn-1)

Tp — Tp—1

which is available during the iterations(Need two initial values, however.).

Thus the secant method is given in the form

f(xn)(xn - xn—l)

T ) = f@an)

Convergence proof:

Tpi1—T = Tp—T— J@n)(@n = 2n-1)
f(zn) = f(2n-1)
(xn —2)(f (@) — f(wn-1)) = f(n)(@n — Tp—1)
f(zn) = f(2n-1)
(zn — @)

- [f(acn) — Flan) -

f(zn) — f(wn1) -
_ (@n — &) (zn — Tp—1) [f(ipn) — f(@p—1) _ flan) — f(j)}
(@) — f(wn-1) Tp — Tp_1 Tp—T

= (20— 3)(Tn1 — T) ;J:((ZZ))

Tins gn € (:En—la j)

In the last equality, we used MVT and second divided difference formula: For
a C? function f we have (Later or if |z, — Z| < |z,_1 — Z|)
f($n) B f(xn—l) _ f($n) B f(j) f”(nn)

= _1—x). 1.18
Ty — Tp—1 Ty — T 2 (@1 = 7) ( )

Thus we have

lent1] < lenl - len—1]- M,

f" (1)
f(&n)

where M = X

5 . Put ¢, = M|z,, — z|. Then

dn+1 < @n-qn-1. (119)
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We now solve the difference equation ¢,+1 = ¢ - gn—1 to find out the conver-

gence order. Let z, = log ¢,. Then we obtain a Fibonacci sequence
Zn4l = Znt Zn—1

whose solution can be obtained in the form: z, = c; A} + co\5 where J; is the
sol. of A2 =X —1=0. \; = (1++/5)/2 (larger one), Ay = (1 —/5)/2. One

can find the values ¢, co by the initial condition. Thus

g = €= eq){’—i—cg)\g'

For large n, we have ¢,11 ~ ¢)'. Thus Me,1 < (Me,)Mand the sequence
{gn} converges provided |Me;| < 1.

I (nn)
f(&n)

Remark 1.2.7. 1. If # is a double root, M = =&*

at y = x2. In this case, we have no convergence.

may be co. Look

2. Qi1 ~ @1, A = 1+T‘/5i1.618. This suggest that secant method may

be better than bisection (linear) or function iteration.

Computing the order of convergence

Given some iterative method to find a zero of f(z) = 0. Assuming we know
the exact solution(or a close approximation of it), we can estimate the order
of convergence. Let e,11 = |vp41 — Z|. Assume e, i1 ~ Mel,, M constant.

Then e, ~ Me! ;. Then dividing we obtain

n
Entl w( n > . (1.20)

€n

Thus we have

i~ log <en+1>/log< ‘n ) . (1.21)
€n €n—1

One can also estimate M.

Definition 1.2.8. Let x,, be a sequence. Then the first forward difference is
Axp = Tpi1 — Tp (1.22)

Successive forward differences are defined recursively, as follows: The k-th
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forward difference is given in terms of the k — 1 st forward difference as

Arz, = A(AF1z,) (1.23)

Aitken’s 62 method

Aitken’s method (George Aitken, 1895-1967) is based on the following obser-

vation. For any linearly convergent method we have
. | Tpp1 — T
lim | ————

= . 1.24
- A>0 (1.24)

Thus for sufficiently large n, we might expect that

Tn4+1 - ~ Tn4+2 — x

Ty — X Tpt1 — T

~A>0. (1.25)

Solving for Z we obtain

2 2
Tpg2Tn — Ty — T A%T,

T=x,+ Ao (1.26)
Expanding the numerator, we see
Z=x,— (23222. (1.27)
This motivates us to define a new sequence (while computing x,) by
(Az)p = zp — M (1.28)
A2z,

Steffensen’s method

Based on the Aitkin’s method (applied to the fixed point equation = = f(z)
using zp41 = f(x,)) we obtain Steffensen’s method. It is defined by

(f($n) - xn)2
f(f(zn)) —2f(zn) + 20

Note the similarity with Aitken’s method. The z,41 on the left side is like
(Az),, in Aitken’s method.

Tp4+l = Tn —
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One can show that if f € C? and f/(z) # 1 then

_ 62 63 )
€nt1 = ( ,( ) 1) +O( n)

Use Taylor expansion (f(Z) = )
flan) = f@+en) =enf'(z )+ enf"(z) + O0(ey) = T + g(en)

(flzn) —2n)* = (glen) —en)® = en(f ()—1+§enf”(<i))2
= e (f'(@) =1 +enf"(@)(f' (@) — 1) + O(ep).

Continuing
) = £+ glen)) = F@) + glen) f'@) + olen) (@) + O(E)
= T4 glen)lf@) + golen) (@] +O()
= Tt ealf @)+ gent @) @) + 59len) @)+ O(E)
= Tt enlf@) + gen @@+ genl @) + yeaf @) @)

2 2 2
= Eten/@) + A @@ @) +O(ed)

FU ) =20 @n) + o = enlF(2) = 1+ S /@ (@) +2)(7(7) ~ 1) + ()
Since €41 — € = Tpt1 — Ty

o e M@zl [@)f(@)e £ Oley)
T U @a) =2 () Fan 2AP@) - DI+ Olen))

Remark 1.2.9. Equivalently, Steffensen’s method to find the solution of
f(x) =0 (f(x) — x = 0 above) has the following form: Given ¢, find

9(wn)

Tp4+1 = Tn —

for n = 0,1,2,3,..., where the slope function g(z,) is a composite of the
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original function given by the following formula:

_ f(xn + f(:En)) — f(xn)
g(xn) - f(xn) :

The function g is the average slope of the function f between the last sequence
point (x,y) = (xy, f(z,)) and the auxiliary point (z,y) = (z, + h, f(z, + b)),
with the step h = f(x,).

Advantages and drawbacks

The main advantage of Steffensen’s method is that it has quadratic conver-
gence like Newton’s method.

The price for the quick convergence is the double function evaluation(secant
method needs only one function evaluation): both f(z,) and f(z, + h) must

be calculated, which might be time-consuming if f is a complicated function.

Exercise 1.2.10. (1) Use Taylor expansion to prove the divided difference
formula (1.18).

(2) Let fi(x) = (x—1)(2" 4+ 62° + 32% — 3) and fa(z) = 22" — 2% — 3.521 + 2.

(a) Use Newton’s method to find the zero of f; near 0.757628... (another
one is near —0.779945...). Also find the zero of f» between —1 and
0.5.

(b) Find the root of fa between —1 and 0.5.

(c) Repeat the problem with Steffenson’s method.

(Start with several initial values near the zero and see what happens).
In each case, find the order of convergence (use |z, — Z|, not |z, —x,_1|)
and compare with theoretical results. Also, use graphical tools to draw

the graph and plot some intermediate values.

(3) Find first ten roots of the equation tanx = x.

Set
f(t) B f(xn)
(t—xp)

g(t) =

and use MVT for g
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Figure 1.4: (z — 1)(z” 4 62% + 322 — 3) and 227 — 25 — 3.52* + 2

1.2.5 Higher degree interpolation and inverse interpolation
Quadratic interpolation-Muller’s method

Recall the method of using a linear interpolation to find a root of function
(e.g., secant method or regular-falsi method): Given a bracket [zg,z1], we
interpolate f by a linear function and let the zero of the linear function be the

approximate root of f.

Can we use higher degree polynomial to generate a sequence of iterates?
Given data (xg, f(xg)) = (xg, yx), k = 1,2, - -, one can construct a polynomial
ps.t. yp = plag), k =1,2,---. But solving p(z) = 0 is difficult! Muller used a
quadratic interpolation. This is a direct extension of secant method to solve
f(a) = 0. Tt is of high order and works for complex roots when the starting
value is a complex number. But it may give us a complex number even when

we are expecting real solution.

Now we describe Muller’s method: Given f(x), and xg, x1, o near a.
Construct a second degree polynomial p such that p(xg) = f(xo), p(z1) =
f(x1), p(x2) = f(x2). Let p(x) = a(x — 22)? + b(z — x2) + ¢. Then

a(zg — 29)* +b(xg — x2) +¢ = f(x0)
a(zy —29)* +b(x1 —x2) +¢ = f(21)
a(zg — 29)* +b(xg — x2) +¢ = f(x2)

With dg = g — w2, 01 = 21 — 2, 70 = f(20) — f(22), 71 = f(x1) — f(22), one
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obtains

0170 — dor1 63ry — 021

@=———-, e c= f(x).
0001 (60 — 01) 0001 (60 — 01) f(@2)

Thus
—b+ b2 — 4ac

2a

We take the one with smaller modulus.(Reason:Assume three consecutive

r — T9 =
points lie on a smooth convex curve, it is reasonable to expect smaller value
is a good approximation.)

Remark 1.2.11. (1) Miiller’s method can find complex root also.

(2) Newton’s method also finds complex root if started with complex num-

bers.

(3) To find the root of a polynomial, it is suggested to use the companion

matriz. Let

[0 10 ]
o_ 0
1
| —an  —ap—1 —an |
We can show that
|C— A =0

if and only if p(A) = A" + a A" 1+ - +ap 1A +a, =0.

(4) Order of convergence for Miiller’s method. e, 1 = 1839,

(5) Miiller’s method may not converge for triple root. In this case use per-

turbation.

Inverse interpolation

An alternative is to use the inverse interpolation: Given data (zy, f(xg)) =
(xk,yx), k = 1,2,---, where y; are distinct, we construct a polynomial p(y)
such that z; = p(yx). Set p(0) as the next iterate.
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Figure 1.5: quadratic(blue) and inverse quadratic(red) interpolation

Example 1.2.12 (inverse quadratic interpolation). Assume we have data

(x1, f(x1)), (22, f(22)), (x3, f(x3)). The quadratic polynomial p(y) s.t. p(yx) =
T, k=1,2,31is

o) =gy Y= =ws) L Wy mys) L W v) = g)

(y1 —y2)(y1 — v3) (Y2 — y1)(y2 — v3) (Y3 — y1)(y3 — y2)

New approximation is

p(0) = a3 Y2Y3 9 Y1Yy3 t s Y1y2
(y1 —y2)(y1 — y3) (y2 — y1)(y2 — y3) (y3 — y1)(ys — y2)
21Y2y3(ys — Y2) + 22y3y1(y1 — y3) + 3y1y2(y2 — 1)
(Y1 —y2)(y2 — y3)(y3 — y1)

This is similar to Muller’s but no need to worry complex roots, or no need to

choose which one of the roots. The convergence order is 1.839.

Example 1.2.13. Consider a quadratic interpolating poly with data:

(1,1),(2,1.5),(3,0.3)

Lagrange interpolation p,(z) = > 1L f(2:) [[;.4 (fi__“z_)) gives

(z —2)(z — 3) (@ —1)(z —3) (@ —1)(z —2)
e R Ter e 5

p(x) =1
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Figure 1.6: quadratic/inverse quadratic interp. Example 1.2.13

But its inverse quadratic interpolation = = p(y) is

(y=15wy—-3) (-1 -3)  ,(y-—1y-15
o T sy T e

ply) =1
Thus
1
p(z) = 5(—1.73:2 +6.1x—24), ply) = 2.047619y2 —8.1190524y + 5.0714298.

Two roots of p(z) are 3.318 and 0.4498 while p(0) = 5.0714298..

1.2.6 Safeguarded Methods

We may consider a hybrid method between fast method and safe method. For
example combine (fast) Newton’s Method with the (safe) bisection method.
Start with a bracket [zg,z1]. If each Newton’s step gives new iterate xjew,
if Tpew € [x0, 1) use either [zg, Tnew] OF [Tnew, 1] (whichever is a bracket).

Otherwise throw away ., and use bisection.

1.2.7 Nested multiplication

First note on the efficient polynomial evaluation. Use recursive evaluation as

follows:(Nested multiplication or synthetic division) Fore example,

p(z) = ' —52%+72% — 120 +13
= (((x =5)x+ 7))z —12)x + 13.



28 CHAPTER 1. SYSTEM OF NONLINEAR EQUATIONS

Comput. costs:
44+4+3+24+4=17, wvs T.

More generally,

1

p(:E) = anxn+an—1xn_ +---+ap

= (- (((anx + an-1)T + an—2)T + ap—3)T - - + a1)x + ap.(1.29)

In this way, we not only save time but to avoid underflow(imagine what will
happen if x is very small and n is large). High power terms like ™ may be
neglected if computed individually even if they have some significance if added

together.

Horner’s Method of Synthetic Division

For a polynomial p,(z) = a,2"™ + a,_12"" 1 4+ --- + ap we can write it as
pn(x) = (x — z0)q(x) + p(w0),

where g(z) = b,_12" "1 + -+ + by. We expand it.

(x — 20)(bp_12" L 4 - + by) + p(ao)
= by 12"+ (bp_1 — Tobp_2)x" "t + -+ + (by — 2ob1 )z + p(20)

Comparing this with p,(z), we see

bp—1 = an
b2 = anp_1+xobp_1
bo = a1+ JZle
p(ajo) = ag + xobo-

This is nothing but (1.29). Exer. Derive this and compare the comput. com-

plexity.

Input n, a;(0 < i <n), xg
bp—1 < ap
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fork=n—1,n—-2,---,0do
bp_1 < ap + xobyg
end
output (b;, —1 <i<n-—1)

Note that b_; = p(xg).

If this is done by pencil we have

(079 anp—1 ce ag
To 2obn—1 zobo
+ bn—1 bp—2 by

Remark 1.2.14. If you do not need aj after the work, you can overwrite ag

to save memory. See complete Horner’s algorithm.

Example 1.2.15. Use Horner’s algorithm for p(z) = z* — 423 + 722 — 52 — 2
at xop = 3. Then

p(x) = (x — 3)(z® — 2 + 4o +7) + 19.

Repeated Horner’s method

If we use Horner’s method at a fixed value ¢ repeatedly, we can expansion of

the poly. and find the derivatives. If we have
p(z) = cp(z — 20)" + cpo1(z — 20)" L + - 1 (x — x0) + co,

we have f'(z¢) = ¢ and f*)(2q)/k! = ¢;. To find all the coefficients ¢, we

will use Horner’s algorithm repeatedly, called a Complete Horner’s Algorithm:

input n,a;(0 <i<n),xzg
for k=0,---,n—1do
forj=n—-1,n—-2--- kdo
Gj <= G5 + ToQj+1
end
end
output a;(0 < i <n)
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Here we overwrite a; to save memory.

Remark 1.2.16. Horner’s method gives an efficient numerical way of com-
puting the higher order derivatives of a polynomial: p(k)(xo) = kl¢g, which
may be hard to find by simple repetition of divided difference. But there is a

systematic way of computing divided difference. (Later)

Consider Newton’s method again:

f(zg)

TR TR T )

A partial Horner’s method can be used to compute f(z) and f’(zg). Thus to
find a root of a polynomial by Newton’s method, we do not need to provide
the derivative. First we define repeated (partial) Horner’s method :

Horner (zg, o, 3)

input n,a;(0 <i < n),xg

o ap

B8+ 0

fork=n—-1n-2,---,0do
B a+ xof
o< ap + Too

end

output «, 3

Here o = p(zg) 8 = p'(x¢). Here to order of computation of a, has to be

observed. So this can be combined to give Newton’s method:

Newton’s Methods for polynomials

input n,a;(0 <i <n),zo, M, e
for j =1to M do
Horner (n,(a; : 0 <i <n),x,q, )
x1 10— /f
output «, 3, x1
if |x1 — xg| < €, then stop
To + T
enddo
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1.2.8 Root of a polynomial

If we are interested in finding one of the zeros of a polynomial and if we
know approximate value, then Picard method or Newton method can be used.
However, if one is interested in finding many(or all of) roots, above methods

are not effective.

Companion matrix

There is a way to find all the zeros of a polynomial using a matrix. A com-

panion matrix for a polynomial p(z) = 2" + a12" ' + - - - + a, defined as

[0 1 0 |
0
C =
1
__an —Op—1 _al_
Lemma 1.2.17. We have
(2 -1 0 |
0
p(z) = det(xl — C) = det
—1
[an  Gp—1 T+ aq |

and hence the roots of the polynomial p(x) are the eigenvalues of C.
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Proof. Let pp(x) := det (zI — C'). Use the first row to expand to see

-1 ...
-1
pn(z) = |0 0 x -1 0 | (nxn)
: —1
anp Qp—1 ... Q3 T+ a1
-1 ...
-1 ...
= appa(z)— (=10 0z -1 0 F(n-1)x(n-1)
' ~1
an  Ap—2 ay T+ ay
-1 ... 0
-1 ... 0
= app1(@)+(-1)"an{0 2= -1 0 0|(n—2)x(n-2)
z -1 0
0 0 =z -1

- prn—l(ﬂf) + an
= x(xpp—2(x) + an—1) + an
= w(z(--- (wpr(x) +az) + -+ an—2) + an_1) + an,

with p1(z) = x 4+ a;. Then this is nothing but the p(z) written in the nested

multiplication form. Hence we have p,(x) = p(x). O

Bairstow’ Method for complex roots

It is possible that a polynomial of real coefficients can have complex roots. To
find complex roots of such case with a real arithmetic, the method of Bairstow

is useful.

