Chapter 11

Parametric Equations and

Polar Coordinates

11.1 Plane curves

Parameterized curve

Definition 11.1.1. Let I = [a,b] be an interval. If y(t) = (f(t),g(t)): I — R?
is a function defined on I, then its the set of points (z,y) = (f(t), g(t)) is called

a parametric curve. The equations are parametric equations.

The image is denoted by C' = y(I). (Sometimes the function ~(t) itself is
called a parametric curve.) The variable ¢ is called a parameter. When a
parametric curve 7 is given, the point y(a) is the initial point of v, and ~(b)

is the terminal point(or end point) of ~.
Example 11.1.2. For a parametric equation of the unit circle 2 + 3% = 1.

We can represent it as
7 (t) = (z(t),y(t)), x(t) = cos(2wt), y(t) = sin(2nxt), t € [0,1]

Another parametrization is

1
o (t) = <cos(—47rt n g), sin(—4mt + g)) L teo,3]
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Drawing the graph
Example 11.1.3. Draw the graph of v(¢) = (2t? — 1,sin 7t).

Yy Yy
L () = (2t* — 1,sinz
v(t) = (2t%,3t%)

/—1\ ! ! x T
—&4/ 1 2 3

Figure 11.1: y(t) = (2t> — 1,sin 7t) Figure 11.2: v(t) = (2t2,3t3)

Example 11.1.4. Find a parameterized representation of y? = z? + z3.

Figure 11.3: y? = 22 + 23

First see the graph in figure 11.3.
Let y = tx. Then from y? = 2% 4+ 22 obtain

22t —-1-z)=0.

Set # = t2 — 1 so that y = t(t> — 1). Hence v(t) = (t> — 1,t(t> — 1)) is a

parametrization. Other parametrizations are possible.

Cycloid

Assume circle of radius a is rolling on the z-axis. Let P be a point on the

circle starting to move from the origin. (Fig 11.4) If circle rolls by t radian,
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Yy (at + acosf,a + asinf)
¢ a
7 0
C(0,a) Clat,a
P T
@) at M

Figure 11.4: Cycloid

V@\ L
Oll&/

Figure 11.5: cycloid - brachistochrone

then the center point C' moves to the right by at. If 0 is the angle between
the z-axis and the axis C'P, then the position of P(z,y) is

x = at+acosd, y=a+asinf. (11.1)
Since 6 = (37)/2 — t we have

x = a(t —sint), y = a(l — cost).
This is a cycloid.

Brachistochrone and Tautochrone

(1) Shortest time path

(2) Same time path

Imagine the bead is sliding some path.
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The work (kinetic energy) done to the bead along the any from (0,0) to

(z,y) is
1 1 1
mgy = 5m02 — §m02 = §m02.

Thus the velocity when the bead reaches B = (x,y) is

ds

v(= ﬁ):\/@

or

1
g — ds _ VIt (dy/dx)? .
V29y V29y
Thus total time T it takes the bead to reach along the path y = f(x) from
O to B(am,2a) is

T - / /14 ( dy/dx
=0

t=m \/ dy/dt (d:c/dt)

_ \[dt_w\f

if the path is cycloid. Change the initial point and compute the arrival time.

you will see it will be independent of initial point.

11.2 Calculus with Parametric Curves

Slopes of parametrized curves

If f(t) and g(t) are differentiable and f’(t) # 0. Then t = f~!(z) exists
and y(z) = (go f~1)(x) is well defined. By implicit function theorem, the
derivative of y w.r.t x is given by

dy dy dt  dy/dt

de  dt dx  dx/dt

Example 11.2.1. Find the tangent to the curve z =t —t2, y =t — t3 at the
point (=2, —6).

Solving t —t? = —2, t — 3> = —6, we see t = 2. Chain rule and implicit
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differentiation

dy _dy/dt 13t
dr  dx/dt  1—2t
dy| 1-12 11

dx|,_, 1-4 3

Thus the equation of tangent is

11
yzg(x+2)—6.

Second derivative for a parametric equation

If the relations x = f(t), y = g(t) define y as a twice differentiable function of
x at the point where dz/dt # 0, then

2y _ d (dy) [de _ dy'/dt
dz? T dt \ dz dt = dx/dt

Example 11.2.2. Compute dy/dz and d*y/dz? when x =t — 2 y =1t —t3.

