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Integrals over Paths and

Surfaces

Al 1A Path Integral

Path integral

R?2 or R3. A parameterized curve c can be written as c(t) = (z(t),y(t), z(t)). If
x(t), y(t), z(t) are continuous then we say c is continuous, and if x(t), y(t), z(t)
are differentiable, then c is differentiable. If 2/(¢), 3/(t), 2’(t)are continuous
then we say ¢ us C'-curve.

Let ¢ be defined on [a,b] and let P:a =ty < t; < -+ < tx = b be the

partition of [a,b]. ¢ is a point between ¢;_; and ¢;. Then the Riemann sum is
k
Y flelt))llets) — clti-1)|
i=1
As || P|| approaches 0 the sum approaches
k
D eI EDNE — tima)

i=1

Definition 1.1. If c is defined over I = [a,b] having values in R3- C''-curve,
f is defined over a region containing the image of c. Then f o c is real valued

function defined on I. We define the path integral of c as:

[ sewlema
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a:a) 21 c tiv—lti -

2% 7.1: Riemann sum over a path

We denote it by [, fdsor [, f(z,y,2)ds. If f =1 then [_1ds is the length of

C.

Example 1.2. Find path integral of f(x,y,2) = 22 + 3% + 2% over c.
c(t) = (cost,sint,t), te€0,2n]

Since ¢/(t) = (—sint,cost, 1), the line integral is

[ras= [ el a
= /0%(1 + t3)V2 dt
= V2 (27 + 87%/3)

Path integral over planar Curves

If f(z,y) is a continuous function defined over a region containing the image

of ¢, then the path integral of f along c is given by

[ 1@ wds = [ s, ) e @R + R

If f =1, it is nothing but the arc -length.

Example 1.3 (Tom Sawyer’s fence). Find the area of fence along a parame-

terized curve c¢ in R? and height is given by f(z,y) = 1 + 3y.
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sol) c(t) = (30cos®t,30sint) for t € [0,7/2]. The area of one side is

/C f(z,y)ds

where ds = ||c/(t)||dt = 90sin t cos tdt. So

w/2
/ flx,y)ds = / (1 + 10sin® t) 90sin t cos tdt
C 0
/2
= 90/ (sint + 10sin® ¢) cos t dt = 225.
0

This is half of the fence. Total area of fence(both sides) is 900 square ft.

If he can get .05 dollar per square feet, he can make 900 x 0.05 = 1.80.
=

A 2 A  Line integrals

First consider work by force fields. Suppose a particle move along a curve ¢
while acted upon by a force F. If c is straight line segment given by the vector

d and F is constant force, then the work is, by definition
F - d = magnitude of force x displacement in the direction of force
If the path is curved, we break the curve into small pieces and add the
work at each piece then take the limit. So the work is defined by
n—1 b
1@§:Hdm%k@+mywﬂﬂ:/F@@yd@ﬁ
i=0 @

Here ¢'(t)dt ~ c(t + At) — c(t) represent line segment.

The work done by the force is the following sum.

k
> F(e(t)) - (e(ts) — e(tiz1))
i=1
As |P|| — 0 the sum is
k
> Fle(ty)) - ¢ (t) At
1=1

the limit is [” F(c(t)) - ¢/(t) dt.
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We use the notation:
As = c(t + At) — c(t) = ¢/ (t)At

In the limit this becomes ds.

Definition 2.1. Let F be a vector field on R? that is continuous on the C1-
path c : [a,b] — R3. Define the line integral

/CF- ds = /abF(c(t)) L (t)dt

A nice interpretation in terms of scalar integral is as follows: For ¢/(t) # 0,

we see, if T(t) = c/(t)/||c/(¢)|| is the unit tangent vector, then

/F-ds:/F £)dt

-/ [F<c<t>> = 8\| /()

_ / " [F(e(®) - T@) [ (0)]ldt

_ / F(c(t)) - T(t)ds.
C

So the line integral is like the path integral of the tangential component:
F(c(t)) - T(t) along c.