Theorem 1.2.18. We let
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where

q(z) = bpZ" P4 bp12" P4+ bgz 4 by (1.30)
r(z) = bi(z—u)+ b. (1.31)

Then by are given by
bk:ak+ubk+1+vbk+2, (k,’:n7n_1,...70)
where b1 = bpo = 0.

Proof. Use the method of undetermined coefficients for p(z) = q(z)(2% — uz —

v) 4+ r(2). From

Z apz’ = <Z blzl_z) (22 —uz —v) + by (2 — u) + by
k=0 1=2

n n—2
Z a2’ = <Z bk+22k> (22 —uz —v) + by (z — u) + by,
k=0 k=0

we see

ar = b —ubgyy —vbio (0<k<n-—-2) (1.32)
p—1 = byp_1 —ub,
a, = by,
|

If p has the factor (22 — uz — v), then we have

Here by, b; are (implicit) functions of u,v. We will apply Newton’s Methods
here to find u and v from which we can find the root of p,(xz) = 0 by the
formula.

Let ¢, = %, dy, = 8%;1. We will need cg, dy,c; and dy. For this purpose,

we have to compute all ¢} s and dj s. Note that aj, is independent of u, v. Taking
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the derivatives of (1.32) w.r.t v and v

- Oay, - abl~c+1 8bk+2
0_% = & = b—u ou - ou
Oay, abl~c+1 8bk+2
0=—— = dpi1—bpia— -
90 k+1 k42 — U 0 v 0
we obtain
ke = bpi1+uckir +vcryo,  (car1 =cp =0)
dp, = bpi1+udpiq +vdgyo.

From this we see that ¢ = dj. and we will use just one of them. We want to

% % v b1 (u, v)
In other words,

[co d1] ldu] _ [co 61] léu] _ [bo(u,v)]
c1 do| |dv c1 ca| |dv by (u,v) '

So with J = cgez — ¢2, we have

compute du, dv from

ou = (Clbl - CQbQ)/J, ov = (Clb(] — Cobl)/J.

Algorithm-Bairstow

input n,a;(0 <i<n),u,v,it
by < ap
cn, 0
Cn_1 ¢ Qp_1
forj=1,2,-,n—1,n do
bn_1 < Gn_1 + uby,
fork=n—-—2,n-3,---,0do
by < ap + ubgy1 + vbrio
Ck ¢ bpg1 + uck1 + vegyo
end

2
J  coca — ¢
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U+ u-+ (Clbl — Cgbo)/J
V40U + (Clbo — Cobl)/J
output j,u, v, by, by

end

1.3 Systems of nonlinear equations

Let f : R™ — R™. Seek a point x such that f(x) = 0 € R, where

fl(ﬂj‘l,. . ,ﬂj‘n)
f(x) = :

folx1, ... zp)
Example 1.3.1. Consider a complex equation e?* + 22 + 2 = 0. Solving

e**(cos 2y + isin 2y) + 22 — y? + 22y + 2 =0,

we get
e cos2y+ 2% —y? +2=0
e?® sin 2y 4 2xy = 0.
A Norm || - || on R® — R is a function satisfying

(1) ||z]| >0 and ||z|| =0iff x =0
(2) ozl = |afll=]
() Mz +yll < llzll + llyll.

Example 1.3.2. (1) ||z|j2 = \/273312
(2) [lzfloe = max ||

@) Ml = > Jil.
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Taylor expansion in several variables

Fag) = FGo0.u0) + 2 = 20) g (a0, v0) + = v0) 5 20, 0)

2 2 2
+§Qx—mfgg+am—xw@—y@ag-+@—mfﬁé)+~-
Trery

0
+ 1 T —To 8%0; axay
2 Y—1Y dzdy
fx )+

= f(xo)—I—Df(xo).(x—xo)—l—%(x—xo) -D?*f )(X X0

Y—1Y0

f(wo,y0) + [a—f a—f} [

Here Df = (#ng)ij is called the Hessian of f.

1.3.1 Picard iteration to solve f(x) =0

Assume f € C2. Put x = x—A(x)f(x) := g(x), where A is an nxn nonsingular

matrix. Define a Picard iteration

x(k+1) — g(x(k)).

Theorem 1.3.3. Suppose the following hold.
(1) gla) =
(2) B={xeR":[x - alw < p}
(3)

(4) 0 <A< 1.

2 (x)| < 2

3%@ng VxeB

Then for any x9 € B, the sequence generated by xF+1) = g(x(k)) satisfies
(1) the sequence x%) remains in B
2) {(x*} = a
(3) « is unique.

Proof. For any x, y € B, we have

+Z%@ u,).
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Hence

[z — v < A% = ¥loo-

)~ )| < 3 | 9

Thus [|g(x) — g(¥)||eo < Al|X — ¥||so and g is a contraction map. Hence
Ix® — o < AIx*Y — @l < - < MXO —afloe < Np < p.

Thus, x¥) € B for all k and x*) — a. O

Now we derive a second order scheme: Let
1 _
g(x) = gla) + Dg(a) - (x — ) + §(X —a) - D’g(¢)(x — a).

Assume Dg(a) =0, and we expect that
[x* D) — o < K||x®) — a? (2nd order convergence)

We know that there is & such that

(x) 0%g;
% ax]&z:k

— ay) (T — o).

Suppose there is a number M such that

8292' 2M
max —
ik |Ox;j0xy| — n?
then
_ 1 ,2M _ _
X% —atl|oo = |lgx*)—g(a)]|os < §n2'ﬁllx(k Va2, = M[x* D —a| 2.

Thus we obtain a second order convergence.

Question is how to choose A so that Dg(a) = 0?7 Note the derivative of

A(x) is a n X n x n matrix. Writing componentwise, we have

9i(x) = i — Row;(A(x))f(x) = i — > ag(x) fr(x)
k
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Take derivative w.r.t x; and set to 0.

= ) == D (@) @)+ Gk fe) = = Pl 5 e

k

0

In vector form
0=Dg(a) =1—- Ala)Df ().

Thus, if we put A(x) = (Df(x))~! then we obtain g(z) = x — (Df(x))'f(x),
This is nothing but Newton’s method:

xFHD = x®) _ (Df(xF)) 71 (xR).

Theorem 1.3.4. Let B={x € R": |x — x| < p} where || - || is any norm,

and assume
(1) lgx) —gW)l < Allx -yl on B
(2) 0<A<1
(3) lg(x®) —xOf < (1-N)p
holds. Then the sequence generated by xk+1) = g(x(k)) satisfies
(1) x*®) € B, Vk and
(2) 3 unique a such that lim, x*) = o and g(a) = a.

Proof. Skip. O

Computational cost of Newton’s Method
(1) Evaluation of f(x(*)) ...
(2) Evaluation of Df(x*)) ... may be by finite diff. quotient.

(3) Solution of the linear system Df(x*))y = £(x(¥))... Most expansive.

1.4 Newton Type Method for Systems

Let f : R®™ — R"” be a differentiable map. We consider solving the roots of the
equation:
f(x) =0.
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Figure 1.7: Newton’s Method- intersection of two tangent plane

Taylor expansion: with R(x) a remainder term, we have
£(x) = £(x©) + DED) (x — x0) + r(x).
We replace f(x) by f(x(©) + Df(x(?)(x — x()) and setting
£(x®) + DE(x®) (x — x(®) ~ 0,

we obtain an approximate solution. Thus

Q

X x© — [Df(xO)] 71 (x©)
Define 1) = x® _ [Df(x®)]71(x0).

Remark 1.4.1. To compute [DF (xq)]~'f(xq), it is not desirable to form the

inverse [Df(x¢)]~!. Instead we solve
DF(x")Ax®) = —f(x(k))

and set xpy1 = x*) + Ax®). If DF(x®)) is (close to) singular we expect a

poor convergence. We stop if the relative error is under tolerance.

(k+1) _ ”X(kH) _ X(k)H

p <G <TOL.
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1.4.1 Broyden’s Method

The Newton’s method reads:
xFHD) ~ x®B) — [ D (x )] 71 (xR). (1.33)

When n is large, the cost of computing [Df(x®)]~1f(x*)) is high. How to

reduce the cost?

Quasi-Newton’s Method

Replace (1.33) by
xFHD ~ x®) A £(x ),

where Ay is an approximation of [Df(x*))]=1. Typically A, — [Df(x*)]~?
as k — oo. Usually the convergence may be slower but the cost of calculating

Af(x(®)) is cheaper so that the over all cost is cheap.
One of such method is the Broyden’s Method, a secant like method.

Broyden’s Method

Recall when n = 1 the secant method replaces f'(xy) by the linear approxi-

mation of derivative: ) — f( )
zr) — f(zp_
Flay) ~ 228 U (1.34)
Tk — Th—1

This cannot be applied to higher dimensional. However, observe that it is

equivalent to

f'(@i) (2 — wp—1) = f(zr) = flag-1). (1.35)
We shall derive a matrix which approximate Df(xy). We require

Ap(xp — xp—1) = £(xp) — £(x-1)- (1.36)

Unfortunately this requirement does not define a unique matrix Ag. To define
it we shall use A;_; (assuming it is available from previous step) and require Ay,
satisfies (1.36) only along x; —xj_1 direction, while in the direction orthogonal

to xp — Xk_1, A has same effect as Ay_1, i.e.,

Apz = Ap_12, (1.37)
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for all z orthogonal to x; —xj_1. It can be obtained as a rank one modification
of Aj_1. It can be verified that the matrix

f(Xk) — f(Xk_l) — Ak_l(xk — Xk—l)(

T
— X7 1.38
I — s Xk —xe-1) (1.38)

Ap = Ap1+

satisfies both (1.36) and (1.37). This is summarized as Broyden’s Method:

Broyden’s Method

Set : Ag = Df(xp).

Compute x7 = xq — Df(x0) 1 f(x0)

Begin loop : k=1

Compute xj11 = xj, — A, 'f(x) using (1.38)

BNl

Repeat unless certain stopping criteria is met

This method is converges super linearly but takes much less time to con-

verge. It is advised to reset Ay to Df(xy) periodically.

The formula (1.38) is given in the form
Ap = A1+ UVT, (1.39)

where

u= fxx) — Fxp—1) — Ap—1(xx — Xk_l), vV = (X — Xg—1

).
%k — xk—1]?

T

The product of the form uv' := u ® v is sometimes called outer product

and

rank uv’ = 1.

The formation of Ay by the formula (1.39) is called rank-one update(modification).
In this case, the computation A,;lx is easily carried out using the action
A,;_lla for some vector a. We can implement the Broyden’s method using the
Sherman-Morrison formula(1950). [24] H. A. van der Vorst, Bi-CGSTAB: A

fast and smoothly converging variant of Bi-CG
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Sherman-Morrison formula

Lemma 1.4.2 (Sherman-Morrison formula). If A is nonsingular and v A= u+

1#0, then A+ uvT is nonsingular and

A tuvT A1

Atuv)t=a"t - —
(A+uv) 14+vTA-1u

(1.40)
Exercise 1.4.3. (1) Derive the formula (1.38) using the rank one update
(modification) of Ag_1.
(2) Verify Sherman-Morrison formula.

(3) Compute Df(x) when F(x) = Ax + ¢ for an m X n matrix A and
x € R", c e R™.

(4) Determine what Newton’s method amounts to if the problem is linear.

(5) Explain how you would exploit the Sherman-Morrison formula to New-

ton’s method.

(6) Prove theorem 1.3.4.

1.4.2 Jacobi or Gauss-Seidel type of iteration

First consider a linear equation Ax = b and consider a splitting the matrix
A =D—L—-U, where D is a diagonal matrix and L,U are strictly lower (resp.

upper) triangular matrix. This leads to

Dx = (L+U)x+b
x = DYL+U)x® + Db

Hence we define

X(k+1) _ D_l(L+ U)X(k) _|_D_1b Jacobi
= Gx® +by.

Another possibility is to consider a splitting of the form

(D-L)x = Ux+b
xFD = (p-LD)'ux® + (D - L)' Gauss-Seidel
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These scheme will be shown to converges if p(G) < 1, where
G=DYL+U), or (D-L)"'U.
Recall p(G) < ||G|| for any norm. Hence they will converge, in particular, if

|G|l <1 for some norm.

Jacobi type

Consider the Jacobi type iteration for a system of nonlinear equation choose
x(0) = (:pgo), . ,:1:%0)). For k=0,1,2,... calculate x**1) from the relation

T R N

1Ty,
fg(azgk),xékﬂ),xgk), e ,a;gk)) =0
fn(azgk), ... ,x;k_)l, xslkﬂ)) =0.

If we solved(express) explicitly, we may write

x&kﬂ) = gl(xék), . ,xslk))

xgkﬂ) = g(xgk),xgk), . ,xslk))

e = g2 e,
(k+1)

In practice, solving for each z , 1 =1,2,--- ,n one can use root finding

i
scheme developed earlier, i.e., bisection, secant or Newton’s method again. To
use Newton’s method, one can proceed as follows:

Treat z1 as a function of xa, . . ., x,, and take the total derivative of f(z1,...,2,) =

0 w.r.t. x9, we get

0— df1 _ 0f1 0y df1 . 0xq _ dg1 _ 0f1/0x2

T vy 0w 0wy | Ows 0w Oma  0fij0m)

(k+1) _ (k)  8f1/0xa

Set x; =x IR In general, Treat x; as a function of z1,x9,..., T,
except ; and take the derivative of f;(x1,...,2,) =0 w.r.t z;, we get
of; 0x;  Of; ox; af; Ofi
fz T fz =0, (j#l)=> Ty fz fz

&Ti axj &Tj N axj N _ax]/c‘)azz
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For k=1,2,---,
Fori=1,2,--- ,n do:

(k1) _ () Ofi Ofi, (k)
L; =T 8a:j/8xi(xi )-
0 x x
DG — X X
x x 0

This scheme will converge if ||DG|| < p < 1.

Gauss-Seidel type

We solve for a:gkﬂ), x&kﬂ), -+« from the equations given in the following order:
(
A 2P Py =0
f2(azgk+1),m§k+1), o ’$£Lk)) —0

fn( (k+1) :Egk—l—l)

x , :cﬁf““)) =0.

L gee ey

SOR(Successive over relaxation) type

This is a combination between Jacobi and Gauss-Seidel type: For £k =0,1,---

do: put )
2P = (1 - w)a™ 4 wa;l(-kJrE),
k+1 . .
where z; ? for i =1,2--- ,n is computed as follows:
( kL
B0, ) -
1
fg(xgkﬂ),xékJrz),a:gk), .. ,a:gg)) =0
1
FFD g b

When w = 0, SOR is equal to Jacobi and whlen w = 1, SOR is equal to

Gauss-Seidel method. However, the value :Ef+§ is different from the value
computed in Gauss-Seidel method even though they look similar.(At each

stepi=1,2, -+ ,n, we solve similar i-th equation but with updated value by
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1
$§k+1) =(1- w):nl(-k) + wx§k+2)).

45
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Chapter 2

Approximation and

interpolation

2.1 Piecewise linear approximation

Given {(x;, f(z;)}i", we want to approximate f(x) for z ¢ {xo,...,zm} by

some piecewise linear approximation. Assume
(1) f is continuous.
(2) k41 — xg are small for k =0,...,m — 1.
(3) @ € [xo, ]

For z € (zp, xg+1) define

f(@ry1) = flog)

L(x) = ) + r—x
(z) f(zg) Pr— ( k)
Tht1 — X T — Tk
= = f(zy) + x
Tht1 — xkf( t) Lh+1 — wkf( 1)

= wo(a)f(zk) + wi1(@) f(Tp41), wo+wi =1, 0<wy,wy <1
Then lim,,, o0 L(x) = f(z) if mesh — 0 uniformly and f € C%a, b].

