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Chapter 7

Infinite Sequence and Series

7.1 Sequences

Example 7.1.1. (1)
1,3,5,7,. ..

(2) n-th term is given by (—1)"*11/n:

11 1 1
=P () L=
) 2737 47 7( ) n?

(3) Certain rules

N | —
N | —
W~
W=
W=
>~ =
>~ =
>~ =
>~ =

(4) Constant sequence :
3,3,3,...

(5) Digits after decimal point of v/2
4,1,4,1,5,9,. ..
n-th term a,,

Definition 7.1.2. A sequence is a function with the set of natural numbers
as domain.

Sequence as graph

Example 7.1.3. (1) a, = (n—1)/n.
(2) ap = (-1)"1/n.
(3) an = /n.
(4) a, = sin(n7/6).

119



120 CHAPTER 7. INFINITE SEQUENCE AND SERIES

Figure 7.2: a, = (—1)"1/n

(5) anp is the n-th digit of 7 after decimal point.

Among these (1), (3), (4) are functions (z — 1)/x, \/z, Inz are restricted
to V.

Subsequence

If all the terms of {a,} appears as some term in {b, } without changing orders
we say {a,} is a subsequence of {b,}.

Example 7.1.4. (1) 1,1,1,1,... is a subsequence of 1,—1,1,—1,....

(2) {9n} (n=1,2,3,...) is a subsequence of {3n} (n =1,2,3,...).

(3) {1+1/4™} (n=1,2,3,...)is asubsequenceof {1+1/2"} (n =1,2,3,...).
Recursive relation
Some sequence are defined through recursive relation such as

(Il:l,
ant+1 =2an+1, n=123,...

or

CL1:1, a2:2,

an+2:an+l+an7 n:172737"'
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Figure 7.3: a, = sin(nm/6)

7.1.1 Convergence of a sequence

Definition 7.1.5. We say {a,,} converges to L, if for any € > 0 there exists
some N s.t. for all n > N it holds that

lan, — L| < e.
Otherwise, we say {a,} is said to diverge. If {a,,} converges to L we write

lim a, =L or {a,}— L.

n—oo
We say L is the limit a,,.
Example 7.1.6. Show that {(n — 1)/n} converges to 1.

We expect L = 1. For any ¢, |(n — 1)/n — 1| < ¢ holds for n satisfying
|1/n| > e.

O

Example 7.1.7. Show that {\/n + 2 — /n} converges to 0.
Let £ be given. We want to choose a number N so that

2
nt2oVn-Ol= e

is less than e for all n greater than certain V. Since

2 1
—<_
Vn+2+yn o n

the conclusion will hold if n satisfies

1
— < e

vn

Thus we choose N any natural number greater than 1/¢2.
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Theorem 7.1.8. Suppose and subsequence b, of a, converges to L, then ay,
also converges to L.

Theorem 7.1.9 (Uniqueness). If {a,} converges, it has unique limit.

Proof. Suppose {a,} has two limits L, Ls. Choose ¢ = |L; — Ly|/2 There
exist N7 s.t. for n > N; the following holds

lan, — L1| < e.

Similarly, there exist Ny s.t. for all n > N it holds that
lap, — Lo| < &

Let N be the greater one of Ny, No. Then for all n > N

|Ly — Lo| = |L1 — an + ay, — La| < |Ly — ay| + |an — Lo|
<e+e=|L1 — Lo

holds. A contradiction. So Ly = L. O

Corollary 7.1.10. If {a,} converges, we have lim (a, — a,+1) =0.
n—o0

Remark 7.1.11. The above condition is not a sufficient for convergence. For
example, the sequence a, = In(n+ 1)/n satisfies ap4+1 — an =In(n+1)/n — 0
but lim,,_ s a, = 00.

Properties of limit

Theorem 7.1.12. Suppose li_)rn a, = A, li_)rn b, = B. Then we have
(1) li_)m {an +b,} = A+ B
(2) li_)m {a — by} =A—B
(3) lim {kan} = kA

(4) lim {a, b} =A-B

(5) nli_)n;o{Z—"} — A/B, B#0.

2

- 1
lim = lim 1-—=1-0=1.
n—oo N n—0o0 n
2 — 3nd . 2/n% -3

A E T T A T s
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Theorem 7.1.13 (Continuous function). Suppose the limit of a, is L and a
function f is defined on an interval containing all values of a, and L, and
continuous at L, then

lim f(an) = f(L)

n—oo

Proof. Since f is continuous at L, we have for any ¢ there is a § such that for
all a,, with |a, — L| < ¢ it holds that |f(a,) — f(L)| < €. Since a,, converges
to L, there is a natural number N s.t. for n > N it holds that |a, — L| < ¢.
Hence |f(a,) — f(L)] < € holds. O

Example 7.1.14. (1) lim sin (ﬁ) — 1 (2) im0 277 = 1

(1) Since the limit of nw/(2n + 1) is 7/2 and the function sinz is
continuous at 7/2, we have lim sin (n7/(2n +1)) = 1.
n—o0

(2) Since f(x) = 2V® is continuous at z = 0 we have

lim 2V — 1

n—oo

O

Theorem 7.1.15. Suppose f(x) is defined for x > 0 and if {a,} is given by
anp = f(n), n=1,2,3,... and if li_}ln f(z) =L then li_)m an = L.
This theorem holds when f(z) — 400 or f(x) — —oc.

1
Example 7.1.16. (1) lim Sl 0,

n—oo N

(2) lim n(en —1) =1

n—o0
n+1\"
Find i
@ Find Jim (755)
(1) Let f(z) =Inz/z. Then
Inz)’ 1
lim f(n)= lim f(z)= lim (n:/E) = lim — =0

lim Inn/n=0
n—oo

(2) Set = 1/n. Then it corresponds to the limit of f(x) = (e* — 1)/x as
x — 0. By L’Hopital’s rule

) = e =1

lim n(e/" —1) =1

n—oo
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]

Theorem 7.1.17 (Sanwich theorem). Suppose ay, by, ¢, satisfy an, < b, < ¢,
and lim a, = lim ¢, = L. Then lim b, = L.
n—oo n—oo

n—oo

Useful Limits

Proposition 7.1.18.

Inn

(1) lim — =0

n—oo M

(2) lim Yn=1

n—o0

(3) li_)m 2V =1, >0
n—oo

(4) lim 2" =0, |z[ <1

. T\
(5) lim <1+E> =e", zeR

n— o0

n

(6) lim = =0, z €R

n—oo n!

Proof. (1) See Example 7.1.16.

(2) Let a, = n'/™ and take In Ina, = Inn'/" = M Since this approaches

n
0 and e” is continuous at 0 a,, = e — € =1 by theorem 7.1.15.

/n _ Inz

(3) Set a, = z'/". Since the limit of Ina, = Inz"/" = B is 0, we see

(4) Use the definition. given € > 0, we must find n, s.t. for |z| < ¢

n
zt/n = ap = elnan converges to el =1.

1/n
|z" — 0| < € holds. Since lim £/™ = 1 there is an N s.t |z| < /N

n— o0

holds. Now if n > N we have |z|" < [2V] < e.

(5) Let an = (1 +x/n)". Then li_>m Ina,= li_>m In(14+2z/n)" =nln(l+x/n)

and by L’Hopital’s rule we see

1
lim 7n(1 +o/n) = lim :E =z
n—00 1/n n—>ool—|—;1:/n

Hence a,, = (14 z/n)" = e converges to e”.
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(6) First we will show that

n! n! = n!

and |z|"/n! — 0. Then use Sandwich theorem. If |z| is greater than M,
then |z|/M < 1 and hence (|z|/M)" — 0. If n > M

=" _ =] . <\fc!>"

M

n! 1-2---M(M+1)---n — MMM M

holds. But MM /M! is fixed number. As noo (|z|/M)™ approaches 0. So
|z|™/n! approaches 0. Finally by Sandwich theorem 7.1.17 we get the

result. z"/n! — 0.
U

‘ 1 1/n
Example 7.1.19. (1) lim <m> =1

n—o0

2
(2) lim (10%9092)"™ — Jim (10/7)1000 Jimy p2/" = 1. lim (nl/") = 1.

n—o0 n—o0 n—oo n—oo

: 2\"
@ i (1-7) =
: Uh _ 1 1\"
(4) lim (1+h)7""=lim (1+—| =e.
h—0t n—00 n
(6) The set of all = satisfying li_)m |§—L =01is, {x:|z| <5}

Example 7.1.20. lim Vbon+1=1.
n—oo

We see
50+ 1 = exp(In(5n + 1))
and In(5 1
i 2O+ o
n—o00 n

Hence by theorem 7.1.15, the above limit is

\ 1
lim ¥5n+1= li_>m exp(In(5n + 1)1/”) = exp( lim M

n—o0 n—oo n

y=¢€ =1.

O
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Example 7.1.21. Show that lim Inn/n° =0 for any € > 0.
n—oo

By L’Hopital rule 3.6.5

Inn 1/n 1
lim = lim /
n—oo Nt n—oo gNE— n—oo0 gnf

Monotone Sequence
Definition 7.1.22. If a,, satisfies
ap <ap <o <ap <
then a,, is called an nondecreasing sequence(increasing sequence).

Definition 7.1.23. If there is a number M such that a,, < M for all n, then
this sequence is called bounded from above. Any such M is called upper
bound.

Example 7.1.24. For the sequence a,, =1 —1/2", M = 1 is an upper bound
and any number bigger than 1 is an upper bound. The smallest such number (if
exists) is the least upper bound.

Theorem 7.1.25. If a nondecreasing sequence has an upper bound, it con-
verges. Furthermore, it converges to the least upper bound.

Suppose L is a least upper bound, we observe two things:

(1) an < L for all n, and

(2) for any € > 0 there is a term ay greater than L — ¢.

Suppose there does not exist such ay, it holds that a,, < L —e¢ for all n, which
is a contradiction. Thus for n > N

L—e<a, <L

Thus |L — a,| < € and we have proved a,, — L.
For a decreasing sequence, we have a similar definition and theorem.

Definition 7.1.26. If q,, satisfies
ap 2 Qg > -+ 2 ap -

an is called a decreasing sequence. If s, > N, then N is called a lower

bound(lower bound). The largest such number is called the greatest lower
bound.

