Hypertorus graphs and graph equivariant cohomologies

Shintarô KUROKI

Abstract. The purpose of this paper is to establish a new graph: a hypertorus graph which is the analogue of the GKM-graph or the torus graph, and to study a ring structure of its graph equivariant cohomology. A hypertorus graph is a regular 2n-valent graph labeled by the dual of Lie algebra of the (n + 1)- dimensional torus T^n × S^1 encoding combinatorial informations about some 4n-dimensional manifold with T^n × S^1-action. For instance, graphs induced by hypertoric varieties or cotangent bundles of toric manifolds are hypertorus graphs.

1. Introduction

Suppose a torus T acts on a space M such that the dimension of the 1-skelton is 2. Here the 1-skelton of a T -manifold M is the set of points p ∈ M, where dim T_p ≥ dim T −1. From this 1-skelton, we can construct a graph Γ: the vertex set V^Γ = M^T and two vertices are linked with an edge in Γ whenever the corresponding fixed points on M are connected by an invariant sphere. In [GKM] Goresky, Kottwitz and MacPherson showed that, for such manifold with some assumptions, this 1-skeleton has the structure of a “labeled” graph (Γ, α) labeled by the weights of the T -action on the tangent space T_pM for p ∈ M^T , and that the equivariant cohomology ring of M (over the real number R) is isomorphic to the “cohomology ring” of this graph (Γ, α). For example, 1-skeltons of 2n-dimensional non-singular toric varieties (toric manifolds) with T^n-action satisfy this property.

Motivated by the above Goresky, Kottwitz and MacPherson’s theorem (we call it the GKM theorem), in [GZ2], Guillemin and Zara introduced the GKM-graph (Γ, α) and the cohomology ring H(Γ, α). If this GKM-graph (Γ, α) is associated with some torus T -action on M, then its equivariant cohomology ring is isomorphic to H(Γ, α) by the GKM theorem. So we can regard the GKM-graph as a generalized object of a space with some torus action. The above Guillemin and Zara’s research has been of independent combinatorial interest since the appearance of their paper [GZ1] (1999), and they translated the important topological properties of Hamiltonian T -actions on M into the languages of combinatorics and applied the combinatorial theory.

1991 Mathematics Subject Classification. Primary 55N91; Secondary 05C65, 57S25. Key words and phrases. Torus action, equivariant cohomology, GKM-graph, toric topology. The author was supported in part by Fudan University, the Fujyukai foundation and OCAMI.. 1

We can also define a “labeled graph” from the torus manifold, which is defined by Hattori and Masuda in [HM] as the topological generalized object of the non-singular toric variety in the algebraic geometry. The torus manifold is a 2ndimensional manifold with an effective T^n-action and finite fixed points, and torus manifolds do not always have an almost complex structure (this part is the most different part of the previous researches). Motivated by such torus manifold and the GKM-graph, a torus graph Γ and its equivariant cohomology H^∗_T (Γ) were defined by Maeda, Masuda and Panov in [MMP], and they showed that H^∗_T (Γ) is isomorphic to the face ring associated with Γ which is the ring described by the combinatorial data of Γ. According to [MP], if odd degree cohomologies of the torus manifold are 0 then its equivariant cohomology ring (over the integer Z) is isomorphic to H^∗_T (Γ). Remark that GKM-graphs and torus graphs are different graphs, but the intersection of the set of GKM-graphs and the set of torus graphs include the set of graphs associated with toric manifolds.

On the other hand we can also define a labeled graph from the hypertoric variety. The hypertoric variety is the hyperKähler analogue of the toric variety, which is defined, in [BD], by the hyperKähler quotient of a torus action on a quaternion space. From this quotient, the hypertoric variety is a non-compact orbifold with the natural T^n-action. Its ordinary cohomology and equivariant cohomology were studied by Konno in [Ko1] and [Ko2]. According to Harada and Proudfoot in [HP], this T^n-action can extend to T^n × S^1-action and they studied about its equivariant cohomology. Its equivariant cohomology ring is described by the half space arrangement induced by the hypertoric variety with T^n × S^1-action. According to Harada and Holm in [HH], from this T^n × S^1-action we can define a labeled graph, and they also define a “cohomology ring” of graph and study the correspondence between generators of equivariant cohomology of the T^n × S^1-action and elements of a cohomology ring of graph.

Motivated by such hypertoric variety and the torus graph, in this paper, we define a hypertorus graph G = (Γ, α, θ) and its graph equivariant cohomology H^∗_{T n×S1} (G). The goal of this paper is to show the ring structure of H^∗_{T n×S1} (G) in some case (Theorem 3.1). A hypertorus graph is a generalization of graphs which appeared in [HH], and a remarkable difference of this graph and other graphs (GKM-graphs and torus graphs) is that some hypertorus graphs have a leg which is a half line from one vertex (see Figure 2). Because of the leg, we can define the neighborhood of the subgraph in G and apply the main theorem (Theorem 3.1) to show the Mayer-Vietoris exact sequence holds for H^∗_{T n×S1} (G) in some case (Theorem 4.1).

We now give a brief outline of the contents of this paper. In Section 2, we give definitions of a hypertorus graph and its graph equivariant cohomology, and also prepare to state the main theorem (Theorem 3.1). For the main theorem, we need to prepare definitions of a hyperfacet which is some subgraph in a hypertorus graph, a Thom class of a hyperfacet, and a ring Z[G] defined by some combinatorial data of hyperfacets. In Section 3, we prove the main theorem. In order to prove it, we divide the proof into two parts: the first part is to study an x-forgetful graph of a hypertorus graph, and to show its graph equivariant cohomology; in the second part, using a result of a graph equivariant cohomology of an x-forgetful graph, the main theorem is proved. In Section 4, as an application of the main theorem, we prove that there exists the Mayer-Vietoris exact sequence on the graph equivariant cohomology in some case (Theorem 4.1).

2. Definitions: hypertorus graph

The aim of this section is to define a hypertorus graph and its graph equivariant cohomology. In order to state the main theorem in Section 3, we also define a hyperfacet and a ring Z[G] in the last section (Section 2.3).

2.1. Notations. First we prepare some notations. In this paper Γ is a connected graph which possibly has legs, where a leg means an out going half line from one vertex (see the left graph in the Figure 1). Let V^Γ be a set of vertices, E^Γ a set of edges, L^Γ a set of legs in Γ, and E^Γ = E^Γ ∪ L^Γ. Then Γ can be denoted by

Γ = (V^Γ, E^Γ).

In this paper we assume the number of V^Γ and E^Γ are finite.