47
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Proof.
fl@) = Lz) = f(z)—wo(x)f(zr) —wi(z)f(@k+1)
= wolf(z) — fax)] + wilf(x) = f(zrs1)]
|f(z) = L(z)| lwol [f(x) = f(@r)] + |wi| [f(z) = f(@k41)]

INIA

max{[f(x) = f(zr)], [f(2) = f(@r)[}

Moreover, if f(z) € C?[a,b], we have the following result.

Theorem 2.1.1. Assume f(z) € C?[a,b] and x € (a,b) is given. If L(z) =

fla)+ W(x —a) then 3 ¢(x) € (a,b) such that

and moreover, if |f"(x)] < Ma, then |f(x) — L(x)| < (b—ga)2 M.

Proof. Use the Taylor expansion for f(a) and f(b) at x to get

(a —x)?

fla) = f@)+f'(@)(a—z)+ f(e1) (2.1)

)2
uf"(@), a<c <z <cer<b(22)

f) = f@)+ f@)0-2)+

)2
7‘]0//(01). (23)
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Substitute (2.1)-(2.3) into L(x) to see

(a—x)?

L(x) = f(@)+ f(z)(a—2z)+ f(e1)

2
—332 "(eo) — a—a:2 (e
a—)? a—x)? —z)*(z—a
= s+ [B5 o) e + L gy
_ (a—a)’(b—1x) (b—2)?*(x—a)
= f(x)‘wa (01)+Wf (c2)

= f(@)+ar(@)f"(c1) + az(x) f(c2), 0 < ai(x), aa(x).

We want to estimate
L(z) — f(x) = ai(x) f"(c1) + ag(x) f (c2).

To do so, put ¥(§) = ay(z)f"(c1) + az(z) f"(c2) — (1 + a2) f(§). Note that
we treat = as constant here. Since ¥(c1)Y(cz) = —aras(f"(c2) — f"(c1))? <0
there is a ¢(z) € (c1,c2) such that ¥(c(z)) = 0. Thus

L@ = 1) = (o o) (e(o) = “ G b))
)
Now to derive the error bound, we observe max(, 4 |z — a||z — b| = %. O

2.2 Basic problem of approximation theory

Suppose V is a finite dimensional subspace of C[a,b]. Given f € C"[a,b], find
p € V so that pis as close to f as possible. Usually V' = P,{polynomial of degree <

n}. We need some kind of norm to measure a function in V.

Example 2.2.1. The following is a norm if V = P,.

£ = 1F ()],
=0

Question

(1) Does there exist a function p € V' such that || f — p|| is minimum?
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2) Unique?
3) How to find it?

4) How close is V to C*?

(
(
(
(5) What basis for V' is convenient?
Example 2.2.2. Let f € C"[a,b] and V = P,. Let x¢ € [a, b] be a fixed point.
If we define a new norm ||g|l; = S r_, |¢*¥) (x0)| then, the truncated Taylor
series at x is the best approximation w.r.t |||, i.e, if p(z) = > "), %(w—
x0)* then || f — pl|; = 0.

Let f € C%a,b] and let K = {xg,21,...,2,} C [a,b]. Define V =
PL(a,b; K): the set of continuous functions which is piecewise linear on each

subintervals (z;, z;+1). Then dim V' = n + 1 and basis functions are

T —Zi-1
————  on [x_1, 7]
Ti — Ti—1
T — Tj4+1

Ti(x) = § ——%  on [z, 2411]
Ti — Ti41
0 elsewhere

In this case 3 unique p € V such that ||f — p||: = 0.

2.3 Approximation by polynomial interpolation

Definition 2.3.1. Interpolation of a given function f defined on an interval
[a,b] by a polynomial p: Given a set of specified points {(z;, f(x;)}l, with
{z;} C [a,b], the polynomial p of degree n satisfying

is called an polynomial interpolation. Nonpolynomial interpolation can be

defined, but rarely used.

Here we shall use the semi-norm to measure the error:
n
FEIEHIE
i=0

Theorem 2.3.2. If V = P,(z), polynomial of degree n, then for given f, 3!
p € V such that ||f — p|| = 0.
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Proof. We want to find a polynomial of the form p = ag + a1 + -+ - + a,z"
such that p(z;) = f(x;), for i =0,...,n, ie,

p(x1) = ap+arx1+ -+ apz] = f(x1)
p(xn) = ap+ arxy + -+ anz,), = f(zn)
In matrix form,
1 xTo - xg’
) Ol |ao f(xo)
':U PEEEY x
' = (2.4)
1 2z, --- a" an f(zn)
n

This equation involves a Van der Monde matrix whose determinant is [ [, j(@i—
xj). Thus we see a unique solution exists as long as the interpolation points

are distinct. O

A basis for V =P,

A naive basis is {1,z,,...,2"}. Is it convenient? Nol!
(1) To compute the coefficients in (2.4), one has to solve a linear system.
(2) Moreover, the Van der Monde matrix is extremely ill-conditioned!

Example 2.3.3. Consider

x —y = 1l+4e€
o (2.5)
(1+107)2x —y = 1
Without e, the exact solution is x = 0,y = —1, while with € perturbation,
z=—10%, y = —10% — 1 — ¢!
Lagrange basis
Construct a polynomial basis w;(z) such that w;(x;) = &5, 4,7 =0,---,n.

Start with the polynomial

wi(z) = k‘H(m —xj)
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so that w;(z;) = 0;5, j =0,--- ,n is easily satisfied. We require

wi(z;) :k:H

JF#i

Then we obtain % = [[;4(%;i — x;) and hence

(z — )
wi(z) = | | ——=.
jl;li (i — ;)

These are the Lagrange interpolating polynomials. Now using these,

one can readily construction a polynomial interpolation.

Proposition 2.3.4. Let f € Cla,b] and let py, be the unique element of P, (x)
such that f(x;) = pp(zi), i=0,1,...,n. Then

=Sl =2

J#z T = )
Question
(1) How big is [[f(x) = pn(2)[lec?
(2) What happens if nodes are close?
(3) limy o0 pr(x) =7

(4) Is Lagrange best?

Error Estimate

Theorem 2.3.5. Let f(z) € C"a,b]. Ifa = zo,21,...,7, = b are n + 1
distinct points and p,(x) is the Lagrange (any) interpolating polynomial, then
there exists a function §(z) € (a,b) such that

n+1 n
f(2) = pu(z) = n+1 1_%33_332
1=

Proof. Let d(z) = [[i(z — ;) and define

= . (2.6)
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First we claim ®(x) has a removable singularity at x;. In fact we see by

L’Hopital’s rule
/ .
lim ®(z) = _ RBlz) (z;) < 00.
T [Lizj(wj — i)

Thus ®(z) is regarded as continuous.

In fact ® € C™+tV[a,b]. Let z be fixed(not a variable!) different from ;.
Then the function defined by

Q(2) = f(2) = pa(2) — d(2)®(2) € C"V[a,b]

vanishes(as a function of z) at x;,i = 0,--- ,n (n+1 nodal points). But it also
vanishes at x by (2.6). Thus (z) vanishes at n + 2 distinct points in (a,b).
Thus by Rolle’s Theorem,

O(2) has n + 1 distinct zeros in (a, b)
Q'(z) has n distinct zeros in (a, )
QD (2) has at least one zero in (a,b).
We denote the last zero by (). Thus
QU (g(@) = 0= fHI(E) = (n+ 1) 0(a).

Hence

f(@) —paz) _ FUU(E

O(x) =

d(m)  (n+1)!
f(n+1 n
f(x)_pn n+1 Zl;]Q:l‘—l‘Z

We now estimate [ [} (z — ;) for the uniformly spaced case(z; —x;—1 = h)

as follows: First one can easily see that the maximum value is assumed at
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either of the extreme intervals (zg,x1) or (z,—1,2,). Thus

max H(x —z;)| < max |[(x —zo)(r —21)|] max |[(x —x2)(x —x3)| - (x — )|
o (wo,21) (zo,x1)
2 n+1
< %-(Zh)---(hn):h nl.

Thus ||f (z) = p()||ec < gy max| [+ ()],

Another way.(Kincaid) Assume z; < z < j41. Then

n 7j—1 n
[T—)| < max |G- -l [L@-2l| T] @l
i=0 (5,25+1) i=0 i=j+1
< o M@ =) II @i -z
i=0 i=j+1
< TIG-i+nn T G=an
i=0 i=j+1
hn+1
= 1 nl.

Now we consider the second and third question. Polynomial of degree n has
the tendency of n — 1 oscillation(has n — 1 local extreme points). Thus, if the
interval is fixed and n gets higher(as a result the interpolating points will get
close together), it may oscillate unnecessarily. Indeed the following example

by Runge shows it.

Example 2.3.6 (Runge).

1
f(l’):m on [—a,b]
Given {(zi, f(x;)) | i =0,1,...,n}, let
h:b;:“, ap = a0+ kh, k=0,... n.

Interpolate f(x) by polynomial of degree n.

pn(xk) = f(zg), k=0,1,...,n.

Runge showed lim,, o0 || f(2) — pn(2)]|00 = 0.
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Thus Runge’s example shows higher degree polynomial is not always good
for interpolation. This suggests us to use lower degree polynomial on each

subinterval.

Exercise 2.3.7. (1) Write down a computer code to find a Newton form of

interpolating polynomial(call NIP)
(a) use it to find Newton inter. poly py (k = 4,5,6) for f(z) = 28 —
27 + 521 — 2322 — 2 on [0, 2]

(xivf(xi))fzo: T = %

Draw the graph of f(z) and py on the same plane to compare.

(b) Repeat the same for f(z) = sinz on [0, Z] with

VPN B
(xl’f(xl))zzm X 16

Draw the graph of f(z) and py to compare.

(2) Find poly. interpolation of Runge example (with uniformly spaced points)
for a = b =5 with n = 5,10,20,40 (polynomial of degree n). Draw the

graph and see what happens as n grows.

(3) Is there anyway to improve if you are allowed to change the location of

points ?

Theorem 2.3.8 (Weierstrass approximation theorem). The set of all polyno-

mials (usually denoted by Pla,b]) is uniformly dense in C|a,b].

Bernstein polynomial

We have a concrete construction of poly. approximation satisfying Weierstrass

theorem by Bernstein. Assume I = [0,1]. Let

n

Bnj(x) = ( :

) (1 —2)"7 € Py(x)
J

and set

Bu(f;2) =Y fx))Buj(x),  aj=j/n.
=0
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Let B j(z) = (j) /(1 —2)" 9 € P,(z), on [0,1].

Bu(fi2) =Y f(@)Bnj(x),  z;=j/n.
=0

Then we have

Y Bujle) =1
7=0

(2.7)
Z %ﬁm(m) =z (2.8)
=0

) i
L Bns@) = (1= D)a? + (2.9)
=0

Proof. (1) Expand (z +1 — x)™.

(2) We have (a + )" =377, <n>

| @’b"~7. Differentiate (a + b)" w.r.t a,
to obtain

J

Tl(CL—i—b)n_l <Tl> jaj_lb"_j.
- J

Multiply by a/n,

Puta=z,b=1—=z,

(3) Differentiate twice (a + b)™ w.r.t a, to obtain

n(n—1)(a+b)"2 = Zn: (") (G — 1)ai =26,

i=2 \J
Multiply by a?/n?, we get

a*n(n —1)(a + b)"2
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Puta=z,b=1—=z,

1 " 2 (n - . " i [(n . iy
2 n n
x(l—g) = —2<j>x](1—x) ’—' —2<j>x](1—a:) J

j=2 J=2
n .9 n .
J Il J
= ) "3 Bnj(2) =~ > ~Bnj(@)
j=0 j=0
n .9
i X
= Z mﬁn,j(x) o by (2).
=0

(4) By induction, we can show {3, j(z)} form a basis for P,(z).
(5) For x € [0,1], B, > 0. O

Definition 2.3.9. w(f,d) = lub |f(z) — f(2)], |z — 2| < 0, z, 2/ € [0,1] is

called the modules of continuity of f.
Theorem 2.3.10. If f(z) € C[0,1], [|f(2) = Bu(f; #)||loo < Jw(f,n"2).
Remark 2.3.11. This is not an interpolating approximation in general.

Proof. Fix x. Then

where

si(e) =Y [f(@) = f@)Bny(x),  T={j:|v—u; <6}

jel

so that

|s1(2)] <D 1F(@) = £(2)|Bnj(@) S w(f,6) D Buj(x) < wl(f.0).

jel jel

Now
|s2(2)] < D 1f (@) = f(a)]Bn,j(x)-
J¢l
Insert {&}?_; uniformly between x and z; where p = [*52], so that “Z;xlj <.
Then

f(a) = fzg) = [f(2) = FE)] + [f (&) = F(&)] + -+ + [F (&) — f ()]
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and
@] € S0+ Dl )8 @) < S0+ 208, @)

J¢l J¢l

D)1+ 53 D@ = 205 + 4By @) = 2)
5=0

IN
S <.

= WO+ e~ 2+ (1 - 2)a 4 L)

2
z(1—x) 1

= w(f,0)[1+ W] <w(f,6)(1+ m)-

Now choosing 6 = 1/4/n we have

1
o fin72).

£@) = Balf 5 )| < Isi ()] + |sa(a)] < w(f, )2+ 12-) = 70

O

Corollary 2.3.12. (Weierstrass Approximation Theorem) If f € C[0,1] and
e > 0 is given, then there exists an integer n(e) and p,(z) € Py(x) such that
for all n > nyg, it holds that

£ (@) = pn(z)]|eo < €.

Caution: This p,(x) is not an interpolating polynomial.

Newton’s form of interpolating polynomial

We now describe an efficient way of calculating the coefficients of an interpo-

lating polynomial. We know the Lagrangian form of interpolation is

n j=n
pa) =Y fla) [[
i=0 g Tt J

This may be useful to analyze, but it is not efficient for computation. We now
present a Newton form of interpolating polynomial. The idea is to compute

pn(x) by induction using the se

n—1
{1, (z — x0), (x — zo)(x — x1), ..., H(a: — )}
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as another basis for P, (z). Since p,(z) is one degree higher than p,_1(z), one

can set

() = pu_1(x) + gn(x),

with gn(z;) = 0,7 =0,1,...,n—1. Then p,(x;) = pp—1(z;) fori =0,--- ,n—1
and we hope p,(z,,) = f(zy). Thus g,(z) = a, H?z_ol (r — x;) and

n—1
pn(@) = pnoi(@)+an [[(@ - )
=0
n—2 n—1
= pn2(x) +an H(x —x;) +an H(x — ;)
i=0 =0
n—1
= ao+ai(r—x9) +a(x —xo)(x —x1)+ -+ an H(z — ;).
i=0
If we denote f[xo,...,xy] for ag, then
n k-1 n k-1
pn(z) = Zak H(m —x;) = Z flzo, .-, xk] H(x —x;). (2.10)
k=0 =0 k=0 =0
This is called the Newton’s form of interpolation and f[zo,...,zy] are

called the divided difference.

https://en.wikipedia.org/wiki/Newton_polynomial

k-1

For k+1 data points we construct the Newton basis as With ng(x) = szo

JJJ)) k:()) y T

(z—

1 0 0 0 1% Yo

a
1 21— o 1 Y1

1 x9—xo H}zo(xg—wj) f | =

|1 2p— a0 o T2 (e — ) |

| Ok | LYk

System is written as

k

Zajnj(:nk) =y, k=0,--- ,n.
j=0
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Solving we get

ag =Y
ap +ai(r1 — xo) =1y
agp +a1(x2 — xo) +a2(x2 — xo)(xg — a;l) = 1Y
a tay(wk —x0) +ag(zp —wo)(wa —w1) -+ Aar gk —z) =k

Computing the divided difference

Example 2.3.13. (1) f[zi] = f(z:).

(2) flwo,x1] = Lea=Slwo] — J@)-/o)

1—T0 T1—Z0

(3) flzo,x1,22] = flz1,zo] = flzo,z1]

T2—T0

(4) p2(x) = f(xo) + flzo, z1](x — x0) + flzo, 1, 22)(x — 20) (2 — 21).
3.

Y2 — yo — a1(r2 — z0) = flra] — flwo] — flwo, 1](22 — 70)

Hence
flzo, x1,20] = y2 — Yo — flwo, z1](x2 — x9) _ flz1, z2] — flzo, x1]
(:EQ - 330)(5172 — :El) Lo — Xp
Now we show how to compute f[xq,...,xx] efficiently. We write p,(z) in

two ways(by reverse ordering starting from x,,),

n k—1
ap+a1(z —x) + - +an(r —zo)(z —x1) - (x —xTpo1) = Y ag H(m —x;)
k=0 =0
n n—k+1
bo+bi(z—an)+ -+ bz —zp)(x—2p1) - (T —21) =) by (x — x3),
k=0 i=n
where b, = f|xp,...,xo] by definition. Comparing the highest order term, we

get

an = flzo,.. ., 2] = bn = flon, ..., xo].