Theorem 7.1.27. If a nonincreasing sequence has a lower bound, it converges.
Furthermore, it converges to the greatest lower bound.
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Figure 7.4: Nondecreasing(increasing) sequence and least upper bound L

7.2 Infinite Series

An infinite series is the sum of an infinite sequence of numbers.

Example 7.2.1. If we denote the sum of first n- term of a, = 1/2" by s,
then

1
81:(11:5
n 1+1 3
S = a as2 = — - = —
2 1 2 2 4 4
R SR SR S
S§3 = aj a9 a3—2 4 8_8

The general term {s, } satisfies
n
Sn=a1+ay+azt-tap =Y a
k=1

infinite series Write it as Y - | a, or Y a,.

Definition 7.2.2. a, is called n-th term s, = ZZ=1 ap is n-th partial
sum If the limit of {s,} is L then we say > a, converges to L and write
Zflozl an, =L ora;+as+as+---=L . If s series does not converges, we say
it diverges.

Example 7.2.3 (Repeating decimals). Write 0.1111--- as series.

Writing 0.111--- = 0.1 4+ 0.01 4 0.001 + - - - we see
al = 0.1,
ag = 0.01,

an _ (0.1)
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Hence 0.111 = Y22, 107,

]
Definition 7.2.4.
a+ar+art+--.
is called a geometric series and r is called a ratio.
We can compute the sum of a geometric series as follows: Note that
Sp=a+ar+---+ar"!
sy = ar +ar® 4 - + ar”
Sp— TS, =a—ar”
Hence
sp=a(l—=7")/(1—r).
Example 7.2.5 (Telescoping Series). Y 7, m
1 _ 1 1
Note that m =% nyl Hence
AR A UNE U A WS NS N U
=TT 2 2 3 n n+l) a1
Hence we see s, — 1.
L]

Divergent Series

Example 7.2.6. > >, (nzl) diverges since n-th term is greater than 1.
Example 7.2.7. Y>> sin(nn/2) diverges.

1,0,-1,0,1,...

Sg=88=""=584p=0
but
S92 =86 ="""=S4pp2=1

So s, oscillates between 0 and 1.
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Theorem 7.2.8 (n-th term test). If > a, converges then a, — 0.

Proof. Suppose 2?21 a, converges then s,, and s,,_1 must have the same limit.
Since a,, = 8, — $p—1 we see lima,, = lims,, —lims,_; = 0. O

The converse is not true

Example 7.2.9. (1) Although /n + 1—+/n converges to 0, the series ) /n
diverges.

(2) Moreover, one can show the series ) ﬁ diverges.

(3) The following sequence diverges even if each individual term approaches

Zero.
1

1 1 1 1 1 1
1+4-4+-+-4+-4+-+-4+—-4+---+—-—4--
2 2 3 3 3 n n
—_—— ~——— ~—_————

2 term 3term nterm

Theorem 7.2.10 (nth term test for divergence). If lima, 4 0 orlima, does
not exists, then Y a, diverges.

Example 7.2.11. @ diverges since a, = (n—;l) — 1.
Example 7.2.12. ) (—1)"In(Inn) diverges since In(lnn) — oo.
Theorem 7.2.13. Suppose > an, Y b, converges. Then

(1) San +bp) = Yan + b,

(2) 2(an = bn) = 3 an =3 by,

(3) D kan =k ap.

Example 7.2.14.

00 0o 00
2" —1 2m 1 2 1 1 1 3
1 == _— — _— = = —_ = = —.
2 3n Z:an Z?m 31-2/3 31—-1/3 2
n=1 n=1 n=1
00 00 0o 0o 0o
gn _ 9n 3n on 1 1 1
) > o =§:6—n—§:6—n=§:2—n—§:3—n:§'
n=1 n=1 n=1 n=1 n=1

Question: What’s wrong with the following ?

()

L) S ) S
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7.3 Series with nonnegative terms

We study the convergence or divergence of an infinite series whose n-th term
is nonnegative.

Corollary 7.3.1. A series Y a,, of nonnegative terms converges iff the partial
sums are bounded from above.

Integral Test

Example 7.3.2. Determine whether the following series converges or not.

Sl Lo
n? 4 9 n?

We can compare the partial sum with the integral of a function. Set
f(x) = 1/22. Then the partial sum is

Sn= 1245 bt = F) 4 fQ)+ @)+ + f(n)

49
and
2
f@:%<[$m
3
f@:%<é%m
f(n):% </_1%dx
Hence
%Zfﬂ%+ﬂm+f@%k~+fm)<1+Aﬁ$dx:2—%

Thus s, is bounded, increasing, and hence converges.

Theorem 7.3.3 (Integral Test). Suppose f(z) is nonnegative, non-increasing
for z > 1 and a, = f(n). Then the series Y.~ | an converges if the integral
floof(a:) dzx converges. Conuversely, if the integral floo f(z)dx converges, then
the series y o2 | a, also converges.
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Figure 7.5: Integral Test

131

Proof. Since f is decreasing and f(n) = a,, we see from figure 7.5 (a), a, <

[ flx)dz, (n=2,3,4,...). Hence we have
a2+a3+---+an§/ f(x)dx
1

Conversely, we see from figure 7.5(b), f"+1 f(x)dz < ay,. So

n

n+1
/ flx)de <aj+ag+---+ay
1

and from these two cases, we see

n+1 n
/ f(x)dw§a1+a2+---+an§a1+/ f(z)dz.
1 1

Hence the conclusion follows.

Example 7.3.4 (p-series). Let p be a fixed number. Then

converges when p > 1 and diverges when p < 1. For p = 1, we see

1
/ —dx = lim [lnb]li =00
1

T b—o0

So the harmonic series

11
I+ -+ -+t

SRS

diverges.
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Example 7.3.5. Test the convergence of

o0 1

g — -
T 1+n
We see

*  dx . —1 b . -1 -1
5 = lim [tan™" 2]} = lim [tan™" b —tan™" 1] =
1 1+x b—oo b—o0

NE

7.3.1 Error estimation of integral test

o0
Let S = Z an and R, =S — s, = apy1 + apyo + - -+ be the remainder of the

n=1
partial sum. Then we see

n+2 n+1
/ f(@)dz < anya g/ f(x) dx.

+1 n

Hence we have the estimate for the remainder:

/nif(:n)daz <R, < /noof(:n)daz

S =

n n4+1 n+4+2

f::lz f(x)de < ansy1 < f:“ f(x)dx

Figure 7.6: Error estimation

o
1
Example 7.3.6. Estimate the error when E — Is replaced by s10.
n

n=1
We see

Thus
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Since s1g &~ 1.54977 and

=1
E — A 1.65453
n
n=1

the actual error is 0.09553 which is between 1—11 ~ 0.090909 and % =0.1.
[]

7.3.2 Series with nonnegative terms-Comparison

1 1
E:E? §:3"+1

o
1
Example 7.3.7. Investigate the convergence of E —.
n

n=1
Useful inequality: % < ﬁ
11 1 1

< ! + 1 4 1 4t 1

= 2 2 3 n_1 n
1

=2-—<2.
n

Hence s, is bounded above and as a monotonic increasing sequence it con-
verges.

O

Example 7.3.8 (Harmonic series). The series
}:l—1+1+1+ iy
no 2 3 n
diverges since

1 1.1 1 1 1 1 1 1 1
I+ 4+ttt totot—F =t

2 3 4 5 6 7 8 9 10 16
——
>2/4 >4/8 >8/16

is greater than
L
2 2 2
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7.4 Comparison Test
Theorem 7.4.1 (The Comparison Test). Let a, > 0.
(a) The series Y a, converges if a, < ¢, for allm > N and ) ¢, converges
(b) The series > ay, diverges if a, > d, for alln > N and ) d, diverge.
Proof. In (a), the partial sum is bounded by

[e.9]
M=a+ay+---ap+ Z Cn
n=N+1

In (b), the partial sum is greater than

o
M =a;+as+---a,+ Z dy,
n=N-+1

But the series 7 | dp, diverges. Hence so does ) ay.

Example 7.4.2. Look at the tail part of

11 1 1
3600 +5000 + o 5 o

Since 1/n! < 1/2™ for n = 4,5,6,... we compare it with a geometric series.

What about
1 Inn+5
P 1100t +3 2. n(lnn)? + 3

Limit Comparison Test

Example 7.4.3. Investigate the convergence of
[e.e]

n
21:2713—114—3

Since

n _ 1
2n3 —n+3 2n2—1+3/n
we see the series Y a,, behaves similar to Y 1/2n%. If we let ¢, = 1/2n?, then
limy, o an /¢y, = 1. Hence for any ¢ there is N such that if n > N for some N
then the following holds:

Ay =

l—e<<i+e

Cn
In other words,
(1-¢)ep<apn<(1+e¢)c,, n>N.

Since ),y ¢n converges, >, - @ converges by comparison.
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Theorem 7.4.4 (Limit Comparison Test). (1) Suppose a,, > 0 and there is
a series Y ¢ (cn, > 0) which converges and if

. a
lim = =¢>0

n—00 Cp,
then > ay converges.

(2) Suppose a, > 0 and there is a series Y d, (dn > 0) which diverges and
if
lim & = ¢ >0
n—oo d,

then > ay, diverges.

Proof. We prove part (1). Since ¢/2 > 0 there is an N such that for all n > N
we have

an c
_ < —
b |2
Then
c c
—5 < Z—: —c < 5
c an 3c
25 T3
(b < < 3%
5 /7n Gp o Un:
Hence
o L L 3 L
SDIIED ST o1t
n>N n>N n>N
and the convergence of Y a, follows that of > b,,. O

Example 7.4.5. (1) >{° 100”3 +n 7 converges since ST 2 converges

(2) 90 3—5g5, converges since >7° 2-converge
n+1
(3) 27 start

(4) Does > 5° h;—/r; converge ? (compare In < n%1)

nlnn+1)

/OO dx _/°° du C
5 z(lnz)l/2  Jino ul/2

1/2 . .
(5) Compare »_7° ((lnni) with > o7 W Use integral test.
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7.5 Ratio test and Root Tests

Nan

3In+2°

Example 7.5.1. It is not easy to find general term of a1 = 1, ap41 =
But its ratio is clearly seen.

Ratio Test
Theorem 7.5.2 (Ratio Test). Suppose a,, > 0 and if the limit exists.