Moreover we assume all edges and legs have an orientation (see Figure 1): each edge e ∈ E^Γ has two possible orientations, and we denote the opposite orientation of the edge e = pq by ē = qp; each leg l ∈ L^Γ has only one orientation which is an out going direction from one vertex. We denote the initial vertex of e = pq by i(e)(= p) and the terminal vertex by t(e)(= q), and remark that a leg l does not have a terminal vertex but an initial vertex i(l). For a vertex p ∈ V^Γ, we put the set of all out going edges and legs from p ∈ V^Γ by

E^Γ_p = {ϵ ∈ E^Γ | i(ϵ) = p},

and |E^Γ_p | denotes the number of E^Γ_p . In this paper we consider only a connected graph Γ = (V^Γ, E^Γ) which satisfies |E^Γ_p | = |E^Γ_q | = m for all p, q ∈ V^Γ. We call such graph a (regular) m-valent graph. The following two figures are examples of our graphs.

Figure 1. These are examples of regular graphs with legs and orientations. The left 2-valent graph has two legs, on the other hand the right 3-valent graph has no legs. Remark all edges have two orientations and all legs have only one orientation.

2.2. Hypertorus graph and Graph equivariant cohomology. We will define a hypertorus graph in the first section 2.2.1, and a graph equivariant cohomology in the next section 2.2.2.

2.2.1. Hypertorus graph. Let Γ = (V^Γ, E^Γ) be an m-valent graph. In order to define a hypertorus graph, we will define a connection and an axial function.

Before we define a connection, we prepare the set θ = {θ_e | e ∈ E^Γ} which is a collection of bijective maps θ_e : E^Γ_p → E^Γ_q

for all edges e = pq ∈ E^Γ. Since Γ is an m-valent graph, we have |E^Γ_p | = m = |E^Γ_q | for all p, q ∈ V^Γ. Hence the bijective map θ_e always exists for all edges e ∈ E^Γ. A connection on Γ is the set θ = {θ_e| e ∈ E^Γ} which satisfies the following two conditions:

• θ_ē = θ^{−1}_e (θ_{qp} = θ^{−1}_{pq} ); • θ_e(e) = ē (θ_{pq} (pq) = qp). We can easily show that an m-valent graph Γ admits different ((m − 1)!)^g connections, where g is the number of (unoriented) edges E^Γ.

Next we define an axial function. In order to define it, we prepare some notations. Let T^n be an n-dimensional torus, that is, an n-dimensional compact commutative group. T^n is often denoted by T . In particular a 1-dimensional torus is denoted by S^1. Let t be a Lie algebra of T , t_Z a lattice of t, and t^∗ the dual algebra of t. Hom(T, S^1) means a set of all homomorphisms from the group T to S^1, and we know that it can be regarded as a lattice of the dual algebra t^∗_Z. Moreover we can identify t^∗_Z with H^1(T ; Z) = H^2(BT ; Z), where BT is the base space of the universal principal T -bundle ET → BT . Therefore we have the identification Hom(T, S^1) = t^∗_Z = H^2(BT ). An axial function

α : E^Γ → Hom(T, S^1) = t^∗_Z = H^2(BT ) is a map which satisfies the following three conditions:

• α(ē) = ±α(e) for all edges e ∈ E^Γ;

• α(E^Γ_p ) = {α(ϵ) | ϵ ∈ E^Γ_p } is pairwise linearly independent for all p ∈ V^Γ, that is, for two distinct elements ϵ_1, ϵ_2 ∈ E^Γ_p , these axial functions α(ϵ_1), α(ϵ_2) are linearly independent in t^∗_Z;

• α satisfies the congruence relation for all edges e ∈ E^Γ, that is, the next relation holds for all ϵ ∈ E^Γ_{i(e)}: α(ϵ) − α(θ_e(ϵ)) ≡ 0 (mod α(e)).

Definition 2.1 (hypertorus graph). Let G = (Γ, α, θ) be a collection of a 2n-valent graph Γ = (V^Γ, E^Γ), a connection θ on Γ, and an axial function

α : E^Γ → Hom(T^n × S^1, S^1) = (t^n)^∗_Z ⊕ Zx, where x is a generator of Zx which is the dual of the Lie algebra of S^1. We call G = (Γ, α, θ) a hypertorus graph if it satisfies the following conditions for all p ∈ V^Γ:

(1) We can put E^Γ_p = {ϵ^+_1 (p), · · · , ϵ^+_n (p), ϵ^−_1 (p), · · · , ϵ^−_n (p)} and (ϵ^+_j (p), ϵ^−_j (p)) satisfies α(ϵ^+_j (p)) + α(ϵ^−_j (p)) = x for all j = 1, · · · , n;

(2) The set {α(ϵ^+_j (p)), x | j = 1, · · · , n} spans (t^n)^∗_Z ⊕ Zx, we denote it by ⟨α(ϵ^+_1 ), · · · , α(ϵ^+_n ), x⟩ = t^∗_Z⊕ Zx. We call {ϵ^+_j (p), ϵ^−_j (p)} such that α(ϵ^+_j (p)) + α(ϵ^−_j (p)) = x a pair in E^Γ_p .

The following Figure 2 is examples of the hypertorus graph. Because the axial function α satisfies the congruence relation, we have the following Lemma 2.2.

Figure 2. Hypertorus graphs, where ⟨a, b⟩ ≃ (t^2)^∗_Z.

Lemma 2.2. Let {ϵ^+, ϵ^−} be a pair in E^Γ_p . Then {θ_{pq}(ϵ^+), θ_{pq}(ϵ^−)} is also a pair in E^Γ_q .

2.2.2. Graph equivariant cohomology. Let G = (Γ, α, θ) be a hypertorus graph. First we put the set of generators of t^∗_Z by {α_1, · · · , α_n}. Then we can identify t^∗_Z⊕ Zx as follows:

t^∗_Z⊕ Zx = ⟨α_1, · · · , α_n, x⟩ = H^2(B(T^n × S^1)), and we can consider the equivariant cohomology of a point as follows: H^∗_T n_{×S}1 (pt) = H^∗(B(T^n × S^1)) = Z[α_1, · · · , α_n, x].

Here Z[α_1, · · · , α_n, x] is the polynomial ring.

Definition 2.3 (graph equivariant cohomology). We define the ring H^∗_{T n×S1} (G) of G = (Γ, α, θ) as follows:

H^∗_T n_{×S}1 (G) = {f : V^Γ → H^∗_T n_{×S}1 (pt) | f(p) − f(q) ≡ 0 (mod α(pq))}, where pq ∈ E^Γ is an edge and α(pq) ∈ t^∗_Z ⊕ Zx = H^2(B(T^n × S^1)). We call H^∗_{T n×S1} (G) a graph equivariant cohomology. We also call the relation f(p) − f(q) ≡ 0 (mod α(pq)) a congruence relation of f.