Reordering the points, we also see that

by, = f[:ETw .- 7‘/1"0] = f[x2(0)7 o 75Ei(n)]7
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for any permutation i(k) of numbers {0,1,--- ,n}. Hence the divided dif-
ference is independent of the order of its arguments x;.

Subtract two expressions for p, to get
0=ap[(x —z0) — (x —z)](x —21) - (. — Tp_1) + (@1 — bp_1)z" L+ -+
Comparing the coefficients of 2”1, we see
an(Tn — x9) + (ap—1 — bp—1) = 0.

Since by,—1 = flxn,...,x1] = flr1,...,z,] and ap—1 = flxo,..., 1]
b,_1 is defined using n points z,, -z and a,_1 is defined using n points
Xoy -+ Tp—1), We see

bn—l — Qp—1 f[xla"'uxn] _f[x()a"'uxn—l]

an = flxo,...,xn] = =
T — o Tn — X0

Thus Newton’s formula is useful when a new point of interpolation is added

to the existing interpolation.

Example 2.3.14. Suppose we are given xy,...,x, and p,. If we have one

more point x,41. Then p,41 is constructed by adding one more term to py:

n—1
Pr(x) = pr—1(x) + flxo, ..., Tn_1, Ty H(aj — ;). (2.11)
i=0

Error of Newton’s form of interpolating polynomial

We recall Lagrangian polynomial satisfies the error form (Theorem 2.3.5)

T —x;
— 2.12
folHJ}i—(L'j Tl+1 HZE :EZ ( )
j# =0
The Newton form of polynomial for the points g, - ,x, is
n k—1
= Zf[xo, e, X H(x — ;).
k=0 i=0

Since the Newton form of interpolating polynomial is just another form of
Lagrange interpolation, they are essentially the same polynomials. Hence the

error term of the Newton interpolation is the same as that in (2.12). However,
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we can derive the error form directly from the construction:

Theorem 2.3.15. We have

n k—1 n
k=0 =0 i=0

Proof. If we treat = as an added point for interpolation(i.e. we consider an
interpolation with data {xo, 21, ,z,,2}), the new interpolation polynomial
(with variable &) is

n

pn-i—l(g) :pn(g) +f[‘7:07"'7xm‘7:]H(§_xi)' (2'14)

=0

Since pp+1(§) interpolates at x also, we see that

n k-1 n
f(@) = pnga(x) = Zak H(az — ;) + flzo,. .., xn, 2] H(az —z;). (2.15)
k=0 =0 i=0

O

Corollary 2.3.16. There exist a point & € [xg,21,...,x,] such that the fol-
lowing holds.

_ )
f[x(),l'l,...,xn,x] - (n+1)' . (216)
By the same way there exist a point £ € [xg, T1, ..., %, such that
(n)
f[:Enyl)"')xn] = f nl(é.) (217)

Roughly speaking, the divided difference is similar to Taylor coefficients. Also

note that this formula holds when some of x; coincide each other.

Proof. By comparing (2.15) with (2.12), we see the result. O

2.3.1 Hermite Interpolation

We would like to construct a polynomial p of certain degree that not only

interpolate the function values, but also its derivatives up to certain order.
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Let us construct a polynomial p such that

p(%) = f(wi), 1=0,...,n

. 2.18
p(j)(xl) = f(j)(x2)7 j:1727"'7/7i7 ,[::07"'7”' ( )

Simply these conditions can be put
P () = f9(x), 7=0,1,...,%, i=0,...,n. (2.19)

The number of conditions are Y ;" (v + 1).

Lemma 2.3.17. There exists a unique polynomial p(x) of degree < m =

n + Z?:o v satisfying above conditions.

Proof. First let us assume f(z;) = f@(x;) =0,V 4, j =1,2,..., 7. Let

Then p(x) has a zero of multiplicity v; + 1 at x;, thus p(x) has > (v +1) =
m + 1 zeros, and as a polynomial of degree m, p(x) = 0 and therefore, the
homogeneous linear system in the unknowns {a;}", formed by (2.18) has
only trivial solution, which in turn, implies that a unique solution exists for

the nonhomogeneous system. O

Naive Construction

Let usassumen=1land yp=v =1 m=1+ 221:0%- = 3.
(1) Method of undetermined “coefficients.” With h = x; —x¢ we let p(z) =

Zi:o ap(x — x0)>*, h =1z — 29 and ask it satisfies
p(zo) = a3
p(z1) = aoh®+ a1h® + ash + as
P(z0) = az
p(z1) = 3agh®+ 2a1h+ as.

Solving for ax, k =0,...,3, we get p(z).
(2) Method of undetermined “weight”
We let p(z) = >71 >0/, w; ;(x) f9) (2;) and seek to determine wi; () so

that above relation is exact for (x — z¢)/, j =0,...,3.
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Construction by Lagrangian form

For simplicity, we consider only the case when v; =1,4¢=0,...,n.

We seek a polynomial of degree 2n + 1 such that

p(zi) = f(xi), p(z;) = (), i=0,...,n.

A nice candidate for the basis is

{pj(@),¥;(x), j=0,1,...,n}.

where for all 4,5 =0,...,n
pj(zi) = dij, ¢i(x;) =0
Yi(z;) =0, i) = by

Then we see that

pe) =Y [f(@)ps(@) + f(2)05(2)]

J=0

Construction of ¢;(x),1j(x) can be carried out as follows: We compute v;(x)
first. Since 1j(x) has double zeros at all ; except j, and has a simple zero at

xj, we see that 1); is of the form

bi(x) = Co(z—z;) [J(x — =)
i#j

Furthermore, it must satisfy ¢%(z;) = 1. Hence

Pi(z;) = Co H(wj —z)? =1
i#j

Thus Co =1/ ][, ,;(z; — z;)? and hence

i(x) = (2 — 25)[t; ()],

where £;(2) = [[,,; ;‘;__9;2
Now we construct ¢;(x). Since ¢;j(x) has double zeros at all z; except
J, and has a simple zero at ¢;(x;) = 1, we see p;(x) has double factor of

x — x; except ¢ = j. Hence by considering the degree, one can set p;(x) =
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(a(x — zj) + b)[¢;(x)]?. Since
@j(x;) =b=1and ¢}(z;) = a+ 2bl(z;) =0,
we see
ei(@) = [(@)[1 - 20(x;)(x — )]

Now we need to compute ¢(z;). Taking the logarithmic derivative of £;(x) =

oz
H#] vma We have

Evaluating at z; we have

1 1
(z;) = Z P :ij —

#J JFi
Thus
/
1 —205(z)(x — ;) _1—22 p—
i#]
Hence
pj(x) = [t ()] 1—22 p——
1

#J

Exercise 2.3.18. (1) Write down L.I.P for 4 point a, b, ¢, d and let b — a
and ¢ — d.

Construction by Newton form

The the divided difference is not defined if any of two points are equal. What

happens to the divided difference if two points converge to one point? We see

lim flzxg,z1] = lim M

T1—T0 T1—T0 r1 — X9

= f/(l’o).
Thus, it is legitimate to define

flzo, zo] = f'(z0).
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For higher order, we see from the error formula (Corollary 2.16)

Fr(E)
LQy L1y e vy Ty, L] = ———2=, € [xo,x1,...,%n]
flzo,z1 n» T RSN § € [wo, 7 n]
If some of the points, say x1,...,x; — xg, then
f$0,3§‘0,...,$0,"',$n,$] = xhgglnof[x07$lv"'7xiv'“7$n7$]
i+1
) 19f®

= lim ———I[& zp1,  ,Tp, T

z;—zo 7 6336

Thus the divided difference is defined for any multiple argument. For example,

if all the points z1,...,Z,, T — g, then we define
B f(n+1)($o)
f[$0,$0,...,$0]— (n+1)' .

From the interpolation polynomial

n—1

F(@o)+flzo, 1) (z—z0)+ flz0, 21, T2) (T —20) (T—21)++ -+ flwo, -+ 2m] [ [ (2—12)
=0

one can show that a Hermite interpolation can be obtained from the Newton
interpolation by simply repeating the interpolation points as many times as
the multiplicity. Note that we can easily construct Newton’s form of Hermite

interpolation for any order of derivatives 7;, i =0,...,n.

Example 2.3.19. (1). If n =2 and vy = 1,71,72 = 0, then use {xg, xo, x1, 22}

as the interpolation points to find p(z) as

f(@o)+flo, zo) (x—x0)+f [0, T0, 1) (x—x0 ) (x—20)+f [T0, X0, T1, T2 (x—20)* (3 —11)

Then p(z) satisfies p(x;) = f(x;),i =0,1,2 and p'(zo) = f'(z0).
(2). If n =2 and v =1 = 1,72 = 0, then use {zg,xg,z1, 21,22} as the

interpolation points to find p(z) equals

f(x0) + flzo, zol(z — 20) + fl0, 20, 21](T — 20)(T — 20)
2

+  flzo, o, 21, 21] (2 — $0)2($ —x1) + flzo, 0, 21, 1, 2] (2 — $0)2($ —x1)°.
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Then one can check p(z) satisfies

p(xs) = f(x:),4=0,1,2, and p'(zo) = f'(20),p'(x1) = f'(x1).

Verification.

p'(azl) = f[xo,x()] + 2f[x0,x0,x1](x1 — xo) + f[xo,xo,xl,xl](azl — x0)2
= f'(z0) + 2f[z0, 20, 21](z1 — ®0) + (f|w0, 21, 21]) — flwo, 0, 1)) (21 — 20)
= f'(z0) + flwo, w0, 1) (z1 — 20) — flwo, 1, 1] (21 — 0)

= f'(zo) + (flz1,w0] — flzo, xo]) — (flzo, z1] — flz1, 21]) = f'(21).

In general, one can conjecture the following theorem.

Theorem 2.3.20. Suppose xq is repeated o + 1-times in the Newton’s in-
terpolation, xg, - ,xg,T1,T2,  + ,Tn. Lhen the polynomial defined by these
data

p(x) = flzo] + flwo, o] (x — x0) + -+ + flzo, ..., 0] (x — 20)"°

n R (2.20)
—|—Zf[:170, e T0, 1, T (T — o) 0T H(:E —xj). .
k=1 Jj=1
It satisfy
p(j)(xo) = f(j)(xo)7 j=0,--,7 and p(a:k) = f(a:k), k=1,---,n. (221)

(Just treat as if all xg are distinct, then set them equal.) Similarly, the poly-
nomial constructed from the data xg,--- ,x0,x1, - , 21, T2, - , &y (Herexy is

repeated vy, + 1-times) is

p(z) = flzo] + flzo, wo](x — o) + -+ + flzo, ..., wo](x — )™
+flxo, .. xo, x1](x — 20)°(x — 1) + - -

+flxo, - xo, 21, ..y (X — o) "0 (2 — 2p)

n

k—1
—{—Zf[:po, L0, Ty X1, T, ) (T — 20) 0T (2 — @y )T H(:E —xj).
k=2 j=2
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It satisfies

p(])(:EO) = f(j)(x())v ] = 07 570, p(j)(:nl) = f(j)(x1)7 ] = 07 -
(2.22)

Proof. Assume k=1 and Let h = 21 — xg.

p(a:l) = f[afo] + f[xo,xo]h + -+ f X, ..., L0 h° + f 2o, - - - 7x07x1]h’yo+l.

Yo+1 Yo+1
(2.23)
p($1)
= flzo] + flwo,xo)h + -+ + flxo, ..., x0)R° + flwo, .., %0, 2] = f[x0="'=x0]hwo+1
SN———— h
Yo+1

= f[ﬂfo]+f[1170,3§‘0]h+"'—|—f[3§‘0,...,330]hﬁ/0 +(f[117(],...,330,$1] _f[xOV")xO])hPYO

= flwo] + flwo,zolh + -+ + flzo, ..., 20)h " + flzo, ..., 20, T1]h
Y0 Yo

Continuing,
= flzo] + flxo, 2ok + flzo, z0, zo]A* + flz0, T0, T0, T1]HP
— Fluo] + Flzo wolh + flwo, z0, molh? + flwo, zo, 1] ; flzo, zo, 2o B3
= flzo] + flwo, zolh + flzo, w0, 21]R?
= flwo] + flzo, xolh + (f[zo, 21] — flwo, T0])P
= flwo] + flzo, z1]h = flzo] + fla1] — flawo] = flz1].
What if you have more than one point ? O

Example 2.3.21. Suppose we are given the data

f(ﬂf()),f(ﬂfl),f(j)(ﬂjo),j = 172 and f/(:El)'

Then by filling in the following table, one can find the corresponding Hermite

interpolation.

p(z) = flzo] + flzo, o)(z — xo) + flz0, 0, Zo)(x — 0)? + flz0, T0, T0, 1] (x — 20)?
+f [0, x0, m0, 21, 21] (¥ — w0)3 (x — 21)
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zo | flwo] | flzo,zo] | fl%o, 20, 20] | flTo, 0, 2o, 21] | flTo, To, To, 71, 71]
w0 | flzo] | flzo,wo] | flwo, zo, x1] | flwo, o, 71, 71]

xo | flzol | flxo, 1] | flro, 21, 21]

z1 | floa] | flzr, 2]

x1 | flw]

0, To, L0, 1, T2, f(x0) = 1, f'(z0) = 2, " (x0) = 2, f(x1) = 3, f(22) = 4

So the Hermite interpolation is

wi | f(w) | flzo,2o] | fl7o, o, 0] | flTo, 0, xo, 21] | %o, X0, To, T1, T3]

0] 1 2 2/2! -1/1 3/4/2
0] 1 2 0 1/2/2

0] 1 2 172

1| 3 1

2 | 4

Table 2.1: Newton’s interpol.

3
p(x):1+2ar—|—x2—:c3—|—§:172(:c—1)

The following holds. (See Issacson, p.254)

Corollary 2.3.22. Suppose f(™ is continuous in [a,b], z,y,z are distinct

points in [a,b] and 0 < p,q,r < m. Then

1 or 07 o

f ... ,y, s , 2 p q'r' 8£L'p ayq 8zrf[1'7 Y, Z]. (224)

Error of Hermite interpolation

Now what happens to the error term of Newton’s interpolating polynomial
if &; — x;41 for some ¢ 7 For simplicity, assume ; = 1 for all ¢ so that the
interpolating nodes are all repeated once: xg, xg, -+ ,Zn, Ty. This corresponds
to the case xg,x1, - ,Topt1 With xo;41 — a3, ¢ = 0,--- ,n. Then we see the

error term from (2.15) becomes

f(2n+2 n
Y TES H (z — ;)2 (2.25)
=0

n
f[x()vm(]v T 7$n7$n7$] H(ﬂi‘ - 33'7;
1=0
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2.4 Polynomial of best approximation

Definition 2.4.1. Let

do(f) = min ) — Pn(2)||0o-
(N= min @ = p@)
A polynomial which attains this minimum is called the polynomial of best

approximation(P.B.A) to f(z) on [a,b].
The question is can we find it 7 How 7 First, we study some of its property.

Theorem 2.4.2 (De La Valeé Poussin). If there exists a polynomial py(z)
which oscillates about f(z) n + 2-times, i.e., f(z;) — pn(z;) = (—1)e;, j =

0,1,...,n+ 1, where all ej are of one sign, then dy,(f) > min; |e;]|.

Proof. Suppose there exists a polynomial g,(z) such that || f(z) — ¢n(2)]e <
min; |e;|. Then gn(x;) — pn(x;) have the same sign as f(x;) — pn(z;) because
qn(z) — pn(z) = f(x) — pp(x) — [f(2) — gu(x)]. Hence, ¢,(x) — pp(z) has n+1
zeros, but as a polynomial of degree n, it must be identically zero. So p,(x) =

¢n(x) and hence || f(x) — pp(x)||oc < min; |e;|. This is a contradiction. O

Theorem 2.4.3 (Chebyshev). py,(z) is the polynomial of best approzimation
(P.B.A.) to f(x) in [a,b] if and only if f(x)—pp(z) takes the value £|| f —pp oo

with alternating signs at least (n+2) times in [a,b]. Moreover, p,(z) is unique.