Another Notation for Line integral

Let us write c(t) = (z(t),y(t), 2(t)) and F = (F}, Fy, F3). Thends = (dz,dy,dz) =

(‘Cilf, Zlg, Z4)dt. So the integral

/F- ds = /(Fl,FQ,Fg) - (dz,dy, dz)
C

C

_ /Fldx + Fody + Fydz
C

b dx dy dy
= Fi—+ F F: dt
/a ( T w T 3dt)

Example 2.2.

11
/xzdx +zydy +dz = 5

where c(t) = (t,t2,1) = (z,y, 2) on [0,1].
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Example 2.3.
/ cos zdx + e*dy + eYdz

[

where c(t) = (1,¢,€') on [0, 2].
Example 2.4.

sin zdx + cos zdy — (xy 13dz) = !
2

where x = cos®6, y =sin6,2 =0 on [0,77/2).

Draw the curve in R3.
Example 2.5. Suppose F(z,y, z) = 231 + yj + zk and parameterize the circle
r=0, y=acosf, z=asinf, 0<60<2rx

c'(t) = (0, —asin b, acos f)
Since F(c())-c'(0) = 0, the work must be zero. You can verify by finding the

value.

Reparametrization

The line integral depends not only on F but also depends on the path c. If

c1, ¢y are two different parametrization of the same curve, we shall see

/ F-ds::lz/ F -ds
Cci C2

Definition 2.6. Let h : I — I; be real valued C! curve that is one-to-one.

Let ¢c: I} — R3 be a C' curve. Then the composition
p=coh:I—R?

is called a reparametrization of c.

Theorem 2.7. Let c: [a1,b1] — R3 be a curve and p: [a,b] — R? is given by

p = co h where h: [a,b] — [a1,b1] satisfies

p(a) = a1, h(b) = by (Orientation preserving)
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C
c(t)
p(t
h(t)
//—\)
1 b ax b1
19 7.2: Reparametrization of a curve
or

h(a) = b1, h(b) = a1 (Orientation reversing)

Then we have

/F-ds::I:/F-ds
P c

Here we have + sign, if p is orientation preserving, and — sign, if p is orien-

tation reversing.

Proof. If h is orientation preserving then h(a) = a1, h(b) = by. In this case,

b
[ Flels)) -ds= [ Fe(h(e)) - (h(e)n'(t) di
P a

Let s = h(t). Then
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If p is orientation reversing, then the integral becomes

Example 2.8. (1) Given c: [a,b] — R™. As a typical example, consider
Cop: [a,b] — R™ defined by

cop =cla+b—1): [a,b] = R".

Cop is called opposite path. This is orientation reversing. We see

(2) The path p;[0,1] — R? given by p(t) = c(a + (b — a)t) is an orientation

preserving reparametrization.

Example 2.9. Find the line integral of f(x,y,2) = 22y?2% on C.

C={(z,y,2): 2 +y* +22 =2, 2* +y* = 2%, 2> 0}



10 A 77 INTEGRALS OVER PATHS AND SURFACES
Subtracting we see 22 =1. So z = 1. A parametrization of C is

c(t) = (cost,sint, 1), t € [0, 27]

c'(t) = (—sint,cost,0)
Hence the integral is
27 ,
[ £as= [ sl wa
(¢
27
= / cos?t sin?t dt
0
1 2
= —/ (1 — cos4t) dt
8.Jo

s
4

=

The line integral is an oriented integral, in the sense that change of sign occurs

if the orientation is reversed. The path integral does not have this property.