2.3. Hyperfacet and Ring Z[G]. Before we mention the main theorem, we need to introduce a special subgraph (we call it a hyperfacet) of G and a ring Z[G] induced by G.

In order to define a hyperfacet, we will define a pre-hyperfacet, its Thom class and its opposite side.

2.3.1. pre-hyperfacet. First we define a pre-hyperfacet. Let H = (V^H , E^H ) be a subgraph of Γ = (V^Γ, E^Γ), that is, H satisfies V^H ⊂ V^Γ and E^H ⊂ E^Γ. Put E^H_p = E^Γ_p ∩ E^H and |E^H_p | the number of out going edges and legs from p ∈ V^H in H. Assume |E^H_p | = 2n − 1 or 2n for all p ∈ V^H , where there always exists a vertex p ∈ V^H which satisfies |E^H_p | = 2n − 1. Moreover we assume that H is closed by the connection θ of G = (Γ, α, θ), that is, θ^H_{pq} = θ_{pq} |_E H_p : E^H_p → E^H_q is bijective (if |E^H_p | = |E^H_q |) or injective (if |E^H_p | < |E^H_q |), and if |E^H_p | < |E^H_q | then θ^H_{pq} satisfies the following congruence relation for {n_H (p)} = E^Γ_p − E^H_p (we call n_H (p) a normal edge or a normal leg of H on p): α(n_H (p)) − x ≡ 0 (mod α(pq)).

We call such subgraph H a pre-hyperfacet in G = (Γ, α, θ).

2.3.2. Thom class. Next we define a Thom class of the pre-hyperfacet. Let H be a pre-hyperfacet in G = (Γ, α, θ). We call the map τ_H : V^Γ → H^2(BT ) such that

τ_H (p) = 0 if p ∉ V^H x if |E^H_p | = 2n α(n_H (p)) if |E^H_p | = 2n − 1,

the Thom class of a pre-hyperfacet H. For the Thom class τ_H of a pre-hyperfacet H, we have the following lemma.

Lemma 2.4. τ_H is an element of H^∗_{T n×S1} (G).

Proof. Take an edge pq ∈ E^Γ. It suffices to prove that τ_H satisfies the congruence relation on pq, that is, τ_H (p) − τ_H (q) ≡ 0 (mod α(pq)).

Suppose that p ∈ V^H and q ∉ V^H . Then |E^H_p | = 2n − 1 and {pq} = E^Γ_p − E^H_p = {n_H (p)}. So we have α(pq) = α(n_H (p)). Because of the definition of the Thom class, we also have τ_H (p) = α(n_H (p)) and τ_H (q) = 0. Hence we know that

τ_H (p) − τ_H (q) = α(n_H (p)) − 0 = α(pq) ≡ 0 (mod α(pq)).

Suppose that p, q ∈ V^H . If |E^H_p | = |E^H_q | = 2n − 1, then τ_H (p) = α(n_H (p)) and τ_H (q) = α(n_H (q)). Because {n_H (p)} = E^Γ_p − E^H_p , {n_H (q)} = E^Γ_q − E^H_q and the map θ^H_{pq} = θ_{pq} |_E H_p : E^H_p → E^H_q is bijective, we have θ_{pq}(n_H (p)) = n_H (q). By the congruence relation of α, we know that

τ_H (p) − τ_H (q) = α(n_H (p)) − α(n_H (q)) = α(n_H (p)) − α(θ_{pq} (n_H (p))) ≡ 0 (mod α(pq)).

If |E^H_p | = 2n − 1 and |E^H_q | = 2n, then τ_H (p) = α(n_H (p)) and τ_H (q) = x. Because of the definition of the pre-hyperfacet, we know that

τ_H (p) − τ_H (q) = α(n_H (p)) − x ≡ 0 (mod α(pq)).

For the other cases (the cases p, q ∉ V^H and |E^H_p | = |E^H_q | = 2n), we can easily show that τ_H (p) − τ_H (q) = 0 by the definition of the Thom class. □

2.3.3. opposite side. Next we define the opposite side of the pre-hyperfacet. In order to define it, we prove the following two lemmas: Lemma 2.5 and 2.6.

Lemma 2.5. If G = (Γ, α, θ) is a hypertorus graph, then there is a unique (2n − 2)-valent hypertorus subgraph of G containing any given (n − 1) pairs in E^Γ_p for all p ∈ V^Γ.

Proof. Let E^L_p = {ϵ^+_1 , · · · , ϵ^+_{n−1}, ϵ^−_1 , · · · , ϵ^−_{n−1}} be (n−1) pairs in E^Γ_p . Then α(ϵ^+_j )+α(ϵ^−_j ) = x for j = 1, · · · , n−1 and ⟨α(ϵ^+_1 ), · · · , α(ϵ^+_{n−1}), x⟩ ≃ (t^{n−1})^∗_Z⊕Zx by the definition of the hypertorus graph. We put that ⟨α(ϵ^+_1 ), · · · , α(ϵ^+_{n−1}), x⟩ = k^∗_Z⊕ Zx. Take any edge e from E^L_p = E^L_p ∩ E^Γ_p . By Lemma 2.2, through the connection θ_e, E^L_p maps to some (n − 1) pairs θ_e(E^L_p ) in E^Γ_{t(e)}. The α-images of these (n − 1) pairs in E^Γ_{t(e)} and x span the same subspace k^∗_Z ⊕ Zx, because α satisfies the congruence relation on e. We can translate the given (n − 1) pairs in E^Γ_p along all edges in E^L_p in this way. Then we have the following (2n − 2)-valent graph

L_1 = ⋃ e∈E^L_p θ_e(E^L_p ) ∪ E^L_p .

We continue this operation along all edges E^{L1} − E^L_p , where E^{L1} is the set of edges in L_1, then we get a graph L_2. This graph L_2 is also a (2n − 2)-valent graph, because the α-images of all (n − 1) pairs in E^{L2}_p , for all p ∈ V^{L2} , and x also span k^∗_Z ⊕ Zx. Continuing this process, finally we can get a (2n − 2)-valent hypertorus subgraph in G.

