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Change of variables

A1 d Geometry of Maps from R? to R?

If 2 : [a,b] — R is C! function and f : R — R is integrable, then

[ sy = [ s (6.1)
a z(a)

Maps of a region to another

Let D* be a region in R?2. Suppose T is C'-map D* — R2. We denote the
image by D = T(D*).

T(WD") = {(z,y) | (,y) =T (=" y"), (2%y") € D7}

(Fig 6.1)

D*

13 6.1: Map from D* to D

Example 1.1. Let D* be the rectangle D* = [0, 1] x [0,7/3] in (r,0) plane.
Find the image of D* under T'= T'(r,0) = (rcos 6, rsinf).

301
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/3

1% 6.2: Map by Polar coordinate

Let T(r,0) = (x,y). Then 22 +y? = 72,0 <r < 1. Thus D is a circular
sector 0 <r <1,0<6<m/3. See figure 6.2.

Example 1.2. Let T be defined by T'(u,v) = ((u + v)/2,(u — v)/2) and
D* =[-1,1] x [-1,1]. Determine the image T'(D*).

e |1 . T (u,v) 1
T/((% T (c2)
-1 1 v —1 \ 1
T'(ca) T'(c1)

13 6.3: Effect of linear transform
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Let D = T(D*)(see fig 6.3). Consider the effect of T on the line ¢ (t) =
t1), -1<t<1l

T(c(t)) = ((t+1)/2,(t—1)/2), —1<t<1

The image is the line segment y =2 — 1, -1 <z < 1.

Similarly try to see the image of

The image seems like rotated rectangle. To prove indeed this is the case,

we consider the image of the red line
c(t)=(a,t)—1<t<1
which is
T(c(t) =(a+1)/2,(a—1)/2), —-1<t<1
Then x4y = «. This is the red line passing through inside the diamond

shape.
=

Remark 1.3. Let T'(u,v) = (z,y) = (v +v)/2, (u — v)/2). Then we have
r=(utv)/2, y=(u-1v)/2

Hence the map 7" : R? — R? in Example 1.2 can be represented by a matrix

. 1 1 ]
2 1 -1
T(u,v) := ﬂ =A [Z]

In general we have
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Vo

et

719 6.4: Inverse image of concentric circle

Theorem 1.4. Let A be a 2 X 2 matriz with non zero determinant. Let T
be a linear transformation given by T(x) = Ax. Then T maps parallelograms

into parallelograms and vertices into vertices.

One-to-one map

Definition 1.5. A map is called one to one on D*, if for (u,v) and (u',v") €
D*, T(u,v) = T(u,v") implies (u,v) = (u/,v).

Example 1.6. Show the polar coordinate map T' = T'(r,0) = (r cos 8, r sin0)

is not one-to-one. But the linear map in example 1.2 is one-to-one.

Onto map

Definition 1.7. A map T is called onto D, if for every point (z,y) € D there
exists at least a point (u,v) € D such that T'(u,v) = (x,y).

Thus if 7" is onto then we can solve the equation T'(u,v) = (z,y). if in

addition, 7" is one-to-one, the solution is unique.

Example 1.8. Let D be the region in the first quadrant lying between con-
centric circles r = a,r = b and 67 < 0 < 5. Let

T (u,v) = (rcosf,rsinb)

be polar coordinate map. Find a region D*(in (r,6) coordinate plane) such
that D = T'(D*).
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In D, we see

Hence

=

Example 1.9. Let T be ((x +y)/2, (x —y)/2) and let D be the square whose

vertices are (1,0),(0,1),(—1,0),(0,—1). Find a D* such that D = T'(D*).

Since T is linear T'(x) = Ax where A is 2 x 2 matrix whose determinant
is nonzero. 7! is also a linear transform. Hence by thm 1, D* must be
a parallelogram. Then we find inverse image of vertices to find D*. It

turns out

D* =[-1,1] x [-1,1] y

Remark 1.10. A linear transform from R™ to R™ given by a matrix A is one
to one and onto if detA # 0.