Implicit differentiation gives

dy dy/dt 13t
de  dx/dt  1-2t’

Py d (@) dx

de2  dt \dz )/ dt

d (13t
:E(l—%)/(l_%)
_2—6t + 612
(=23

11.2.1 Arc Length of a Parametric Curve

Definition 11.2.3. If C is given by (z,y) = (f(t),9(t)), a <t < b, and ', ¢
are continuous and not simultaneously zero and C' is one-to-one. Then the
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length of C is given by

v [ () e

@

Figure 11.6: PQ = \/(Axk)2 + (Ayr)?, Ay = f(xgps1) — f(xk)

If P ={to,t1,...,t,} is a partition of [a, b], then the curve is approximated
by the line segments joining the points (z(t;),y(¢;)). Hence the length is

I 2 N N 2
B Z (%t(t)) +<w> Ay (11.4)

(Fig 11.6). Thus as || P|| — 0 we obtain

/ NIE; )2 dt.

11.2.2 Area of Surface of Revolution

The area of the surface generated by revolving the parametric curve (z,y) =

(f(t),g(t)), a <t <babout (either x or y axis) is given as follows:

2
S = / 27ry\/ > dtif revolved about z-axis  (11.5)

2
S = / 27rx\/ > dtif revolved about y-axis  (11.6)
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11.3 Polar coordinate

To define the polar coordinate, we fix the origin O (also called a pole) and
an initial ray from O. Given a point P, let r be the distance from O to P,
and 6 be the angle between OTg and the initial ray measured in radian. Then
P is denoted by (r,0). (figure 11.7) We allow r and 0 to have negative value,
i.e, if r < 0 the point (r,0) represent the opposite point (|r|,8). While if § < 0
the point (r,0) represents (r,|6]). (figure 11.7 )

Y
P=(r6) (r,m—0)= (-7 —0) (r,0)

(=r,0) (r,—0)

Figure 11.7:

Note the symmetry:
(1) The point (r, —) is symmetric to the point (r,6) w.r.t. the x axis
(2) The point (r,m — ) is symmetric to the point (r,0) w.r.t. the y-axis.

(3) The point (—r,0) is symmetric to the point (r,0) about the origin.

Relation with Cartesian coordinate

Proposition 11.3.1 (Relations between polar and cartesian coordinate).

[xzrcos@, y=rsing, 2 +y*> =r? tanf = Q}
x

Example 11.3.2. (1) Line through the origin: § = ¢

(2) Line : rcos(a — ) = d, where (d, «) is the point on the line closest to

the origin.
(3) Linex=4: rcosf = —4

(4) Circle : 7% = 4rcos 6
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Figure 11.8: Polar form of lines, r cos(a — 0) = d

P(r,0)

T P(?"o,@ )

Figure 11.9: Polar equation of a circles, a? = rg + 12 — 2ror cos(6 — 6p)

(5) ™= reosg—sma
Polar Equation Cartesian coord
rcosf =2 x=2
r2cosfsinf =4 xy =4
r2cos?f —r?sin?6 =1 22—y =1
r=1+2rcosf y? =322 —4r—1=0
r=1—rcosf ot oyt 4+ 22297 + 223 + 2297 — 92 =0

Circles in polar coordinate
Use law of cosines to the triangle O Py P, to get

a® =13 + 1% — 2ryr cos( — by).

If the circle passes the origin, then r = a and this simplifies to

r = 2acos(d — 0p). (11.7)
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11.4 Drawing in Polar Coordinate
Example 11.4.1. Draw the graph of
r = 2cosé.

Multiplying r both sides, we have r2 = 2rcosf. Hence we obtain
2?2+ y? =2z, 0r (z —1)2+92 = 1.

Example 11.4.2. Draw the graph of r =1 — sin 6.
First draw the graph on the (6,7) plane. Then translate it to cartesian

coordinate.

r=1-—sinf
1 \
0

Figure 11.10: r =1 —sinf

(SIE]
3

v
)
3

r=1—sin6

Example 11.4.3. Draw the graph of 72 = 4 cos 6.

We note cos§ > 0 so that —7/2 < 6 < 7/2. Note the symmetry about
z-axis and the origin. Graph the following, by filling in the Table.

r = +2v/cos 0.