Suppose that L and L^′ are (2n − 2)-valent hypertorus subgraphs and E^L_p = E^{L′}_p . Similarly we translate E^{L′}_p along each edge in E^L_p and translate E^L_p along each edge in E^{L′}_p by the connection θ of G. Then we have two same graphs

L_1 = ⋃ e∈E^L_p θ_e(E^{L′}_p ) ∪ E^{L′}_p and L^′_1 = ⋃ e∈E^{L′}_p θ_e(E^L_p ) ∪ E^L_p ,

because E^L_p = E^{L′}_p . We continue this operation along edges of L_1 and L^′_1. Then we also have two same graphs L_2 and L^′_2. Moreover we continue this operation, finally we know that L = L^′. □

Next we will prove Lemma 2.6. In order to prove it, we define a boundary of a pre-hyperfacet. Let H be a pre-hyperfacet. By the definition of a prehyperfacet, there is a vertex p ∈ V^H such that |E^H_p | = 2n − 1. Then E^H_p has (n − 1) pairs {ϵ^+_1 , · · · , ϵ^+_{n−1}, ϵ^−_1 , · · · , ϵ^−_{n−1}}. Because of Lemma 2.5, we can get the unique (2n − 2)-valent hypertorus subgraph L in G such that p ∈ V^L and E^L_p = {ϵ^+_1 , · · · , ϵ^+_{n−1}, ϵ^−_1 , · · · , ϵ^−_{n−1}}. Then we call the union of all such L a boundary of H, and we denote it by ∂H. Note that a boundary of H need not be connected.

Lemma 2.6. Let H be a pre-hyperfacet in the hypertorus graph G = (Γ, α, θ) and x be a generator of Zx ⊂ t^∗_Z ⊕ Zx. Then there is a unique pre-hyperfacet I which satisfies the following conditions: • H ∪ I = Γ; • τ_H + τ_I = χ ∈ H^∗_{T n×S1} (G), where χ is a map χ(V^Γ) = {x}.

Proof. Set H = (V^H , E^H ) and Î = (V^Γ − V^H , E^Γ − E^H ). Define I = Î ∪ ∂H. Then we can easily see that H ∪ I = (V^Γ, E^Γ) = Γ.

Next we prove I is a pre-hyperfacet. Take p ∈ V^I . If p ∈ V^Î = V^Γ − V^H , then E^I_p = E^Γ_p , that is, |E^I_p | = 2n. If p ∈ V^{∂H} , then E^I_p = E^{∂H}_p ∪ {n_H (p)}, that is, |E^I_p | = 2n − 1. Here n_H (p) is a normal edge (leg) of H on p. So θ^I_{pq} : E^I_p → E^I_q is bijective (if |E^I_p | = |E^I_q |) or injective (if |E^I_p | < |E^I_q |). Put n_H (p) = ϵ^+, then the normal edge (leg) of I on p can be denoted by ϵ^− = n_I (p) where {ϵ^+, ϵ^−} = E^Γ_p − E^{∂H}_p is one of the pair in E^Γ_p . So we have the following equation:

α(n_I (p)) = α(ϵ^−) = x − α(ϵ^+) = x − α(n_H (p)).

If n_H (p) = pq ∈ E^I such that |E^Γ_q | = |E^I_q | = 2n, then we see that α(n_I (p)) − x = −α(n_H (p)) ≡ 0 (mod α(n_H (p)) = α(pq)) by the above equation. Hence I is a pre-hyperfacet. Moreover we have that τ_H + τ_I = χ, because of the above equation and the definition of the Thom class of the pre-hyperfacet.

Finally we prove the uniqueness of I. By two conditions H ∪I = Γ, τ_H +τ_I = χ and the definition of the Thom class, we see ∂I = ∂H and I = (V^Γ − V^H , E^Γ − E^H ) ∪ ∂I. From Lemma 2.5, the boundary ∂H = ∂I is unique. So we know the uniqueness of I. □

We call I in Lemma 2.6 an opposite side of H and denote it by H. Note that H ∩ H = ∂H by the proof of Lemma 2.6.

2.3.4. Hyperfacet and Ring Z[G]. Under the above preparations, we can define the hyperfacet.

Definition 2.7 (hyperfacet). We call a connected pre-hyperfacet a hyperfacet, if its opposite side is also connected.

Remark 2.8. For the hyperfacet H, its opposite side H is also a hyperfacet.

Figure 3. The above figures are hyperfacets and their opposite side of the left and right examples in Figure 2. Labels on vertices mean values of their Thom classes on vertices. Note that the boundary ∂H = H ∩ H of the left example is connected, but the right one is not connected.

Let H be the set of all hyperfacets in G, then we can put H = {H_1, · · · , H_m, H_1, · · · , H_m} by the finiteness of V^Γ, Lemma 2.6, and Remark 2.8. Put Z[X, H] = Z[X, H_1, · · · , H_m, H_1, · · · , H_m] where Z[X, H_1, · · · , H_m, H_1, · · · , H_m] is a polynomial ring which is generated by X and all elements in H, and put I = ⟨ H_i + H_i − X, ∏ H∈H^′ H | | i = 1, · · · , m, H_′ ∈ I(H)⟩

which is the ideal in Z[X, H] generated by H_i + H_i − X (i = 1, · · · , m) and ∏ H∈H^′ ∈I(H) H, where I(H) = {H

′ ⊂ H | ∩ H^′ = ∅}. We define a ring Z[G] as follows: Z[G] = Z[X, H] / I.

3. Main theorem: ring structures of graph equivariant cohomologies

The aim of this section is to prove the following main theorem.

Theorem 3.1. Let G be a 2n-valent hypertorus graph and L = {L_1, · · · , L_m} a set of all connected (2n − 2)-valent hypertorus subgraphs in G. If G satisfies the following two assumptions:

(1) For each L ∈ L, there are a hyperfacet H and its opposite side H such that H ∩ H = L, and such H, H are unique;

(2) For all subsets L^′ ⊂ L, its intersection ∩L^′ is empty or connected. Then H^∗_{T n×S1} (G) ≃ Z[G].

Henceforth in this section the hypertorus graph G = (Γ, α, θ) satisfies assumptions (1), (2) of Theorem 3.1. For example two left hypertorus graphs in Figure 2 satisfy these assumptions. However the third example does not satisfy the assumption (2) and the right (fourth) example does not satisfy the assumption (1).

In order to prove Theorem 3.1, we will prove that the following map is an isomorphism:

Ψ : Z[G] → H^∗_T n_{×S}1 (G)

such that Ψ(X) = χ and Ψ(H) = τ_H , where χ(p) = x for all p ∈ V^Γ and H is a hyperfacet. Because τ_H + τ_H = χ and ∏ H∈H^′ τH = 0 (H ′ is a set of hyperfacets whose intersection is empty), the map Ψ is well-defined. From the next section we start to prove the bijectivity of Ψ. The proof will be divided into two steps:

(I) To study an equivariant graph cohomology of an x-forgetful graph ~G and to prove H^∗_T n ( ~G) ≃ Z[ ~G];

(II) To prove Ψ is surjective and injective.

