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COLORED PERMUTATIONS WITH
NO MONOCHROMATIC CYCLES

Donasu KiM, JANG SO0 KiM, AND SEUNGHYUN SEO

ABSTRACT. An (ni,na,...,ng)-colored permutation is a permutation of
ni +ng + -+ +ng in which 1,2,...,n; have color 1, and n1 + 1, n1 + 2,
...,n1 + n2 have color 2, and so on. We give a bijective proof of Stein-
hardt’s result: the number of colored permutations with no monochro-
matic cycles is equal to the number of permutations with no fixed points
after reordering the first n; elements, the next na element, and so on, in
ascending order. We then find the generating function for colored per-
mutations with no monochromatic cycles. As an application we give a
new proof of the well known generating function for colored permutations
with no fixed colors, also known as multi-derangements.

1. Introduction

Let S,, denote the set of permutations of [n] := {1,2,...,n}. Let 7 =
w1y -+ - Ty be a permutation in S,. An integer i € [n] is called a fized point of
m if m; = i. A derangement is a permutation with no fixed points. An integer
i € [n—1] is called a descent of 7 if m; > m; 41, and an ascent of 7 if m; < m;41.
If the set of descents of 7 is equal to {1,3,5,...} N [n — 1], then 7 is called an
alternating permutation. There are many interesting properties of alternating
permutations, see [10].

More generally, if B = {b1,bs,...,b,} is an n-set with by < by < -++ < by,
a rearrangement o = s15s - - - S, of elements of B is called a permutation of B.
Let Sp denote the set of all permutations of B. The statistics ascent in Sp
can be defined as in S, i.e., i is an ascent of o if s; < s;11.

In [9, Conjecture 6.3] Stanley conjectured that for n > 2, the number of
alternating permutations of [2n] with maximum number of fixed points, which is
n, is equal to the number of derangements of [n]. This conjecture was proved by
Chapman and Williams [2]. Han and Xin [6, Theorem 1] generalized Stanley’s
conjecture by enumerating the number of permutations 7 € .S, such that the
set of descents is J and the number of fixed points is n—|J|, which is the largest
possible, for any set J € [n — 1]. They showed that this number is equal to the
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number of derangements with a certain condition on descents. They also found
a formula for the generating function for the number of such derangements. To
be more precise, we need some definitions.

Let NFiA(n1,na,...,nk) (respectively NFiD(n1,ng,...,ng)) be the set of
permutations 7 = wymy - - T, of m = ny + ng + - -+ + ny such that if 7’ is the
permutation obtained from 7 by rearranging the first n; elements mymg - - - 7,
the next my elements 7, 4+17n 42 Tn,+n,, and so on, in ascending order
(respectively in descending order), then 7’ has no fixed points. Here, NFiA
stands for No Fixed points in Ascending order and NFiD stands for No Fixed
points in Descending order. Note that | NFiD(nq,na,...,ng)|/ni!---ng!is the
number of derangements of [n] such that the first n; elements are in ascending
order, the next ng elements are in ascending order, and so on.

Using symmetric functions, Han and Xin [6, Theorem 9] showed that

' 22 L Tk

Z ‘NFID(TLl,TLQ,...,nk”%

(1) R4k >0 2
1

(I4+x) - (I4+xp)(1 -2 — - —xp)

Eriksen, Freij, and Wistlund [3, Section 2] found a combinatorial proof of (1).
Steinhardt [12, Corollary 4.2] proved the following analogous result of (1):

n1 N2 Nk
Z |NFiA(ng,ng, ... ,nk)\u

n1!n2! : nk'

(2) n1,n2,...,nE >0
1—x1_..._mk :

In this paper we show that the left hand side of (2) has a natural inter-
pretation in terms of colored permutations defined below. The key idea is the
compositional formula for multivariate exponential generating functions.

An (nq,ng,...,ng)-colored permutation is a permutation in Sy, ot tny
such that 1,2,...,n; have color 1, and n; + 1,n1 + 2,...,n1 + ng have color
2, and so on. A cycle of an (n1,na,...,nk)-colored permutation is called
monochromatic if the elements of the cycle have the same color. We denote by
NMCy(ny,na,...,ny) the set of (nq,na,...,ng)-colored permutations with no

monochromatic cycles (NMCy stands for No Monochromatic Cycles).
In Section 2 we show that

mnlxnz ... xnk

Z |NMCy(n17n27...,nk)|%

(3) n1,n2,...,nE >0 T
4 (I—z1)...(1 —xg)
l—m — - —xp

In fact we will show a more general formula using permutation statistics, see
Theorem 2.1.
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For an application of (3) we consider the set NFCo(ni,na,...,n) of
(n1,ne,...,ng)-colored permutations 7 such that ¢ and 7; have different colors
for every i. Here, NFCo stands for No Fixed Colors. Such permutations are
also called multi-derangements. By finding a simple relation between the gen-
erating functions for |[NMCy(ni,ng,...,nk)| and | NFCo(ni,ne,...,ng)|, we
obtain a new proof of the following well known formula