. Ap+41
lim —2F

n—00 (A,

Then the following holds.
(1) The sum Y a, converges if p < 1
(2) The sum Y a, diverges if p > 1
(8) The test is inconclusive if p = 1.

Proof. The motive is to compare with a geometric series. (1) Let p < 1. Then
choose any r between p and 1 and set € = r — p. Then since

. Ap+41
lim

n—00 QA

there exists a natural number N such that for all n > N,

a
Qn
holds. Solving
pe< Ml oot
Gn
for all n > N. Hence we see
(p—e)an < any1 < (e+p)ay, =rap, n>N (7.1)

and

anN4+1 < Tran

aN49 < Tran41 < TzaN

AN+m < TaNtm-1 <1""aNn

We compare a, with a series general term is r™ay. Since z;szl r™an con-
verges, » 2 . Gy converges. (2) Suppose p > 1. Then exist an M such that
for n > M and by (7.1) it holds that

an+1 > r
Qnp,
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And note that
am < ap+1 < ap42 < -

so the series diverges.
(3) The case: p = 1. Both the series >_1/n? and _ 1/n. But the former

converges and the latter diverges. O

Example 7.5.3.
W Y oo
o)y 20
DIk

Ratio Test
(1)

any1  (n+ 1) (n+1)!(2n)!

an n!n!(2n + 2)(2n 4 1)(2n)!
4+ Dn+1)  n+l
S (2n+2)2n+1)  4n+2

%

1
4

(2) ot (2t g 5)3r ontl g
a, 32" +5)  3(20 +5)

ontipl 2

L2
3

an+1
3 = = -0
®) an (n+ 12" n+1
]
Example 7.5.4. Find the range of x which makes the following converge.
AL A A
2 4 6
Forn>1,an:%.
2n o _ 2
ang1 _ T (2n —2) _ (2n — 2)z 2
an, 2ng2n—2 2n
So it converges if |x| < 1 and diverges if || > 1. When |z| = 1 the series
behaves like
1+1_1_1_1_1 _1+1—|—1/2+1/3+---
2 4 6 2
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Estimate error

For p < 1 If the series is approximated by its N- partial sum, then the error is

aN+1t+any2 + -

So if N is large, for some r with p < r < 1 we have

An41
an
2 T
an+1+any2+ - <ray+r CLN+“‘:(1N'1 -

is the estimate of errors.

Example 7.5.5 (Ratio test does not work). Investigate

Lzl 4,
37927 81 3n
n, n even

where f(n) = {1 o odd

Since a,, = fé:) we have

any1  f(n+1) {%, n even

an  3f(n) "TH, n odd

So we cannot use ratio test. However if we take n-th root,

o = v/ f(n) :{7(/?, n even

3 %, n odd

and {/n converges to 1. Hence we see

lim /= =
Jim Van =3

Now we can compare this series with Z(%)”
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n-th Root Test
Theorem 7.5.6 (n-th Root Test). Suppose /a, — p. Then

(1) > ap converges if p < 1.
(2) > a, diverges if p > 1.
(3) Inconclusive if p = 1.
Proof. The motive is again to compare with a geometric series:
a+ap+ap’+---+ap"+--(a>0)

ie, if ap ~ ap™(n > N)) for some 0 < p < 1, then we would have

w”/a—"ip, n>N
a

which is eventually equivalent to

Yan, =p, n>N.

Now the remaining task it to prove it rigorously.

139

(1) Suppose p < 1. Choose r between p and 1 and set € = p—r > 0. Since
/a, converges to p there is some integer N such that when n is greater than

N, then it holds that
| Yan — ol <&,
ie,
Van < p+e=r<l.

Hence
an < (p+e)"

holds. Since Y (p+e)™ converges the series > >\ a,, converges by comparison.
(2) Suppose p > 1. Then {/a, > 1 for suff. large n and hence a,, > 1. So

the series diverges.

(3) The case p = 1: the test is inclusive: It may converge or may di-
verge. See Y %, > n—12 Both series has p = 1 but one diverges while the other

converges.
[es} n : no__ n 1
Example 7.5.7. "> | om converges since {/5n = {/5 — 3.

Example 7.5.8. >.°° 37 converges since { % =3 0.

n=1 nn

O
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7.6 Alternating Series, absolute and conditional con-
vergence

Alternating Series

Definition 7.6.1. Suppose a,, > 0 for all n. A series of the form
ap—ag+az—aq4+ -
is called an alternating series.

The followings are alternating series

1 1 1 1 1

5737175 %
1 =243 d+5— 6+

But following is not an alternating series.

RS IS AT U NS N O
2 3 4 5 6 7

Theorem 7.6.2 (Alternating Series Test, Leibniz theorem). Suppose the fol-
lowing three conditions hold.

(1) a, > 0.
(2) an > any1 for alln > N for some integer N.
(8) an — 0.

Then the series

00
1
(_1)n+ an = a1 —a2+a3—a4—|—---
n=1
CONVETGES.
—as
a4
0 S2 S4 L S3 S1
as
al

Figure 7.7: Partial sum of alternating series
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Proof. Suppose n is even (n = 2m) then the partial sum
Som = (a1 — a2) + (ag — aq) + -+ + (a2m—1 — a2m)
is increasing. But we also see
Som = a1 — (az — az) — (ag — as) — -+ — (@2m—2 — A2m-1) — a2m.

Hence s9,, is less than a1. In other words, s9,, is bounded above, hence as an
increasing sequence, it converges. Let L be its limit.

lim s9,,, = L.
Now suppose n is odd (n = 2m + 1). Then
S2m+1 = S2m + A2m+1
Then since agy,+1 — 0, we see lim So,,+1 = lim(s2y, + agm+1) = L. O

Remark 7.6.3. By graphical interpretation, we can see that the limit L lies
between any tow consecutive sum s, and s,yi;. Hence we can also show
|sn — L| < ap+1. This gives some estimation theorem(later).

Example 7.6.4.

1 1 1 1
B Y o e e E
PG tg3ogt

converges.

Example 7.6.5.

converges.

Example 7.6.6.

Z(_l)""‘lﬂzi_@_’_ﬁ_ﬂ_’_
n+tl V2 V3 V4 5

diverges by n-th term test.

Example 7.6.7.
2 1.2 1.2 1.2 1 2 1
11 3 3 4 4 5 5 2n—1 2n—1

is alternating. But

N N )

+2 1 +—1+1+1++1+
n—1 2n-1 a 3 5 on —1

So it diverges.
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, Inn

o
Example 7.6.8. Investigate the convergence of the series Z(—l) 1
n

n=2

The conditions (1) and (3) are easy to check. To see if (2) is satisfied,
we have to check if

Inn - In(n +1)
n+1~ n+n

which is not an easy task. The idea is to consider a function f(x) such that
f(n) =Inn/(n+ 1) and use derivative test. We let

1
fle) = :Elj—xl'

Then f(n) =Inn/(n+ 1) and take derivative:

o (@+)/r—Inz (r+1)—zlnz
I ="y = aerp

We can show (z + 1) — zlnz < 0, for sufficiently large . Hence f(x) is
decreasing function for sufficiently large x. For example, for z > 8, f(z) is
decreasing. So a, = f(n) is decreasing for n > 8. By Leibniz theorem the
series converges.

O

Partial Sum of Alternating Series

We look at the partial sums of an alternating series:

s1 = ay,

So = a1 — as, So s9 < s7.
sg=a; —az+az =a; — (az — as), So 89 < 53 < 87.
Sg=a; —az+az—ag =a; —az+ (a3 — ay), So s9 < 84 < 83 < S1.

Thus sopm1 is decreasing and so,, is increasing. Let L be its sum. Then

Som < Soma2 <o < L <o < Somp1 < Som—1

|52m_L|

|52m_52m+1‘

But since

|Som — L| < |S2m — S2m+1] = G2m+1,

|som+1 — L| < |S2m+2 — S2m+1| = a2m+42
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we see that for all n,
|sp, — L] < apt1.
In other words, partial sum is an approximation to the true sum with error

bound a,41. Since a,, is decreasing s, 41 is better approximation than s,.

Theorem 7.6.9 (Alternating Series Estimation Theorem). Suppose > (—1)"a,
s an alternating series satisfying the conditions of Leibniz theorem. Then the
partial sum

Sp=a; —ag+az —---+(=1)""a,

is a good approrimation with error bound less than apy1.

Example 7.6.10. Estimate

o
(—1)" 11 1
£ on 2 4 1— (-1

with first six term.

Let s, = > by (_2}1)71. Error bound for |s5 — L| is ag = 1/64. The
actual value up to six term(as) is

1 1 + 1 1 + 1 1 21
ss=1— -4~ — -4 — — — = __,
° 24 816 32 32
So true error is |2/3—21/32| = 1/96 which is less than ag = 1/64, the estimate

of the theorem .

O

Example 7.6.11. Use sqg or sigg to estimate

X 1yn—1
ZL:1_1_1_1_...:1n2:0,69314...
ot n 2 3
‘We have
=1 1—1—1 1+ L = (0.64563
=T T3y 0
and the error of s1q is [0.64563 — In2| = 0.0475--- < aj; = 1/11. Also,
1 1 1 1
8100—1—§+§—Z+”‘—m—0.68881"'

and the error of s1gg is [0.68881 —In 2| = 0.00433 - - - < ag1; = 1/111. In either
case, the actual error is smaller than the error predicted by the theory.

O
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Absolute convergence and Conditional Convergence
Example 7.6.12. Suppose we want to compute the series:

1 1 1 1 1
1—=

573 R E B

It would be good if we compute positive term first and then negative terms:
Hence

O I LI U 1 13
3 32 3 5 52 53 S 1-1/3 1-1/5 2

1

5
4 4
Fortunately, this is correct. Next example is the following series which is

convergent:

1 1+1 1+1 1+1 1+1+
2 3 4 5 6 7 8 9

Consider a rearrangement:

1_1_1_1_14_14_1 1+1+1+1
3 5 7 9 2 4 6 8
Then the sum is not defined! Thus we have to be careful when we add infinite
series.

Definition 7.6.13. If ) |a,| converges then ) a, is said to converge ab-
solutely. A series which converges but does not converge absolutely is said
to converges conditionally.

Example 7.6.14. (1) >0 (-1)""L =1- 141+ converges abso-

n=1 n2 =
lutely since Y 25 converges.