In the first step, we will use the method of [MMP] (or [MP]) which was used to show ring structures of graph equivariant cohomologies of torus graphs. In the second step, we will use the method of [HP] which was applied to show ring structures of equivariant cohomologies of hypertoric varieties.

3.1. x-forgetful graph ~G. In order to prove Theorem 3.1, as the first step, we introduce an x-forgetful graph ~G = (Γ, ~α, θ) of the hypertorus graph G = (Γ, α, θ). Here an x-forgetful axial function

~α = F ∘ α : E^Γ → (t^n)^∗_Z

is defined by the x-forgetful map F : (t^n)^∗_Z⊕ Zx → (t^n)^∗_Z.

Moreover we define a graph equivariant cohomology of ~G as follows: H^∗_T n ( ~G) = {f : V^Γ → H^∗_T n (pt) | f(p) − f(q) ≡ 0 (mod ~α(pq))}. Fix {H_1, · · · , H_m} in the set of all hyperfacets H = {H_1, · · · , H_m, H_1, · · · , H_m}, and define the Thom class of L by τ_L = F ∘ τ_H for the (2n − 2)-valent hypertorus subgraph L = H ∩ H. From the assumption (1) of Theorem 3.1 and Lemma 2.6, there is a one to one corresponding between H and L = H ∩ H. Therefore we can put a set of all connected (2n − 2)-valent hypertorus

Figure 4. An example of the x-forgetful graph for the left hypertorus graph in Figure 2.

subgraphs by L = {L_1, · · · , L_m} where L_i = H_i ∩ H_i for all i = 1, · · · , m. Moreover we have

τ_L(p) = { 0 p ∉ V^L ~α(n_H (p)) p ∈ V^L by the definitions of τ_H and the x-forgetful map F , where n_H (p) is a normal edge (leg) of H on p. We also have F ∘ τ_H = −τ_L by the definition of the opposite side of H. Since τ_H ∈ H^∗_T n_{×S}1 (G) (Lemma 2.4), we have τ_L ∈ H^∗_T n ( ~G).

Next we define the following ring: Z[ ~G] = Z[L_1, · · · , L_m] /⟨ ∏ L∈L^′ L | | | L^′ ∈ I(L) ⟩ , where I(L) = {L^′ ⊂ L | ∩ L^′ = ∅} and ⟨ ∏ L∈L^′ L | L ′ ∈ I(L)⟩ is an ideal which is generated by the product ∏ L∈L^′ L for all L ′ ∈ I(L). The goal of this section (the first step (I) of the proof of Theorem 3.1) is to prove H^∗_T n ( ~G) ≃ Z[ ~G]. Define the map

Ψ^′ : Z[ ~G] → H^∗_T n ( ~G) by Ψ^′(L) = τ_L. Obviously Ψ^′ is a well-defined homomorphism. We will prove this homomorphism is bijective.

First we prove the injectivity of Ψ^′. In order to prove the injectivity of Ψ^′, we study the following ring: Z[ ~G]_p = Z[L_1, · · · , L_m]/⟨L | p ∉ V^L⟩, where ⟨L | p ∉ V^L⟩ is an ideal which is generated by L such that p ∉ V^L. As a beginning, we prove the following lemma.

Lemma 3.2. For the x-forgetful graph ~G = (Γ, ~α, θ), we have I_p : Z[ ~G]_p ≃ Z[L | p ∈ V^L] = Z[L_1, · · · , L_n]^{ιp}≃ H^∗_T n (pt), where the last isomorphism ι_p is defined by ι_p : L → τ_L(p).

Proof. The first equivalence Z[ ~G]_p ≃ Z[L | p ∈ V^L] is trivial by the definition of Z[ ~G]_p. We prove Z[L | p ∈ V^L] = Z[L_1, · · · , L_n]^{ιp}≃ H_T n (pt).

Because of the definition of the hypertorus graph, we can put E^Γ_p = {e^+_1 (p), · · · , e^+_n (p), e^−_1 (p), · · · , e^−_n (p)} for all p ∈ V^Γ. There is a unique L_i such that τ_{Li} (p) = ~α(e^+_i (p)) = −~α(e^−_i (p)) for all i = 1, · · · , n by Lemma 2.5. Hence we have Z[L | p ∈ V^L] = Z[L_1, · · · , L_n]. By the definition of the axial function of the hypertorus graph, we see ⟨α(e^+_1 (p)), · · · , α(e^+_n (p)), x⟩ ≃ t^∗_Z⊕ Zx = H^2(B(T^n × S^1)).

Hence, by the definition of ~α, we have that Z[~α(e^+_1 (p)), · · · , ~α(e^+_n (p))] ≃ H^∗_T n (pt). This means that ι_p is an isomorphism. □ Next we will define ρ and prove Lemma 3.3.

Since there is a L ∈ L^′ such that p ∉ V^L for the set L^′ such that ∩_{L∈L}′ L = ∅, we have ⟨L | p ∉ V^L⟩ ⊃ ⟨ ∏ L∈L^′ L | L^′ ∈ I(L)⟩. Therefore there exists the natural projection ρ_p : Z[ ~G] → Z[ ~G]_p, and for this ρ_p we can easily see that Ker ρ_p = ⟨L | p ∉ V^L⟩/⟨ ∏ L∈L^′ L | L^′ ∈ I(L)⟩. Define the homomorphism ρ = ⨁ p∈V^Γ ρ_p : Z[ ~G] → ⨁ p∈V^Γ Z[ ~G]_p by ρ(Y ) = ⨁ p∈V^Γ ρp(Y ) for Y ∈ Z[ ~G]. Then we have the following lemma.

Lemma 3.3. ρ is injective. Proof. Obviously we have

Ker ρ = ⋂ p∈V^Γ ⟨L | p ∉ V^L⟩ / ⟨ ∏ L∈L^′ L | | | | L^′ ∈ I(L) ⟩ . We may only show that ⋂ p∈V^Γ ⟨L | p ∉ V^L⟩ ⊂ ⟨ ∏ L∈L^′ L | L^′ ∈ I(L)⟩(⊂ Z[L_1, · · · , L_m]). Take a non-zero element A = ∑ a_1,··· ,a_m∈N∪{0} k(a_1, · · · , a_m)L^{a1}_1 · · · L^{am}_m ∈ ⋂ p∈V^Γ ⟨L | p ∉ V^L⟩ ⊂ Z[L_1, · · · , L_m], where k(a_1, · · · , a_m)(= k) ∈ Z − {0}. Because ∑ k(a_1, · · · , a_m)L^{a1}_1 · · · L^{am}_m ∈ ⟨L | p ∉ V^L⟩, we have that each term kL^{a1}_1 · · · L^{am}_m ∈ ⟨L | p ∉ V^L⟩ for all p ∈ V^Γ. Hence we have each term kL^{a1}_1 · · · L^{am}_m ∈ ⋂ p∈V^Γ ⟨L | p ∉ V^L⟩.

