Chapter 5
Numerical integration

In this chapter, we study how to approximate the definite integral of some
smooth functions. An idea is to use an interpolating polynomial F(z) to

evaluate the integral. Thus we have

/abf(ac)dx A /abF(x)dw.

Our purpose is how to design such an interpolation so that the error is mini-

mized.

5.1 Closed Newton-Cotes Formulas

We would like to design a quadrature for the following integral:

/ab f(z)dz.

One point formula: If F'(x) is a constant interpolation at x¢, then the above
integral is approximated by (b — a)f(x) called a rectangle rule. One can
show that there exist {y and &; in [a, b] such that the following hold.

—a)flx (b—a)® ¢ if = bta
/bf(gc)dx: Eb )f (x0) + =52 f(&o), if mo # % (5.1)

b—a)f(z0) + SSL f7(y), if wp = bba.

Thus one point formula is exact for constant polynomial(except mid point

rule), so it is called a 0-th order method.
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Two point formula-trapezoidal rule:

b —a )
[ 1w =" g@ -5 0. 62

This is exact for linear polynomials, hence it is a first order method.

Newton-Cotes Rules

Assume we have nodes xg,--- ,x, in [a,b] are equally spaced. We use an

interpolating polynomial p(x) to replace the integral.

b b n n
[ t@den [ pa)de =Y ptw) = 3 et
a a =0

=0

For example, if we use the Lagrange interpolating polynomial, we have

pn(x) = Zf(wZ)Lnﬂ(x)a (5.3)
=0

where
o (z— )
L,i(x)= , 0<1<n
o =T=
We let , . , .
/ fayde ~ Y f) / Loi(z)dz =3 Busf (1),
a i=0 a i=0
where

b

This is the Newton-Cotes formula. If xy = a and z, = b, then we say
it is a closed Newton-Cotes formula. Otherwise, it is called an open

Newton-Cotes formula. Mid point rule is an open Newton-Cotes formula.

Three point formula-Simpson rule

Use an interpolation at three equally spaced points xg, x1,x2 : Let

/ f@ydr= | pa() dz, (5.4)
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where po(z) is the Lagrange interpolation. For simplicity, we assume xy =
—h,x1 =0 and x5 = h. Then

p2 = f(l’o)% + f(l’l)w# + f(x2)%'
Integrating, we obtain
h
N /—h # [(fo =21+ f2)2® + (=hfo + hfo)z + 2h°] da
1 [R3 3
= 52 [ (fo—=2fi+ fo) +4h°f1

h
= g(fo +4f1+ fa).
Hence we get the following rule, called the Simpson’s rule
T2 h
| t@ e~ St a5 + S = a0l (69
o

One can readily check that this is exact for a polynomial up to degree three,
even if we used a quadratic polynomial approximation. Hence this is a third

order method. In fact one can show that
/ flz (f(:vo) +4f(21) + f(z2)) — —f(4 (&1), & € [wo,z2]. (5.6)

Similar phenomenon arises for all even n. Derive formula for n = 3 and n = 4.

Error of numerical integration

We consider Newton-Cotes formula. We assume the following situation:
Leta<zg<a1 < - <xpp < b, 2; —x;_1 = h and consider an approximation
of ff f(x)dx by some quadrature based on the data (xg, f(xg), - , (Tn, f(xn)).

Use Taylor formula with remainder:

F(@) = f(ao) + f(w0) (@ —wo) 4+ T2 (o) + T
or Newton’s interpolating polynomial

pa(f) = f(zo)+ flxo, w1](x —20) 4+ - -+ flwo, 21, -+ s 2] (x—20) - - - (T —Tp—1).
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By the error formula, we have

f(@)=pu(f) + flro, 1, xn,x](x — 20) - - (T — Tp).