Z |NFCo(ni,nga,...,ng)|

ni,.n2 Nk
:L‘l "I;2 ..-Ik

n1!n2! cee nk!

(4) ni,ne,...,nEg >0

_ 1

S l—ep—2e3——(k—1)es’
where ¢e; is the i-th elementary symmetric function on x1, xs, ..., s, which is
defined by

e; = E zjl"'zj,',-

1< < <gi<k
We will show a more general formula using permutation statistics, see Theo-
rem 3.1.
Note that by (2) and (3) we have

(5) |NFiA(ny,no,...,nk)| = | NMCy(ni, na, ..., ng)|.
Steinhardt [12, Theorem 6.2] also proved (5) but his proof is not bijective, see
Remark 1. In Section 4 we give a bijective proof of (5).

2. The generating function for NMCy(n1,na,...,ng)

For a permutation m = mymsy...m, of [n], an excedance of 7 is an integer
i € {1,2,...,n} such that m; > i. We will denote by exc(w) and cyc(n) the
number of excedances of m and the number of cycles of 7 respectively. Define
a generating function for NMCy(nq, ng,...,ng) by

fNMCy(Ilax27 oo 7Ik;y72)

n :
— Z Z yexc(ﬂ)zcyc(ﬂ') Ly Lp™ - Ty
TL1!TZ2! ce nk!

n1,n2,...,n >0 \TENMCy(ni,ns,...,nk)

In this section we show the following theorem.
Theorem 2.1. We have
fNMCy(‘rlva, e TRy Y, Z)

o 1-— ye(l—y)($1+“‘+zk)

Note that if y — 1 and z — 1 in Theorem 2.1, we obtain (3).
Recall that for a permutation m = w7y - - m,, an ascent of 7 is an integer
i €{1,2,...,n — 1} such that m; < m4;. Let asc(m) denote the number of



4 D. KIM, J. S. KIM, AND S. SEO

ascent of w. It is well known that the two statistics exc(w) and asc(w) are
equidistributed in S,,, see [11, Proposition 1.4.3]. Let A,(y) be the Eulerian
polynomial defined by

An(y) — Z yexc(ﬂ') — Z yasc(ﬂ').
TES, TESR
We denote by C,, the set of n-cycles formed with 1,2,... n.

Lemma 2.2. We have

" _ 6(lfy)w
(©) S s = LY

n>0 b 1= gyellzv ?
exe(m) | &0 g 1Y
" 7; (77620: ! ) BT ye(l=y)z’

Proof. Equation (6) is well known, see [11, Proposition 1.4.5]. For (7), observe
that if we write an n-cycle m € C,, as m = (n,a1,4a3,...,a,—1) then exc(w) =
1+ asc(ajaz - ap—1). Thus we have

Z yexc(ﬂ') _ Z y1+asc(0) = yAn—l(y)'

meCy, 0€Sn-1

Integrating both sides of (6) with respect to x, we obtain

" 1 1—y
;An—l(y)ﬁ = glog 1= gel—ve’

which finishes the proof of (7). O
We now prove Theorem 2.1.

Proof of Theorem 2.1. We claim that

Z % Z (nl n )33’71“ » x’lfclk Z yexc(w) chc(ﬂ)

: s, N
n>0 ni+-Fng=n TENMCy(n1,n2,..., ng)
(8) .
— X n__ ,n _ _n exc(m)
R D R TIET OB D B
n>1 meCy,

A k-colored permutation is a permutation in which every integer has color ¢ for
some i =1,2,...,k. Then the left hand side of (8) is equal to

(9) > 3 wi(m),

n>0 m: a k-colored permutation of [n]
with no monochromatic cycles

where

k
Wt(ﬂ’) — H CL‘E# elements of color ¢ in Tr)yexc(ﬂ—)zcyc(ﬂ—) )

i=1
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Since a k-colored permutation 7 is divided into cycles, by the exponential
formula [8, Corollary 5.1.6], (9) is equal to

exp Z% Z wt(m) |,

n>1 m: a k-colored cycle of [n]
with at least two colors

which is equal to the right hand side of (8).
Setting X =1 in (8) and using (7), we get the desired formula. O

3. The generating function for NFCo(ni,na,...,ng)

Define a generating function for NFCo(ny, ns, ..., ng) by
Inreo(®1, @2, -0, k5 Y, 2)
= Z Z yeXC(ﬂ')ZCyC(ﬂ') x?lxgm U xzk
’ nl!n2!~-~nk! '

ni,n2,...,n >0 \7ENFCo(ni,na,...,nk)
In this section we will prove the following theorem.