This means, for each term kL^{a1}_1 · · · L^{am}_m and all vertices p ∈ V^Γ, there is r ∈ {1, · · · , m} such that p ∉ V^{Lr} and a_r ≠ 0. We put the set of such L_r by L^{′′}. Because for all p ∈ V there is L_r ∈ L^{′′} such that p ∉ V^{Lr} , we have ∩L^{′′} = ∅. This means L^{′′} ∈ I(L). Therefore each term kL^{a1}_1 · · · L^{am}_m is in ⟨ ∏ L∈L^′ L | L ′ ∈ I(L)⟩. We conclude A ∈ ⟨ ∏ L∈L^′ L | L ′ ∈ I(L)⟩. □ From the above two lemmas: Lemma 3.2 and 3.3, we can prove the injectivity of Ψ^′.

Proposition 3.4. Ψ^′ is injective. Proof. Define ρ^′ : H^∗_T n ( ~G) → ⨁ p∈V^Γ H ∗ T^n (pt) by ρ ′(f) = ⨁ p∈V^Γ f(p). Then

we can show the following diagram is commutative: Z[ ~G]^ρ−→ ⨁ p∈V^Γ Z[ ~G]p Ψ^′ ↓ ↓ ⊕_pI_p H^∗_T n ( ~G)^{ρ′}−→ ⨁ p∈V^Γ H ∗ T^n (pt) by chasing generators L_1, · · · , L_m. Now ρ is injective by Lemma 3.3, and the right map ⊕_pI_p is bijective by Lemma 3.2. Consequently Ψ^′ is injective. □ Next we prove the surjectivity of Ψ^′. In order to prove the surjectivity, we will define an ideal I(K) of H^∗_T n (pt).

Let K be an intersection L_1 ∩· · ·∩L_b(≠ ∅). Note that the graph K is connected because of the assumption (2) of Theorem 3.1. K is also a (2n−2b)-valent subgraph of ~G = (Γ, ~α, θ), that is, the restricted bijection θ^K_{pq} = θ_{pq} |_E K_p : E^K_p → E^K_q is welldefined for pq ∈ E^K_p . We define an ideal I(K) (in H^∗_T n (pt)) on K as follows: I(K) = ⟨~α(ϵ) | ϵ ∈ E^K ⟩, that is, this ideal is generated by all x-forgetful axial functions of edges and legs in K. The following lemma holds for this I(K).

Lemma 3.5. Let f be an element in H^∗_T n ( ~G). If f(p) ∉ I(K) for some p ∈ V^K , then f(q) ∉ I(K) for all q ∈ V^K .

Proof. Assume f(p) ∉ I(K) and f(q) ∈ I(K). Since K is connected, there is a path in K from q to p, which is constructed by edges qr_1, r_1r_2, · · · , r_{s−1}r_s, r_sp ∈ E^K ⊂ E^K . Because of the congruence relation, we have f(q) − f(p) = (f(q) − f(r_1)) + (f(r_1) − f(r_2)) + · · · + (f(r_{s−1}) − f(r_s)) + (f(r_s) − f(p)) = A_1 ~α(qr_1) + A_2 ~α(r_1r_2) · · · + A_s ~α(r_{s−1}r_s) + A^′ ~α(r_sp) ∈ I(K), where A_1, · · · , A_s, A^′ ∈ H^∗_T n (pt) and the last relation is known by the definition of I(K). Since f(q), A_1 ~α(qr_1), · · · , A_s ~α(r_{s−1}r_s), A^′ ~α(r_sp) ∈ I(K), we have f(p) ∈ I(K). This gives a contradiction. □ From the above lemma, we can prove the surjectivity of Ψ^′. Proposition 3.6. Ψ^′ is surjective.

Proof. Assume that f(p) ∈ H^∗_T n (pt) has a non-zero constant term k ∈ Z−{0} for some p ∈ V^Γ, that is, f(p) = k + g(p) where g(p) ∈ H^{>0}_T n (pt) ∪ {0}. Because f ∈ H^∗_T n ( ~G) satisfies the congruence relation, we see that f(q) = k + g(q) for all q ∈ V^Γ and g ∈ H^{>0}_T n ( ~G) ∪ {0}, where H^{>0}_T n ( ~G) ∪ {0} is the set of g ∈ H^∗_T n ( ~G) whose constant term is 0. So we can take k ∈ Z ⊂ Z[ ~G] such that f = Ψ^′(k) + g. Hence it suffices to prove the case that g ∈ H^∗_T n ( ~G)−{0} satisfies g(p) = 0 or g(p) ∈ H^{>0}_T n (pt) for all p ∈ V^Γ, that is, g ∈ H^{>0}_T n ( ~G)(= H^{>0}_T n ( ~G) ∪ {0} − {0}).

Assume that g ∈ H^{>0}_T n ( ~G). Put Z(g) = {p ∈ V^Γ | g(p) = 0}. If Z(g) = ∅, then g(p) ∈ H^∗_T n (pt) = Z[τ_{L1}(p), · · · , τ_{Ln} (p)] because of Lemma 3.2, where L_i is the (2n − 2)-valent hypertorus subgraph such that p ∈ V^{Li} . So there is an element A ∈ Z[ ~G] such that Ψ^′(A)(p) = g(p). Hence p ∈ Z(g − Ψ^′(A)).

So we can assume Z(g) ≠ ∅. Take p ∈ V^Γ\Z(g), that is, g(p) ≠ 0. Let kτ^{a1}_{L1} · · · τ^{an}_{Ln} (p) be a monomial appearing in g(p), where k is a non-zero integer, p ∈ V^{Li} and a_i ≥ 0 (i = 1, · · · , n). Since g(p) ∈ H^{>0}_T n (pt), we can assume a_1, · · · , a_b ≠ 0 and a_{b+1} = · · · = a_n = 0. Put K = ∩^b_{i=1}L_i. Then g(p) ∉ I(K) because g(p) contains the monomial kτ^{a1}_{L1} · · · τ^{ab}_{Lb} (p) and τ_{Li} (p) (i = 1, · · · , b) is defined by the axial function of the normal edge or leg of K on p. Hence g(q) ∉ I(K) for all q ∈ V^K , because of Lemma 3.5. In particular g(q) ≠ 0 for all q ∈ V^K . Let r ∉ V^K . Then we see kτ^{a1}_{L1} · · · τ^{ab}_{Lb} (r) = 0. Put g^′ = g − kτ^{a1}_{L1} · · · τ^{ab}_{Lb} = g − Ψ^′(kL^{a1}_1 · · · L^{ab}_b ), then g^′(r) = g(r) for all r ∉ V^K .