Proof. < Let {:Ej}?iol be the points at which the maximum deviation is at-
tained with alternating sign. By D.V. Poussin’s theorem, d,,(f) > || f(z) —
Pn(2)||co = M,,. Hence p,(x) is a P.B.A.
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(=) Conversely, suppose p,,(z) is a polynomial of degree n such that f(z)—
pn(x) attains £ f(z) — pp ()]0 Wwith alternating signs k(< n+ 1) times only.
Then without loss of generality, we may assume that for some z; with a <
T < 9 < -+ < xp < b, it holds that

F(@j) = pa(@s) = (V7|1 £(2) = pu(@)lloc = (1) Mn,  j=1,2,...,k.
Then there exist &1, ...,&k_1 separating x;’s such that in the odd interval
f(@) —pn(@) <Mp—e for w€fa,&]U[6,&lU-- =1,
while in the even interval
—My, +e < f(x) —pn(x) for €[5, &]U[E3,8]U =1

Let r(z) = Hfz_ll(:n—&)(its degree is < n). Then with g(z) = £r(x)/2||r(x)||cc,
and g () = pp(x) + eg(x), (signs are chosen so that g(z) < 0 on I3, g(z) >0
on Iy) Since |f(z) — pp(z)| < M,

—M, < —M, —eg(z) < f(x) —qn(x) < M, —e(g(z) +1) < M, —¢/2 < M,
on I; and
_Mn < —Mn+g—ag(az) < f(x)_Qn(‘T) = f(x)—pn(a:)—&?g(m) < Mn_Eg(m) < Mn

on Iy. Hence || f —qnlloc < My, and this means g, (z) is a better approximation.
Hence py(z) cannot be a P.B.A. Thus if p,(x) is a P.B.A., it must oscillates

at least n + 2-times.

Uniqueness: If p,(z), g,(x) are two P.B.A.’s, then

0al) < 15(@) = 5 0ale) + @u(@) e < 17~ Pulloe + 317~ dnlloo = da().

Thus % (p(z) + gn(z)) is also a P.B.A. So equality must hold. By the result

of theorem, there exist n + 2 points where maximum is attained, i.e.,

7@ = pala)| = 31) = paled] + 317 — qulw)l, 1= 01,0 n 41,

and the terms must have the same sign. Thus f(z;) — pn(zi) = (i) — qn (),
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i =0,1,...,n+ 1, and since p,, ¢, are polynomials of degree n, p,(z)

qn ().

ool

Observation: The PBA p,, must interpolate f at least n + 1 distinct points.

2.4.1 Chebyshev polynomials

We have seen that the P.B.A. must oscillate n+ 2-times about f(z) and hence
interpolates f(x) at n + 1 distinct points, but we do not know the points and

value ||f — pplloo- But when f € C"*V[a,b], we have the error formula

B I AARIGR ,
en(z) = f(x) — pu(z) = CE E)(JE — ;). (2.26)

Our goal is to minimize this error term. However, it is hard to estimate f"1!.
Hence, instead of minimizing ||e, (2)||oo, we focus on minimizing [ (z — ;).
This will be a good approximation as long as f ("+1)(§) is not too large. If it is
constant(i.e., f is a polynomial of degree n+ 1), the error will be minimized if
we choose the points g, - ,x, so that [ j(z — x;) has smallest maximum
in [a,b]. Hence we will indeed have the PBA.

Thus we may consider the following;:
Find the best approximation p,(z) € P, to the function f(z) = 2"

In this case the error f(z) — pp(x) will be of the form: C, [  (z — z;),.

o f T (n+1)
(e

times uniform oscillations by Chebyshev(Chebysheff) Theorem. This suggest

= 1.) To minimize [[;" ,(z — x;), we have to enforce n + 2

a polynomial whose behavior is similar to a trigonometric function. Assume
[a,b] = [—1,1]. Note that cos(n + 1)8 oscillates n + 2 times between —1 and 1
in [0, 7], i.e.,

g

cos(n -+ 1)f; = (~1Y, for 6 = I,

j=0,--,n+1.
We let § = cos™! = and consider cos(n + 1) cos™ !z, i.e.,
Tpi1(x) = Apyicos[(n+1)cos L a], = €[-1,1].

Recall the addition formula for cosine function:

cos(n + 1)0 + cos(n — 1)8 = 2 cos 0 cos nb.
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1

If we let t,,(x) = cos[ncos™ x|, we obtain a recurrence relation

tni1(x) + tp—1(x) = 2xt, (), n=12...
From this we get to =1, t1(v) =, ta(z) = 2zt; —tg =222 —1, and
to(z) =21 4 ...

So if we choose A,4+1 = 27", then T),41(x) is a monic polynomial and its
maximum oscillation is 27". T,41(x) is called ‘Chebyshev’ polynomial of
the first kind.

Tpa1(x) =27 "cos[(n + 1) cos ' z] = (x — wo)(x — x1) -+ (x — 2).  (2:27)

Since Ty41(x) is the error term of P.B.A(up to a constant), we have
f@) =pale) = [ (@ = @) = Tua ().

The polynomial p,(x) interpolates x"*! at z;(i = 0,---,n), the zeros of

Th+1(x), i.e., the points where

1 1 (2i+ 1)

cos[(n+1)cos™ " x;] =0or (n+1)cos™ z; = 5

Such points are called Chebyshev points and we use these points as in-
(2k+1)m k
2n+2

distributed on [—1,1] and the Chebyshev points on [—1,1] are the cosine of

B (2k+ 1) B
IIJ‘k—COS<m s k‘—O,...,n.

terpolation points for general f. The points =0,...,n are evenly

these points,

We use the zeros of Chebyshev polynomial of degree n + 1 to interpolate with

a polynomial of degree n.

Theorem 2.4.4. If f € C"T1[—1,1] then the PBA using these interpolation

points satisfies

1

X (2.28)

Fr(e)
(n+ 1) |
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[~

Figure 2.1: Chebyshev points on [—-1,1], n=3 and n =5

In particular, if f(x) = 2", then

and || f(x) — pn(z)|loc = 27"

If the interval is [a,b] and f(y) : [a,b] — R, then change of variable gives
the following interpolating points for f:

1
ykza[(b—a)xk—i—(a—i—b)], k:O,...,n-

The maximum of [T7_o(y —y;) is

- b—al"t -
max | [ (y —y;) = ‘ 5 ax | | (@ —aj)
[CL’} ]:0 [_ ) }]:0
1 b_aTL—l—l
~ oo |2

Exercise 2.4.5. (1) Solve Runge example again with Chebyshev points for
n = 5,10,20,30 (Use polynomial of degree n- i.e., use roots of Chebysh-
eff polynomial T,,41(¢) = 0). Check || f(z) — pn(2)|s by taking suffi-

ciently many points between interpolation points. Also draw graphs for
f(@),pn(x) and f'(z), pj,(2).
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Fry1

Tk—1 Tk Tk+1

Figure 2.2: Cubic Spline on [ry_1,zx] and [zk, Tgy1]

2.5 Cubic splines

Although Chebyshev points are good for P.B.A. they are sometimes incon-
venient since the points are not uniform. Also the error of the derivative is
large. Runge’s example suggests us to use a lower degree polynomial on each
subinterval. Let y = f € C?[a,b], 9 = a < x1,...,< x, = b. We wish to
construct an interpolation s(z) € C?[a, b], which is piecewise cubic polynomial
on I = [zg_1,2k), k =1,--- ,n. Let Fi(x) = s(z)|r,. Then each Fj(x) is a

cubic polynomial on I and

(1) Fr(xg—1) = yg—1 and Fi(zp) =y for k=1,--- | n,

(2) Fi(xy) =F} () for k=1,--- ,n—1, (interior derivative )

(3) FY/(zy) = F{ . (z}f) for k=1,--- ,n — 1. (interior 2nd derivative )
Condition (1) automatically enforces interpolation at zy for k =0,--- ,n and
continuity xp for k = 1,--- ,n — 1. Since s(z) is a cubic polynomial in each
interval I = [xp_1,2], Kk = 1,--- ,n, we have 4n unknowns. Now we count

the number of conditions:
e 2n from (1) and
e 2(n — 1) interior derivative continuity from (2) and (3),

total of 4n — 2 conditions. We need to impose two more conditions.

Since F}/(x) is linear we may write

T — X r — Tg—
Fi@) = diea(=5 =)+ de(=— =), (2.29)
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for some constants dy and hy = xr — x,_1. Note that F) is constructed to
satisfy Fy (v, ) = Fy, (af) for k=1,--- ,n—1.

2 2
Pl = —g, (&%) (r — wp1) .
k(a:) k1 T + dp, T + c1k (2 30)
T — X 3 X — Tp_ 3
Fi(z) = dk—l(ki) + dkM + co (v — 1) + c3 5 (2 2231)
6h; 6h;

Fi(x) must interpolate f(x) at xx_; and x. Hence

h2 h2
k k
Fi(xp—1) = dk—lg + e phy = yp—1, Fr(oy) = dkE + cokhi = Yg-
.- di_1h
Thus ¢z, = z—’z - d’“Gh’“, C3f = y’;%l — %% and ¢1 = ¢ — c3%- Now compute

the derivative at x;: We see

_ dphy oy dihy Ye—1  drp—1hg
F — KR I _ _
dihi  de—1he Yk — Yk—1
= . 2.32
3 + : +( I ) (2.32)

On the other hand, we consider F}_, (z;). Replacing k by k+1 in (2.30) and

evaluating at xzj, we get

LS N TS dk+1hk+1)_ Yk dkhk—i-l)
2 Pkt 6 hg+1 6
dih di+1h —
I e W e Ml +(Z/k+1 yk) (2.33)
3 6 P11

Fli+1(33;)

The continuity of derivative: Equating (2.32) with (2.33) and arranging in

terms of unknowns di, k =0,1--- ,n

h hi +h h — — Yp_

AL Kt Rty 4 k+1dk+1:yk+1 Ye Yk — Yk L J<k<n-—1l
6 3 6 hit1 R,

(Note the rhs is difference between (approx. of) v (1) and y;(zx).) We see
two more conditions are needed to guarantee the existence of the solution. A
common choice is to let dy = d, = 0. In this case, we obtain a tridiagonal

system
Ax =k, (2.34)
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where x = (dy,--- ,dp—1). A typical row of A looks like

0 hi hi+hig1 hip
7"'767

, yeo, 0]
3 6 ]
Hence A is diagonally dominant and thus nonsingular. The spline obtained in
this way is called the natural spline. To find it, one has to solve the system

of linear equations (2.34). Fortunately, the system is tridiagonal, which is easy

to solve.

Solution of a tridiagonal system by LU-decomposition.

by o ... o] 1 0o ... 0]lfd a ... 0]
a1 by Co : B /1 0 : 0 do oo

o . . - 0 -
0 oo an1 be | [0 o e 1[0 0 dy

LU decomposition costs 2(n — 1) multiplication n — 1 addition.

di =b;
For:=1,...,n—1
]
Bi:ai/di
diy1 = bit1 — Lic;.

Forward substitution Ly = k costs n — 1 mult. n — 1 add.

y1 =k
oqFore=2,...,n

vi = ki —li—1yi—1.

Back substitution Ux =y costs 2(n — 1) + 1 mult. n — 1 add.

odFore=n—-1,...,1

z; = (Yi — ¢iYiv1)/d;.

It requires (5n — 4) multiplication and 3n — 3 addition.
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Theorem 2.5.1. (Holliday) Among all C?-function which interpolate f at

{z;}, the natural cubic spline has smallest curvature.

Proof. Let g(x) be any C?-interpolant. Then we have

b
0 < / 9" (t) — " (&) dt
b b b
— / g (6% dt — 2 / 9"(t) — s (D" (¢) di — / 1" (8] dt.

We will show the second term is zero, which completes the proof,

b
/ g (6) — s (6))s" (1) it

-1 Tit1
D3 IR ORI
i=0 7 i

n—1

= > [(g’(t) ()8 ()5 — / ) — S dt
=0 T;
n—1

= Y U1 — s ®)s" () — (g(t) — s(0)s" (B3],
i=0

By telescoping series, the first term equals (¢'(xy,) — §'(2,))s” () — (¢’ (z0) —

"

§'(x0))s" (z9) = 0 by the assumption s”(xg) = s”(x,) = 0. Since s" is constant

on each interval and g(x;) = s(x;), the second one is also zero. O

Remark 2.5.2. There are other choices of dg and d,,. Suppose the values

(o), f'(x,) are known. Then we obtain so called a clamped spline.

Theorem 2.5.3. Let f € C%[a,b] and s be the natural cubic spline with node

{zi}, then with h = maxy, hy,
b 1/2
h3/2 </ ‘f//‘2>

b 1/2
7=l = w2 ([12)

Thus cubic spline is also good to approximate f’.

1 = sl

IN

Proof. We prove the second estimate first. Fix x € [x;_1, ;] = I;. By Rolle’s
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theorem, there exists 7 € I; such that f’(7) — s/(7) = 0. Then we have

/x[f”(t) =s"dt = f(t) = SO = f(x) - 5 (x)

and by the proof of Holliday’s Theorem,

!/j(f”—s/')dt! < </Tm]f”_3//’2dt>l/2 (/Tr 2

/() = /()]

b 1/2 b 1/2
< h1/2 </ |f// o S//|2dt> _ h1/2 </ (|f//|2 _ |S//|2)dt>
b 1/2
S h1/2 </ ‘f”‘2dt> .
Now for the first estimate we see, for x € [x;, ;1]
|f(x) —s(z)] = / (f'(t) - 8/(t))dt' < / |f'(t) = &'(t)| dt
1 b 1 1/2
< Wy == (1)
O

Exercise 2.5.4. (1) Write down the explicit entry of A and k in (2.34).

(2) (Clamped spline) Derive the equation Ax = k of size (n + 1) x (n + 1)
with data s'(zg) = f'(x0), §'(zn) = f'(z,,) instead of dg = d,, = 0 in
(2.34). Write down the entry of A and k explicitly.

(3) (Computer) Construct a spline approximation to f(z) = ﬁ on [—5, 5]
with n = 10, 20,40,80 with equally spaced subintervals. Let Ej =
llsn(z) — f(@)]lco and Ej = ||s},(x) — f'(z)||c and estimate Ej and E},
(compute these norms by choosing many (say, 10) points in each sub-

interval).

Fill out the table below by computing the ratio:=log, %: Draw graphs

and discuss the results.

(4) (Computer) Construct a spline approximation to and compute ||s(x) —
f(@)lloc and [|s'(z) — f'(¥)[|oo for f(z) = ®** on [-3,3].
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K, ratio E}, ratio
n =10 * *
n =20
n =40
n =80

Table 2.2: Error of Cubic spline

2.6 The B-Splines

We begin with the knots one the real line :

e <t o<t 1 <t <t <ty <
2.6.1 The B-Splines of degree k£

1 ift; <z <ty
BZO(QZ‘): 7 i+1

0 otherwise

Now higher order splines are constructed as follows: (k > 1)

BFz) = (%) BF(2) + <tt+’“ﬂ> BiSl(z) (2.35)

itk — itk+1 — i1
= VB (@)+ (1- V) Bl @), (2.36)
By
T S
| ti—1 ti tit1  tito
Bl =xBy + (2 —2)B} Bl =(z—1)B? + (3 —x)B?S

Figure 2.3: The B-Spline BY and B}
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Figure 2.4: The B-Spline B3 and B?

Assume tg = 0,t1 = 1,t9 = 2,---. Then

r—1

B(z) = gBé—i—(l— )B! (2.37)
5T on)<zx<1
= %(2—96)+?’_Tx(w—1):—x2+3w—1.5 onl<z<?2
(3_;)2 on2<z<3
Bi(x) = gBll—Irg_Tszl:Bg(w—l) (2.38)
($_21)2 onl<z<2
= §—(x—-1)2%+3x—-1)—-15 on2<z<3 (2.39)
(4_;)2 on3<z<4
BYe) = 3B+ (- T8 =283+ (5B (2:40)
%%2 on<z<l1
_ 5 (—3:2+3:E—15)—|—4_Tx@ onl<z<2 (2.41)
3 (3_;)2—%4_79”(—962—1-595—55) m2<r<3
A‘_Tx (4_;)2 on3<x<4

Properties of B-Splines

(1) For k > 1, B¥(x) # 0if and only if z € (#;,t;1x41). For k =0, BY(x) # 0
if and only if = € [t;,t;11).
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(2) X2 o BF=1
3) N N
S b= Y [c,-vﬁ + e (1—VEy| B

Derivatives of B-Splines

Lemma 2.6.1. For k> 2

2ot = () B - (e ) B e

itk —ti itk+1 — tit1
For k =1 the equation holds for all x except x = t;,t;11,ti1o.

Lemma 2.6.2. For k > 1 the B-splines BY belongs to CF~1(R).