A 2 A Change of variable

Given two regions D and D*, differentiable mapping T' on D* with image D,
that is D = T'(D*), we would like to express [[, f(z,y)dxdy as an integral
over D* of the composite function foT. Let

T(u,v) = (x(u,v),y(u,v)) for (u,0) € D*
As a special case, consider the case when f = 1. Then, in general
// f(z,y)dedy = A(D) # A(D*) = // foT(u,v)dudv
D D*

Jacobian Determinant-measures change of area

We want to see how a region changes under the map.
Let D* = [0,1] x [0,1], and T(u,v) = (2u + v,v), D = T(D*). Fix
v =wvg = 0, then T'(u,0) = (x(u,0),y(u,0)),(0 < u < 1) is a path. Hence its

tangent vector at u =0 is %, which is the first column of

Jz Oz
DT(0,0) = lgg g;]
du v
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D* D

1% 6.5: image of rectangle under linear transform 7'

It can be explained as: The tangent vector at (0,0) in D* is mapped to
the tangent vector at 7'(0,0) by DT(0,0). Hence the tangent vector (1,0)
is mapped to DT(0,0)(1,0)7. Now fix u = 0 and repeat the argument to
see the tangent vector (0,1) is mapped to DT(0,0)(0,1)7. Write them as
column vector (1,0)7, (0,1)7 they are two columns of DT(0,0), T(D*) is

parallelogram the area is given by cross product.

o ou
_ ou  Ov
DT = By oy
ou  Ov

The two tangent vectors are

Ouy Oy, Oy, Oy

ou' " ou”
Hence the area is |J| where
9z Oz

J:[Bu av]:‘DT’

9y %y
ou  Ov

(Also write J = 0(x,y)/0(u,v) ) J is (Jacobian determinant). Hence the
small rectangle of size Au, Av along u, v direction is mapped to a rectangle
with area |J|AuAuwv.

Change of variable

Similar idea is used when 7" is a C' mapping from a subset of R? to R?. Let
R* = [u,u + Au| X [v,v + Av] and the image under T is denoted by R. Then

ox oz ox
ool [§ §]0)-[§]

ou Ov ou
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Tv:DT(u,v)m:[% %Hﬂ:[%]

Two tangent vectors at T'(u,v) are

and

T.Au, T,Av

These form a parallelogram approximating the region D(figure 6.6). The area

of the parallelogram is

oz Oz 9z Oz
[ 8uAu 8UAU ‘| — [ ou  Ov ‘|AUAU: 8(x’y)AuAv

Jy dy Jdy Oy
oAu A = B O(u,v)

| Ty x Ty||AuAv = |J|AulAv

19 6.6: approx T’

Hence

Theorem 2.1. If T is D* — D C R?, C! one to one, onto function, then the

area of D 1is
// dxdy = // |.J| dudv (6.2)
D D+

If f is a continuous function on D, the integral of f is given by

//D flz,y)dzdy = //D* flz(u,v), y(u,v)) )ggz:ii ‘ AuAv dudv (6.3)

Remark 2.2. Since |det DT| = ||T,, x T, ||, equation (6.2) becomes

// dzxdy = // T, x Tyl dudv. (6.4)
D D*
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As a special case, we may consider a polar coordinate. The shaded region
of D* = Ar x Af is mapped by T to a part of circular sector between r and
r+ Ar, 0 to & + AfB. The area of this sector is rArAf. So the area under

polar coordinate change is

// dxdy = // rdrdf
T(D*) D

1% 6.7: approximate T'(D*)-polar coordinate

2]

D*

a h r n hr

13 6.8: polar Coordinate

Example 2.3. Change to polar coordinate.
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Since x = rcosf, y = rsinf, we can let T'(r,0) = (rcos @, rsinf). Then

Jacobian is

ox Oz .

| or 90 |_ COSH —TSIDH |—7"
dy Oy | : -
5 90 sinf rcosf

Hence

//f(a:,y) dxdy = // f(rcosf,rsin®)rdrdd

Example 2.4. D is between two concentric circles: z? + y? = 4, 22 4+ y? =
1(z,y > 0). Find the integral

// log(z? + y?)dady
D

Use polar coordinate. Since two concentric circles are described by
r=120<6 < 7/2 welet D* = [1,2] x [0,7/2] and T(r,0) =
(rcosf,sin@). Then T(D*) = D and

// log(z? + y?)daxdy = // (log 72)rdrdf
D D~

2 /2

= // 2r log rdfdr
1 Jo
2

= / nr log rdr
1

rzlor 7‘22
= mw | — —_ —
2 T

= 7(2log2 — g)

Example 2.5. D* = {(u,v): 1 < u?+v? <4} and T is given by

u v
T(u,v) = <u2+v2’_u2+v2)

Find the area of D = T'(D").
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First compute T3, T,
T _ —u? 4 0v? 2uv
Y\ (w2 +02)27 (u2 +02)?
T _ —2uv —u? 4 v?
(w4 02)27 (u? +0?)?