Therefore we see that g(q) ≠ 0 for all q ∈ V^K and g^′(r) = g(r) for all r ∉ V^K . Hence Z(g^′) ⊃ Z(g) holds. Note that the number of monomials in g^′(p) is strictly smaller than that in g(p). Again we apply the same argument for g^′ = g − Ψ^′(kL^{a1}_1 · · · L^{ab}_b ). Then we get g” = g^′ − Ψ^′(k^′L^{a′1}_{i1} · · · L^{a′c}_{ic} ) such that Z(g”) ⊃ Z(g^′) and the number of monomials in g”(p) is strictly smaller than that in g^′(p), where {L_{i1} , · · · , L_{ic} } ⊂ {L_1, · · · , L_n} and k^′ is non-zero integer. Repeating this argument, we obtain B ∈ Z[ ~G] such that Z(g − Ψ^′(B)) contains Z(g) as a proper subset. Moreover repeating this procedure, we can take C ∈ Z[ ~G] such that Z(g − Ψ^′(C)) = V^Γ. This gives g − Ψ^′(C) = 0. Therefore we conclude that Ψ^′ is surjective. □

Consequently Ψ^′ is an isomorphic map by Proposition 3.4 and 3.6, and we have H^∗_T n ( ~G) ≃ Z[ ~G]. Remark 3.7. From the above argument, we know that the assumption (2) of Theorem 3.1 does not need to prove the “injectivity” of Ψ^′, but it needs to prove the “surjectivity” of Ψ^′. Hence the assumption (2) of Theorem 3.1 means that H^∗_T n ( ~G) (resp. H^∗_{T n×S1} (G)) is generated by elements of H^2_T n ( ~G) (resp. H^2_{T n×S1} (G)), that is, τ_L ∈ H^2_T n ( ~G) (resp. τ_H , χ ∈ H^2_{T n×S1} (G)). In fact, there exists a generator which is not in H^2_{T n×S1} (G) for the graph equivariant cohomology of the third example in Figure 2.1, note that this example does not satisfy the assumption (2) of Theorem 3.1 because the intersection of two lines (2-valent hypertorus subgraphs) are disconnected two vertices. In the future paper, we hope to find the generalized result of Theorem 3.1 without the assumption (2).

3.2. Proof of Main theorem. Let G be a hypertorus graph which satisfies the assumptions (1), (2) of Theorem 3.1, that is, G satisfies the following two assumptions:

(1) For each L ∈ L, there are a hyperfacet H and its opposite side H such that H ∩ H = L;

(2) For all subsets L^′ ⊂ L, its intersection ∩L^′ is empty or connected. Let us recall the homomorphism Ψ : Z[G] → H^∗_{T n×S1} (G). This Ψ is defined as follows:

Ψ(X) = χ, Ψ(H) = τ_H .

The goal of this section is to prove Ψ is the isomorphism.

By the assumption (1), we can put the set of all hyperfacets by H = {H_1, · · · , H_m, H_1, · · · , H_m}, and the set of all connected (2n − 2)-valent hypertorus subgraphs by L = {L_1, · · · , L_m} such that L_i = H_i ∩ H_i.

First we consider the following diagram: Z[X, H_1, · · · , H_m]^{π̂}−→ Z[G] ϕ^′ ↓ ↓ Ψ Z[X, H_1, · · · , H_m]^π−→ H^∗_T n_{×S}1 (G) ϕ ↓ ↓ F Z[L_1, · · · , L_m]^{π′}−→ H^∗_T n ( ~G). We explain about the above diagram. π̂ is the natural projection, ϕ^′ is defined by ϕ^′(X) = X, ϕ^′(H_i) = H_i, ϕ^′(H_i) = X − H_i and π(X) = χ, π(H_i) = τ_{Hi} . So the top diagram is commutative. On the other hand π^′ is defined by π^′(L_i) = τ_{Li} (π^′ is surjective from Proposition 3.6), ϕ is defined by ϕ(X) = 0, ϕ(H_i) = L_i (i = 1, · · · , m) and F(f) = F ∘f where f ∈ H^∗_{T n×S1} (G) and F : H^∗_{T n×S1} (pt) → H^∗_T n (pt) is the x-forgetful map (x is the generator of Zx ⊂ (t^n)^∗_Z ⊕ Zx = H^2_{T n×S1} (pt)). So the bottom diagram is also commutative.

We will use the above diagram to prove Ψ is the isomorphism. 3.2.1. Surjectivity of Ψ. Let us start to prove the surjectivity of Ψ. In order to prove the surjectivity, we will prove Proposition 3.11 which states the surjectivity of π (in the diagram). Moreover, in order to prove the surjectivity of π (Proposition 3.11), we need to prove the following three lemmas Lemma 3.8, 3.9 and 3.10.

Lemma 3.8. Let χ be in H^∗_{T n×S1} (G) such that χ(p) = x for all p ∈ V^Γ. Then we have Ker F = H^∗_{T n×S1} (G)χ,

Proof. Let f ∈ Ker F. By the definition of F, we have F(f)(p) = F ∘f(p) = 0 for all p ∈ V^Γ. Since F : H^∗_{T n×S1} (pt) = Z[x, α_1, · · · , α_n] → Z[β_1, · · · , β_n] = H^∗_T n (pt) is defined by F (x) = 0 and F (α_i) = β_i for all i = 1, · · · , n, we have Ker F = ⟨x⟩ ⊂ H^∗_{T n×S1} (pt). So f(p) = g(p)x for all p ∈ V^Γ, where g(p) is a polynomial in H^∗_{T n×S1} (pt). Because f ∈ H^∗_{T n×S1} (G), it satisfies the congruence relation f(p) − f(q) = g(p)x − g(q)x = (g(p) − g(q))x ≡ 0 (mod α(pq)) for all edges pq. By the definition of the hypertorus graph, we see α(pq) ≠ x. Hence g ∈ H_T n_{×S}1 (G). Therefore for all f ∈ Ker F, there exists some g ∈ H^∗_{T n×S1} (G) such that f = gχ. Hence Ker F ⊂ H^∗_{T n×S1} (G)χ. On the other hand, we can easily show Ker F ⊃ H^∗_{T n×S1} (G)χ. So we have that Ker F = H^∗_{T n×S1} (G)χ. □

Lemma 3.9. Let f ∈ H^∗_{T n×S1} (G). Then there exists f_{2i} ∈ H^∗_{T n×S1} (G) which satisfies f_{2i}(p) = 0 or a 2i degree homogeneous polynomial in H^∗_{T n×S1} (pt) such that f = f_0 + f_2 + · · · + f_{2l}.