(2) 3 %8 satisfies |a,| = ‘02527” < # Since ) # converges, » |, “5* con-

verges. (absolutely)

(3) The series

1 1 1 1
B o e e A E
Z( ) n 2+3 4+

converges. But ) |a,| = 31 diverges. Hence > (—1)"*'1 converges
conditionally.

4) > e converges for any p > 0. But > n—lp converges for p > 1 only.

npb

Hence ) (_nlp)n converges conditionally for all p > 0, but converges ab-

solutely for p > 1.

Theorem 7.6.15. If Y |ay| converges then so does > ay,.
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Proof.
_’an’ S (€79 S ‘an‘

holds for all n. Hence
0 < ap+ |an| < 2|ay].

Since ) |ay| converges and a,, + |a,| > 0, the series
Z(an + |anl)
converges by comparison test. Subtracting converging series, we have
Zan = Z(an + lan|) — Z |an|
and so ) a, converges. O

Corollary 7.6.16. If > a,, diverges so does > |ay|.

Rearrangement of Series for Absolutely Convergent Series

Theorem 7.6.17 (Rearrangement of Series). Suppose b, is a rearrangement
of an(i-e, by = anay for some 1-1 function n(k)). If ) an converges then the
series Yy b, converges to the same sum.

Proof. First assume a, > 0 for all n. Suppose

k
|Zan—L|<e, for all k > N
n=1

Choose N so large that {b1,bo, - , by, } contains all of the terms in {a1, a9, - ,an}.
Then
N Ny
n=1 n=1
Hence
N N
e>L-Y an>L—-) b,>0
n=1 n=1

This is true if V7 is replaced by any larger index. Now we allow a,, negative.
As in the proof of the previous theorem, we have

D by = (bn A+ [oul) = > Ibal-
Now the result for positive terms shows that Y (b, +|b,|) = > (an + |ay|) and
> |bn| = > |an|. Hence
an Z(bn+’bn’)_2’bn‘
= Z(an + lan]) = Z |an|
=~ Y a
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Example 7.6.18. We know the following converges absolutely:

11_1_1 1+1 1+
2 4 8 16 32

Hence a rearrangement

14 1 1 n 1 N 1 1 n
4 2 16 64 8
converges to the same limit.

Now the series
RS I U S O
2 3 4 5 6
converges to In 2 but not absolutely. Hence its rearrangement may not converge
or it may converge to a different value.

Consider one rearrangement:

T Y (RS R (E I Y SRS B
2 35 4 7790 6 11 13 8
= 0.5+ (0.53333 — 0.25) + (0.365079 — 0.166666) -+ (0.16783 — 0.125) + - - -

= 0.5+ 0.2833333 4+ 0.198413 + positive terms
= 0.7833333 4+ 0.198413 + positive terms

1

Then sum is bigger than In2 = 0.69314 - - - .

Product of two series

Suppose Y % an, > .- by converge absolutely. Then

(Zan> X (an> =(ap+ar+- - +ap+--)xbo+bi+-+b,+--).
n=0 n=0

The product of finite partial sum is
(ap+ay+---+ap) X (b0+b1+"'+bn)-
We multiply it out and write it as

agbo + (a0b1 + albo) + (a0b2 +ai1b; + agbo) + -
+ -+ (aobp + a1bp—1 + - + an—1b1 + anbo) + - -

In other words,

(f: ak) X (f: bk> = En: ¢, + extra terms,
k=0 k=0

k=0
where ¢y = agby, ¢1 = apby + aibg, - ,cn = (apby + a1bp—1 + -+ + an—1b1 + anbp).
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In the limit, (use the fact lim A,, - lim B,, = lim(A,,B,,) when both sequence
converge) we have

o o o
(o)< (X0) -2
n=0 n=0 n=0
Since it converges absolutely, its value does not change.

Theorem 7.6.19. Suppose both > 7 jan and Y > b, converge absolutely.
If we set ¢, = ZZ:O agbn_ then > ¢, converge absolutely and

(o] (o] o
> (Su) (o)
n=0 n=0 n=0
7.7 Power Series
Definition 7.7.1. A power series about x = 0 is a series of the form
o0
Zanx”:a0+a1x+a2x2+---+anx”+---
n=0
A power series about x = a is a series of the form

Z an(z —a)”
n=0

a, are coefficients and a is the center.

Example 7.7.2. (1) > >, (m;,})n =&+ (5”5_21)2 + (90;_31)3 4.

n=

4) ST =1 e+ oL 4

n=0 n
(B) doplgnla” =14z + Np? + 313 + ...
Theorem 7.7.3 (Convergenec of Power Series). (1) Suppose the power se-

ries Yy oo o an(x — a)" converges at a point x1 (# a), then it converges
absolutely for all points with |x — a| < |x1 — al.

(2) Suppose the power seriesy > an(x—a)" diverges at x2, then it diverges
for all x with |x — a| > |xe — al.
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Proof. (1) Suppose Y o2 an(z1 — a)™ converges, and let = be any number
satisfying | — a| < |x; — a|. Then lim,_, an(z1 — a)™ = 0. Hence for suff.
large n, it holds that |a,(z1 —a)™| <1 and

n

<

n

r—a r—a

|an(x = a)"| = |an(z1 — a)"|

Ir1 —a r1 —a

Hence by comparison, the series > 7 j an(x —a)™ converges. (2) Now suppose
the series Y o7 an(z2 — a)” diverges. If there is an = with |z — a| > |2g —
a| for which the series Y 7 an(z — a)” converge. Then by (1) the series
>0 o an(z2 — a)™ should converge. Hence a contradiction. Thus for any
with | — a| > |x2 — al, the series diverges. O

By Theorem 7.7.3, there are three possibilities:

(1) There exists a positive number R(0 < R < oo) such that the series
converges absolutely for all x with |z — a| < R, and the series diverges
for all x with |z — a| > R.

(2) Tt converges for a only; In this case we can put R = 0.

(3) It converges absolutely for all x; In this case we can put R = co.

The value R is called the radius of convergence of Y 7 jan(z — a)™.

Figure 7.8: Interval of convergence

Theorem 7.7.4. For ) °  ja,(x—a)", R is given by any one of the following
formula(provided the limits exist):

R= lim |- (7.2)
n— oo an+l
1
R= lim ——— (7.3)

n—oo
|an]

Proof. Suppose the limit in (7.2) exists. Then

n+1 |:17—a|

ant1(z — a)
|z —a| =
R

an(z — a)”

an+1
Gn

lim

n—o0

= lim
n—oo

and by the ratio test (Thm 7.5.2), the power series converges absolutely for
all z with |z — a|/R < 1, and diverges for all z with | —a|/R > 1. Hence R
is given by (7.2). Next (7.3) is obtained from n-th root test (Thm 7.5.6).
Fill-in some gaps. O
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Definition 7.7.5. From the discussions above, we see the set of all points
for which the series converges will be an interval(open, half open or closed) I,

where
(a—Rya+R)CICla— R,a+ R]

1 is called interval of convergence.

Example 7.7.6. Find the interval of convergence of the following power series.

(1) Z n"z"
n=0

@ Y=

2
Re m PTDT

n—o00 n2
When z = +1, the series > oo ;((£1)"/n?) converges absolutely.
(3)

R = lim n+1:

n—oo N

1

For z = 1, the series Y - ((—1)""!/n) satisfies alternating series test, so
conditionally converges. While for z = —1 the sequence is Y~ ;(—1/n) which
diverges. Hence I = (—1,1].
(4)
R = lim (n+ 1)} =00

n—o0o n!

O

Theorem 7.7.7 (Term by term differentiation). Suppose Y " an(z — a)™
converges for R > 0. If we define a function by

flx) = Zan(az —a)", |r—al <R, (7.4)
n=0

then we have
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(i) f(z) is differentiable on (a— R,a+ R) and its derivative can be computed
term by term

= Z na,(r —a)" ', |r—al <R (7.5)

(i1) f(z) is integrable on (a— R, a+ R) and its integral can be computed term
by term

+1

/f da;—Zan z-a) +C, |z—al<R (7.6)

The radius convergence of (7.5) and (7.6) are also R.

Proof. The proof of term by term computation is out of the scope of this
book, hence skipped. Instead, we verify the radius of convergence. Suppose
the following limit exists:

an

R = lim

n—oo

Gn41
Then the radius of convergence of (7.5) is by Thm 7.7.4

lim (n + 1)an+l — lim Ap41 - R
n—00 (n + 2)an+2 n—00 | Ap42
The case for (7.6) is the same. O

Corollary 7.7.8. In fact, the function f(x) in Thm 7.7.7 is differentiable
infinitely many times on (a — R,a + R) and the derivatives are given by

F®) (z Znn—l (n—k+Dap(z—a)" % |Jz—a <R, k=0,1,2,....
n=k

(7.7)

Product of two Power series

Theorem 7.7.9. Suppose both A(x) =Y " anx™, B(x) =Y " bpa™ con-
verge absolutely for |x| < R and let

k
cn = agby +aiby—1 + -+ apby = Zakbn—k-
n=0

Then the series Y o, cpx™ converge absolutely for |x| < R, and

(i an:E") X (i bnzzt") = i cpx™.
n=0 n=0 n=0
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Example 7.7.10. Use

o 1

ZE:aﬂL::1%—1?+’x2‘F”’::if___7ibr’w‘<:1
— T

n=0

to obtain the power series of 1/(1 — z)? about z = 0.
Formally we have

1 1 >~ .
(1—w)2:(1—x 1—w Zw (;::Ow)

We let A(x) = B(x) = .2 ,2". Then we see

k
cn = agby, + a1by—1 + -+ ayby = Zakbn_k =n+1
n=0

Hence by the above theorem

Z ez i (n+1)z™
n=0

Alternatively this series could be obtamed by differentiation.

Example 7.7.11.

R 3 b
cosx-sinx = <1—§—|—I—a+--'>'<x 54-5—)
L L(, 2% 2%2°  2TaT
-sin2x = - (22— -
2 3! 5! 7!
22$3 24$5 26$7
3! 5! 7!

On the other hand, by multiplying out

o L1\ 1 LY .5 1 1 1
cosersme == N ) N s ) T e )

Comparing the coefficients, we see

22 1 L
3! 013! 112!
2 111
5! ol5! 114! 213!
21 111
7! 07! 16! T 215! 314!
22n 1 1 1 1

Cnr 1l 0@at Dl 0@ 2A@e—1 T T Ry D)
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Example 7.7.12.