Example 11.4.4. Draw r = 1+ 2cos 6
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Yy
0 cos 0 r
0 1 +2
+r/6 | Y3 | =£19
+7/4 % ~£1.7 z
+r/3] 3 || ~=£14
t7/2 | 0 0

Figure 11.11: 72 = 4 cos

Multiply r and changing to x,y coordinates, we see

2?4yt =22+ 42+ 2z (r>0)
24yt = a2+ 2+ 22 (r<0).

Y
r=14 2cosf

0 r 0 r

0 3 +27/3 0
+7/6 | 1+3 || £3n/4 | 1 -2
+7/4 | 1+V2 || £57/6 | 1—+/3 ; ; x
+7/3 2 +7 —1
+7/2 1

Figure 11.12: r =1+ 2cos @

Symmetry

Let P = (r,0) be a given point. The point (r,—0) is symmetric to the point
(r,0) w.r.t. the z axis, while the point (r,7 — ) is symmetric to the point
(r,0) w.r.t. the y-axis. Finally the point (—r,0) (or (r,m + 6)) is symmetric

to the point (r,0) about the origin. Hence we have the following result.

Proposition 11.4.5. The graph of f(r,0) = 0 is symmetric w.r.t
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(1) x-axis @f f(rv _0) - f(?“,@) or f(-?”,ﬂ - 0) - f(?“,@)
(2) y—am's Zf f(’l“,?T - 9) = f(T,G) or f(—T, _9) = f(T,G),
(3) the origin if f(—r,0) = f(r,0) or f(r,m+6) = f(r,0).
Example 11.4.6. Find the symmetry of 2 = sin 26.
Set f(r,0) = r? — sin26. Then
f(=r,0) = (—r)* —sin20 = f(r,0)

is symmetric about the origin. On the other hand,

f(r,—0) = r? —sin(—20) # f(r,0)
f(=r,m —0) =r* —sin(2r — 20) # f(r,0)

Hence it is not symmetric about the z-axis. Also, we see that

flr,m—0) =r? —sin(2r — 20) = r* +sin 20 # f(r,0)
f(=r,—0) = r? — sin(—20) = 1> + sin 20 # f(r,0),

Hence it is not symmetric about y-axis either.
O

Example 11.4.7. For the graph r = 2cos 20, we let f(r,0) = r — cos 20 and

we replace the z-axis symmetric point (—r, 7 — 0) for (r,0) then
f(_r)ﬂ- — 0) = —Tr — COSQ(TF — 9) = —r — COS29 # f(,r.’ 0)

This looks different from the given relation. However, if we replace another

expression of the same x-axis symmetric point (r, —0) for (r,0), then
flr,—0) =1 —cos(—20) =r — cos20 = f(r,0).
Hence it is symmetric about z-axis.

Slope of tangent

First we give a warning: The slope of the tangent at a point of polar curve

r = f(0) is not given by r’ = df /df, because the slope is measured as the



128CHAPTER 11. PARAMETRIC EQUATIONS AND POLAR COORDINATES

ratio between the increase in y and increase in z(i.e, Ay/Az). Let us consider

the parametric expression
x=rcosf = f(f)cosh, y=rsind = f(0)sind.

Using the parametric derivative, we have

dy _ dy/df

de — dx/dd
_ g f(O)sing
%f(@)cos@

%sin@—l—f(@) cos 0
%COSQ— f(0)sing

Hence
dy _ f'(0)sinf + f(0)cos 0
dr  f'(0)cos® — f(6)sinf
Example 11.4.8. Draw another form of Cardioid: r = 1 —cos @, checking the

the slope of the tangent at the origin.

Example 11.4.9. Draw the lemniscate 72 = sin 26, noting the slope of tangent

near the origin. ]
0 ’1“2 r2 = sin 20
0 0
/12 | %
/6 @ ’
/4 1
/3 @

Problems Caused by Polar Coordinates-skip
Example 11.4.10. Show the point (2,7/2) lies on r = 2 cos 26.
Substitute (r,0) = (2,7/2) into r = 2 cos 260, we see
2=2cosm= -2
does not holds. However, if we use alternative expression for the same point

(—2,—7/2), then
—2=2cos2(—7/2) = —2.
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So the point (2,7/2) = (=2, —7/2) line on the curve.