Integrating the error term of Newton’s formula we have

b n b op(nt1) ey
E(f) = / flzo,x1,- -+ xp, 2] H(x —x;)dx = 7'}2” " 1()6') H(a: — x;)dx.
@ i=0 @ T =0

Since the term []"_,(z—;) does not change sign on each subinterval (zs, s4+1),

we can use mean value theorem to see the above quantity is

f(n—‘rl) (ES) /merl n f(n+l)(£_s)

1
(n+1)! Pl

for some & € (xs,7511). A more precise error formula is as follows:(See

Issacson-Keller)

Theorem 5.1.1. The error by Newton-Cotes formula is

n

w /b(x - a:o)H(x — xi)dzx, if n is even
a =0

spn-{ 017 - 5.7
= (n+1) (F b n ’
f(nTl()f')/a H(a: —x;)dzx, if n is odd.

=0

As noted earlier, we have one higher order of accuracy for even n.

Semi-Simpson rule

If n is odd, we can approximate

/x:nl f(x)dx

by Simpson’s rule, but to apply Simpson’s rule to

/x:n f(x)dx

we split the integral into two parts:

/:f(:n) do = / (@) de + / (@) da
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and we can apply Simpson’s rule to the first integral. But how to approximate

the second integral (we need the same order method)?

One idea is to add an extra point, say x,_o and use a quadratic interpo-

lation:

) = (x — an—1)(® — xp) (x — an—2)(® — xp) (@ — an—2)(@ — Tp_1)
p2( ) fn—2 (—h)(—Qh) ‘|‘fn—1 (h)(—h) ‘|‘fn (Qh)(h)
Change of variable: x — x,_1 = th gives

pote) = fun D g ey 4 D
Thus
Tn 2 _ _ _
J A R A R LY
Tpn—1 1

_ 1_h2(_f(a;n_2) +8f(2n-1) + 5f (xn)).

Ex. Derive an integration rule for f;;l f(x)dz using the data at xg,z; and

xo(assume h = x1 — x9 = 9 — T7.)

Composite Simpson’s rule

If the domain is large, divide it by even number of intervals and applying
Simpson’s rule to a pair of subintervals, one can find a more accurate approx-
imation. Let x; = a + th,h = (b — a)/2n. Then

b T2 T4 Ton
/ (@) da :/ f(:n)dx—I—/ f(x)da:+---+/ (@) da.
a xo T2 T2n—2
If Simpson’s rule is used for each integral, we obtain

n

b
[ 1@ de ~ 83 Fnima) + 45 i) + Sl

i=1

To avoid repetitions it is rearranged as

g [f(xo) +2) i) +4 ) flazi) + flwom)
=2

i=1
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5.2 Open Newton-Cotes Formulas

We consider approximation of integral ff f(x)dx by interpolating at n + 1

mterior points
xo=a+h,x1 =a+2h, -z, =a+ (n+1)h.

Here h = (b—a)/(n+2).This rule is useful when we cannot use or do not want

to use end points.
(1) n=0: [) f(x)dz ~ 2hf(xo). Brror: 4 f"(¢)
(2) n=1: [0 f(x)dx ~ 2(f(x0) + f(21)). Error: 22 f(¢)
(3) n=2: [} f(x)dz ~ % (2f (z0) — f(x1) + 2f (x2)). Ervor: 142 f0)(¢)

Notice that even cases are more accurate.
How to find the coefficients? One way is to integrate the Lagrange inter-

polation

b n
[ r@de~ Y wip(a), (5.8)
a =0

where

b
w,-:/ Ly i(x)dx.

Another method is to let the formula (5.8) be exact for all monomials x?,
(t=0,1,--- ,n.) Forn=3

b
[ t@)de ~ S 015 e0) + fa) + S+ 11 @) (59

Remark 5.2.1. In general, open Cotes rules are used much less than the

closed rule. However, there are instances where end points not available.