2.7 B-Splines: Applications

We want to see the relation between B-Splines and the spline function intro-
duced before. where we considered functions that are C*~1(R) and piecewise
polynomials of degree < k on each of the intervals [to, t1], [t1,t2], -, [tn—1, tn]-
The set of all such functions will be denoted by S* (We assume the knot are

given from the beginning.) We view the functions in S¥ defined on [tg, ,].

Basis for S*

Theorem 2.7.1. The following set is a basis for Sﬁ.

{BF @)ty s —k <i<n—1} (2.43)
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Hence the dimension of SE is k +n.

Proof. This follows since, for k > 1, B¥(z) # 0 if and only if x € (t;,t;41411)-
B*, (z) # 0 and BE_,(x) £ 0. O

Relation with cubic Splines

Let k = 3. Then the functions {B},i = —3,—2,--- ,n — 1} form a basis for

cubic spline on [0, n].
n—1

S3(z) = Y ¢;Bl(=). (2.44)
j=-3

We know that we need 4 conditions to uniquely specify a cubic, and in [tg, t,]
there are n intervals, so altogether a total of 4n conditions are needed. The
continuity conditions are automatically satisfied in the n — 1 interior points,
(thats 3(n — 1) conditions) The other requirement is that Ss must match the
given points, i.e. S3(tx) = f(tx), for k =0,--- ,n (n+ 1 conditions). So there
are two unspecified conditions, and like before we can take S (tg) = S%(t,) =
0.

B-Splines as Interpolations

Spline functions can be used for interpolations at points other than the knots.
Let 1 < x9 < --- < z, be a given set of nodes and y1,yo, - ,y, are values
we want to interpolate. We would like to find an interpolation function of the

form >0, ch;?, ie,
n
Z C]B]k(l’l) =Y (2.45)
=1

A condition for this system to be uniquely solved is given by Schoenberg-
Whitney.

Theorem 2.7.2 (Schoenberg-Whitney Theorem). For the matriz A;; = B]k(ajl)
to be nonsingular it is nec. and suff. that there be no 0 element on its diagonal.
In other words, BF(x;) # 0.

Corollary 2.7.3. Assume k > 1. Since BF(z) # 0 if and only if © €
(tistitk+1), we must have t; < x; < tirky1 for the interpolation equation
(2.45) have a solution.



84 CHAPTER 2. APPROXIMATION AND INTERPOLATION

This solution is not unique (incase the interpolation points are knots).

Suppose x; = t; for all 7.

> eBit) =y, (1<i<n) (2.46)

j=—o0

For k = 0,1 this system has unique solution. However, for k = 2, this system
has n equation in n + 1 unknowns. For k£ = 3, this system has n equation in

n + 2 unknowns. (2.45) becomes
Ci_ng)_g(ti) + Ci_2B§_2(ti) + Ci—leg_l(ti) =Y, (1 < 1 < n) (2.47)

A useful condition is to impose S”(tg) = S”(t,) = 0 (Natural spline).

Noninterpolatory approximation

This procedure is introduced by Schoenberg(1967). Given f we define a spline
function Sf by

(tit1 + -+ tigr) (2.48)

=

Sf= > f@)Bf(@), =

1=—00

Assume k > 2 (2.48) does not interpolate f.
Our task is to investigate whether a continuous function f can be approx-

imated by splines. We hold k while increasing the number of knots.

We introduce a special spline function that approximates f

g(@) = Y fltir2)Bf(x). (2.49)

1=—00

With this we have
Theorem 2.7.4 (Schoenberg-Whitney Theorem).

max |f(z) — g(z)| < kw(f,0), (2.50)

to,tn

where w(f,d) the the modulus of continuity:

w(f,6) = max |f(s) = f(t)]

|s—t/<6



2.8. BEZIER CURVES 85

and 6 = max _r<i<n+1 ‘ti — ti—l’-

As a corollary to Wierstrass approx. theorem, we conclude that spline
approx. (2.49) can be arb. close to f if § — 0.

2.8 Bézier Curves

We introduce some basic idea of computer aided geometric design. Consider
a mapping f : D — R™,m = 2,3 where D is an interval in R. In computer
graphics it is essential that the geometric objects can be visualized and ma-
nipulated effectively. For simplicity we assume D = [0, 1]. In gnenral, we use

the mapping (z —a)/(b — a).

Definition 2.8.1. For n € Z" we denote by P be the linear space of poly-

nomials .
k
plz) =Y apa®, z€R,
k=0
where ag, - - ,a, € R™.

We observe

and set
Bl (z) = (") -2k k=0, ,n.
Theorem 2.8.2. Then we have
(1) Bp(a) = 0
(2) Bi(z) = By (1 - )
(3) By(w) = (1 - ) By~ (x), Bi(w) = aB=\(a)
(4) © =0 is a zero of Bj}(x) of order k and x =1 is a zero of order n — k.

(5) Each polynomial B} (x) assume its mazimum at x = k/n.

(6) They satisfy
B(z) = 2B}~ (z) + (1 — 2)By (2)

fork=1,2,--- n.
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(7) The polynomials B{(x),--- , Bi(z) form a basis for P,.

Proof. (5) follows from

%BZ(QE) = (n) 21— )Rk — nx), E=0,--,n.

For (6) observe

Define

T—a
Bl (x;a,b) = B} .
k(:Evav ) k<b_a>
Definition 2.8.3. The polynomial
p(z) = ZB,?(Q:;CL, b), x € R
k=0

is called the Bézier polynomials and the graph is called Bézier curves The

coefficients byg, - -+ ,b,, € R™ are called the control points.

The convex hull of points by, k =0, --- ,n is defined by

con{bg, -+ ,b,} = {Zakbk Doy > O,Zak = 1}
k=0 k=0

Proposition 2.8.4. (1) Note that p(a) = by, p(b) = b,. i.e, the end

points of Bézier polynomial and the Bézier curve coincide.
(2) The Bézier curve is contained in the convex hull of Bézier curve points:

(3) p'(0) =n(by —bg), p'(1) =n(b,—b,_1) i.e, the Bézier curve has the

same tangent lines as the Bézier polygon.

Example 2.8.5 (Bézier curve of order 1 and 2). (1) For k = 1 the Bézier curve
is the line segment joining two control points, i.e., since B} = x, Bf = (1—z),
we have

p(z) = bor +bi(1 — z).
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bl b1

b2

ha ! ! ! bo ! ! !

Figure 2.6: Bézier curves of degree 2 and polygons

B =2% B} =2x(1-x), Bi=(1—2x)?

(2) On [0,3], B2 = x2/9, B} = 22(3 — x)/9, B3 = (3 — x)?/9. With control
points by = (0,0), b; = (2,2), and by = (3, 1), we have

p(x) = (0,0)22/9 + (2,2)2x(3 — )/9 + (3,1)(3 — z)?/9 (2.51)
Or componentwise

pi(z) =423 -2)/9+ (3 —2)?/3=B—-2)(4x+9—-32)/9 = (3 —z)(z +9)/9
p2(z) =423 -2)/9+ 3 —-2)%/9=B—-2)(4z+3—-2)/9=3—z)(x+1)/3.

(3) With control points by = (0,0), by = (0.2,2), and by = (3,0.5), we

have

p(z) = (0,0)22/9 + (0.2,2)2x(3 — z)/9 + (3,0.5)(3 — x)2/9. (2.52)
Componentwise
pi(z) = 0423 —2)/94+ (3 —2)%/3 = (3 —2)(9 — 2.62)/9
po(z) = 42(3 — 2)/9 4+ 0.5(3 — 2)?/9 = (3 — x)(2.5z + 1.5)/9.

Example 2.8.6 (Bézier curve of order 3). On [0, 4]

B3(3,7) = 2°/64, B} = 32%*(4—x)/64, BS = 3x(4—1x)?/64, B3 = (4—x)3/64.
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bl b2 bl

3 b
Figure 2.7: Bézier splines of order 3

With control points by = (0,0), by = (2,2), be = (3,2), and b = (4, —1) we

have
p(x) = (2,2)32%(4 — 2) /64 + (3,2)3x(4 — )2 /64 + (4, —1)(4 — 2)3/64. (2.53)

Or componentwise

224 — x)/64 + 9x(4 — )2 /64 + 4(4 — x)3 /64 = (2® + 4x + 64)(4 — x)/64
224 — x)/64 + 6x(4 — )2 /64 — (4 — 2)3/64 = (—2* + 322 — 16)(4 — x)/64.

p1()

6
p2(x) =6

With control points by = (0,0), by = (2,2), by = (1,—1), and b3z = (4,0)

we have
p(r) = (2,2)32%(4 — x)/64 4 (1, —1)32(4 — 2)? /64 + (4,0)(4 — )3 /64. (2.54)
Or componentwise

pi(x) = 62 (4 — ) /64 + 3x(4 — x)?/64 + 4(4 — 2)3/64 = (T2 — 20z + 64)(4 — x)/16
622(4 — x)/64 — 3x(4 — ) /64 = (922 — 12x)(4 — x)/64.

2.8.1 Bézier spline

Bézier spline is a Composite Bézier curve. For example, on [0,3] same as

above, and on [3, 7], we take

B2(3,7) = (x — 3)%/16, B? = 2(x — 3)(7 — x)/16, B3 = (7 — x)?/16.
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by

b2

ha ! ! ! ! ! !

Figure 2.8: Bézier splines

With control points by = (3,1), by = (5,—1), and b5 = (7,0), we have
p(z) = (3,1)(x—3)?/16+ (5, —1)2(z — 3)(7 — 2) /16 + (7,0)(7T — )? /16 (2.55)
Or if p(z) = (p1(2), p2(x)), componentwise

pi(x) = 3(x — 3)?/16 + 10(x — 3)(7 — x)/16 + 7(7 — 2)*/16
= (—162 + 160)/16
p2(z) = (z — 3)%/16 — 2(z — 3)(7 — 2)/16 = (z — 3)(3z — 17)/16.
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Chapter 3
Numerical integration

In this chapter, we study how to approximate the definite integral of some
smooth functions. An idea is to use an interpolating polynomial F(z) to

evaluate the integral. Thus we have

/abf(w)dx A /abF(x)dw.

Our purpose is how to such an interpolation so that the error is minimized.

3.1 Quadrature based on equal intervals

We would like to design a quadrature for the following integral:

/a ' Ha)de.

One point formula-rectangle rule: If F'(x) is a constant interpolation at

xg, then the above integral is approximated by (b—a)f(x) called a rectangle

rule. Using Taylor expansion, one can show that there exist &y and &; in [a, b]
such that the following hold.

/b Foyde = | 0 o)+ B G), if o b5 )

g (b= a)f (wo) + 5= f"(€1), if o = 5.

Thus one point formula is exact for constant polynomial(except mid point

rule), so it is called a 0-th order method.

91
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Two point formula-trapezoidal rule:
’ b—a (b — a)3 "
[ fa@yde =32 (1) + £0) - S50 (32)

This formular can be derived by the error formula for linear interpolation:

£@) @) = L& @ aye 1)

This is exact for linear polynomials, hence it is a first order method.

Composite trapezoidal rule

If [a, b] is partitioned into
a=z0<x1 < - <xp=>=,

we can use trapezoidal rule to each subinterval. Here the nodes are not nec-

essarily uniformly spaced. Thus we obtain

b n z;
f(x)dr = f(z)dx
/ >/
LS @ — i) (Fai) + flei)).

_2‘
1

1=

If the nodes are uniformly spaced with h = (b — a)/n, then the composite

trapezoidal rule becomes
n—1

b
/f(x)d:n _ g @) +23 flatih)+ F()]
a i=1

The error in this case is

(b_a)z "
SO e,

Three point formula-Simpson rule. Use Newton interpolation at three

equally spaced points xg, x1, 2. Derivation : Let
(3.3)

/ " f(@) de = Af(zo) + Bf(a1) + Cf (z2),
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where f € P,. For simplicity, we can assume xg = —h,x1 = 0 and x5 = h.

Setting f = 1, z, 2%, we obtain

2h = A+B+C
0 = —Ah+Ch
2

% = Ah® + BhZ.

Solving for A, B and C, we obtain A = C = 3 h and B = 4h. Hence we get the

following Simpson’s rule

[ f@)de ~ L0 450 + fa) =silh). (34)

One can readily check that this is exact for a polynomial up to degree three.

Hence this is a third order method, in fact one can show that

/’f U@w+wmn+ﬂm»——¢“@w &1 € [wo,m2). (3.5)

Composite Simpson’s rule. If the domain is large, divide it by even number
of intervals and applying Simpson’s rule to a pair of subintervals, one can find

a more accurate approximation. Let z; = a +ih,h = (b —a)/2n. Then

/f d:z:—/ @ dm+/ F@)da +- /m:f(x)dx.

If Simpson’s rule is used for each integral, we obtain

b n
/ f(x)dx ~ g D 1f(@2i-2) + 4f (@2i1) + f(2))-

To avoid repetitions it is rearranged as

h n n
3 [f(mo) +2 Z f(@2i-2) + 42 f(z2im1) + f(w2n)
=2 i=1
Five-eight rule. If we use the polynomial interpolation at the equally spaced
points xg, 1,22 to approximate integral on [zrg,x1], we get five-eight rule.

This is useful when we have information at a point zy outside the interval
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[a,b] = [xg,x1]. Derive the following formula.
o h h* 3)
| s@ds = L 6e0) 485 - f@)+ 517, & € oo wal. (30

3.1.1 General high order quadrature formula

Assume we have nodes g, - - - ,z, in [a,b]. We use the Lagrange interpolating

polynomial to derive a quadrature. Consider
pn(T) = Z fxi)li(z), (3.7)
i=0

where
n

Bi(w):H%, 0<i<n.
gAY

With some positive weight function w(z), we let

b b n b
/a f(x)w(z) dwN/a Pr(z)w(z) da Z;f(wi)/a li(w)w(z)d.

If the nodes are equally spaced, it is called the Newton-Cotes formula :

b n
[ @@ de ~ 3" ais (@),
a i=0

where ,
A= / 02w (x)da.
Table 3.1: Closed Newton Cotes formula
/ fydr= S(fo+ 7)) (waperoid) I e
IR A
/ fla)de = %(fo+3f1+3f2+fl) _?;_}E:f(@(g)
/: f(x)dz = %(m +32f1 +12f2 + 32f3 + Tf4) _STh;f(m(g)




3.1. QUADRATURE BASED ON EQUAL INTERVALS 95

Error of numerical integration

We consider Newton-Cotes formula (uniform interval). We assume the

following situation: Let a < zp < 1 < -+ < xp < b, ; — ;-1 = h and
consider an approximation of f; f(z)dz by some quadrature based on the
data (xo, f(z0), -, (Zn, f(x,)). Use Taylor formula with remainder:

() (o (n+1)
£(a) = Fa0) + (o) a—wo) -+ LD (o gy LT gy

(n+1)!
or Newton’s interpolating polynomial
pn(f) = f($0)+f[$0,$1]($_$0)+ : ‘+f[1130,$1, e 7$n]($_330) e (:E_xn—l)-

By the error formula, we have

f(@)=pu(f) + flro, 1, Zn,x](x — 20) -+ (T — Tp).

Integrating the error term of Newton’s formula we have

fn+1 n
(n+1) Hx—a:,
=0

/fx()axla"' Tn, T ] d.Z'_

Since the term [ [, (x—x;) does not change sign on each subinterval (x5, z541),

we can use mean value theorem to see the above quantity is

(n+1) () [rat1 P (nt1) (£
Flot1 (és)/ Tt — xi)de = FOt1) (£ < O(h™2),

(n+1)! P (n+1)!

for some &, € (x4, 251 1).

A more precise error formula is follows (See Issacson-Keller). Let m,(z) =
[T o(z — ;) and Wy (z) = [ 7, (2) d.
Lemma 3.1.1. For n even we have
(1) Wn(a) = Wn(b) =0,
(2) Wy(z) >0, a<x<b.

Proof. (1) Wy(a) is trivial. To see W, (b) = 0 holds, note that, for example,
() = (x — x0)(x — x1)(x — x2) is antisymmetric with respect to the mid

point z1. General case follows from this.
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(2) Note Wy (xo) = Wy(xe) = -+ = Wy(xy,) = 0. Thus it suffices to
consider again the case m,(x) = (z — o) (z — x1)(z — x2). Direct computation
shows W, (z) > 0 for a < x < b. O

Lemma 3.1.2. Let © € [xg, ] be any point. There exists {(x) such that

d _ fr ()
%f[xo,--- ,xn,x] = W (38)
Proof.
d _ . f[x()u"'7‘Tn7x+h]_f[w07”'7‘Tn7x]
gg /1o wnra] =l h
. f[l'(),"',xn,x+h]—f[w,$0,“‘,J}‘n]
= lim
h—0 r+h—=x
= }lll_H)f(l)f[ﬂfo,"',IEn,!E,!E—Fh]
B _ ()
= flwo, ,xmiﬂaiﬂ]—m
for some £(z) € [zg,x,] (Corollary 2.3.16). O
Theorem 3.1.3. The error by Newton-Cotes formula is
f(n+2 ' .
) ﬁ/axnx—xl r if n is even, o)
e w/bﬁ@;_mi)dw if n is odd. |
CESUWARS!