Theorem 2.10 (Path integral is independent of parametrization). If ¢ and p
are two parametrization of a piecewise C'-curve C, and f is any real valued

continuous function, then

/Cf(fmy,Z)dSZ/pf(w,y,Z)dS

Let c(t) : [a,b] — R™. As an example, let p defined by p(t) = c(a +b—1).
Then

[ras= [ scopi-or @l a
_ /abf(c(b ta— 1) (b+a—t)(—1)| dt
_ /abf(c(b +a—t)|c(b+a—t)dt

" Fle()lie (w](~1) du

b
/Cfds

Here u=5b+a —t.
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Example 2.11. Find path integral of f(z,y,2) = 2? + y* + 22 over C.
C = {(cost,sint,t): t € [0,27]} U{(1,0,¢): t € [0,27]}
C' is the union of C7 and Cs.
Cy = {(cost,sint,t): t € [0,2n]}, Co={(1,0,t): t € [0,27]}
We parameterize C; and Cy as follows:

c; = (cost,sint,t) te€[0,1], co=(1,0,t) te€]0,2n]

Then

/fds— fds+ fds
C1

:Llfds+/c2fds

27 2
:/ (1+t2)\/§dt+/ (1 +t2)dt
0

0

= (1+V2) (27T —|—87r3/3)

Line integrals of Gradient Fields

A vector field F is called a gradient vector field if F = V f for some real
valued function f. Thus

i+ ok

_of. of.  of
F=5 o

Theorem 2.12. Suppose f : R? — R is class C' and c : [a,b] — R? is smooth.
Then

vawhszwﬁ—f@w»

Proof. Apply chain rule to
f(e(t))

(foe)(t)=Vf(c(t) <)
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So

b b
[vids= [ Vi) = [ = o) - fela).
So the line integral is independent of parametrization. O

Example 2.13. Let c(t) = (t*,sin3(t7/2),0), t € [0,1]. Evaluate

/ ydzr + xdy
C

which means [, ydz + zdy + 0dz.
We recognize (y,z,0) as gradient of f(z,y,2) = xzy. Hence the value is

fle(1)) = fle(1)) =1-0

Definition 2.14. We say a curve is simple if it is the 1-1 image of piecewise
C' map c: I — R3. A simple curve is one which does not intersect itself.
If I = [a,b], then c(a), c(b) are called end points of the curve. Each simple

curve has two orientations. (From P to @)) It is oriented or directed curve.
Definition 2.15. If ¢ is 1-1 except at end points and, c(a) = c(b), it is simple

closed curve if it is ¢(a) = ¢(b), but not 1-1, then it is a closed curve.

Line integrals over oriented simple curves

Suppose ¢ is any orientation preserving parametrization of C, then the line

integral is independent of parametrization: Hence we can define

/F-ds:/F-ds
C c

If C'~ is the same curve as C but with the opposite orientation. Then

/F'ds:— F -ds
C Cc—

Line integrals over curves with several components

Let C be an oriented curve which is made up of several oriented curves C;,7 =

1,2,--- Since each C; can be parameterized separately, we can show that the
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integral satisfies

/F-ds:/ F-ds+ F-ds+- -+ F-ds
C C1 Co Cy

Thus the following sum of oriented curves makes sense.

C=C1+Cy+---+C}

Cs

Co

Cy

2% 7.3: Sum of several curves

Example 2.16. Find the line integral of F(x,y, z) = i + yj + zk over c.
c(t) = (cost,sint,t), te0,2n]

We have ¢/(t) = (—sint,cost, 1) and F(c(t)) = costi+sintj+tk. Hence
F(c(t)) - c/(t) = cost(—sint) +sintcost +¢t =1t

27
/F-ds:/ tdt = 27°
c 0

More examples in the book.

The notation dr for line integrals

Sometimes we use the notation for line integral:

/F-dr
C
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Here r denotes the position vector r = zi + yj + zk.

/CF Ldr = /abF(r(t)) - %dt

Al 3 A Parameterized Surfaces

Graphs are too restrictive.

See the example of a surface in the book. Or simply a sphere or torus. Those
are important examples of figures that arise often in real life. But those figures

cannot be represented as the graphs of functions.

/

2% 7.4: A surface that is not the graph of a function

Definition 3.1. A parameterization of a Surface is a function ®: D C
R? — R? where D is a domain in R2. The surface S corresponding to the
function @ is the image S = ®(D).