In(1 — 2 3 n
u — _(1_|_$_|_332_|_$3_|_...) 33_|_$__|_$__|_..._|_$__|_...
1—=x 2 3 n
1 1 1 1 1 1
- 1+ )2 (1 + )+ (I S Do ) e
<a:—|—(+2)a: +(+2+3)x+ +(+2+3+ +)z" >

Now integrating the lhs,

TIn(l—-t) _ (1 —2))?
/Oﬁdt——/udU——f

while the integral of the right hand side is

2 3 4 n+1

x 1 2 1 1.z 1 1 1

— | = 14+ ) 14+ =4+ 2)= +... 1+ -4+ >4+ ... =
<2+(+2)3+(+2+3)4+ +(1+5+5+ +) + >

_2)2 .
The direct power series expansion of M is

(In(1 —2))®> 1 2?2 2l " 2
S S x+_+_+...+;+...

2 2 2 3
1, 1 1.4 11 1, 1 1 1. i
—2<3: +(5+3)e +(3+2'2+3):13—|— +(n+2.n_1+ +n)3: +
Comparing the coefficients of "1, we obtain
1—|—1+1+ +1 ! _ ! 1-1- ! + +1
2 3 n)n+l — 2\n 2.-n-1 n
Or by multiplying (n + 1)/2, we get
R U & SR £ I SRS A
2 3 n)  \n 2-n-1 n) 2

Use trapezoidal rule to estimate fln % dx. Get approximation formula for Inn.

7.8 Taylor and Maclaurin Series

In the previous discussions we have seen that a power series defines a con-
tinuous function on some interval I. How about its converse? Suppose f is
differentiable n-times. Is it possible to represents it with a power series 7 To
answer to this question, let us assume that a power series > > an(x — a)”
represents a function f(z) on its interval of convergence I. Then we have

flx) = Zan(:n —a)", zel
n=0
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If we can find the coefficients a,,, then we would have obtained a power series
representation of f(z).
We shall later show that if f has derivative of any order

> £(n) (g
Z f '( )(ZE _ a)n
n=0

n

™ (a)

=fa) + fla)(@ —a) +--- + —

(x—a)" +---

This is called the Taylor series of f(z) at a.(If a = 0, it is also called
Maclaurin series).

Example 7.8.1. Find Taylor series of f(z) = 1/x at a = 2.

f(a:) = iv f/(l’) = _33_2, f//(.Z') = 2!x_37 Sy f(”)(a;) — (_1)nn!x—(n+1)7
L ! 1 f” 2 1 f(") 2 —1)"
fR=1 fo=-g LE- L. TB_CD
Thus

T — r — 2)? Tz —2)"

We can check this series converges for 0 < z < 4.

Taylor Polynomial
Consider

y = Pi(z) = f(a) + f'(a)(x — a)

This is linear approximation to f(z) Similarly we can consider

y=Po(e) = f(a) + f'(a) & — @) + 3 f"(a) (& — a)

which has same derivative up to second order. By the same way one can find
a polynomial P, (z) of degree n. It is called a Taylor polynomial of degree
n Then we see

P (a) = fP(a), k=0,1,---,n

() (g
Pue) = f@ + @)z —a) ++ D a2y
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Figure 7.9: Taylor approx. of cosz, pg is blue colored
The difference(error) is defined as

and called the remainder
f(x) = Pa(x) + Rn(2)
is called n-th Taylor formula of f(x) at a.

Example 7.8.2. Find Taylor polynomial for cos x.
Example 7.8.3.

_ Jexp(—1/a?), x#0
o -{; -

is infinitely differentiable at 0, but the Taylor series converges only at x = 0.
In fact, we can show that f(™(0) =0, n =0,1,.... So the Taylor polynomial

P,(z) =0 and R,4+1(z) = f(z). Hence P,(x) /4 f(z).

7.9 Convergence of Taylor Series, Error estimates

If R,,(z) — on I, then Taylor polynomial becomes Taylor series.

Theorem 7.9.1 (Taylor’s Theorem with Remainder). Suppose f(x) is dif-
ferentiable n + 1 times on I containing a and P,(x) is the Taylor polynomial
given by (7.8). Then

B f(n—i-l)(c)

R, (x) = m(:ﬂ —a)", (7.9)
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Corollary 7.9.2. Suppose there is some number M such that f(x) satisfies
|f D (2)| < M for all z € 1. Then

| Ro( )|<M|$_a|n+l vel (7.10)
mE = (n+1)! 7 ’
Example 7.9.3. At a = 0, we have

xn

e$:1+x+"-+F+Rn(:p)

Here i

:En

<ef—r-—.

Definition 7.9.4. Suppose z € I and f(x) is infinitely differentiable on I =

(a,b)
lim R,(z)=0, zel

n—oo

then we say f(z) is analytic at a. Here R, (x) = f(x)— P,(x) is the remainder.

In this case, we write

O F) (g
f(a:)zzf ()(a:—a)", xel

Example 7.9.5. (1) Maclaurin series of sinz, cosz and e* are:

o (_1)n$2n+1

SIHZ’:ZW, —0<r<oo
n=0
00
—1)" 2n
cose =3 CPE o<
n=0
"
e“’czzm, —0o <<
n=0 "

(2) Maclaurin series of In(1 + z) on (0,00) is

[e9)
-1 n—1,n
ln(l—l—x)zz()%, -l<z<1
n=1

(3) Maclaurin series of 1/(1 — x)

1 (o]
= E 2", —l<z<l1
1—2z e
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(4) /x is analytic on (0, 00).

2

Example 7.9.6 (Substitution). Find series for cos z* near = 0.

2

Example 7.9.7 (Multiplication). Find series for = sinz~ near x = 0.

Example 7.9.8 (Truncation Error). For what values of = can we replace sin
with error less than x x 1074?

. 3
sinx ~xr — —
3!
Here error term is
5
|z|
51 °

Euler’s identity

1! 2! 3! 4l

6> 0%t 6 63 6°

= cosf +isinf

Proof of Taylor’s Formula with Remainder
We shall show that for a function f analytic near x = a, we have

f™(a)

n!

© r(n)(g
S Doy = @)+ fa)e - a b T D ey
n=0 ’

n

¢On(x) = Py(x) + K(x — a)"“.

This function has same first n-derivative as f at a. We can choose K so that
¢n(x) agrees with f(x). We shall show that K is indeed given by the form

£ The idea is to fix & = b and choose K so that ¢n(b) agrees with f(b).

(n+1)!
f(0) = Py(b) + K(b—a)"™, or K = % (7.11)
and

F(x) = f(z) = én(x)
is the error. We use Rolle’s theorem. First since F'(b) = F(a) =0

F'(c1) =0, for some ¢; € (a,b).
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Next, because F'(a) = F'(¢1) = 0 we have
F"(cy) =0, for some ¢z € (a,c).

Now repeated application of Rolle’s theorem to F”, etc show that there exist

3 in (a,co) such that F"(c3) =0,

cy in (a,c3) such that F®(¢y) =0,

Cn in (a,¢,—1) such that F(™(c,) =0

Cnt1 in (a,c¢,) such that F("H)(an) =0.

But since F(z) = f(z) — ¢n(z) = f(x) — Py(z) — K(x — a)"*!, we see

FOD(e) = f+ () =0 — (n+ 1)K,

Hence
f(n—i-l)(c)
= m, C=Cp+1-
Thus we have s
n+
f(b) = P,(b) + jznfl()c!)(b —a)"", (7.12)

Now since b is arbitrary, we can set b = x. Furthermore, if R, — 0 as
n — 00, we obtain Taylor’s theorem.

7.10 Application

Binomial Series

Consider for any real m

1
(1+2)™=1+ma+ %ﬁ T (7:)9@" Y Ry(z).  (7.13)

It can be shown that this series converges for —1 < x < 1. This is true .

lim R,(x) =0, —-l<z<1

n—oo

Here

() =)

n n!

We can show R = 1.
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Proof.
fllx) = md+az)m!
() = m(m—1)1+z)™2
f(n)(gj) = m(m — 1) o (m —n+ 1)(1 + x)m—n
We see

F(0) = (Z‘)m n=01,2

Hence equation (7.13) is the Taylor formula of f(x) at 0 and its remainder. O

Example 7.10.1.

2 23

1 2 42 2 4
(1+) + 2 5~ 3 T 1g
Example 7.10.2. Find [ sin’ x dx as power series.
Estimate fol sin?  dx within error less than 0.001.
Example 7.10.3. Find Maclaurin series of arctan x.

Note that for |z| < 1 the arctan x has convergent power series:

o0

1
! _ 1\ ,.2n
(arctan z) _1—1—332_2( 1) x=".
n=0
Integrate it from 0 to x
arctanx—/ "t2"dt
0
0 n2n+1
(
= , <1
=2 ST 2n+1 <1
n=0
Thus
¢ A A
arctanzr =21 — — + — — — 4 -~
3 5 7
For example,
z fanl=1- 2421y
—=arctanl=1—-4+—-——+---
4 3 5 7

Remark 7.10.4. We can actually use the given formula to estimate 7. As it
turns out it, however, is not an effective method. Let us estimate the error
when we use this formula to approximate

1 1 1
S e el SR
( 3 * 5 7 o)
The error using n-term is about 4/(2n+1). So to get the error less than 1074,
we need 2n + 1 =~ 10000/4, n = 1200 terms! Too many! Fortunately there are

more effective ways.
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Example 7.10.5. Suppose 1 > a, > 0 and ) a, converges. Determine
whether the following series converges or not.

1) 2w,
(2) X 2%
(3) Xap
Sol. 1) )
Z 1 —l—nan = Z Gn
2)
nz::k 1 inan < Qlez:kan( for sufficiently large k so a, < %)

3) Suppose Y o7, a? diverges. Then for any L > 0 there is N such that
a2 > Lforn>N. So (X Na,)?>>Na2 > L. Hence

Zn:anz\/f
1

for all n > N. Thus ) ° a,, diverges.