Theorem 3.1. We have
fNFCO(xla:EQa e Tk Y, Z)

= (l—yes—(y+yPes— - —(y+y*+-+yF ep) .

Askey and Ismail [1] showed (10) when z = 1 using MacMahon’s master the-
orem. Foata and Zeilberger [4] showed (10) when y = 1 using the S-extension
of MacMahon’s master theorem. Kim and Zeng [7] found a combinatorial
proof of (10) when z = 1. Zeng [13] showed (10) without restriction using
the p-extension of MacMahon’s master theorem. Zeng [14] proved (10) by
decomposing multi-derangements into “wave segments”.

We will show (10) by finding a relation between fymcy(z1,22,...,z)) and
InFoo (21, X2, . . ., k). We need a multivariate analog of the compositional for-
mula [8, Theorem 5.1.4].

Let II(n) be the set of partitions of {1,2,...,n}. For u € II(n), the number of
blocks of p is denoted by |u|. We use the convention that the empty product is
1. For instance, if S = 0, then [],_ 4 g(i) = 1 for any function g. Lemma 3.2 is a
multivariate compositional formula. This can be shown by the same arguments
as in the proof of [8, Theorem 5.1.4].

(10)

Lemma 3.2 (A multivariate compositional formula). Suppose that

G(z1,22,...,25) = Z g(ni,ng,...,ng)

n1,n2,...,nE >0

ny N2 Nk
a’;l x2 xk‘

nl!ng! s nk!
is a multivariate formal power series, and fori=1,2,... k,

Fie) = Y fln)

n>1
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is a formal power series. Let

H(xzy,x9,...,28) = Z h(ni,na,...,nk)

ni,ne,...,nE >0

mny . n2 Nk
:1;*1 x2 ...mk

nl!ng! . nk'

be the multivariate formal power series, where

h(nama,.one) = Y gl el lwl) T £UBD-

i €II(n;) Bep;
i=1,2,....k i=1,2,....k

Then we have
H(I’l,l’g, e ,Ik) = G’(Fl(xl), FQ(ZL'Q), ey Fk(l'k))
Proposition 3.3. We have

fNMCy($17$2,---,CI?k;y7Z)
(11) e(l—y)z1 _ e(l—v)zr _ 1
= fNFCo (1 e T et Y z) ;
fNFCo(xtha e Tk Y, Z)
(12) 1 1+ 1 14 2
= fnmMcy <1y10g1+yx1’“" lyloglerzk;y,z).

Proof. The second identity is obtained from the first one by substituting a} =
e(l=w)z; _q 1+
1geT ;7 Ty

(11).

Let m € NMCy(ny,na,...,n;), and consider a cycle v of m. Since 7 has
no monochromatic cycles, the cycle v contains more than one colors. We split
v into intervals, o1,09,...,0., in such a way that v is the concatenation of
01,09,...,0., and each o; is monochromatic, and for each i the color of o; dif-
fers from that of o;41 with convention o,,1 = 01. We call each o; a mazimal
monochromatic interval in -y, and regard it, being a sequence of distinct inte-
gers, as a permutation of its elements. Then v can be regarded as an r-cycle
(01,02,...,0.) of permutations o1, 09, ..., 0.

We now identify « with the pair (T, 7), where T' = {01, 02,...,0.} is the
set of maximal monochromatic intervals defined above and 7 is the r-cycle
(01,09,...,0.). It is easy to see that

. Thus it suffices to show

which is equivalent to z; = ﬁ log

(13) exc(y) = exc(r) + Y _ asc(oy),
i=1
where exc(7) is defined based on the linear order on o1,...,0, by o; > o, if

the first element of o; is bigger than that of o;.

Let {y1,72; - - -, Ym } be the set of disjoint cycles of 7 € NMCy(ny,na,...,ng),
where each «; is identified with (7}, 7;). Then {7, 72,...,7m}, regarded as a
disjoint cycle decomposition, is a permutation of Ty UTo U ---UT,,.