O (u,v) = (z(u,v),y(u,v), z(u,v))

If ® is differentiable or C'', then we say S is differentiable or C'-surface.

The graph of a function is a special case.
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D(u,v) |

2% 7.5: A parametrization

Tangent Vectors and Tangent Plane to a Surface

Consider the mapping ®: D — R? through (z,y,z) = ®(u,v). First look at
the case the surface is the graph of f: D — R we can write ®: D — R3 as

®(z,y) = (z,y, f(z,9))

First fix z = g and then y = yy. Then tangent vector along y-axis and z-axis

at ®(zo,y0) = (20, Yo, f(20,y0)) is
Qo (z0,y0) = i+ fe(z0,90)k, Py(z0,90) =]+ fy(20,v0)k

Hence tangent plane is perpendicular to the normal vector given by the cross

product

®,(20,Y0) X Py(w0,90) = (1 + fu(w0,90)k) x (j + fy(w0,y0)k)
j k

0 fu(zo,yo0)
1 fy(zo,v0)

= —fa(wo,y0)i — fy(wo,y0)j + k

Il
O = e

In general, we see two tangent vectors are

0P Ox, Oy, Oz
Tu—%—%l"i'%-]"i'%k

(u0,v0)
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This is obtained by fixing ug Similarly,

_0® Oz, Oy, Oz
Tv—%—%l—F%J—F%k

(u0,v0)

If the normal vector
o0 ov
du Ov

is nonzero, then we see the surface is smooth. So call it regular.

n=%o, xo, =
Definition 3.2. Since n is normal to tangent plane the equation of tangent
plane at ®(ug,vy) = (0, Yo, 20)is given by
n'(x_:EOvy_yO)Z_ZO) =0
Or if n = (n1,n9,n3) then the tangent plane is
ni(z — xo) + n2(y — yo) + n3(z — 20) =0
Example 3.3 (Paraboloid). Consider
_ o 2,2
r=wucosv, Yy=usnv, z=u"+v

Find tangent plane at ®(1,0).
®(u,v) = (ucosv,usinv,u? + v?). So

T, = (cosv,sinv,2u), T, = (—usinv,ucoswv,2v)

So Ty xT, = (—2u? cos v+2vsin v, —2u? sin v—2v cos v, u). At ®(1,0) =
(1707 1)7
n=T, x Ty(1,0) = (~2,0,1)

Example 3.4 (Cone). Consider
®(u,v) = (ucosv,usinv,u), u<0

Is ti regular, differentiable 7
sol.

T, = (cosv,sinv, 1), T, = (—usinv,ucoswv,0)

So T, x T, =0 at (0,0,0).
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Example 3.5. Find a parametrization of the following hyperboloid of one
sheet.

x2+y2—z2:1

Since the graph is symmetric in z and y it is natural to use polar coor-
dinate

r =cosf, y=sinf

Then we have

r2—22=1

Thus we use

r=coshu, 2z =sinhu

to get
x =coshucosfl, y=coshusinf, z=sinhu
SO
P (u,0) = (x(u,0),y(u,0),2(u,0))
= (cosh u cos 0, cosh u sin 6, sinh u)
Here

0<O0<2m, —oco<u<

®(u, 0) belongs to the surface since

cos? +sin?0 =1, cosh?f —sinh?6 =1

Example 3.6. Find equation of tangent plane to ® at (1,0,1) .

®(u,v) = (ucosv,usinv,u?), 0<v<2m, —o00<u<o00
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®(1,0) = (1,0, 1). Find normal vector n at (1,0,1).

n = &,(1,0) x &,(1,0)
= (cosvi + sinvj + 2uk) X (—usinvi +wcos vj) |, )= (1,0
=(i+2k) xj
=-2i+k

Then equation is
2@ —-1)+(2—1)=0

Al 4 A Area of Parameterized Surface

Find the area of U = ®(D) where ®: D — R3 is a surface parametrization.
Divide D into small rectangles. Consider small rectangle R = [u,u + Au] x
[v,u + Av] The area of small rectangle under ® is approximated by parallel-
ogram by ®(u,v), ®(u + Au,v), ®(u,v + Av), ®(u+ Au,v + Av). Two sides
are given by ®,(u,v)Au and ®,(u,v)Av. (Fig 7.6)