O
Example 11.4.11. Find all the intersections of 7> = 4 cos f and r = 1 —cos 6.

First solve

r?2 = 4cosf

r=1—cosb.
Substitute cos @ = r2/4 into 7 = 1 — cos § to see
r=1—cosf =1—r?/4.

We get 7 = —242/2. Among those r = —2—2+/2 is too large, we only choose
r=—2+2v2. So

0 =cos (1 —r)=cos }(3—2v2) ~ 80°.

But if we see the graph 11.13 there are four points A, B, C, D. These
parameter # in two equation is not necessarily the same(they run on different
time ) That is

The curve r = 1 — cos § passes C' when # = 7, while the curve r? = 4 cos #

passed C' when # = 0. The same phenomena arises with D.

r=1-—cosf | r2 =4cosf

C 2a D 2a

Figure 11.13: intersection of 2 = 4cos# and r» = 1 — cos 6
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11.5 Areas and Lengths in Polar Coordinates

Areas

Assume the following functions bound certain region.

0 P v

Figure 11.14: Area of the sector OST is approximated by sum of triangles

Let P = {6y,01,...,0,} be the partition of [a,b](angle) and r; = r(6;).

Each region is approx’d by n sectors. The area of the sector determined by
r=f(0), 0;<0<0;1

is approx’d by circular sector whose area is 72(6;41 — 0;)/2. Hence the area

will be obtained if we pass to the limit.

n—1 n—1
: : L
Jm ) A= lim D i =)

(See fig 11.14). Since r; — r, Af; = 0,41 — 0; — df, the area enclosed by the

curve between 6 = a,6 = b is given by

b1
/ S db. (11.8)

Example 11.5.1. Find the area enclosed by the cardioid: r = 2(1 4 cos ).
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2
/ %(2 4 2cos 0)* df = 6. (11.9)
0

Arc Length

Find the arc-length of the curve r = f(0), 6 € [a,b].

Y

T»;+1A9i

Ari
Ab;

T

O

Figure 11.15: Ty = T(@Z‘), ATZ‘ =Ti4+1 — T4, A@Z = 0@4.1 — 01

Let P ={6p,01,...,0,} be the partition of [a,b] and r; = r(6;). The length
of the line segment (see fig 11.15) connecting two points (r;,6;) and (741, 0;+1)

is

Asi =/ (ris1(Bis1 — 0:))2 + (rivs —10)2.

Thus total curve length is approx’ed by

n—1 n—1
lim > As; = >/ (rix1(0ir1 = 0:)2 + (rig1 —ri)?
=0 =0

n—o0 4

n—1 2
. 2 Tit1 — T4 ) 9.
= ZE:O Tigq <79i+1 — 91‘) (014-1 01).

Since % — 1r'(6;) as 0;11 — 6;, the length of the curve between 6 = a,6 =

b is
s b 2
dr
ds = 2 — | dé. 11.1
{/0 o= ”(de) J (10

Example 11.5.2. Find the length of the closed curve » = 2 cos 6.
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It can be changed to 2 + 2 = 2z. Since # ranges in the domain
[—7/2,7/2], the arclength is 2.

/2

V/(2cos 0)2 + (—25sin )2 df = 2. (11.11)
—m/2

Area of a Surface of Revolution in Polar coordinate

Recall the formula

about z-axis S /b2 de\” + dy 2dt (11.12)
-ax = — — .
LT ae dt
b 2 2
about y-axis § = /a 2%:6\/(%) + <Z—?Z) dt. (11.13)

Since x = rcosf, y = rsinf, with r = f(#), by changing it to polar coordi-

nates; we have

2 2
(%> +(izl_g> — (f'(0) cos 0 — f(0)sin0)” + (f'(0) sin(8) + £(6) cos(0))?
= (f(0))°+ (f'(0))

dr\?
_ 2 ar\ _ 5.2
T+(d¢9> ds”.