Thus we can identify 7 as a pair (U, p) satisfying the following:
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o U: =Ty UTrU---UT,, is the set of all monochromatic permutations,
i.e., maximal monochromatic intervals from disjoint cycles of 7,
e cvery element j € [ng + - - - + ny] appears in exactly one o in U and

o p:={7,T2,..., T} is a permutation of U such that o and p(o) have
different colors for every o € U, i.e., p is a permutation of no fixed
color.

Clearly cyc(m) = cyc(p). Also, from (13), we get

exc(m) = exc(p) + Z asc(o).

oelU
Thus we have

) exe(m) seye(m)

TENMCy(n1,n2,...,nk)

- ¥ ) e | TSy,

wi€Il(n;) \peNFCo(|u1l,lpzl,. .., k) . Bepi o0€Sp
i=1,2,....k i=1,2,....k
Since
Z yasc(o) _ Z yasc(a),
oc€ESR o€S|B|
by Lemma 3.2 and (6), we obtain (11). O

We are ready to give a new proof of Theorem 3.1.
Proof of Theorem 3.1. By Proposition 3.3 and Theorem 2.1 we have

INFCo(T1, 22, .. Tk3 Y, 2)

f ( 1 1+ 2 1 1 1+ a2 )
= O, ge ey 0] 'Y,

MO\ T =y B Ty =y B T4ya?

k . z
Hi:1 (1 — Yyexp {(1 - y)ﬁ log 11_;/;1})

k .
1—yexp [(1 —y) Xis 1 log 11@31-}

(1—y)*

_ l-y )
- (Hf1(1 + yx;) — QH§:1(1 +$z)> .

Using the fact

k k
H(l +ziy) = Zeiyia
i=1 i=0
one can easily see that
k k
[T+ —y [T+ )
i=1 i=1

=(-y(l-yeo—(y+y’)es——(y+v>+---+y" Hey).
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Thus we get
INFCo(T1, T2, -+ Th3 Y, 2)
= (l-yeo— (y+yes——(W+y*+-+y" Der)
which completes the proof. (I

4. Bijections

In this section we give a bijective proof of (5). We will follow Steinhardt’s
approach [12] using Gessel and Reutenauer’s map.

Let A(nq,ns,...,n) be the set of derangements # = mymg - 7w, of n =
ny1 + ng + - - - + ng, such that each of the k intervals

TIT2 .« Ty s Ty +1Tny 42 - - - Tny+ny, a0d SO on,

is in ascending order. Note that we can consider NFiA(ni,na,...,nx) as the
set A(ny,may...,nk) X Spy X -0 X Sy, .
For example, let (ny,ns,...,nk) = (8,5,1) and

=] 879126511 10 | 23 4 1 14 | 13 | € NFiA(ny,n9,...,nk),

where we put a bar ‘|’ between 7y, 4.4, and Ty, 4. pn, 41 for each i = 1,2, ...,
k — 1, and at the beginning and at the end for visibility. Then 7’ is the per-
mutation obtained from 7 by rearranging the integers between two consecutive
bars in ascending order:

(14) =56 7891011 12 | 1 2 3 4 14 | 13 | € A(ny,na, ..., np).

We divide 7 into the k£ subwords of lengths ni,ns,...,n; and then consider
them as permutations in Sy,,, Sp,, ..., Sn, to get o1,09,...,0%:

879126 511 10 =2 4358217 6=o0y,
234114 =2 2341 5=o0y,

~

z=13 =2 1=o03.
Here, for two words v = uy - -u, and v = vy - - - v, of integers, we write u = v
if u; < u; implies v; < v; and vice versa for all 4, j. Then we identify 7 with
(7',01,09,...,0%).

We now review Gessel and Reutenauer’s map [5].

A necklace is a cycle of integers with possible repetitions. An ornament
is a multiset of necklaces. Let Q(ny,ng,...,nk) denote the set of ornaments
w such that ¢ appears n; times in the necklaces of w for each i. Let n =
(b1,b2,...,bm) be a necklace. Define b; for all integers ¢ so that b; = b; if
i =7 mod m. A period of n is an integer d such that b;; 4 = b; for all .. We
say that n is r-repeating if r = m/d, where d is the smallest period of 1. A
primitive necklace is a 1-repeating necklace. An ornament is called primitive if
all of its necklaces are primitive. Let Qq(n1,n2,...,nx) be the set of primitive
ornaments in Q(ny,na, ..., ng) with no necklaces containing only one element.
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For a permutation 7, we define ¢u, ny....n,(7) € Q(n1,na,...,nk) to be the
ornament obtained from the cycles of m by replacing j with ¢ if

nmt-Fnia+1<j<ni+ i+

for all j € [n]. In other words, ¢n, n,,.. n,(7) is the ornament obtained from
the cycles of m by replacing each element with its color. For example, the
permutation 7’ in (14) has the cycles

(1,5,9), (2,6,10), (3,7,11), (4,8, 12), (13, 14).