0  Odx, Oy, Oz

0 Oz, Oy, Oz
Tv = %—%I—F%J—F%k

T, =

Hence the area of ®(R) is
IT, x Ty||Aulv
Hence Area of surface is the limit of the following
Z T, x Ty||Aulv

Definition 4.1. We define the surface area A(S) of a parameterized surface
S by

A(S) = // T x T || dudv
D

Later we shall also denote it by [[r dS.
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(u, v+ADV)  (u+Au)v+Av)

1% 7.6: Area of surface

Let ®(u,v) = (z(u,v),y(u,v), z(u,v)). We define dS by
dsS = ||®, x ®,||dudv,

and call the (area element). Recall the notation

oz,y) _| 5 %
Ouv) | g4 3

Then we see (Not trivial. Need justification).!

/L d5 = /D |y % @y|dudy
ST+ [T + [

Area of surface is independent of parametrization.

Example 4.2 (Cone). Let D be given by
xr=rcos, y=rsinh, z=r.

Either use formula above or || T, x Ty||drdd. ||T, x Tyl =rv2

1% is assumed to be 1-1.
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Example 4.3 (Helicoid). Let the helicoid given by
r=rcosf, y=rsinf, z=20.
and let D be the region where 0 < # < 27 and 0 < r < 1. Find the area.
| T, x Ty|| = vr2 + 1 Need table to see
7[V2 + log(1 + V2)].

Surface Area of a Graph

When a surface U is given by the graph of function z = f(x,y) on D, we see
U is parameterized by ®(z,y) = (z,y, f(z,y)). Find ®, ®, by

oy L of
¢m—l+%k, @y—J—Fa—yk
Since of of af af
<I>xx<1>y:(1+%k)X(J+a—yk)=—%l—a—y.]+ka
Area is

/A) dS = //D ((31’/896)2 +(8f /9y)® + 1)1/2 dady

The unit normal vector n(z,y, z) on U is

n:n(‘rayaz):_a—fi_a_fj—i_k

Oz oy

We can find the formula using the angle between n and k. Let ¢ be the angle

between n and k. Then cos ¢ satisfies
n-k 1
Il s 02) + (01 /0y +1

cos p =

Hence

dxdy
cosp’

dS = \/(91/02)* + (0f /0y)* + 1dady =

[fyas= ], e
B D COS @

Example 4.4. Find the surface area of a unit ball.

and we get
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From 22 + 92+ 22 =1, we let z = f(x,y) = /1 — 22 — 3.
of —x af —y

ox A—22 42 Oy S ——

Area of half sphere is

dxdy

//I)dS://D \/1—3162—y2
2wl r
:/0/0 L dray

=27

Surface of revolution

The lateral surface area generated by revolving the graph y = f(x) > 0 is
b
A= 277/ /1 + (f'(x))2de

Example 4.5. Use parametrization to express the area generated by revolving

the graph y = f(x). We can choose the parametrization
P (u,v) = (z,y,2) = (u, f(u) cos v, f(u) sinv)

over the region
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Find the derivatives

Hence the area is

" ?/ W ]+ tea] +[365) wer
= f(u + [ u)]2 dudv

—/ /27T L+ [f"(u )]2dvdu

—271/ f(u )]2du

This formula coincide with earlier formula.

A 5 A Integrals of Scalar functions over Surface

Integrals of Scalar functions over Surface

Let ®: D — R3 be a parameterized surface S = ®(D) and let f: S — R be a

real valued function defined on ®. First, if f = 1, it represents the area.