If the graph is revolved, the area of the surface of the revolution is

S = /27Thds =

2

b 2
/ 2mrsin @4/ r2 + <—> df revolved about z-axis
a

b / 2
/ 27r cos 04 [ 12 + <—> df revolved about y-axis .
a

(11.14)

Example 11.5.3. Find the area of the surface of the revolution when we

revolve the right hand loop of lemniscate 12 = cos 20 about y-axis.
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11.6 Conic Sections and Quadratic Equations

Figure 11.16: Conic sections

Parabola

Definition 11.6.1. The set of all points in a plane equidistant from a fixed
point and a fixed line is a parabola The fixed point is called a focus and the

line is called a directrix.

Find the equation of parabola whose focus is at F' = (p,0) and directrix ¢
is 2 = —p. (Figure 11.17.) By definition it holds that PQ = PF. Thus

2

(z—p)°+9* = (z+p)?

is the equation of parabola
y? = dpz. (11.15)

The point on the curve closest to the directrix is called vertex, and the line
connecting vertex and focus is axis. For y? = 4px, vertex is (0,0) and z-axis

is the axis of parabola.
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P/ y2=4ca:

P \F = (p,0) ’

Figure 11.17: Parabola (y? = 4cx)

If FF = (0,p) is the focus and the directrix ¢ is given by y = —p then we

get

562 =Ppy.

Example 11.6.2. Find parabola whose directrix is z = 1, focus is at (0, 3).

2+ (y—3)° = (- 1)2.

So y? — 6y +2x +8 = 0.

Ellipse

Definition 11.6.3. The set of all points in a plane whose sum of distances
from two given focuses is a ellipse. If two points are identical, it becomes a

circle.

Now assume two points F; = (—¢,0) and Fy = (c,0) are given. Find the
set of all points where the sum of distances from focuses are constant and let
P = (z,y). (Refer to fig 11.18)

PF; + PF5 = 2a.

Since

Ve+o?+y?+ V(e - +y° =20
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we obtain

St = 1. (11.16)

S+ =1L (11.17)

If x = 0 then y = 4+b and if y = 0 we have x = +a. Two points (+a,0) are
intersection of ellipse with z-axis (0, £b) are intersection of ellipse with y-axis.

Foci are F} = (0, —c) and F» = (0,¢). The set of all points whose sum of
distance to these 2b is given by

The point (0,+b) are vertices.

Example 11.6.4. Find the equation of an ellipse having foci (+1,0) and sum

of distance from the origin is 6.

c=1and a=3. Thus 2 =a%2—2=9—1=28. Hence

.%'2

2
Y
— 4+ = =1.
9 8
More generally, foci may not lie on the convenient axis.

Example 11.6.5. Find the equation of an ellipse whose foci are (1,0) and
(1,4), and the sum of the distance is 8.
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a = 4. Noting that the foci lie on the line x = 1 and the center is at

(1,2), the major axis is parallel to y axis. Use new coordinates X = = — 1,

Y = y — 2. Then on the XY-plane the foci are (0,=+c)
b? =a? — 2 =16 — 4 = 12. Hence

X2 Y (@1 (-2
24 s = 1.
12 + 16 12 + 16

Y

:Fg P(z,y)

1 c

)

Hyperbola

= (0,42). Thus

(11.18)

Definition 11.6.6. If the difference of distances from given two foci are con-

stant, we obtain hyperbola.

Find the equation of a hyperbola whose two foci are F} = (—c¢,0), Fy =

(c,0), and the difference of distance is 2a. (Fig 11.19.)

P = (z,y) satisfies (since |PF}; — PF5| = 2a)

V(z+e)?+y? - V(z— 02 +y? = +2.

Or arranging terms, we get

— + _62:1(a2—62<0).

Let b? = ¢ — a®. Then we obtain the following form.

The lines £ = ¥ are two asymptotes.

Then the point

(11.19)

(11.20)
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r=—a r=a :—2—2—2:1
P(z,y)
T
Fl(_c7 O) O FQ(Cv 0)

Figure 11.19: hyperbola z2/a? — y?/b? = 1

On the other hand, if the distances from two foci (0, %c) is 2b, then the

equation of hyperbola is

Example 11.6.7. Foci are (£2,0) Find the locus whose difference is 2.

Sincea=1,¢=2,b=+/3

2
2L~
3

Asymptote are y = ++/32, and vertices are (%1, 0).

11.7 Conic Sections in Polar Coordinate

eccentricity and directrix

From the definition of parabola we see that for any point P, the distance to

focus F' is the same as the distance to the directrix D. i.e,
PF =PDor PF=e-PD(e=1).