1
(u? + v2)?

// d:rdy:// |J| dudv
T(D*) *
// dudv
« (u? 4 v2)?
21
= / / — drdf
1

So
|J| = Tw x To|| =

Hence area is

4

The circle of radius 7 in D* is u? + v? = r2. Hence the image satisfies

D NES ST,
¥ =\ @12 2r02) T w2 e g2

It is circle of radius 1/r If u = aw, @ > 0 represent a line through origin,

the image is x = —ay

Example 2.6 (The Gaussian integral). Show that
/ e dyr = /7.

To compute this, let us first observe
/oo e dx /OO e_yzdy = /oo e_(m2+y2)da:dy
—0o0 —o —o

/ e_(m2+y2)d:£dy =7

compute
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[y

dba% () .
N \J

1
2
T

= —ay

29 6.9: T(u,v) = (u/(u? +v?), —v/(u? + v?))

by change of variables.

2 ra 2w 1
/ e_(m2+y2)d:ndy = / /e_TQTdrdﬁz/ (——6_72>
a o Jo 0 2
1 21

= —= (e_a2 —1)df = m(1 — e_“2).
2 Jo

a

0

Let a — oo then we obtain the result.

Change of Variables in Triple Integrals

As with 2-D case, the change of variable in a subregion of R3.

Definition 2.7. Let T : R? — R3 be given by
T(u7 U? w) = (IE(U, U? w)? y(u7 U? w)? Z(“? U? w))

The the derivative DT of T is called Jacobian determinant or Jacobian
and denoted by J or J(T).

ox ox ox

ou’ Ov’ Ow

g 9@y2) gloy oy oy
8(u v UO ou’ Ov’ Ow

’ Oz Oz Oz

du’ v’ Ow

The absolute value of this determinant is equal to the volume of paral-
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lelepiped determ’d by three vectors

dx. Ox. Oz

Tu = 6—14—%,]4'8—1{
by, oy oy
To = 57875
0z 0z 0z

T, = Zi+Zj4+ Ly
u Tl T

Theorem 2.8. T is a C' map from D* onto D in R® and f : D C R3 — R is

continuous, then
//D dedydz = ///D* |J| dudvdw (6.5)
///D f(z,y,2)dedydz = ///D* f(T(u,v,w))|J| dudvdw (6.6)

d(z,y, z)
O(u,v,w)

where
J=

Cylindrical Coordinate

r=rcosf, y=rsinh, z=2z

Then Jacobian is r. (Compute) So

///D f(z,y,2)dedydz = // . f(rcos@,rsind, z)rdrdddz  (6.7)
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Spherical coordinate

Spherical coordinate is given by
xr = psingcost, y=psingsinh, z=pcos¢

The Jacobian of the mapping (p,0,¢) — (x,y, z) is

gz Oz Oz

dp 090 04

INw,y,2) gy dy Oy
- 0

o0 | T T

dp 90 99

singcosf —psingsind pcos@cosb

= | singsinf psingcosh pcos@sinf

cos ¢ 0 —psin ¢

| —psingsinf  pcos@cosb |
= cos ¢

psingcosf  pcospsin b

— psing

singcosf —psingsind ‘

singsinf  psin ¢ cos

= —p?sin ¢(cos? ¢ + sin’ ¢) = —p®sin ¢

Hence

///D f(@,y,2) dedydz = ///D F(p,0,¢)p* sinpdpdd do

Here F'(p, ¢,0) means f(x(p,0,),y(p,0,9),2(p,0,¢)). This agrees with
earlier formula derived by geometric insight.

=

Spherical Coordinate-Intuitive Derivation

The surfaces given by p = c¢1, 8 = co, ¢ = c3 are a sphere, vertical plane, and
a cone, (figure 6.10.) (figure 6.11)

po<p<po+ADp, 0<0<6by+A0, ¢y<¢<¢py+A¢

The region is obtained when we cut by two planes 8 = 6y, 6 = 6y + A6,
two cones ¢ = ¢qg, ¢ = Pg + A¢ and two spheres of radius p, p + Ap.
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219 6.10: Partition in spherical coordinate

pAP
Ap
psin ¢A0

19 6.11: A piece

First let us find the area of the region bounded by 6y < 6 < 6y + A#,
oo < ¢ < ¢g + A¢p on the sphere p. The distance from a point on the
surface to the z-axis is psin¢. And when Ap, Af are small, this region can

be approximated by rectangle whose area is (base psin ¢Af height pAg)

p? sin pAPAD

Now consider a solid with some thickness Ap. Then the volume is
p? sin pApAGAH

Hence the volume of D is

///dez///p2sin¢dpd9d¢ 6.8)
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and if a continuous function f is given, the integral is defined as

[y 107 = | [ [ 1000 sinoapanas

Example 2.9. When the region D is given as

Find

2 2
z Yy
a2+

b2

2

+Z—<1

c?