Thus an extra accuracy is obtained for n even.

Proof. Let n be even. Then from Newton’s form of interpolating polynomial,

we have

b
E.(f) = /7?”(:E)f[x0,---,:nn,x]d:1:

b
= W) S, xn,xub— | Walw)Jflan, -+ .l da

= / W flzo, -+ s xn, x| dx.

Hence

/ W)L <§1> dz.
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Since W,,(z) > 0 by Lemma 3.1.1, we have by MVT for integral that

f(n+2)(

b
E.(f)= _(nTmn')/a Wy(x)dx, a <n <b.

Moreover, integration by parts shows

b b
/Wn(:n)dx = :EWn(:E)|Z—/ :E%Wn(l‘)diﬂ

b
= —/ x7p(z) dx > 0.

We skip odd case. O

We see

O(R™3)  if n is even,
E,(f) = (3.10)
O(R™*2)  if n is odd.

Now we present the error analysis of the special case of Simpson’s rule.
Let n =2 and 1 — x¢g = 2 — x1 = h. One can use Taylor’s theorem to derive
the error estimate, but we present a method based on Hermite interpolation
which can be extended to higher degree. Let ﬁg (z) be a polynomial of degree
3 such that

Fy(x;) = f(z), i =0,1,2 and Fj(z1) = f'(x1).

Then by Hermite interpolation formula(Newton’s interpolation with repeated

nodes at 1)

@)

f@) = Fy() = (@ — o) (& — 21)*(@ — 22)—

Since Simpson’s rule is exact for a polynomial of degree three, we have

BN = [ (@) - Faalldo = [ f(o)do— gli(o0) + f(an) + flaa)]
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On the other hand,

T2 4 T
E(f) = / (w—xo)(x—xl)z(a:—xg)wmn

(4) 2
/ 4(!51) /ZO (z — xo)(x — 1) (x — x2) dz

by the integral mean value theorem. The last integral can be computed directly
and we see E(f) = —g—g (4)(&1). Hence with h = (b — a)/2, we have

b —a 5
[ 1@ s = - 5= re).

Posteriori Estimate

Even though an error term of the form O(hF) suggests how big the error is,
we still do not know how accurate the answer is. We introduce a method to
estimate the error after the computation. We take Simpson’s rule, for example.
Assume f®(€) = f* is constant on a small interval [a,b], we use Simpson’s

rule on each of the interval [a, z1], [x1,b], where 1 = (a + b)/2.

b =a b 5
/ f(:v)dwz/ f(:c)dx+/a_+b f(:c)dx:@(f)—%f@ x 2,

where s9(f) is the result of Simpson’s rule applied on [a, x1] and [z1, b] resp.

_ 5 \5
) —si(f 1 (b—a)® b
%581() - _1_6(25‘;()) f(4):/a f(z)dz — sa(f).

L.H.S is computable by machine, which is a good indication of error. If this

error is undesirable, we can divide the interval so that |[sa — s1| < €.

3.2 Gaussian quadrature-unequal intervals

Check that the quadrature

1
/_1f(w)d:vif(— LT
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is exact up to degree 3. The degree of precision of the following quadrature is
5. .
5 3 8 5 3
=—f(—=\/z)+=f(0)+ = -).

[ wae=2pe B+ S0+ 2ol

A three point formula is of the form:
ao f(zo) + ar f(z1) + o f(22).

More generally, we consider a quadrature with unspecified points:

b n
[ @iz ~ Y- Aifia, (3.11)
a i=0

where w is a fixed positive weight function. This formula is exact for polyno-

mial of degree up to n if and only if(let f(x) = ¢;(z))

b n o
a J

X
g

Note that there are no restrictions on the nodes. By placing nodes at proper

places, we can obtain 2n + 1 order of approximation.

Theorem 3.2.1. Let q be a nonzero polynomial of degree n + 1 which is
orthogonal to P, (the set of all polynomials of degree < n) with respect to the

weight w, i.e, we have

b
/ q(x)p(x)w(x)dr =0, for all p(x) € P,.

If xg,x1,- -+ ,xy, are the zeros of q, then the quadrature formula (3.11) is exact
for all f € Poyyq.

Proof. Let f € Py,y1. Dividing f by ¢, we obtain
f=qp+r (degree of p,r <mn+1)

and we see f(x;) = r(x;). Since ¢ is orthogonal to p w.r.t w and the formula

(3.11) is exact for polynomial of degree n, thus we have

/bfwda: = /brwdx = Zn:Air(a:i) = Zn:Alf(xl)
a a i=0 i=0
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O

Now the remaining task is how to find orthogonal polynomials and their
zeros. Fortunately, a few cases are well-known: Let [—1,1]. Then with w =1,

the Legendre polynomials are orthogonal on [—1,1]. i.e,

1
/ P () pm (x) dz = Oy

-1

A few Legendre polynomials are:

1

po(x) = ﬁ’ pi(z) = 533

51,0 5 \/71 5

= —_Z -1 — /== _

pa(z) 552" = 1), ps(z) 550" —32)

91 111
pa(z) = \/; 5(35””4 — 30224+ 3), ps(z) = \/75(63955 — 7023 4 152)
pe(x) = ——(7-332" — 63 - 52" + 35 -3z — 5)

2 24

N2 1 oa ., 1\ 2

Exercise 3.2.2 (Rodriguez). Let ®,(z) = —&- -4 (22 — 1)" and show that

n!2m dxm

(2) @, is generated by the recursive formula

2n+1 n
1 I’q)n— n—Hq)n_l, (I)() = 1, q)l = X.

(I)n-‘,-l =
Observe @, 11 (x) — az®,(z) = > ", a;P;(x) and determine a, ;.
(3) ®,(x) is a solution of Legendre differential equation

(1—22)y" — 22y + n(n+ 1)y =0.

(4) {®,} are orthogonal.

(5) Find the weights A;,7 =0,-,n for n =1,2,3,4.
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Orthogonality. For m > n,

1
/_ D@ = 1D (@ 1)) do

1
= D=1t = - [ D - 1D e - ) e

1
o [ e
— / pnrtrpm— nd:E—an / D™ " de = 0.

Here Cy, is 2n-th derivative of (22 — 1)" which is constant. The last integral

vanishes as D™ " 1(z% — 1 ‘_1.

When m = n,
1 /1 =k /1 2 0 /1 2
(2”)' -1 (271)' 1 ( ) _1( )
1
= :13(3:2—1)n|1_1—n/ 222 (2% — 1)tz
-1
= (—1)22271(71—1) /1 (332—1)"_2x—4dx:~':2"n'¥
. 3 "1.3.5...
x2n+1‘1 2n+1n|
= 2"n! - = ‘ .
1-35---(2n+1) 1:3-5---(2n+1)
[ oo Gzl e
C1-3-5--(2n+1) a4l

Normalizing, we obtain the orthonormality of ®,,(z).

3.2.1 Error of Gaussian quadrature

Now we estimate the error of Gaussian quadrature.
Motive: Given f € C?"*2[a,b], think of an interpolating poly p of degree
2n + 1 with interpolation points at x;,7 = 0,--- ,n for which the error form

E(&(z)) is known (Hermite interpolation). Then we know

/ B(€(2))dz = / (f(z) — p(a))w(z)dz.

Then we can evaluate fa p(z)w(x)dz by Gaussian quadrature. A choice is the

Hermite interpolation polynomial p of degree 2n + 1 with v = 1 at z;,7 =



102 CHAPTER 3. NUMERICAL INTEGRATION

0,---,n.

Lemma 3.2.3. In Gaussian quadrature, the coefficients are positive and their
sum is f;w(az)daj. In particular, if [a,b] = [-1,1] and w =1, then > " ;A =
2.

Proof. Fix n and let ¢ be a polynomial of degree n + 1 which is orthogonal
to P,. The zeros of ¢ are denoted by zg,--- ,z,. Let p(z) = q(z)/(z — z;)
for some j. Since p?(z) is of degree at most 2n, Gaussian quadrature with

xg,- - , o, will be exact for p?(z). Hence
b n

0< [ Pl = Y Art(e) = Ap(a)
a i=0

so that A; > 0. Now use Gaussian quadrature for f(z) =1 to see

b n
/a w(z)dr = ;Ai.

O

Theorem 3.2.4. For any f € C?"*2[a,b], the error term E(f) in the Gaus-

stan quadrature

n

b
[ f@ends = 3" Aif i) + E(F)

=0

satisfies ( : \
M+2) (&
et | ¢,

for some a < & < b and q(z) = [[1g(z — ).

E(f) =

Proof. From (2.25) we see the Hermite interpolation polynomial p of degree

at most 2n + 1 with vy =1 at z;,¢ =0, --- ,n satisfies

2n+2) (¢ (
o) = ooy = L G .

Hence

P e (E()) o

b
/ (f(z) = p())w(zr)dr = / @n o) q°(z)w(z) dz.
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Since the Gaussian quadrature is exact for polynomial of degree 2n + 1, we

have
b n n
/ pleyw(x)de =3 Ap(e) = 3 Aif (),
a 1=0 =0
Hence
b n b or(2n42) (¢(y
[ s@n s -3 ais) = [ LoD a2
a i=0 a :

Furthermore, the mean value theorem(by positiveness of ¢?) implies that there
exists some ¢ such that the RHS of (3.12) equals

£ (@

b
nt2)! / ¢* (x)w(x) dz.

If we let &, := 2(2&'2 be the leading coefficients of ®,(z), then

n(nl)

q(x) = p"+—1($)
n -+ % kn+1
So
Fralh) = % /aqu(x)w(x) o= 2n2+ 3 (2{1(11;)'1221
U
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3.3 More on Gauss type quadrature

Gauss Lobatto quadrature

Let ¢, be the Legendre polynomial of degree n on [—1,1] and let z;, (i =
0,---,n) be the zeros of p(x) = ¢pi1(x) + App () + pop—1(x). Here A, u are
chosen so that p(—1) = p(1) = 0. Then we have zop = —1 and z,, = 1. Now

consider the following quadrature

n—1

Ao (x0) + Anf(wn) + Y Aif(x;) (3.13)
i=1
to approximate f_ll f(x)dx.

Theorem 3.3.1. The quadrature (3.13) is exact for polynomials degree up to
2n — 1.

Hence the coefficients A; and quadrature points x;’s are determined by

letting f = 1,z,--- , 22"

Proof. First \, u are determined by the conditions p(—1) = p(1) = 0. Assume
the formula is exact for P,. Let f be in P5,_1. Then dividing f by p, we can
write f = pg + r for some q € P,,_o and r € P,.

/_llf(az)dx = /_llpqdzn—l—/_llrdx

1
= 0+ / rdz (orthogonality)
-1

n
= Z A;r(z;) (since r is degree n)
i=0

= ZAZf(xZ) (since p(z;) =0 for i =0,--- ,n).
i=0
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Example 3.3.2. For n = 3, we note that
p = 3521 — 3022 4+ 3 + A\(52% — 32) + p(32? — 1).
Using p(£+1) = 0, we get A = 0, u = —4. Hence
p(z) = 352" — 422% + 7= 7(52% — 1)(2* — 1).

Thus 1 = —

5

1
5’ x2

When n = 3, there is a special method to find the formula. Assume the

following symmetric formula:

Aof(=1) + Ay f(—z1) + AL f(21) + Ao f(1).

By symmetry, it is exact for any odd degree polynomial. We can find Ag, A1

and z; by imposing the condition that it is exact for f = 1,22, z%.

Ag+4A = 1
1
AO + Alx% = g
1
Ay + Alx‘f = —.
5
Solving we get x1 = —%. Thus, the Gauss-Lobatto formula in this case is
1 5 1 5.1 1
—f(=D)+=f(——=)+=f(—=) + = f(1).
D+ 2+ S () + )

(For other general formula, See Beurling’s book)

Assume the formula

n—1

Aof(=1) + Anf(=a1) + > Aif (w:)

i=1

is exact up to degree 2n — 1, where the sum is up to n/2 for n even and up to
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(n+1)/2 for n odd.

n—1

let A0+An+ZA2:2
i=1

n—1
f=z: —Ag+An+> A =0
=1
n—1 9
_ k. k ok
f=a": (—1)A0+AH+ZAin_k+1

i=1

Weight and points of Gauss Lobatto quadrature

Let ®,(x) be the unnormalized Legendre polynomial of degree n and let
¢n(x) be its normalized(leading coefficient is 1) Legendre polynomial. Let
kyp = % be the leading coefficients of ®,(x). Then general Gauss Lobatto

quadrature based on n + 1 points for [—1,1] is

1 9 n—1
[ pe = S e+ 1)+ 3 )

where z;,4 = 1,--- ,n — 1 are zeros of ¢/, (z), the derivative of Legendre poly-

nomial of degree n and

2
A= TR @)

The error is of the form

E= Cnf(zn) (g)

which is exact up to degree 2n — 1 compared to the 2n+ 1(Gauss quadrature);

we have given up the freedom of location of points.

General Gauss Radau quadrature

Let ®,(z) be the unnormalized Legendre polynomial of degree n and let ¢,,(x)
be its normalized(leading coefficient is 1) Legendre polynomial. Let k, =
% be the leading coefficients of ®,(x). Then the general Gauss Radau

quadrature based on n + 1 points(the point —1 plus n points in the open
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interval) for [—1,1] is

1 2) n
[ pe = G 0+ D A,

where x;,7 = 1,--- ,n are the zeros of

knon(x) + kpi1dnt1(x)
z—1

and

1—u .
Ai - y b= 17 I RLE
(n+ 1)2Zk2g2 ()" !

The error is of the form
E = d, fP"T(g).

General Gauss Chebysheff quadrature

If we use w(x) = \/11_7 for the Gauss quadrature, we obtain Chebysheff

polynomial of first kind and consequently obtain a quadrature. The nodes x;
1

are the zeros of a polynomial orthogonal w.r.t w(z) =

1—22°
It turns out the Chebysheff polynomial satisfies
! 1
T ()T () ——= dx = ¢punOmn 3.14
[ et = (3.14)

and hence the zeros are

2k +1
xk:cos<2(n7—_tl)7r>, k=0,---,n.

The interpolating polynomial p satisfies

f(w)—p(x)—m(w—xo)---(w—xn). (3.15)
Thus Gauss Chebysheff quadrature with weight w(x) = ——L— based on n + 1

V1—x?
points for [—1,1] is

1
/_ @) dz =3 Af(z),
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where x;,4 = 0,--- ,n are the zeros of T},11(z) and it can be shown that
A —/1 @) g T 0. (3.16)
1 T _1 1 — :1:2 - n + 17 - 7 ) . *

Remark 3.3.3. If we use w(x) = V1 — 22 instead, we obtain Chebysheff
polynomial of second kind and hence obtain Gauss Chebysheff quadrature of

second kind which will not be discussed further.

k T g k
Tp=cos | ———7 |, w;= sin m), k=0,---,n.
(n+2) n+ 2 (n+2)

Exercise 3.3.4. (1) Verify (3.14) and (3.16).

(2) Find quadrature points xg,- - ,z, and weight Ag,---, A, for Gauss-

Legendre quadrature, when n =1,2,3
(3) Do the same for Gauss- Lobatto quadrature, when n = 2,3,4

Note Tp = 1,71 (z) = x and for n > 0 we have
Tri1(z) =2 "cos[(n + 1) cos ' a] = (z — xo)(x —21) - - (T — x)

is the monic polynomial having x;,7 = 0, --- ,n as zeros. The Gauss Chebysheff

quadrature using these points is exact for Ps,+1. Hence for m < 2n + 1

- =0

1vV1— 22

Since
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we see
i=0
m=1 ZAiTl(xz) =0
=0
m =2 ZAZ'TQ(JJZ) =0
=0
=0
m=n Z AZTn(xZ) =0.
i=0
If m is even, x; = —x,_; and Tn = 0. If mis odd, x; = —xp_;

Lemma 3.3.5. For0<m <n

Proof. We see x; = —xy,_;

L1 (i)

> Toia(zi) = 0.
=0

and Tn = 0 if n is even. First assume m is even.