// ds :/ By x B ||dudo,
S D

In general, the integral of f on [[q fdS is defined by is

J[£as= [[ s@toio.x e,

If the surface is parameterized by ®(u,v) = (z(u,v),y(u,v), z(u,v)) then

Definition 5.1.

the integral becomes

J[ 145 = [[ r@o)T, x 7] dudo

//D f(ﬂ:(u,v)ay(u,v),z(u,v))\/[géz:i;r + Bgi’j;r + Bgz:girdudv
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If ® = the sum of &1, Ps,..., D,

/A)fdsz/(blfds+/¢2fds+---+/¢mfds

Surface integrals over graphs

Suppose S is the graph of a C! function z = g(z,y). Then we parameterize it
by
r=u, y=v, z=g(u,v)

and

— 9915 (99,
HTuXTv|’—\/1+(8u) +(av)

So

//Sf(%%z)ds=//Df(:c,y,g(w,y))\/u(%)2+(g—g)2dmy

Example 5.2. Let S be defined by z = 22 +y, where Dis0 <2 <1, —1<
y < 1. Find [[gxdS

sol.

1 1
//azdS // :1:\/1—1- )2d dy—/ /:E\/1+4:E2+1d:ndy
D -1Jo
Lot 1/2( 21 t 213/2] |1
=3 1[/0 (2 + 422) Swdx)]dy—gg (24 42?) Hody
e
3

Example 5.3. Evaluate [[q22dS when S is the unit sphere.
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Use spherical coordinate for #24+y%+2? = 1. Then p = 1 and 22 = cos? ¢.
// 2248 — // cos? $|| Ty x Tyl|dodep
S D

”Tg X T(z)” = sin(b

//Sf(x,y,z)ds:/(]2“/(]”C082¢Sin¢d¢d0
47

T3

Since

Integral over Graphs

We show

//fxy, )dS = // D (u,v))||Ty x Ty||dudv = // Mzo—z;y))dxdy

where 6 is the angle between normal vector and k vector. AS = AA/cosf.

1% 7.7: Ratio between two surface

Nk 1
INI— /(99/02)% + (89/0y)* + 1

Example 5.4. Compute [[qxdS where S is triangle with vertices (1,0,0),
(0,1,0) and (0,0,1).

cos 0 =
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sol) cosf =n-k=1//3.

\/g//l):ndazdy:\/g/ol/ol_zxdydng

Example 5.5. Let ® = (rcosf,rsinf,0) be the helicoid where 0 < r < 1.
Suppose S has density m equal to twice the distance to the central axis,
m = 2\/x? + y? = 2r. Total mass of the surface.

M:// 2rdS:2// P Ty x Ty drdd
S D

But ||, x Typ|| = V1 + r2. Hence

2 1
M = / / 2rv/'1 + r2drdf = gw(23/2 —1).
o Jo

sol.

A 6 A Surfaces Integrals of vector Fields

This section we develop the notion of integral of a vector field over a surface.

Recall the line integral of a vector field has a physical interpretation:
Work. Similarly, the notion of integral of a vector field over a surface is
a Flux.

Suppose F represent the velocity of a fluid.(like river) Then you place a
net into the water and imagine the amount of water that passes through your
net per unit time(= rate at which water pass through the net)

Let F: V — R? defined over the surface S = ®(D), ®: D — R? we define

JJ5 F - ds
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Definition 6.1.

/A)F HdS = //D F(®(u,v)) - (®y x ®,)dudv

Note we used the notation [ instead of [/ .

If we let n = &, x ¢, /||P, X D] be the unit normal vector to the surface,
then
// F-dS:// (F-n)-(<I>ux<I>v)dudv://F-ndS.
@ D s

Hence if F has same direction as n = ®,, X ®,,/||®,, x @, ||, i.e, ( F(z,y,2) =

f(x,y, z)n for some scalar function f) then

/[Pf(a:,y,z)dS://bF(x,y,z)'dS

Example 6.2.