Given an ellipse

[\

I A

x y?
a? b2
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define ¢ by ¢ = a® — b? when a > b. Then (c,0) are foci and (£a,0) are

vertices.

For the hyperbola
22 g2

a? b2

define ¢ by ¢? = a? + b%. In this case foci are (£c,0) and vertices are (£a,0).

=1

Definition 11.7.1. For both cases (ellipse and hyperbola) we define eccen-
tricity e by

Distance between foci B 2c c

e = — i S
Distance between vertices 2a a

D/

afe

—a _ — — 8
=% —ea=4,a=3

Figure 11.20: Ellipse % + % =landr= m have same e and k, different

center

For ellipse 22/a® + y?/b* = 1 (a > b) the eccentricity is

¢ Va2 -—b
e=—=-—"""".
a a

For hyperbola x2/a? — 3?/b? = 1 the eccentricity is

c  Va2+b?
e=—-—=—.
a a
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11.7.1 Classifying Conic sections by Eccentricity

The relation between the eccentricity and directrix also holds for other quadratic
curves too! For the ellipse 22/a? + y2/b?> = 1 (a > b), the lines

a2

Vi B

=42 =1
e

are directrices. If b > a, the two lines

b, v
¥y= e B2 _ o2

are directrices.

For hyperbola z2/a? — y?/b? = 1, the directrices are

a a?
r=4+— ==+

c
For hyperbola —x2/a? + y?/b® = 1, the directrix are
2
vk, =t
We now classify conic sections using eccentricity and directrix
Definition 11.7.2. Suppose a point F' and a line ¢. If P satisfies
PF=e¢-PD (11.21)
then the conic section generated is
(1) an ellipse when e < 1
(2) a parabola when e =1
(3) a hyperbola when e > 1.
The relation (11.21) is called the focus-directriz relation.

Example 11.7.3. Find the hyperbola with e = /3, foci F' = (43, 0), directrix

isz=1.
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Yy
‘L,2
= =1
D P(z,y)
/
/
(0T 0 5(0) "
a/e
a
C = ae

Figure 11.21: hyperbola z2/a? — y?/b? = 1

We only see z > 0. Since F' = (3,0), we have ¢ = 3. From PF =e-PD,

we see

2 2
\/(x—3)2+y2:\/§|x—1|:>%—%:1.

11.7.2 Polar Coordinates of Conic Sections
Refer to Fig 11.22. Assume the focus is F' and directrix ¢ is x = k > 0. Let
D be the foot of P to directrix ¢ while the foot on the z-axis is B. Then

PF =r, PD=k—FB=Fk—rcosb.

So by the focus-directrix relation (11.21), we have

r=PF =e-PD =e(k—rcos?). (11.22)

Proposition 11.7.4. The polar equation of a conic section with eccentricity

e, directriz x = k, k > 0 having focus at the origin is

ke

"= 14+ecosf

(11.23)

Here k = £ — ea for ellipse, and k = ea — ¢ for hyperbola.
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Y zr=k>0 r=—-k<0 Y

N

P D D

so]F
oS
Q

O =F

pd

Figure 11.22: Conic sections in polar coordinate, focus is at the origin

Remark 11.7.5. If x = —k < 0 is the directrix, we have the following.

ke

" T ecosh

(11.24)

Example 11.7.6. Find the polar equation of a conic section with e = 2

directrix x = —2 and focus at origin.

Since k = 2 and e = 2 we have from equation (11.24)

o202 4
"= 1—2cosf 1—2cosf’

Example 11.7.7. Identify

3
r=—
1+ 3cos@

Use (11.23). Since ke = 3, e = 3 we have k = 1. Hence directrix is
x=1and e =3 > 1. So a hyperbola.

O

Example 11.7.8. Find the polar equation of a conic section with directrix

x = 4, eccentricity e = 3/2 and focus at the origin.

Refer to Fig 11.23.

PF =, PD =4 —rcosf.
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Sor=3(4—rcosf) and

6
r=—
1+ 1.5cos6
]
Y
2 2
Y =1 +
1 D
D P(z,y) +
/ .
a z L
Fi(=c,0) 0 £ (c, 0) o[F C
a/e T afe
a T a
Cc = ae

Figure 11.23: hyperbolas 272 - “;—i =landr= gty k=4,e=3/2
Refer to Fig 11.24. Assume the focus is F' and directrix ¢ is y = k > 0.
Let D be the foot of P to directrix ¢ while the foot on the y-axis is B. Then

PF =1, PD=k—FB=k—rsiné.