5.3 Gaussian quadrature-unequal intervals

We now consider a quadrature with unequal intervals. Check that the quadra-

[ @z b e sy

ture
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is exact up to degree 3. The degree of precision of the following quadrature is

9.
! 5 3, 8 5, [3
RO oD+ S0+ 2/

General three point formula with weight is of the form:

aof(Bo) + a1 f(B1) + azf(Ba).

More generally, we consider

n

b
/ f@)w(x)de = > A f(x), (5.10)
a i=0
where w is a fixed positive weight function. Here we have freedom of choice of
x; as well as the coefficients. This weight may be useful if we need to evaluate
an integral of functions of the form g(z) = f(z)w(z).

This formula is exact for polynomial of degree up to n if and only if(let

f(@) = Ly,i(z))

b n
T —x;
A; :/ w(az)H L dx.
a s Ly — ':U_]
J#i
Note that there are no restrictions on the nodes. By placing nodes at proper

places, we can obtain 2n + 1 order of approximation.

Example 5.3.1. Let w(z) = (1 — 22)~Y/2. Then

D) Ty
/lmd“n—“%f(“)

(k+1/2)7

with zy = cos(~ 5

2n + 1.

), k=0,---,n is exact for a polynomial degree up to

Example 5.3.2. With n = 1 on [~1,1], 29 = cos(r/4) = 1/V2 and z; =
cos(3m/4) = —1/+/2. So

Q

NI I

1 33‘2
/) Tl = G0+ I@)

—~
N =
+
N —

~—
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It can be shown that this is exact.

Inner Product Space

We define the inner product of functions w.r.t a (positive) weight function
w(x) over an interval [a,b]. Given f,g € V(V is a vector space of functions
defined over [a, b)), let

ro - [ ' f@)gayula) dr. (5.11)
It can easily be shown that it satisfies usual properties of inner product:
(1) (f,f) >0 for all f and (f, f) = 0 only if f = 0.
(2) (fi9)=1(9,1)
(3) (af + Bf, h) = a(f,h) + B(g, h) for scalar o, 5.

If V = P, the set of all polynomials degree less than equal to n. The obvious

basis for V is {1,z,x2,--- ,2"}. But we would like to have an orthogonal basis.
Thus we use Gram-Schmidt process. Let w(z) =1, [a,b] = [—1,1] and
mo=1,mi =z,mg=x>- ,m, ="

We find pg = 1 and

(po, m1)
(Po, po) @)

1 1
= x—g(/ 1-zw(z)dr) -1

pi(z) = my—

p2(x) = My — (p07m2)p0($) N (p17m2) (!E)

p

(po,po) (p1p1)

s 1 [t ) 1

= z°—=([ 1l-2°dzx)-1-—
2°J

1
</ p1 22 dz) - pi(2)

(p1,p1) " J-1

= [1;‘2—1
3

Note these are not normalized.
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Theorem 5.3.3. Let q be a nonzero polynomial of degree n + 1 which is
orthogonal to P, (the set of all polynomials of degree < n) with respect to the

weight w, i.e, we have

b
/ q(x)p(x)w(z)dr =0, for all p(x) € P,.

If xg,x1,- -+ , @y, are the zeros of q, then the quadrature formula (5.10) is exact
for all f € Pop1.

Proof. Let f € Py,11. Dividing f by ¢, we obtain the quotient p and remainder
r. Hence
f=qp+r (degreeof pand ,r <n+1)

and f(x;) = r(x;). Since ¢ is orthogonal to p with respect to w and the formula

(5.10) is exact for polynomial of degree n, we have
b b n n
/ fwdr = / rwdr = ZAZ'T‘(:EZ') = ZAZf(xZ)
@ @ i=0 i=0

O

Now the remaining task is to find orthogonal polynomials and their zeros.
Fortunately, some cases are well-known: Let [—1,1]. Then with w = 1, the