7.10.1 Term by term differentiation and integration

Theorem 7.10.6. Suppose the radius of convergence R of Y o> an(z — a)™
is lager than 0.

flx) = Zan(:n —a)", Jr—al|<R (7.14)
n=0

Then
(i) f(x) is differentiable on (a — R,a + R) and the derivative is given by
term by term differentiation. Hence

f(z) = i na,(r —a)" ', |r—al <R (7.15)
n=1

(ii) f(x) has an anti-derivative on (a — R,a + R) and it is given by

B e (ZE _ a)n+1
/f(l’)dln—nzzg)anni“-FC, |x —a| <R (7.16)
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The radius of convergence of (7.15) and (7.16) do not change. .

We repeat theorem 7.7.4. Then
Corollary 7.10.7. By theorem 7.7.4, the function f(x) is differentiable in
(a—R,A+ R) and

(k)wzoonn— e (n— an(z —a)"k
() ;::k( Do (n =k +1an(z —a)"", (7.17)

|r —a|l < R,
k=0,1,... The radius of convergence is again R.

Theorem 7.10.8 (Uniqueness). Suppose f(x) has continuous derivative up
to order (n+ 1) in a nhd I = (a,b) of a. Suppose

fl)=ar+ai(x—a)+- - +an(r—a)" +r(x), ze€l
for some r(x) and M s.t.
Ir(z)] < M|z —a|"™, zecl

Then ay, is the Taylor coefficients. i.e,
L etk)
akaf (a), k=0,1,...,n.

Proof. Taylor coefficient C, = (1/k!)f*)(a). Then by theorem 7.9.1
fl@)=Co+Ci(x—a)+ -+ Ch(z —a)" + Rypt1(x)
=aot+ai(x—a)+ - +ap(x—a)" +r(x)
Hence with b, = C). — a;, we have
bo+bi(zr—a)+ -+ by(z—a)" =r(z) — Rpt1(z)

Set x = a, then we have by = 0, i.e, ag = Cy.
Induction : Assume by = by = --- = by,_1 = 0 for all m with 1 <m < n.
Then
bn(z—a)™ 4+ +by(x —a)" =7r(x) — Rpy1(x)

Divide by (z —a)™ and let + — a. Then we see b,, = 0. Hence by induction,

bp=by=---=b,=0

or
a(]:C(], a1:C’1, ,an:C'n.
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Example 7.10.9. (1)

=1+2z+ (22)% + (22) + (22)* + - -

1-2z
(2) . .
5:m:1—(3:—1)+(x—1)2—(x—1)3+---
(3)

_%:_1+2(x—1)—3($—1)2+4(:¢_1)3_---

(4) Application

=2+42-2(22) +3-2(22)2 +4-22z)> + - -+ n-2(22)" 1 4. ..

(1—2x)?
1
f@) = REEHE
) 22
flz) = =228
" 23.3
f (gj) - (1 o 233)4
N : 27+ (n 1)
F(x) T2

For constant, check!

Example 7.10.10. Find Taylor polynomial of degree 3 of % + 322 + 2z + 1
at a = 1.

Set t =t+1,t=x—1 and then f is

B 4+6t2+11t+7

2?4322 420+ 1=(z -1} +6(x—1)2+11(x—1)+7.

By theorem 7.10.8 Taylor polynomial is

(x—13+6(x—1)2+11(x—1)+7.
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Example 7.10.11. Estimate sin(0.1) up to third digit 3.
Taylor polynomial of sinz at a = 0

. =1 <d>’f . i
sinz = Z— — ) sinz| 2"+ R,(x)
Pt k! \ dx 20
Since |sinz| < 1, for |cosz| < 1
|$|n+1
<
Ifn=3 5
1
|R3(0.1)] < (03') <1073

we have sin(0.1) ~ 0.1 and the error is less than +(1/6) x 1073.

L]
Example 7.10.12. Find
lim sinz — x:— (23/6)
z—0 T

a = 0 Taylor polynomial of sinz at a = 0 is

3 5

sinx:x—:n——i-R(x) \R(a:)lgﬁ

6 5!

Hence
sinz —x + (23/6) ‘ R(z)| _ |z|
= < —
x4 x4 |~ B!
and limit is 0.
L]
Example 7.10.13. Estimate
1 (—1)n!
ln2:ln(1+1):1—§+---+T+Rn(l)

Since !

R,(1)] <

RV € ——

we need to take large n. However, we can do the following:

ln2:ln§-ln%Qzln(l—l—%)—l—ln(l—l—%)

and use Taylor series.
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Theorem 7.10.14 (Binomial series). For any real s

s(s+1) 4 s
1 s 1 "R
(1+x) + s+ T + +<n>ﬂi + Ryy1(z), (7.18)
—l<zx<l1
and
lim R,1i(z) =0, —-l<z<1
n—oo
Here
<3>:3(3_1)”'§3_"+1), n=0,12,...
n n!

Example 7.10.15. Find /1.2 up to two decimal point.

Let f(x) =+/1+ x. Then v/1.2 = f(0.2). Hence from equation (7.18)

We see Taylor series at a = 0 is

fla) =14 qat ot (1)ans

2
fo(@) -
= <r<0
R, () CE] — —Zx (0<2<0.2)
For n =1,
1

R1(0.2) = (i)f”(:i)(o.2)2 = —0.005(1+2)7%? (0<z<0.2)

Hence V1.2~ 1+ ( )(0.2) = 1.1 and the error satisfies |R2(0.2)| < 0.005.



164 CHAPTER 7. INFINITE SEQUENCE AND SERIES



Chapter 8

Conic Sections and Polar

Coordinates

8.1 Polar coordinate

In polar coordinate system the origin O is called a pole, and the half line
from O in the positive direction z is polar axis
Given P let the distance from O to P be r the angle O—fg is # in radian.

Then P is denoted by (r,6). (figure 8.1 )

We allow r and 6 to have negative value, i.e, if r < 0, (r,0) represent the
opposite point (||, ). While if § < 0 (r,6) represents (r,|0]) (figure 8.1 )

Y

(_T7 _0)

(r,0)

Figure 8.1:

Nonuniqueness of polar coordinate
Polar equations and graphs

Example 8.1.1. (1) r=a

(2) 1<r<20<6<

[MIE]

165
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Y

ME]

8

w3
IN
S
IN
—|o0
%%

(3)

wly
INA
>
IN
>—A|Oo
o]

Relation with Cartesian coordinate
If (r,0) = (2,7)
Proposition 8.1.2. (1) 22 +y? =12
(2) ©=rcosf
(3) y=rsiné
Example 8.1.3. Draw
(1) Line through the origin: 6 = ¢

(2) Line through the origin: rcos(a — ) = d where d is the distance from
the origin to the line.

8.2 Drawing in Polar Coordinate
Example 8.2.1. Draw the graph of

r=2cosf
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P(z,y)

Figure 8.2: Equation of line in polar coord.

Since r = 2cos 6, we have r? = 2r cos§. Then we obtain z2 + y2 = 2z,
or (x —1)24y%=1.

]
Yy
r=142cosf

0 T 0 T

0 3 +27/3 0
+7/6 | 14+V3 | £37/4 | 1 -2
+r/4 | 14+V2 || £57/6 | 1 —+/3 x
+7/3 2 +7 -1
+7/2 1

Figure 8.3: y =1+ 2cos ¥

Equation of circles
Circles of radius a centered at (rg,fy) is described by

a® = r* 4+ rd — 2rrgcos(6 — )

If the circle pass the origin, a = ry and the equation is r = a cos(6 — )
Example 8.2.2. Draw r =1+ 2cos
Multiply 7 to have 72 = r + 2r cos 6.

P2y =V2+y2+2c  (r>0)
?+y’=—Va2+y2+22 (r<0)
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Y P(r,0)

a

0o

]
Example 8.2.3. Draw the graph of r =1 —sin 6.
Figure 8.5
]
T 1r
r=1—sin6
2

[NIE]
3
ol
¥

r=1-—sinf

Figure 8.4: r =1 —sinf

Example 8.2.4. Find cartesian equation of

(1)
(2) 72 =4rcosf
3)

Check

rcosf = —4

r= (line)

2 cos 9 sin 6
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Y Y Yy
or(—r,—0)
(7”, 9) (7”, ™= 9) (7”, 9) (7'7 9)
x x
f f f f f f
r,—0) (=r,0
or(—r,m —0) or(r,m + 0)
about z-axis about y-axis about the origin
Symmetry

A point symmetric to z axis of (r,0) is (r, —0) or (—r,7—#). a point symmetric
to y-axis is (r,m — 0) or (—r,—0).
(—r,0) or (r,m + 0) is symmetric about the origin.

Proposition 8.2.5. The graph of f(r,0) =0 is symmetric w.r.t
(1) z-axis if f(r,—0) = f(r,0) f(—r,m—0) = f(r,0)
(2) y-azis if f(r,m —0) = f(r,0) or f(—r,—0) = f(r,0),
(8) the origin if f(—r,0) = f(r,0) or f(r,m+6) = f(r,0).
Example 8.2.6. Find the symmetry of 7% = sin 26.
Set f(r,0) = r? — sin20. Then
f(=r,0) = (—r)* —sin20 = f(r,0)
is symmetric about the origin. On the other hand,
f(r,—0) = r* —sin(—20) # f(r,0)
and
f(=r,m —0) = r* —sin(2r — 20) # f(r,0)
Hence it is not symmetric about the xz-axis. Also because

f(r,m—0) =r* —sin(2r — 260) = r* +sin 260 # f(r,0)

f(=r,—0) = r? — sin(—20) = r2 +sin 20 # f(r,0)

it is not symmetric about y-axis either.
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Example 8.2.7. For the graph r = 2cos 26, we let f(r,0) = r — cos 20 and
we replace the x-axis symmetric point (—r, 7 — 6) for (r,6) then

f(=r,m—0)=—r —cos2(mr —0) = —r —cos 20 # f(r,0)

This looks different from the given relation. However, if we replace another
expression of the same z-axis symmetric point (r, —) for (r,6), then

flr,—0) =1 —cos(—20) = r —cos 20 = f(r,0)

Hence it is symmetric about z-axis.