So
r=PF =e¢-PD =e(k—rsin#). (11.25)

Proposition 11.7.9. The polar equation of a conic section with eccentricity

e, directriz y = k, (k > 0) having focus at the origin is

ke

= 11.26
" 1+esinf ( )

Remark 11.7.10. If the directrix is y = —k < 0 in the above proposition, we

obtain the following equation.

ke

~1_esind

(11.27)
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/ oY

T r

0 P
o

/ozFé \

D y=-k<0

Figure 11.24: conic sections, focus at the origin, directrix y = +k

Y y
r+y=-—1 r+y=-—1
N T B
D
A - e M4 -
\%F S F
v
e=1.2 e=0.8

Figure 11.25: r = e(rsin(m — a — 0) + %)

Example 11.7.11. 1. Find the polar equation of conic section with e = 1.2,
directrix £ : x +y = —1.
2. Repeat the problem with e = 0.8.

Refer to figure 11.25. Since a = 7/4, we see that PD = rsin(2f — 6) +

%. Hence r = e(rsin(3f — 6) + %) from which we get

r = 6/\/5

B 1—esin(2F —0)

O

Example 11.7.12 (Epicycloids). A circle of radius b is rolling along the circle
of radius a(a > b), centered at the origin. Find the locus of a point P on the

smaller circle, initially located at (a,0).
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Figure 11.26: Epicycloids

Sol. Since the position of C' = (a 4 b)(cos 8,sin @), the coordinate of P is

(a+ b)(cosB,sinf) + (0.5cos(¢p + 6 — m),0.5sin(¢p + 6 — m)).

a=b=1
b=2,a=3 b=3,a=2

Figure 11.27: Scarabaeus r = bcos(20) — a cos 0

Example 11.7.13 (Scarabaeus).

11.7.3 Slope of a tangent line to the curve given by polar equa-
tion

Since r = f(#) and = = rcosf, y = rsind, the slope of the tangent line can

be computed as

dy dy/d0  f'(0)sin® + f(0)cos6

dr  dz/d0 ~ f'(0)cosf — f(0)sind
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“fS)
%

N N

Figure 11.28: r =1 + 2 cos(260)

Example 11.7.14. Find the equation of the tangent line to the curve r =
1+ 2cos(20) at the point when 6 = /6.

Sol. First we compute the slope of the tangent. Since f(0) = 1+ 2cos(26),
we have f/(0) = —4sin(26) and
dy  —4sin(260)sinf + (1 + 2 cos(26)) cos 6

dr ~ —4sin(20) cos 6 — (1 + 2cos(26))sin 6’

When 6 = 7/4 the point is (v/2/2,1/2/2). Hence the slope and the equation

of tangent line is

422 1
TR T ATy

11.7.4 Meaning of %

rit100;

Ar;
AD;

Figure 11.29: meaning of %
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From figure 11.29, we see that

fim 20 g = 0
AbSo Ar YT T
Since ¢ = ¢ — 0 we have
t —tan6
tan1) = tan(¢ — 0) = anqb—an. (11.28)

1+ tangtand
In the limit as Af — 0,

r'sinf +rcosf  r's+rc

tan ¢ — - = .
r'cos@ —rsinf  r'c—rs

Substituting into (11.28)

tan ¢ — tan 6
1+ tan¢tané

r'strc s
r’'c—rs c

1+ r'st+rcs

r'c—rs ¢

tany =

c(r's+re) — s(r'e —rs)
c(r'e —rs) 4+ s(r's + rc)
T T

v dr/df

11.8 Quadratic Equations and Rotations
General quadratic curves are give by

A2® + Bay+Cy? + D+ Ey + F = 0. (11.29)
The case B =0, i.e, no xy-term
In this case the equation (11.29) is

Az? + Cy?’ + Dz + Ey+ F =0. (11.30)
If AC # 0 then these are classified into three classes:
(1) If AC =0, but A2+ C? # 0, we have a parabola:

Az —a)*+ Ey = 0.
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(2) If AC > 0, we have an ellipse (Assume A > 0).