27™ cos[(m + 1) cos ! 2]
27 cos[(m 4 1) cos ™ (— ;)]
—27™ cos[(m + 1) cos™ ()]

—dm41 ($n—z)

So in this case we have the result. Next assume m is odd. We see by the same

way as above,

Tt ()

Tny1(Tn—i)

and cos[(m + 1) - 0] = cos[(m + 1)n] = 1. 777
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A clean proof is:

sint

n . .
24+ 1)tsint
ZCOS(Qi—l— 0t = Z cos(2i + 1)t sin

n

= Z[sin(2i+2)t—sin(2i)t]

I
= Semi sin(2n + 2)t

1
2sint sin(kr) =0,

when t =t} = for k=1,2,- O

2n+2

So A; = ;7 are the solution by checking.

m=0: Zn:A,- =T

22 +1
m E i cos|k oy 1) ]
22 +1
m=n E i cos[n -y 1) 7]
Another method, Try: Note f 1 f& ZZ o Ai x fork=0,1,--- ,n,

k _ —
f:wk(even): ZAx —/ widnguﬁ...

xk
fza:kodd: Aixf:/ " dr=0
T S

,_
!
8
(Y]
=
=
|
[N}
ol 3
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1 2n /2
T 2n—12n—3
dx = in" g do =
/o V1 — 22 ‘ /0 S on 2n—2

2| 3
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Chapter 4

Numerical solution of O.D.Es

4.1 Introduction

Consider a (scalar valued) initial value problem

{:c%t) = f(t7) 1)

x(to) = xo.

Theorem 4.1.1 (Existence and uniqueness). Let f and % be continuous on
the region R = [0,T] X [a,b]. Then there is some interval [0,T1] in which there

exists a unique solution to (4.1).

Higher order Equations

We may consider higher order equations in n unknowns. k-th order DE has

the following implicit form:
f(t,x,x',- - ,x(k)) =0

where f : R 5 R” is a known function and x(t) € R™ is the unknown.
If an ODE can be written as

xF) =gt x, %/, xED)

113
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then it is explicit form. Any higher order ODE can be written as a system of

first order equations as follows: We introduce new unknowns
ul(t) =X, U.Q(t) — X(1)7 . ,U.k(t) — X(k_l)’ U = (u17 uo, - - ,U.k)T

so that the k-th order ODE becomes

u) us
u u3
u=1...1|= = G(t,U) (4.2)
w_y Uk
| u) | f(t,ug, -, uy) ]

Thus it suffices to consider the following IVP:

X(to) = Xp.

{x’(t) = G(t,x)

4.1.1 Existence and Stability
4.2 Numerical Methods

4.2.1 Finite Difference Method

Given a differentiable function f we let

fla+h) — f@)

Py~ B2

This is called a forward difference. The approximation

flx) — fle—h)
h

f(x) =~
is called a backward difference.

2 3
fleth) = F@)+hf@)+ @) 6, &€ et

f(:L'—I—h)—f(ﬂj) _ / h// h2 "
SRR = F@)+ 58" @)+ ).
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Similarly,

2 3
fle—h) = F@)~hf'@)+ @) - ), & e @ ha)

h h3
= fl(x) - §f//(117) + Ef”(&)'
Take the average

fla) = flet+h) = fle=h) B f"(E&)+ " (&)
n 2h 6 2 '

By MVT the average w is achieved by f”/(v) for some ~. Thus we

obtain a second order approximation to f’(z). This is a central difference.

fiv1 — fiz1
2h;

2
=

— f'(x) = O(}é ) if hy = hiyq.

Treating the end points

It is sometimes necessary to have a O(h?) method at end points. But we
cannot use the central difference at end points. Can we derive O(h?) method

at end points without using the central difference? Consider

fz) = fz)
h? h?
fl+h) = fl@)+hf'(z)+ 5 (@) + ),

3
f(z+2h) = f(zx)+2hf'(x)+ 202" (2) + %f”(w).

By taking a linear combination of these terms, we want to get an approxima-

tion to f’(x). Assume
f(@) = af(@)+bf(x+h)+cf(z+2h) + O(h?)

and use the Taylor expansion to find a, b, c. From

2
Fa) = af(@)+ ) +hi'w) + o (@)
+e(f(x) +20f' () + 217 f" () + O(h)
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we obtain
1 b
a+b+c=0, b+26:ﬁ’ §+2c=0.

The solution is
T o P T o
So

=3f(x)+4f(x+h) — f(z+ 2h)
2h

Fa) = +O(n?).

4.2.2 One step methods - Euler methods
Let 2" = x(t,). Since
T ml(0) = flt2™)
we approximate x by the following formula
(D) o () hnf(tn,aj(")), hy = tni1 — tp.
So we define a sequence
Tpt1 = Tp + hnf(tn, xn), o = x(to).

This is called forward Euler method (explicit). If we replace f(t,, ™) by
f(tng1, ™D we obtain

2D o () P f (tna1, 3:("+1)).

This is called the backward Euler method(implicit). This is more stable
but need to iterate to find the solution. (Picard) These can be also derived

from the integral form:

tn+1
R R / F(t 2 (1)) dt.
tn

Errors

Several kinds of errors.
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(1) Local truncation error. Depends on the scheme — O(h"*1) for n-th order
methods.

(2) Local round off error. Depends on the machine — ~ 10~ for each

arithmetic for double precision.

(3) Global truncation error. Depends on the scheme — O(h™) since n =
(T —to)/h.

(4) Global round off error. — ~ 10~*n for each arithmetic for double preci-

sion.

(5) Total error — Sum of the above.

Analysis of Euler’s Method

We return to the one step methods. A general one step method has the form
Ynt1 = Yn + h®(Z0, yn, h). (4.4)
Define the local truncation error(LTE) by
LTEpy1 = y(wns1) — [y(wn) + RO (2, y(n), B)] (4.5)
The global error(GE) is defined as
GEni1 = y(Tng1) — Yni1- (4.6)
Definition 4.2.1. For numerical methods such as (4.4)

(1) we say the scheme is consistent if the local truncation error approaches
0as h—0.

(2) we say a method is stable if for all sufficiently small 4 and €, there is a
K > 0 such that the numerical solution of ¢ = f(z,y), y(zo) = yo + €

differs from the exact solution by at most eK.

(3) we say a method is convergent if the global error approaches 0 as h

tends to zero.
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For Euler’s methods, we have

LTE,¢1 = y(zns1) = [y(xn) + hf(zn, y(zn))]

2
= Ynt hy/($n) + %y//(gn) —y(zn) = hf(zn, y(zn))
2
= g B () + 5y (E0) — ylan) — A ()
h2
= (fn)

What about the global error?

Y(wnt1) = y(xn) +hf(@n, y(zn)) + LTEpiq
Y(@nt1) = Ynt1 = Y(@n) +hf(@n,y(zn)) + LTEnt1 — Yntr
= y(zn) + hf(@n, y(@n)) + LTEni1 = [yn + hf (20, yn)]
= Y(@n) = Yn + h[f(@n,y(x0n)) = f(@n,yn)] + LT En s

GEn—i—l = GE + h[ ( 7y(xn ) (fﬂm ( n) - GEn)] +LTEn+1-
Let us write e,4+1 = |GE,+1|. Then

€n+1 < en + h|f(xmy(xn)) - f(xmy(:pn) - GEn)| + M

for some positive M which bounds LTE,, 1. Let f be a Lipschitz constant for
f wr.ty. Then

|f (@n, y(2n)) = f@n, y(zn) — GER)| < LIGEL| = Len.

Hence

IN

én+hLe, + M = (1+hL)e, + M
(1+hL)((1+hL)ey—1 + M)+ M

(1+hL)?ep_1 +M(1+hL)+M

(1+hL)"eg+ M1 +hL)" +---+ M(1+hL)+ M

1+ hL)" —1
( h)L ( €o :0).

En+1

IN A

IN

IN

M
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Assume (n + 1)k < T. Since (1 + hL) < e, we have

(1 + hL)n-l—l -1 _ eh(n-l—l)L -1 _ eTL -1 (
hL SThL St DAL

n+1).

el — 1

(1)< Ch*(n+1) < CTh.

eny1 < M

Theorem 4.2.2. A stable scheme is convergent iff it is consistent.

Above argument shows that a consistent scheme is convergent. Conversely,

a convergent scheme is clearly consistent because LTFE < GE.

Method of undetermined coefficients

Consider the Taylor series
2 h3

2 (t) + P () + - (4.7)

x(t+h) = z(t) + ha'(z) + h i

2!

By taking derivatives, we see that

“) = f
a'(t) = fit for' = fi+ fof
‘T”/(t) = ftt+ftxf+(ft+fxf)fx+f(fxt+fxxf)a

where f, fi, f. etc are evaluated at (¢,z). The first three terms in the Taylor

series can be written as
Pt +h) = alt)+hf+ R+ S f) + O (48)
= a;(t)+%hf+%h[f+hft+hffx]+O(h3). (4.9)

One could define a numerical scheme using this formula. However, we need
to provide f; and f,.. We will try a more efficient way of evaluating the value
x(t+ h). Using

f(t+h, x4+ hf) = f + hf; + hffe. + O(Rh?), (4.10)

we see

z(t+h) :a:+%hf+%hf(t+h,x+hf)+0(h3).
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Hence we define

1
Tpal = Tp + §(F1 + F), sim. to trapezoid rule (4.11)

where

Flzhf(tnuxn)7 FQth(tn—i-h,l'n—'—Fl)

This is called a second order Runge -Kutta methods(truncation error is
O(h3)) or Heun’s Method. Let us count the cost: For (4.9) we see

3 function evaluations, 4 multi and 3 additions,
while for (4.11) we have
2 function evaluations, 2 multi and 4 additions.

Usually function evaluations require several arithmetic operations.

One can obtain more general second order Runge -Kutta method by setting
z(t + h) = 2(t) + wihf + wohf(t + ah,z + Bhf) + O(h%), (4.12)

where wy,ws, , B are parameters to be determined. With the aid of Taylor

expansion (4.10), it can be written as
z(t 4+ h) = x(t) +wihf +wah[f + ahf; + Bhf f] + O(h3).

Comparing this with (4.9) we obtain

w1 + w2 1
wox = %

1

U)Q,B = 3

One solution is w1 = wy = %, a = (8 = 1. Hence we get Heun’s method from

(4.12). Other solution may exists, such as w; = 0,we = 1,0 = § = % The

result is called modified Euler method:
Tp+l = Tp + F27

where

Fl = hf(tml'n)
Fy, = hf(t,+ %h,xn + %Fl) sim. to mid point rule
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Predictor-corrector methods
We start from the integral form:
tn+1
R R / F(t 2 (1)) dt.
tn
If we use trapezoidal rule to approximate the integral, we get

. h
Tp+1 = Tp+ E[f(tmwn) + f(tn—l-lawn-i-l)]-

The result is a nonlinear equation in x,11. One way of solving it is to re-

place(Predict) the term z,41 on the right by some approximation.

If we use Euler’s method as a predictor,(i.e, replace x,, 11 by X +hf(tn, x5))

we obtain the Heun’s method:

‘Tiﬁ-)l = Tn + hf(tn,on) (4.13)
h
Tuit = Tt S (b wn) + F (b, 7)) (4.14)

This is another interpretation of the Heun’s method. We can go one step fur-
ther: If we use the result of Heun’s method as a corrector then the corrected

Heun’s method is obtained:

‘Tiﬁ-)l = Ip + hf(tm xn)
h

ZE£LCB1 = Tp+ E[f(tm Tn) + f(tnt1, :ngi-)l)]
h

Tust = @t 1F () + Fltarn 2l )

Fourth order Runge-Kutta method

Higher order Runge-Kutta method can be obtained by similar idea. The fol-
lowing is the fourth order Runge-Kutta method. Composite finite elements for
elliptic boundary value problems with discontinuous coefficients. Computing
77, 29

Tp+l = Tp + é(Fl +2Fy + 2F5 + Fy),
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where
Fl = hf(t7xn)
Fy = hf(t+sh,z, +1F)
Fy = hf(t+3h,an + 3F)
F4 = hf(t + h,ZEn + Fg)

4.3 Multistep methods

So far, the approximation at x(¢,11) depends on the value of f only at x,, =
z(ty). The known values x,,—1, T2, - are not used. More efficient methods

can be derived if one utilizes these values.

Consider again
{wm = f(ta(t)

z(to) = mo

We set by integrating

tn+1
Tptl = Tp +/ f(t, z(t))dt.
tn

The integral on the right side can be approximated by a numerical quadrature

using several points.

Adams Bashforth formula-Explicit methods

We assume h,, = h for all n. Suppose the formula is of the following form:
Tptl = Tp + a(]fn + alfn—l + -

where f,, = f(tn,z,) and
(2}
[ st Y agn

Such a formula is called Adams Bashforth Formula. The Adams Bashforth
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Formula of order 2,3,4,5(resp.) are as follows: HW. 4.29

Tpil = Tn + g[3fn — fac1],  lte = O(R®) (4.15)
Tpyl = Tp + 1—};[23 fn—16fn_1+5fn 2], lte=O(n") (4.16)
Tpyp1 =Ty + 2—2[55 frn—=59fn 1+ 37fn_2 —9fn_s], lte=O(h%)  (4.17)

h
Tni1 = T+ s (19015 — 2774 oy + 2616/ — 127455 + 251 fa].
(4.18)

For example, (4.18) can be derived by considering the following quadrature.

tni1
/t F(t2(8))dt ~ h[Afn + Bfar +Cfos + Dfug + Efad]

so that the integral is exact for polynomials of degree four. Without loss of
generality, we assume o =0 and h = 1 so that t,_4 = —4,--- ,t, = 0,{,41 =

1. We take the following forms for polynomial basis(recall Newton form).

po(t) = 1

p(t) = ¢

p2(t) = t(t+1)

ps(t) = tt+1)(t+2)

pa(t) = tt+ 1)(t+2)(t+3)

We require the quadrature to be exact for these polynomials, ie, for n =
07 17 e 747

1
/0 pu() dt = App(0) + Bpn(—1) + Cpn(—2) + Dpn(—3) + Epn(—4).

Solving these equations, we obtain coefficients in (4.18).

Remark 4.3.1. To use multistep methods, we need starting values since only
zg is known. One choice is to use Runge-Kutta method in the first few steps

to get x,,n =1,2,3,---. Usually, formula of the same order are used.
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Adams-Moulton method-predictor-corrector

A more precise formula can be derived if backward scheme is used, i.e, f,+1

is used in integrating the integral, we obtain

Tn+l1 = Tn +afn+1 +bfn+cfn—l + -

which can also be obtained by the method described above. But this formula

cannot be used as is since right hand side contains an unknown. Instead, if a

reasonable approximation to f,+1 is known, we can derive an efficient method.

Here we introduce so called predictor-corrector method. First, use Adams
(P)

-Bashforth formula to find a tentative value x,_’;, then use Adams-Moulton

Formula to compute the corrected value of z,1 by f(tnt1, :Egjr)l).

First, Adams-Moulton Formula of order 2,3,4, 5 are as follows:

h

$n+1 = Tp + §[fn+1 + fn], lte = O(hg) (419)
h

Tpal = Tn + ﬁ[5 fos1+8fn — fnoi], lte=0(hY (4.20)
h

Tpt1 = Tn + ﬂ[gfn-i-l +19f, —5fn—1+ fn—2]7 lte = O(hs) (4-21)

h
Tpil = Ty + %[251 far1 +646f, —264f,_1 +106f,_o —19f,_3]. (4.22)

Combining these with Adams-Bashforth formula (4.16),(4.17),(4.18), we
can derive Adams-Moulton predictor- corrector methods: For example Adams-

Moulton method of order 4 is

p)

2P = w550 — 59 fn 1 + 3T fu 2 — 9fus]
Tpt1 = Tp+ %[anﬂ(tnﬂ,xg“) +19fn = 5fn-1+ fr2l.

Another method to approximate x,41 is to use fixed point iteration:

21 = O(2k)-

For example, to find z,,1 in (4.22), we let ¢(z) = %hf(tn+1, 2)+F(xn, Tp—1, "),
etc. F denotes the rest of terms. It is guaranteed to converge to the fixed

point if |¢'(z)| < 1 which can be assured if we take h sufficiently small.

There are other methods: The 3-th order Milne-Thompson Formula is as
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follows:
8

4 8
Tyl = Tp—3 + h gfn - gfn—l + gfn—2 . (423)