Slope of tangent

Caution: The slope of a polar curve r = f() is given by dy/dx, not given by
r’ = df /df, because the slope is measured as the ratio between the increase in
y and increase in z(i.e, Ay/Az). Let us use the parametric expression

x=rcosf = f(f)cosh, y= f(0)sind
Using the parametric derivative, we have

dy dy/d) _ 4
dx dz/d0  L[f(0)cosb]

Hence
dy  f'(0)sinf + f(6)cosé
dr ~ f(0)cos — f(A)sinf’

As a special case, when the curve pass the origin at #y = 0, then

ﬁ o f/(eo) sin 90 — tanf
dz |y g, "~ f'(fo)cos By 0

Example 8.2.8. Draw the curve: r = 1 — cos 6(This is another Cardioid).
Also, find the slope of tangent at the origin.
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r=1—cos@
Figure 8.5: r =1 — cos @

Problems Caused by Polar Coordinates

Example 8.2.9. Show the point (2,7/2) lies on r = 2 cos 26.

Substitute (r,0) = (2,7/2) into r = 2 cos 26, we see
2=2cosm = -2

does not holds. However, if we use alternative expression for the same point
(=2, —m/2), then
—2=2cos2(—7/2) = -2

So the point (2,7/2) = (-2, —m/2) line on the curve.
O

Example 8.2.10 (Draw only 72 = 4cos#). Find all the intersections of 72 =
4cosf and r =1 — cos 6.

[Draw only 72 = 4 cos f]. First solve
r2 =4cosf
r=1-—cosf
Substitute cos @ = r2/4 into r = 1 — cos § to see
r=1-cosf=1-r?/4

r = —2 4+ 2¢/2 among those r = —2 — 2v/2 is too large, we only choose
r=—-24+2V2

6 =cos (1 —r)=cos™1(3 —2V2) ~ 80°.

But if we see the graph 8.6 there are four points A, B, C, D. These parameter
6 in two equation is not necessarily the same(they run on different time.) That
is

The curve r = 1 — cos § passes C when # = 7, while the curve 7% = 4 cos @
passed C when 6 = 0. Same phenomena happens with D.
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]

r=1-—cosf | r2 =4cos6

C 2a D 2a

(2,7) = (~2,0) \(0,0) = (0, %) ’
B

Figure 8.6: Intersection of two curves

8.3 Areas and Lengths in Polar Coordinates

Areas

The function represents certain region.
r=f(0), 6=a, 0=0

Let P = {6y,01,...,0,} be the partition of [a,b](angle) and r; = r(6;).
Each region is approx’d by n sectors given by the figure 8.7. Let A#; = 6;,1—6;.
Then the area of the sector determined by

r=f(00), 6;<0<60i1

2
is approx’d by %AH,-. Hence the total area is given by
n—1 1
lim Z §T22A92

n—00 4
=0

b
/a %rz de.

Example 8.3.1. Find the area enclosed by the cardioid: r = 2(1 + cos6).
(fig 4.6) 6 € [0, 27]

(See fig 8.8). In the limit, it is

27 1
/ 5(2—1—20089)2d9:6ﬂ' O
0
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(Tk O)

Al
Ark

Figure 8.7: Area of region in polar coord.-partition along constant angle

)
S
Q
P
N
A =0i41-6
O X
S 10)

Figure 8.8: Area of sector OST is approx’t by sum of triangles such as OP(Q

]

Area between two curves r = f1(0) and r = f5(6)

b1
A = /i(rg—r%)dG

Example 8.3.2. Find the area of the region that lies inside the circle r = 1
and outside the cardioid r = 1 — cos 6. (Fig 8.5)

Find points of intersection. r = 1,6 = £7/2. Let 7 = 1 and r =
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da
-

Figure 8.9: region between r =1 —cosf and r =1

1 — cos@.

Arc Length

21
5= rhae

/ (1 — r?)do
0

2

3

(1 — (1 —2cosf + cos®0))db

9 ™
4 .

Find the arc-length of the curve given by polar corrdinate

r=f(0), 6¢€]al]

y (rit1,0it1)
Asi Ti+1A9i
A’/‘i
AD;
T (ri>0:)
0; N
0 -

Figure 8.10: ri = 7"(92'), Ari =Ti+1 — T4, A@Z = 0@'—1—1 — 0@
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Let P = {0y,01,...,0,} be the partition of [a,b] and r; = r(6;). The line
segment connecting (r;,6;), (ri+1,6;+1) has length

V (rix1(Bigr = 0:))2 + (rig1 — ri)?
Thus total curve length is approx’ed by( see fig 8.10).

n—1
>V (rig186;)% + (Ary)?
i=0

Dividing by A#6;

Z z+1 + <%> AGZ

b dr\ 2
2 @
/a T4+ <d9> db

Example 8.3.3. Find the length of closed curve r = 1 — cos 6.

r=1-—cos#, @ =sinf

do
9 dr 2 | qin2
r +(@) = (1 —cosf)” +sin”6
= 2—2cos/
2
L= V2 —2cosfdf =8 (8.1)

Area of a Surface of Revolution in Polar coordinate-Skip

Recall the formula

2
about z-axis S = / 27Ty\/ > dt (8.2)
about y-axis S = / 27T:L'\/ > dt (8.3)

Since x = rcosf, y =rsinf. Changing it to polar coordinates; we have

do g ) db

If the graph is revolved
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b dr\ 2
about z-axis S = / 2nrsin @y [ r2 + <@> do

b dr\ 2
about y-axis S :/ rcos@y/r? + <@> de

(1)

(2)

Example 8.3.4. Revolve the right hand loop of lemniscate 12 = cos 20 about
y-axis

8.4 Polar Coordinates of Conic Sections

Classifying Conic sections by Eccentricity

Consider the ellipse with a > b
2 2
x
S+
a b2

Let ¢ = va? — b2. Then (+c,0) are foci and (+a,0) are vertices.
For the hyperbola

=1

Let ¢ be defined by ¢ = va? + b%. Foci are (£¢,0) and vertices are (+a,0).

Definition 8.4.1. (1) eccentricity of the ellipse 22/a?+y%/b*> =1 (a > b)
is defined by

c a? — b2
e==MT T
a a

(2) eccentricity of the hyperbola z%/a? — y?/b?* = 1 is defined by

¢ Va?+b?
e=-=YTT2 59
a a

(3) eccentricity of the parabola is e = 1.

eccentricity and directrix

From definition of parabola we see that for any point P, PF the distance to
focus F' is the same as the distance to the directrix PD. i.e,

PF =PD

Or withe=1
PF =¢-PD

This holds for other quadratic curves too!
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Definition 8.4.2. The Focus-directrix equation is defined as follows:

PF =e-PD

where the eccentricity e = ¢ and the directrix £ is the line z = +%.

Proposition 8.4.3. eccentricity(eccentricity) e is defined by

Distance between two focus
e = — -
Distance between two vertices

_2c
- 2a
. C
B a
)
b P(z,y)
L
IR / D,
L . T
—a\ R m Ja
n—-/
—1
c=ae
a
ale

Figure 8.11: 22/a® +¢%/b? =1

We now define conic sections using eccentricity and directrix

Definition 8.4.4. Suppose a point F' and a line £. If P satisfies

PF =e-PD
Then
(1) ellipse when e < 1
(2) parabola when e =1

(3) hyperbola when e > 1
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22 J

= Sz =1
D P(z,y)

T
Fl(—C, 0) o Fz(cv 0)
a/e

a
c=ae

Figure 8.12: 22/a® —y?/b? =1

Relation to Cartesian Coordinate-Skip

For ellipse 2%/a? + y%/b? = 1(a > b), the line

r=a4d_4 %
e a2 — b2
is directrix. If b > a, the lines
b b?
y = :l:— = ii
e b2 _ a2

are directrix.
For hyperbola z2/a? — y?/b? = 1, the directrix is

2

a a
r=t+l=r L
e Va? + b2
and for the hyperbola —x2/a? + 32/b? = 1, directrix are
b b2
y = :l:— = :l:

e TVPra

Example 8.4.5. Find the equation of hyperbola with center at the origin and
focus at F' = (£3,0) and directrix is the line x = 1.

F = (3,0) ¢ = 3. Since z = a/e = 1 is directrix. we see a = e. Since
e=c/a
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holds. So e = v/3. From PF = e - PD we see

Polar equation of conic section

PF =e-PD

Assume the focus F' is at the origin and the directrix £ is the line x = k,
k> 0.

) z=k
N
P 'D
r
0
1 x
O =F B
e
Figure 8.13:

Let D be the foot of P to directrix £, while the foot on the z-axis is B.
Then

PF =, PD=k—FB=Fk—rcosf

So by (8.4)
r=PF=e-PD =e(k—rcosf) (8.5)

Proposition 8.4.6. The polar equation of a conic section with eccentricity e,
directrix x = k, k > 0 having focus at the origin is

ke

r =
1+ ecosb

(8.6)
Remark 8.4.7. If k < 0, we see (Draw graph) r = PF = e- PD = e(r cos 0 +

k). Hence we have
ke

"= 1—ecosf’

(8.7)
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Example 8.4.8. Find the polar equation of a conic section with e = 2 direc-
trix x = —2 and focus at origin

Since k = —2 and e = 2 we have from equation (8.7)

B 2(-2) B 4
 1—2cosf 2cosfh—1

r

Example 8.4.9. Identify
-3

"= 1—3cosf

Since e = 3 it is hyperbola and from ke = —3, we have k = —1. Hence

directrix is x = —1.

O

Example 8.4.10. Identify
10

"= 2 + cosf

From standard form r =
ke =5. So k = 10.

5 _ .
T+l cosd’ we see e = 1/2. Thus ellipse and

O

Example 8.4.11. Find polar equation of conic section with Directrix y = 2,
eccentricity e = 3 focus at origin.

Fig 8.14
PF =, PD =2 —rsinf.

So r =3(2—rsinf) and
6

T 1 3¢in0

Note that cos 8 has been replaced by sin 6.
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ﬂq P

/N

Figure 8.14:

If £ = a is the major semi-axis (ellipse or hyperbola as in Fig 8.11, 8.12,
placing the focus at the origin) then the distance between the focus and di-
rectrix is k = dist(F, D) and it is given by

k:{%—aeife<1

ae—%ife>1

Thus the equation of a conic section(ellipse of hyperbola) with major axis at
x = a becomes

ke la-i(-le_v:(e)i)e lf €< 1 (8 8)
r=———= :
1+ecosf 1“}5;):)6 ife>1

8.5 Plane curves

Parameterized curve

Definition 8.5.1. If there is a continuous function ~y defined on I = [a, b
v: I — R2, then its image (or the function itself) C = ~(I) is called a pa-
rameterized curve

The point (a) is initial point of v, v(b) is end point of .