Thus the image of 7’ under this map is

(15) dssa(m) =1{(1,1,2),(1,1,2),(1,1,2),(1,1,2),(2,3)}.
Proposition 4.1 ([5, Lemma 3.4]). The map ¢n, n,,...n, S a bijection between
A(ny,ma, ... ,ng) and Qo(ni,na, ..., ng).

By Proposition 4.1, (5) is equivalent to
(16) nilng! .. ng!|Qo(n1, na, ..., ng)| = | NMCy(nq, na, ..., ng)l.

Remark 1. In the sketch of proof of [12, Theorem 6.2] Steinhardt states (16)
without explanation. However, (16) is nontrivial since NMCy(ny,na, ..., ng)
has no obvious symmetries giving the factor nq!ns!-- - ng!l.

We will give a bijective proof of (16). We define the map
P Qo(ni,na, ... nk) X Spy X -+ X S, = NMCy(ny,na,...,nk)
as follows.

(1) Let (w,01,...,0%) € Qo(n1,na,...,ng) X Sy, X+ xSy, . Any necklace
in w can be represented by the word that is the smallest in lexicographic
order among the words read from it. Let 71, ..., 7, be the sequence of
words obtained by reading the necklaces in w such that each ~; is the
smallest word which makes the corresponding necklace and y; < --- <
Ym in lexicographic order.

(2) For a permutation o and an integer j, let o+ denote the word obtained
from o by increasing each integer by j. For 1 < ¢ < k, let o) =
o;+ (n1+---+mn;_1), where ng = 0.

(3) Note that, for each i, the integer ¢ appears m; times in 71,...,Vm.
Let p1,...,pm be the sequence of words obtained from the sequence
M1, - -, ¥m Dy replacing the n; i’s with the elements of o} for 1 < i < k.
More precisely, the j-th occurrence of ¢ is replaced with the element in
the j-th position in o}.

(4) Let S C [m] be a maximal set subject to v; =, for all ¢, j € S. Then

S ={s+1,542,...,s+7} for some integers s and r. Let =711 ---7,. €
S, be the permutation such that 7; < 7; if and only if pey; < psij in
lexicographic order. In this case we say that 7 and psy1,...,pstr are

order-isomorphic. Let C's be the set of cycles obtained from the cycles
of 7 by replacing 7; with p, for all i. We define ¢ (w, 01, ...,0%) to be
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the permutation whose cycles are the elements of the union of Cg for
all S.

Example 1. Let (ny,n2,...,n,) = (8,5,1). Let
W = {(15 1a 2)7 (la 17 2)7 (1a 1; 2)7 (1a 17 2)? (27 3)}

be the ornament in (15) and o1 = 43582176, 05 = 23415 and o3 = 1 as before.
Note that

(17) Y.,y = 112, 112, 112, 112, 23,
and
oy=01=43582176,
oh=0y+n; =10 11 12 9 13,
ol =03+ (n1 +n2) = 14.

By replacing the eight 1’s with ¢/, the five 2’s with o}, and the one 3 with o}
in (17), we have

pl,...,p5=4 310, 5 8 11, 2 1 12, 7 6 9, 13 14,

where the elements of o} are written in bold face. Since y1 = -+ = 74, we
consider p,...,ps which is order-isomorphic to 2314 = (123)(4) € S4. Thus
we construct the cycles

(p1, p2,p3) = (4,3,10,5,8,11,2,1,12), (pa) = (7,6,9).
Thus,
Y(w,01,09,03) = (4,3,10,5,8,11,2,1,12)(7,6,9)(13, 14).
Theorem 4.2. The map
P Qo(ni,na, ... nk) X Spy X -+« X S,, = NMCy(ny,nz,...,nk)
is a bijection.