Example 6.3 (Spherical coordinate). Let S be the unit sphere parameterized
by

D:0<0<2m, 0<¢p<m
®: D —R3 &0, ¢) = (cosbsin¢,sinfsin ¢, cos @)

Compute [[qr-dS where r = zi+ yi+ zk denotes the position vector.
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sol.
®y = — sin Osin ¢pi + cos 6 sin ¢pj
b, = cos 6 cos ¢i + sin 0 cos ¢j — sin gk
Now compute @y x Py:
Dy x O, = — sin P(cos b sin ¢i + sin O sin ¢j + cos k)
= (—sing)r(®(6, ¢))
Hence
// r-dS:// (—sin)r - r dOdg
® D
_ // (—sin¢) dfdp — —dn
D
=
Orientation

As with line integral, the surface integral also has the notion of direction. First
we need to define the orientation of a surface S. It depends on the particular

parametrization.

Definition 6.4 (Oriented Surface). Oriented Surface is two sided surface with
one side specified as outside(or positive side) At each point there are two unit
normal vectors n; and ns, where ni = —ny. Each of these normals can be
associated with one side of the surface. (orientation) orientable surface

For orientable surface, there are two possible normal vectors. There are

nonorientable surface.(Mobius strip)

Let ®: D — R3 represent a oriented surface. If n(®) is the unit normal to

S, then
b, x P,

) =4— "
() = g a, |

A parametrization is called Orientation-preserving if

T, xT,

—u XY (@
T o]~ @)
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Otherwise, it is Orientation-reversing.

Example 6.5. The parametrization of sphere by spherical coordinate is orientation-
reversing. By changing the order of # and ¢, we can get orientation-preserving

parametrization.

1% 7.8: clockwise, counter-clockwise (n; and ng are normals the orientation
points)

19 7.9: Mobius strip

Orientation of graph

Example 6.6. Let S be the graph of a function z = g(x,y). Then the unit

normal
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The normal is given by

8gi Jg «
—2i-j+k
n= O 7 dxdy

i () ()

We can give orientation of such surface by taking the positive side to be the

side away from which n points. (Fig 7.7)

Independence of parametrization

Theorem 6.7. Let S be an oriented surface and let &1, ®o be two reqular

orientation preserving parametrization, then for continuous F defined on S,

then
// F-dS:/ F.dS
[oF] (o3

If one of them is orientation reversing, then

/ F-dS:—// F.dS
‘1’1 (I:'Q

For scalar f, we have for any &1, ®o

/A) fas = [[ ~sas

If ® consists of 1, $o, ..., D,
//F-dS:// F-dS+// F-dS+---+ (| F.dS
3 o, o, i
Hence we can define the sum of surfaces as

D=0+ Dyt -+ Dy

_ —O0f/oxi—-0f/oyj+k
V(@1/02)° + (0f /0y)* +1
Surface U is given by ®(x,y) = (z,y, f(z,y)). U F = Fli+ F,j+ F3kis a
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vector field then [[¢F - dS is expressed as

/AF.ds://DF-@I x @, )dxdy
L) e ()

Ay
Relation with scalar integrals

Recall

Definition 6.8.

//q> F-dS = //D F(P(u,0)) - (Py X By)dudv

If we write
n=(d, x ®,)/||Py x Dy, dS=(Py x P,)dudv, dS=ndS

then it can be written as
// F-dS://F-ndS
o 3

Physical Interpretation of Surface Integrals

Consider the parallelogram determined by three vectors F, T,,Au and T,Av.

The volume is
F - (T,Aux T,Av) =F - (T, x T,,) AulAv

If F is velocity of a fluid, the volume is the amount of fluid to flow ourward

[ -as

is the met quantity of fluid to flow across the surface per unit time, i.e, the

the surface per unit time. Hence

rate of fluid flow. It is also called flux of F across S.

Example 6.9 (Heat flow). Let T' denote the temperature at a point. Then

or, o1, or
=—i+—j+ 5k

VI =5 5,9 52



Al 6 & SURFACES INTEGRALS OF VECTOR FIELDS 31

13 7.10: Area of shadow region and flux across S

represent the temperature gradient and heat ”flows” with the vector field
—kVT.