For the unit circle 22 + y2 = 1, we can represent it
x(t) = cos(2mt), y(t) = sin(27wt), t€[0,1].
Another one is

v2 = (cos(—4nt + g), sin(—4rt + g))
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Yy )
L ~(t) = (2t* — 1,sin wt)
[\K N 1(0) = (262,36

Figure 8.15: y(t) = (2t* — 1,sin t) Figure 8.16: v(t) = (2t2,3t3)

Figure 8.17: y? = 22 + 23

Drawing

Example 8.5.2. Draw the graph of v(t) = (2t — 1,sin7t) on [0, 1].

Example 8.5.3. Find a parameterized representation of 4% = z2 4 3.

First see the graph in fig 8.17. We introduce a small trick to find a
parametrization. Noting the curve pass (0,0), let y = tx. Then substituting
into y? = 2% + 23, we obtain

222 —1-12)=0

Set x = > — 1 then y = t(t? — 1). Hence (> — 1,¢(t?> — 1)) lie on the curve.
Hence () = (> — 1,#(t*> — 1)) is a parametrization.

O

Find a parametrization of the equation y3 = 22 + 3. Set y = tx. Then
(tr)® =a2? + 2%, 2?2 —-1-2)=0

So

r=t34+1, y=t{t>+1)
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Example 8.5.4. A parametrization of 3> = 22 + 23 + 1.
(y—D@*+y+1) =2’ +2°
Let y =1+ tz. Then
to(1+ 2tx + t22% + tr + 2) = 2 4 23
tl+2x+ 22> +te+2) =z + 22 =z(1+ 1)

Cycloid

Assume circle of radius a rolling on z-axis. Let P be a point starting to move
from the origin. Fig 8.18 If circle rotates by ¢ radian then the point P is

x =at+ acosb, y=a-+asinf (8.9)

Since § = (37)/2 — t we have

x = a(t —sint), y = a(l — cost).

8.6 Conic Sections and Quadratic Equations

Remark 8.6.1. The upside down cycloid has two names brachistochrones
and tautochrones each one of which has some physical meanings.

Parabola

Definition 8.6.2. The set of all points in a plane equidistant from a fized
point and a fized line is a parabola The fixed point is called a focus and the
line is called a directrix

Yy
P(z,y) = (at + acosf,a + asin )

C(at,a)

at }M

Figure 8.18: Cycloid
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/NS U
v

Figure 8.19: Conic sections

Find equ of parabola whose focus is at F' = (p,0) and directrix £ is x = —p
Figure 8.20 Q P By definition it holds that PQ = PF. Thus

(x—p)?+y* = (v +p)°
is the equation of parabola.
y? = dpx (8.10)

The point closest to the curve is called

vertex the line connecting vertex and focus is axis y? = 4px F is (0,0)
and z-axis is the axis of parabola.

If FF=(0,p) directrix ¢ is y = —p then

z? = py
Example 8.6.3. Find parabola whose directrix is = 1, focus is at (0, 3)

22+ (y—3)7°=(z—1)°
So y? — 6y +2x + 8 = 0.
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P/ y? = 4dcx

P \F = (p,0) ’

Figure 8.20: Parabola (y* = 4cx)

Ellipse

Definition 8.6.4. The set of all points in a plane whose sum of distances
from two given focuses is a ellipse If two points are identical, it becomes a
circle.

N
M)

e
P
8
<

o
am| )

+
s

Il

—

—a\ F Ja

Figure 8.21: Ellipse (z2/a? + y%/b* = 1)
Now given two points F; = (—c¢,0) and F5 = (¢,0). Find the set of all
points where the sum of distances from focuses are constant. Fig 8.21 P =

(z,y). This is an ellipse

PFy + PF, =2a

Vet P+ P+ -+ =2

SE . (8.11)
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Let assume b > 0 satisfies

b2 = g2 — 2

Then b < @ and hence from (8.11) we get
-+ 5 =1 (8.12)

If x =0 then y = 4+b and if y = 0 we have x = +a. Two points (+a,0) are
intersection of ellipse with z-axis (0, £b) are intersection of ellipse with y-axis
major axis minor axis vertex (£a,0) are vertices.
Foci F; = (0,—c) and F», = (0,c¢) The set of all points whose sum of
distance to these 2b

(0, £b) are vertices.
Example 8.6.5. Foci (£1,0) sum of distance is 6

c=landa=3. Thusb?® =a?2—c?2=9—1=8. Hence

(L’2

2

y
I

9 "8

More generally, foci may not lie on the convenient axis.

Example 8.6.6. Find ellipse whose foci are (1,0) and (1,4) sum of distance
is 8

New coordinates X = x — 1, Y = y — 2 then on XY -plane the foci are
(0,£2) Hence
X2 vy?
S 1
12 + 16 (8.13)

(x—1)?%  (y—2?° _
+ =1
12 16
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Hyperbola

Definition 8.6.7. The difference of distances from given two foci are constant,
we obtain hyperbola

Two foci are F1 = (—c¢,0), F5 = (¢,0) The sum of distance is 2a. Fig 8.22.
P = (x,y) satisfies |PF} — PFy| = 2a

Va+ P+ — &P+ = +2

x Yy

We see 2a < 2¢. Thus

a’ — 2 <.

Let b = ¢? — a®. Then we obtain two asymptotes: (8.14)

z—z - Z—z =1 (8.15)
i=—a | wea B-L=1
P(z,y)
Fi(—c,0) 18} Fo(c,0) "

Figure 8.22: hyperbola 22/a? — y%/b? =1

On the other hand if the distances from two foci (0,=4c) is 2b, then the
equation of hyperbola is

22 /a® — 42 /b®> = 1 has asymptotes
b
y==x-2x

a

Example 8.6.8. Foci are (£2,0) Find the locus whose difference is 2.
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Sincea=1,¢=2,b=+/3
2L
3
Asymptote are y = £/3x, vertices (£1,0).

=1

Classifying Conic Sections by Eccentricity

8.7 Quadratic Equations and Rotations

General quadratic curves are give by

Az? + Bey+ Cy?> + Dz + Ey+ F =0

The case B =0, i.e, no ry-term
In this case the equation (8.16) is
Az + Cy?* + Dz + Ey+F =0
If AC # 0 then are again classified into three classes:
(1) If AC =0, but A2 + C? # 0, we have a parabola:
Az —a)* + By =94

(2) AC > 0: Ellipse(Assume A > 0)
@0 y-p?_ 1
CH? Av? AC~
Az —a)? +Cy—B)* =~
(3) AC < 0: Hyperbola (Assume A > 0)
(@—a)? -8 _

|C|? Ay |ACH?|

Theorem 8.7.1. For
A +Cy* + Dy’ + Ey+F =0

(1) A=C =0 and one of D E is nonzero, then we have a line

(2) If one of A or C is zero, it is parabola
(3) AC >0, ellipse
(4) AC < 0, hyperbola

(8.16)

(8.17)

(8.18)
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The case B # 0, i.e presence of zy-term

Example 8.7.2. Find eq. of hyperbola Two foci are F} = (—3,-3), F» =
(3,3) where difference of the distances are 6

From |PF; — PFy| =6

VE+3)?+y+3)? = V(=32 +(y - 3)? = %6

2zy =9 U

Rotation

Rotate zy-coordinate by a and call new coordinate x'y’- Then P(xz,y) is rep-
resented by (2,1') in 2'y'-coordinate.

Y
\
! Pl
(x/7yl) ,S}
M/
«
o M v

Figure 8.23: Rotation of axis

From fig 8.23 we see

x=0M = OPcos(f +a) =OPcosfcosa—OPsinfsina
y=MP =OPsin(0 + o) = OP cosfsina + OP sin 6 cos «

On the other hand,
OPcosf) = OM' =2/, OPsinf) = M'P' =

Proposition 8.7.3. Let P = (x,y) be denoted by (z',y’) in x'y'-coordinate.
Then

! .
r =2 cosa—y/sma

! /
Yy =2 sino+ Y cosw
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We see from proposition 8.7.3
Alz? + B'x'y + C’/y/2 +D'2+Ey +F =0 (8.19)
So
A" = Acos®a + Beosasina + Csin?
B’ = Bceos2a + (C — A)sin 2«
C' = Asin?a — Bsinacosa + C cos® «
D' = Dcosa+ Esina

E' = —Dsina + Ecosa
F'=F

We set B’ = 0. Then
B'=Bcosa+ (C — A)sina=0
Theorem 8.7.4. For
Az? + Bey+ Cy?> + Dz + Ey+ F =0

If we choose
B

tan 20 = ———

A-C
then cross product term disappears.

Example 8.7.5.
2+ ay+y? —6=0

From tan2a = B/(A — C)

7 T
200 = — [
=g, le a=7
/ ! s \/5/ \/5/
z=xcosa—y'sina=Z-a'— -y
2 2
y:x/sina—i-ylcosa:ga:’—kgy'

Substitute into 22 + zy + y? — 6 = 0 to get

/2 /2
s

T
z =1
4 12

See Fig 8.24.
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N
o 7Y
x%b > +ay+y —6=0
\
AR N
o
Ve
Vv
I
x
—V6 V6
$)
-6 ©
¥

Figure 8.24: 2?2 + a2y +y?> —6=0

Invariance of Discriminant
Given a quadratic curve in xy-coordinate, we rotated the axis and obtain new
equation in z’y’-coordinate. In this case, one can choose the angle so that no
z'y’ term exists. However, if we are only interested in classification, there is a
simple way.
Az? + Bay+ Cy? + Daz+ Ey+ F =0
Ae? + B2y +C'2° + D'a/ + E'y + F' =0
After some computation we can verify that
B2 —4AC = B” —44'C’ (8.20)
Theorem 8.7.6. For the quadratic curves given in x, y
Az? + Bay+ Ca? + D+ Ey+ F =0
we have the following classification:
(1) B? —4AC =0 parabola
(2) B2 —4AC < 0 ellipse
(3) B% —4AC > 0 hyperbola

Example 8.7.7. (1) 322 — 5zy + y?> — 22 4+ 3y — 5 = 0 has B%2 — 4AC =
25 — 12 > 0. Thus a hyperbola.

(2) 22+ xy+y*> —5=0has B2 — 4AC = —3 < 0. Thus ellipse.
(3) 22 — 2zy +y? — br — 3 = 0 satisfies B2 — 4AC = 0, a parabola.