(x—a)® (y—p)>* 1
= . 11.31
C~? * Av? AC~ (11.31)

(3) If AC < 0, we have a hyperbola (Assume A > 0)

(z—a) (=8> _
|Cy2 A2 |ACH2|

Theorem 11.8.1. Assume a quadratic curve of the following form is given.
Az +Cy* + Dy* + Ey+ F =0.
(1) If A= C =0 and one of D E is nonzero, then it is a line
(2) If one of A or C is zero, it is parabola
(8) If AC > 0, it is an ellipse

(4) If AC <0, it is a hyperbola

The case B # 0, i.e the presence of ry-term

Example 11.8.2. Find the equation of hyperbola whose two foci are F} =
(—3,-3), F5 = (3,3) and difference of the distances are 6.

From |PF) — PFy| = 6, we get

V(@ +3)2+(y+3)2—(z—3)2+ (y—3)2 =46 = 21y = 9.

Rotation

Rotate xy-coordinate by an angle o and call new coordinate x’y’. Then a
point P(z,y) is represented by P(x’,y’) in z'y’-coordinate. We will see the

relation between the two expressions.
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Y

<

(z,v)
P
{(w’,y’) $

Ml

<

Figure 11.30: Rotation of axis

From fig 11.30, we see

x=0M = OPcos(f +a) =0OPcosfcosa—OPsinfsina
y=MP = OPsin(6 + o) = OP cosfsina + OP sin 6 cos «

On the other hand,

OPcos = OM' = 2, OPsinf = M'P' =y .

Proposition 11.8.3. The point P = (x,y) is related to the x'y'-coordinate by

/ !
=T COSx — Yy Sin«o

! /
Yy = slna+ Y cos .

We see by direct computation that
Al2? + B2y + C'y’2 +D'2’+E'y +F =0, (11.32)
where

A" = Acos®’ o+ Bceosasina + Csin® a
B’ = Bcos2a + (C — A)sin 2«

C' = Asin®? @ — Bsinacos o + C cos? a
D' = Dcosa+ Esina

E' = —Dsina + E cos a

F'=F.
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We will choose « so that the coefficient B’ = B cos 2a+ (C'— A) sin 2« vanishes.

Theorem 11.8.4. Given the curve
Az? + By +Cy?> 4+ Dz + Ey+ F = 0.

If we choose

B
A-C

then cross product term disappears in the x'y -coordinate system.

tan 2a =

Example 11.8.5. Classify the quadratic curve
2oy +y? —6=0.
From tan2o = B/(A — C) we have 2a = § i.e, @« = §. Hence

Vi, V2

r=2'cosa—y'sina=-——12" — —23/
2 2
2 2
y=2a'sina+1y cosa = \/T—x'—l— \/T—y'.

Substitute into z? + zy + y? — 6 = 0 to get

12 12
L2

x —1
4 12

See Fig 11.31.

Invariance of Discriminant

Given a quadratic curve in xy-coordinate, we rotated the axis and obtain new
equation in z’y’-coordinate. In this case, one can choose the angle so that no
z'y’ term exists. However, if we are only interested in classification, there is a
simple way.

Az? + Bay+Cy? + Dx+ Ey+ F =0

A/x/2 + B':c’y' + C/:C/2 + D/x' + E/y/ + F/ —0.
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Vo 2> dary+y  —6=0
\

Figure 11.31: 2> + 2y +y> — 6 =0

After some computation we can verify that
B> —4AC = B” —4A'C’. (11.33)
Theorem 11.8.6. For the quadratic curves given in x, y
Az? + Bey+ C2?+ Dz + Ey+F =0

we have the following classification:

(1) B? —4AC = 0 parabola

(2) B2 —4AC <0 ellipse

(3) B% —4AC > 0 hyperbola

Example 11.8.7. (1) 32% —5zy +y* — 22 + 3y — 5 = 0 has B2 — 4AC =
25 — 12 > 0. Thus a hyperbola.

(2) 224+ zy + 9> — 5= 0has B2 — 4AC = —3 < 0. Thus ellipse.

(3) 22 — 2zy +y? — bx — 3 = 0 satisfies B2 — 4AC = 0, a parabola.