/// |zyz|dedydz
D

Let T(u,v,w) = (au,bv,cw).

Then T maps the unit ball D*

(6.9)

{(u,v,w) | u? +v* + w? < 1} to D one-to-one, onto fashion. Since

J(T) = abc we have

// |xyz|drdydz
D

/// (abe)?|uvw| du dv dw

D*

8/// (abe)*uvw du dv dw.
+

Here D denotes the region among D* u > 0,v > 0,w > 0. Now use

spherical coordinate,

8/// (abe)*uvw du dv dw
+

9 w/2 /2 rl
8(abe) /0 /0 /0

p° sin® ¢ cos ¢ sin 0 cos 8 dp do db

o [T/2 /2] b 1 » .
8(abe) / / — | sin® ¢ cos ¢ sin b cos O deo db
0 0 6|,

4 /2 [sint ¢]™”
= g((1()0)2/ [Sm4 ﬂ sin 6 cos 6 df
0
0
1 9 w/2 )
= —(abc) / sin 0 cos 6df
3 0
. 2 7'('/2
= l(abc)2 sin” 0 zl(abc)2.
3 2 0 6

Example 2.10.

/// exp(z? + 32 + 2232V
w
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W is unit ball.

/// exp(z? + y% 4 22324V = /// p2€p3 sin ¢df de dp
w W

1 pm 27w 3
/ / / ple”” sin¢d do dp
o Jo Jo

1 ,m
= 27r/ / p2e”3 sin ¢de dp
0 Jo

1 7T2 3 4
= 471//pe”dp:—7r(e—1)
0o Jo 3

sol.

=
Al 3 A Application
Average
In R™ (n = 1,2,3) the average of a function is defined as
f: f(z)dz
Jav T h—a (6.10)
_ JIp [, y)dzdy 6.11
fuo i (6.11)
JfJp f(z)dz
Jav m (6.12)

Example 3.1. Find average of f(z,y) = zsin?(xy) over D = [0, 7] x [0, 7].

Example 3.2. The temperature at points in the cube is proportional to the

square of distance from the origin.
(1) Find average temperature
(2) At which point is the temperature equal to the average temperature?

T =c(2? +y* + 22). So [T)aw = 5 [[fyy TdV =c
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ma ms ma ms me

@ @ @

T z2 €3 f f T4 x5 T6

1% 6.12: Moment

Center of Mass

If masses mq,--- ,m, are placed at points x1,--- ,x, on x-axis, the center of
mass is defined to be
o myy
xTr =
dom;

The center of mass is a point where the total moment w.r.t that point is zero.
ie, Y (z; —x)=0.
When material is placed continuously on an axis, density is §(z), the mass

on [z,z + Azl is §(x)Az and moment is

/:E5($) dx

Moment w.r.t T is
/ (@ — 2)8(x) do

If this is zero T is center of mass.

3.1 Moment in 2D

There are three kind of Moment, i.e, Moment w.r.t xz-axis, Moment w.r.t y-axis

and Moment w.r.t the origin.

Let Am; be the mass whose distance from the axis of our interest is x;.

/ / zdm.

Then the moment is

In the limit,

In particular, we have

Definition 3.3 (Moment, center of mass). Let d(x,y) be the density. The
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moment of some material occupying [z, x + Azx] X [y,y + Ay] w.r.t z-axis is

/ yo(z,y)dydz

The moment w.r.t z-axis is

M, :// yo(x,y) dxdy,
R

The moment w.r.t y-axis is

M, = // x0(z,y) dxdy,
R

If the moment w.r.t some point is zero then that point is called the center of

mass .