Legendre polynomials are ortho-normal polynomials on [—1,1]. i.e,

1
/_lpn(x)pm(a;) dz = Spm-

1 3
r) = —, T)=4\/zx
po(z) 7 pi(z) 5
51,0 5 \/71 5
= —_Z -1 — 4] _
pa(z) \/;2(?% ), p3(x) 55 (52” — 32)
91 /111
pa(z) = \/;5(353;4—309;%3), ps(z) = 7§(63x5—70x3+15a;)
13 1 s . )
pe(x) = ——(7-332" — 63 52" + 35 -3z — 5)
2 24
N2 oa o,
pn(z) = <n+§> n!2"—da;"(x - 1)
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Exercise 5.3.4. Let

Lo

2
= g @ "

(2) @, is generated by the recursive formula

2n+1 n
n+1xn n+1 n—1, 0 ; 1 X

<I>n—l—l =

(3) ®@,(x) is a solution of Legendre differential equation

(1—22)y" — 22y + n(n+ 1)y =0.

5.3.1 Error of Gaussian quadrature

Lemma 5.3.5. In Gaussian quadrature, the coefficients are positive and their
sum is f;w(a:)da:. In particular, if [a,b] = [=1,1] and w =1, then Y ;" ; A; =
2.

Proof. Fix n and let ¢ be a polynomial of degree n 4 1 which is orthogonal to
P,,. The zeros of ¢ are denoted by zg,--- ,z,. Let p(z) = ¢(x)/(x — x;) for
some j. Since p? is of degree at most 2n, Gaussian quadrature with zg, - - , Zn,

will be exact for p?. Hence
’ - 2 2
0< / P (x)w(z)ds = ZA,-p (xi) = Ajp~(z;)
a i=0
so that A; > 0. Now use Gaussian quadrature for f(z) =1 to see

b n
/a w(z)dr = ZZ:;AZ-.

O

Theorem 5.3.6. For any f € C?"*2[a,b], the error term E in the Gaussian

quadrature

b n
/ f(@)w(x)de = ZAif(azi) + F
a i=0
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satisfies

(2n+2) b
E = j(12n7—|—2()£')/a ¢ (z)w(z)dx

for some a < & < b and q(z) = [[1g(z — 2:).
References

(1) Philip J. Davis and P. Rabinowitz. Methods of Numerical Integration,
2nd ed, 1984. AP.

(2) Philip J. Davis, Interpolation and Approximation, 1963 Dover

(3) Hildebrand, F.B. Introduction to Numerical analysis, 1956, McGraw-
Hill.

(4) Carl-Erik Froberg, Numerical mathematics, 1985 Benjamin/Cummings
Pub. Company inc. pp. 288-296.

(5) http:/mathworld.wolfram.com/Chebyshev-GaussQuadrature.html
(6) http:/mathworld.wolfram.com/LobattoQuadrature.html
(7) http:/mathworld.wolfram.com/RadauQuadrature.html
(8) Handbook of Mathematical Functions with Formulas, Graphs and Math-
ematical Tables, Abramowitz, M. and Stegun
5.4 More on Gauss type quadrature

We now consider the case w(z) # 1. One example is w(z) = exp(—x)(Gauss-

Laguerre) which is useful in [ f(z)exp(—2z)dz.

Let ®;(x) for i = 0,--- ,n be orthonormal polynomials w.r.t weight w(z).
Observe .
Opi1(z) — az®p(z) = Y 0;®i(x) (5.12)
=0

for some scalar ¢ and ;. HW. Determine a and «; using the orthogonality.
Show that a; =0 fori=n—-2,n—3,--- 0.
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General Gauss Chebysheff quadrature

If we use w(z) = ——— the corresponding orthogonal polynomials are the
V1—x2

Chebysheff polynomial of first kind and using these, we obtain the Gauss

Chebysheff quadrature. The nodes z; are the zeros of orthogonal polynomial
_ 1
w.rt. w(z) = Wit

It is known that the Chebysheff polynomial satisfies

1
1
To(2) T () —— dT = CunOmn
| Tu@mo——;

and hence the interpolating points are the Chebysheff points:

2k +1
xk:cos<27+7r>, k=0,---,n

(n+1)
Thus Gauss Chebysheff quadrature with weight w(x) = \/11_7 based on
n + 1 points for [—1,1] is
1 n
|t de =3 At
-1 i=0
where x;,7 = 0,--- ,n are the zeros of T),11(x) and it can be shown that

m .
= 1=0,---,n

Ai = ;
/ \/1—3:2 T nt1

Remark 5.4.1. The first two Chebysheff polynomials are Ty(z) = 1, T1(z) =

x and in general
1

2n—1

<2/<;+1 >
T = COS T .
2n

Notice the points are densely packed near the boundary; thus it may be good

Tn(x) = cos(ncos ! (z)) (5.13)

and hence

for function which is unbounded near the boundary. Find the coefficients in
Thi1(z) = axTy(x) + T —1(x) (5.14)

for n > 2. If we use w(xz) = v/1 — x? instead, we obtain Chebysheff polynomial
of second kind and hence obtain Gauss Chebysheff quadrature of second kind
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which will not be discussed further.

Theorem 5.4.2. If q(x) is a monic polynomial of degree n then

T, (z)| = <
[mlwﬁl (z)] 2n_1_[1a13>1<]|q( )l

Thus T),(x) has the ’smallest’ size(measured in maximum norm) among all

polynomial of degree n. Stated another way, its deviation from 0 is smallest.

Proof. Suppose there is a monic poly. p(x) such that
p(a)] <2077, |2 < 1.

Let y; = cos(im/n),0 < i < n. Then T,(y;) = (—1)"2'~". Since T}, is a monic
poly. of degree n

(—=1)p(ys) < |p(yi)| < 2" = (=1)'T;, ().
Hence
(—1)"(Tn(ys) — pyi)) > 0 (0 < i < m).

This means the polynomial T},(x) —p(x) oscillates n+1 times in sign and hence
must have at least n roots in (—1,1). This is impossible since T},(z) — p(x) is

degree n — 1. O
Recall
f(n+1 n
f(z) —pn(x) = n+1 g T —x;) (5.15)
We cannot control the coefficient term. However, we can control
w(z) = (z —xo)(x —x1) -+ (T — 2p).

This is minmized over [—1,1] by choosing the nodes the n 4+ 1 Chebysheff
points.

The use of Chebysheff points gives the interpolating polynomial that min-
imizes the maximum |f(z) — p(z)| (||f — plloc)- It can be shown that

™

(A
w; = T = ,
’ /—1\/1—x2 n+1

=0,---,n
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Proof. Observe that for all k =0,1,--- ,n
(z — k) Li(2) = crppt1 ()

Thus

w = /1 Li(z) da

—1
_ /1 CiPnt1() g
-1 (33' —33'2)
O

Example 5.4.3. Use G-Chebysheff quadrature n = 4 to approximate f_ll cos(mzx) dx.

/_11 cos(mx)dr = /1 cos(7m:)\/m\/11_—x2 dx
e

-1 [ﬂcos(m)) F Feos(50) + Fleos(Cm)) + fleos(10)) + -
It is always possible to generate orthogonal polynomials by
pn-i—l(x) = xpn(x) - an—i—lpn(x) - Bn+1pn—l(x)7 (516)
where
Qnp1 = (pm xpn)
(Pns Pn)
77/7"1: n—
Bray = PmZPno1)
(Pn—1,Pn-1)
and p_1(z) = 0.

Gauss Lobatto quadrature

Let ¢, be the Legendre polynomial of degree n on [—1,1] and let z;,i =
0,---,n be the zeros of p = ¢pi1(x) + App(z) + pop—1(z). Here A\, p are
chosen so that p(—1) = p(1) = 0. Then we have g = —1 and z, = 1. Now
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consider the following quadrature

n—1

Aof (o) + Anf(xn) + > Aif (2:) (5.17)

1=1

to approximate f_ll f(z)dz. Here we A;’s are determined by letting the above

quadrature is exact for f =1,x,--- ,z™.