Proof. We will show this theorem by constructing the inverse map of .
Let 7 € NMCy(ni,n2,...,nk). We define a map 7 — (w,01,...,0k) as
follows.
(1) Let H be the set of words v on {1,2,...,k} such that
J
® Onyns....ns (™) contains the necklace (7,...,7) for some integer

e (7) is primitive and + is the smallest word among all of its cyclic
shifts in lexicographic order,
where we regard a word y as a sequence of integers in the natural way.
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(2) For v € H, we define T, to be the set of all words p satisfying that p is
a consecutive subsequence in some cycle of m and @n, nsy,...n.(P) = 7.
Here, ¢n, n,.... ne(p) denotes the word obtained from p by replacing
each number in p, say j, with ¢ if

n+--4+n-1+1<j3j<ng+--+n;—1+n;.
(3) For v € H, let
pl < p3 << ph.
be the elements of T, ordered by lexicographic order. Consider the
cycles of 7 containing the words in 7, as consecutive subsequences. In
these cycles, if we replace the consecutive subsequence which forms p]

by ¢ for each 4, we obtain cycles consisting of 1,2, ..., m,. The resulting
cycles form a permutation, which we denote by

Y =7 Y
TI=T\Ty Ty -

Then we define W, to be the sequence of the elements in T’, according
to the permutation 77, that is,
— ¥
Wy = PrvsPryse - ,P.,-gw~
(4) Let
W:PbPQv--me

be the concatenation of the sequence W, for all v € H where we start
with the lexicographically smallest v and proceed with the next smallest
one, and so on.

(5) We now define w to be the ornament {(y1),...,(Vm)} where v; =
Onyona,...n (Pi). Here, we consider +; as a sequence of integers as before.

(6) For 1 < 4 < k, we define o; to be the permutation in S,,, which is
order-isomorphic to the word obtained from W by taking the integers
fromny+---+n;_1+1tong+---+n;_1+n;.

It is easy to see that m — (w, 071, ..., 0}) is the inverse map of . (I
Combining ¢, n,,..n, and ¥, we obtain a bijective proof of (5).
Example 2. Let (ny,ne,...,ng) = (8,5,1) and consider
m=(4,3,10,5,8,11,2,1,12)(7,6,9)(13,14) € NMCy(n1,na,...,ng).

The map m — (w,01,...,0k) in the proof of Theorem 4.2 is constructed as
follows. Since

Gy g (1) = (1,1,2,1,1,2,1,1,2)(1,1,2)(2,3) € NMCy(n1,na, . . ., n%),
we have H = {112, 23},
Tia={pi"*=2 112, pi'?=4 3 10, pi'?=5 8 11, p;* =7 6 9},
Tos = {13 14}.
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The cycles of 7w containing the elements in 7712 are
(4,3,10,5,8,11,2,1,12), (7,6,9).
If we replace the consecutive subsequences “2,1,12”, “4,3,10”, “5,8,11”, “7,6,9”
with 1, 2, 3, 4 respectively in these cycles, we obtain (2,3,1) = (1,2, 3) and (4).
Thus
112 _ _

7112 = (1,2,3)(4) = 2314,

and
Wiia = p32, pd2 pit2 pit? =4 3 10, 5 8 11, 2 1 12, 7 6 9.
Similarly, we have 723 = (1) = 1 and Wa3 = 13 14. Thus,
W =Wy, Wo3 =4 3 10, 5 8 11, 2 1 12, 7 6 9, 13 14.
Finally we obtain that
w=1{(1,1,2),(1,1,2),(1,1,2),(1,1,2),(2,3)}

and o7 = 43582176, 05 = 23415 and o3 = 1.

5. Final remarks

As NFiA(nq,ng,...,n) has a counterpart NMCy(ny,na,...,ng), the set
NFiD(nq,na,...,n;) has a combinatorial counterpart as follows.

Let EMCy(n1,ne,...,ni) be the set of (nq, na, ..., ny)-colored permutations
in which the sum of the lengths of the monochromatic cycles of each color is
even (EMCy stands for Evenly Monochromatic Cycles). Using the exponential
formula, one can show that
x’fl 1‘32 . ka

Z |EMCy(ni,n2,...,nk)| gl ]

(18 niy,ne,...,ni >0
) B 1
(1+$1)...(1+$k)(1—$1 —'~'—l‘]€).
Thus from (1) and (18) we get
(19) |NFiD(n1,na,...,nt)| = | EMCy(ni,na, ..., ng)|.

We can also prove (19) bijectively, by using the same idea as in Theorem 4.2.
It will be interesting to find a refinement of (18) which is analogous to
Theorem 2.1.
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