M; = // (x —z)d(x,y)dedy =0

My = // (x — 9)d(x,y)dedy =0

From this we get

_ My [Jgzo(x,y) dedy
xr = —— =

M [[r0(x,y) dedy
Mz [Jryd(x,y) dady
y_— =

M [[r0(x,y) dedy

Moment is also called first moment. Also Second moment (moment of

inertia) about z-axis, y-axis are defined as

x—//y (z,y) dzdy, y—// d(z,y) dedy

Finally, the moment of inner w.r.t. origin is

Io = //R [(@,y) = (0,0)|[0(z, y) dxdy = //R(ZE2 +y*)o(x,y) dedy = I, + I,

Moment is proportional to the force(Torque). Second moment represents
the energy of rotating body. Suppose an object is rotating in zy-plane about
z-axis. Take a small piece and call the mass Am,;. We we denote the distance

of the object to the axis is by r;, the angle by 6, then the angular velocity is
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w = df/dt. Hence the speed along the curve(circle) is

d dé
v = E(mﬁ) =iy = Tiw
The kinetic energy is
1 1
§Amivl-2 = §w2rl-2Am,-

Integrating this, we get the energy

%w2 //r2dm

Here dm is §(z,y)dzdy. So total kinetic energy is
1, 2, .2 I
5% (x* +y°)ddady = 210w

Example 3.4. Density of a body is given by d(z,y) = z. The body occupies

the region between y = z, y = 2. Find the mass and M,

Mass is

1 T 1
M:/ / a;dydx:/ x[yl!—7, dx
0 Ja2 0 v=
1 3 471
_ 2_ 3y T 2| _ 1
—/0(:17 x)d:n—[?) 4]0 B

and M, is

Example 3.5. A plate is lying over a disk of radius one on the origin. §(z,y) =

1. Find the second moment about the origin. Also find it when §(z,y)

Va2 + 2.
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Let U = {(z,y) | 22 + y*> < 1}. Then
2 pl T
/ (2% + 9?) dedy = / / r3drdfd = =
U o Jo 2
If § = /22 + y? we have
2

2 rl
/ (2 +y2)3%5(2,y) dedy = / / rddrdd = —
U 0o Jo 5

=

For constant density we can set 6 = 1 to find the center of mass. centroid.

Example 3.6. Find the centroid of the region bounded by y = =, y = z2.

1 1 1 1
M:/ / 1dyda::/ [y] 7 dl‘:/ (z — z?)dz = =,
0 Jax2 0 0 6
1 rz 1[,27" 1 .2 4
_ _ [ Y A A
Mx—/o/gﬂyalydx—/0 [2dew—/0(2 2)dgn—157

1 o 1 1 1
M, = / / xdydx = / x Y|t doe = / (2% — 23)dz = —.
0 Jz2 0 v 0 12

Hence

sol.

112 1
16 20 V7

1/15 2

1/6 5

T =

A 4 4 Improper Integrals

We study the integrals in which the function is unbounded or the region of
integration is unbounded.

One Variable Improper Integrals

Two Variable Improper Integrals

For the sake of easy presentation, we assume the domain D is y-simple and f

assume nonnegative values. So assume D is given by

a<w<b¢i(r) <y < ga(r) (6.13)
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y = ¢2(x)

y = ¢1(x)

19 6.13: Region of improper integrals

We choose some 7,9 so that

Dps={(z,y):a+n<z<b—mn, ¢i1(x)+0<y<da(x)—0} (6.14)

D, s C Dmn,d (fig 6.13 ) If the limit

lim / f dA (6.15)

(n,6)—(0,0)

exists, we say it is the improper integral of f on D and write

/D FdA (6.16)

Since f is integrable in D, 5. we may use Fubini’s theorem 7?7, following

holds. o2(s)
oz
// fdA = / / f(x,y) dydx (6.17)
71 § a+ ¢

If the improper integral exists, it holds that

b2 (z)—
// fdA = hm / / : f(z,y) dydx (6.18)
(777 0 0 a+ 1

Note that the integral independent of the way (7, d) approaches — (0,0). Now
change the order of integration. Then the limit of (6.18)

b—n p2(x)—56
lim (lim/ f(a:,y)dy) dz (6.19)

n—=0 Jat+n \6—0J¢,(2)+6
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/ / f(z,y) dydz
o1(x)

This is called iterated improper integral.

322

Theorem 4.1. Suppose f is nonnegative, continuous on a x-simple region,

or y-simple region D and one of the following integral exists.

p2(x)
// fx,y) dydz, / / fx,y) dxdy
#1( Y1(y)

Then If the iterated integral (6.19) exists, then the improper integral (6.16)

exists and have same value.
Example 4.2. Find
1
/ a4
D /XY
when D = [0, 1] x [0, 1].

Since function is nonnegative, we only need to check iterated integral.

//—dydx—/ol [2$1/2};£dy

=2-2=1 O

Remark 4.3. When the domain is unbounded, we can similarly define im-

proper integral.