Theorem 5.4.4. The quadrature (5.17) is exact for polynomials degree up to
2n —1.

Proof. First A, u are determined by p(—1) = p(1) = 0. Assume the formula is
exact for P,. Let f bein P,,_1. Then dividing f by p, we can write f = pg+r
for some q € P,_o and r € P,.

/_llf(x)dx = /_llpqdzn—l—/_llrdx

1

= 0+ / r dz( orthogonality )
-1

n
= Z Ajr(z;)( since r is degree n )
i=0

= ZAZf(xZ)( since p(z;) =0 for i =0,--- ,n).
i=0

O

Some difficulty may arise if one tries to find the interpolation points z;.

Example 5.4.5. For n = 3, we first note that
p = 3524 — 302 4+ 3 + \(52% — 32) + p(32? — 1).
Using p(+1) = 0, we get A =0, u = —4. Hence
p(x) = 352% — 4222 + 7 =7(52% — 1)(2* — 1).
Thus z1 = —%, To = %

When n = 3, there is a special method to find the formula. Assume the

following symmetric formula:

Aof(=1) + Ay f(—21) + AL f(21) + Ao f(1).
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By symmetry, it is exact for any odd degree polynomial. We can find Ag, A;

and z; by imposing the condition that it is exact for f = 1,22, z*

Ag+4 = 1
1
AO + Alflf% = g
1
AO + All‘% = .
5
Solving we get x1 = —%. Thus, the Gauss-Lobatto formula in this case is
1 5} 1 ) 1 1
—f(=D)+=f(———=)+=f(—=) + = f(1).
D+ G2+ g () )

(For other general formula, See p355 Num. anal. by Jeffery Leader, Addison
Wesley or Beurling’s book.)

Assume the formula

Aof (=1) + Anf(—z1) + > Aif(x:)

i=1
is exact up to degree 2n — 1. where the sum is up to n/2 for n even and up to

(n+1)/2 for n odd.

n—1

f=1: Ag+A,+) Aj=2

i=1

n—1
f=x: —Ag+A,+> Ami=0
=1
n—1 9
k k
—a2F: Ag+ A, Ak = ——
f=x o+ +ZZ:; x; 1
n—1 9
f=ats At Ant Y Al =

i=1

for even k.
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Weight and points of Gauss Lobatto quadrature

Let ®,(x) be the unnormalized Legendre polynomial of degree n and let

¢n(x) be its normalized(leading coefficient is 1) Legendre polynomial. Let

2n
b = 3oy

quadrature based on n + 1 points for [—1, 1] is

be the leading coefficients of ®,(x). Then general Gauss Lobatto

1 9 n—1
[ pe = S 0+ 1)+ 3 )

where z;,i = 1,--- ,n — 1 are zeros of ¢/ (x), the derivative of Legendre poly-

nomial of degree n and

2
T nln+ D)E22 (x;)

The error is of the form

E= Cnf(2n) (g)

which is exact up to degree 2n — 1 compared to the 2n+ 1(Gauss quadrature);

we have given up the freedom of location of points.

General Gauss Radau quadrature

Let ®,(z) be the unnormalized Legendre polynomial of degree n and let ¢,,(x)
be its normalized(leading coefficient is 1) Legendre polynomial. Let k, =
2,S e )) be the leading coefficients of ®,(x). Then the general Gauss Radau
quadrature based on n + 1 points(the point —1 plus n points in the open

interval) for [—1,1] is

[ s =2 +ZAf:Uz
where x;,7 = 1,--- ,n are the zeros of

knon(x) + kpt1dnt1(x)
rz—1

and )
— Ty .
Ai = sy U= 17 T
(n+ 1)2k262(w1) " "
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The error is of the form
E = d, f®(9).