Example 6.10. Suppose temperature is 7' = 22 + y? + 22 on S where
S:ax? 4yt =1.
Find the flux across Sif k=1

We have F = —2r. Thenr-n = —2. So

[[7eas =2 [ s -sn

Example 6.11 (Gauss Law). The sum of the flux of an electric field E over

a closed surface S is the net charge ) contained in the surface. Namely,

//SE-dS:Q
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23 7.11: Water through a pipe and a surface S

Suppose E = En(constant multiple of normal vector) then

//SE-dS://SEdS:Q:EA(S)

So 0
E=——
A(S)
If S is sphere of radius R then
_Q
E= R (7.1)

Surface Integral over Graphs

Suppose S is the graph of z = g(z,y). We show

//SF.dS://DF.(TxxTy)dﬂcdy://D [Fl(—%M—Fl(—g—zH—Fg ddy

We parameterize the surface S by ®(z,y) = (z,y,9(x,y)) and compute

., Oy ., Og
Tm—l—i—%k, Ty_J+a_yk
Hence 5 5
_ (99 (995,

and we proved the formula.

Example 6.12. The equation
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describes a disk of radius 5 lying on the plane z = 12. Compute [[qr-dS when
r =i+ yj + zk.

sol.
T, xT,=i-j=k

Sor- (T, xT,) =z and

// r-dsS = // zdxdy = 12A(D) = 3007.
S D

Summary

(1) Parameterized Surface ®(u,v)

(a) Integral of a scalar f:

/A fas = //D (@ (u, )| Ty x Ty || dudv

(b) Scalar surface element:

S = ||Ty x Ty||dudv
(c) Integral of a vector field:

/A) F-dS = //DF(‘I’(M)) (T x Ty)dudv

(d) Vector surface element:

dS = (T, x T)dudv = ndS

(2) Graph z = g(z,y)

(a) Integral of a scalar f:

Jfsas = [, =g P
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(b) Scalar surface element:

_dxvdy g\ ? g\ 2
~ cosf \/(836) + (8y> + 1 dwdy
(c) Integral of a vector field:

//F ds = //( F1 2?+F3>dmdy

(d) Vector surface element:

dS =ndS = (—@1 — @J +k> dxdy
oxr Oy

(3) Sphere z2 4 y% + 22 = R?
(a) Scalar surface element:

dS = R%sin ¢ dpdf

(b) Vector surface element:

dS = (i + yj + zk)Rsin ¢ dpdf = rRsin ¢ dpdf = nR? sin ¢ dpdf

Al 7 A Application to Differential Geometry

Curvature

Let ®: D — R3 be a surface parametrization of S. Then

0P od
Tu—%a Tv—%

are tangent vectors. Assume the normals are well defined so that T, x T, 0.

Let
= ”Tu”2= F=T, T, G=]|x TvH2

We can show that
| T, x Ty||*> = EG — F?
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If we let
N — T, x T, _ T, x T,
Ty x Tyl VEG— F2

denote the unit normal vector to the surface at point p = ®(u,v). We define

"Gauss curvature” K (p) and "mean curvature” H(p). To define these first

define three new functions £, m,n on S:

(p) = N(u,v)- 29 _ N (u, 0) Py

Ou?
m(p) = N(u,v)- % = N(u, v) Py, (7.2)
n(p) = N(u,v)- ‘?;}? = N(u, )Py,

The ”Gauss curvature” K(p) is given by

n — m?

Kp =—-= .
() = e (73
and "mean curvature” H(p) is given by
Gl + En —2Fm
H(p) = (7.4)

2EG — F?)

7.1 Gauss-Bonnet Theorem

The Gauss curvature to the sphere of radius R is 1/R?. The Gauss curvature

is in general a function. We consider

//KdA
S
1

Gauss-Bonnet found out that this quantity is preserved for any sphere like

For the sphere, we have

object. This is a topological invariant. Now consider a torus like object. (This

has one handle) In general consider an object with g-handles. Then

//SKdA:47T(1—g)
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