Proof. Since f(p) ∈ H^∗_{T n×S1} (pt), we have that f(p) = f_0(p) + · · · + f_{2l}(p) where f_{2i}(p) ∈ H^{2i}_T n_{×S}1 (pt) for all p ∈ V^Γ. Because f satisfies the congruence relation for all edges qr, we see that

f(q) − f(r) = (f_0(q) − f_0(r)) + · · · + (f_{2l}(q) − f_{2l}(r)) = Aα(qr) for some A ∈ H^∗_{T n×S1} (pt). Moreover A can be divided into A = A_0 + · · · + A_{2l−2}, where A_{2i} ∈ H^{2i}_{T n×S1} (pt). Hence f_{2i}(q) − f_{2i}(r) = A_{2i−2}α(qr). This concludes f_{2i} ∈ H^∗_{T n×S1} (G) for all i = 0, · · · , l. □ We call each f_{2i} in Lemma 3.9 a 2i degree homogeneous class (i = 0, · · · , l).

We denote deg f_{2i} = 2i and f_{2i} ∈ H^{2i}_{T n×S1} (G).

Lemma 3.10. If f ∉ Im π, then there are A ∈ Z[X, H_1, · · · , H_m] and g ∉ Im π such that π(A) − f = gχ, where g can be denoted by g = ∑ k g_{2jk} whose all homogeneous classes g_{2jk} ∉ Im π.

Proof. Assume f ∉ Im π. Since ϕ is surjective by the assumption (1) of Theorem 3.1 and π^′ is surjective by Proposition 3.6, there is a non-zero element B ∈ Z[X, H_1, · · · , H_m] such that F(f) = π^′ ∘ ϕ(B). Because π^′ ∘ ϕ = F ∘ π, we have π^′ ∘ ϕ(B) = F ∘ π(B) = F(f). Hence π(B) − f ∈ Ker F. Because of Lemma 3.8, there is a g^′ ∈ H^∗_{T n×S1} (G) such that π(B) − f = g^′χ. Since f ∉ Im π and π(X) = χ, we have g^′ ∉ Im π. Form Lemma 3.9, we can divide g^′ into g^′ = g_0 + · · · + g_{2l} where g_{2i} is a 2i degree homogeneous class. If g_{2i} ∈ Im π, then g^′ − g_{2i} ∉ Im π. Therefore g^′ can be divided into two terms (0 ≠)g = ∑ k g_{2jk} ∉ Im π and h = ∑ k^′ g2ik^′ ∈ Im π such that g^′ = g + h, where homogeneous classes g_{2jk} ∉ Im π and g_{2ik′} ∈ Im π. Since g^′χ = gχ + hχ = gχ + π(CX) for some C ∈ Z[X, H_1, · · · , H_m], we see that there is an element A = B − CX ∈ Z[X, H_1, · · · , H_m] such that π(A) − f = gχ. □ Next we prove Proposition 3.11.

Proposition 3.11. The homomorphism π : Z[X, H_1, · · · , H_m] → H^∗_{T n×S1} (G) is surjective.

Proof. If we show all homogeneous classes f ∈ H^∗_{T n×S1} (G) are in Im π, then we have that the graph equivariant cohomology H^∗_{T n×S1} (G) is included in Im π by Lemma 3.9, that is, π : Z[X, H_1, · · · , H_m] → H^∗_{T n×S1} (G) is surjective. We prove all homogeneous classes are in Im π.

Let f be a minimal degree homogeneous class in H^∗_{T n×S1} (G)\Im π. Then f(p) is a non-zero homogeneous polynomial or f(p) = 0 for all p ∈ V^Γ by the definition of the homogeneous class. Because of Lemma 3.10, we have the following two cases for all p ∈ V^Γ and f ∉ Im π:

π(A)(p) − f(p) = g(p)x (if f(p) ≠ 0);

(3.1) π(A)(p) = g(p)x (if f(p) = 0),

(3.2)

for some A ∈ Z[X, H_1, · · · , H_m] and g ∉ Im π whose all homogeneous classes are not in Im π.

Because f ∉ Im π, in particular f ≠ 0, we can take a vertex p ∈ V^Γ such that f(p) ≠ 0. Then we have the above case (3.1): π(A)(p) − f(p) = g(p)x. Here, put the minimal degree homogeneous class of π(A) by π(A^′) ∈ H_T n_{×S}1 (G). If π(A^′)(p) ≠ f(p), then there is a term in g(p)x whose degree is less than or equal to deg f. So there is a non-zero homogeneous terms g_{2jk} (p) of g(p) such that

deg g_{2jk} (p) = 2j_k = deg g_{2jk} = deg g_{2jk} x − 1 < deg f.

Moreover this homogeneous class g_{2jk} ∉ Im π from Lemma 3.10. This gives a contradiction, since f is a minimal degree homogeneous class in H^∗_{T n×S1} (G)\Im π. Hence the minimal degree homogeneous class π(A^′) satisfies π(A^′)(p) = f(p), when f(p) ≠ 0. We also have deg π(A^′) = deg f.

If f(p) ≠ 0 for all p ∈ V^Γ, then f = π(A^′) by the above argument. This gives a contradiction, by the assumption f ∉ Im π. Therefore we can take a vertex q ∈ V^Γ such that f(q) = 0. Then we have the case (3.2): π(A)(q) = g(q)x. Because π(A^′) is the minimal degree homogeneous class of π(A), we also have

π(A^′)(q) = g^′(q)x

holds for some homogeneous class g^′ ∉ Im π of g (by Lemma 3.10). If g^′(q)x = 0 for all such q, then we have f = π(A^′). This gives a contradiction, by the assumption f ∉ Im π. Hence there is some q ∈ V^Γ such that f(q) = 0 and g^′(q)x ≠ 0. However deg g^′(q) = deg g^′ = deg g^′χ − 1 < deg π(A^′) = deg f. This also gives a contradiction, because g^′ is a homogeneous class in H^∗_{T n×S1} (G)\Im π and f is a minimal degree homogeneous class in H^∗_{T n×S1} (G)\Im π. Consequently all homogeneous classes of H^∗_{T n×S1} (G) are in Im π. □

Now π̂ is surjective by the definition of Z[G], and ϕ^′ is also surjective by its definition. Moreover π is surjective by Proposition 3.11. Since Ψ ∘ π̂ = π ∘ ϕ^′, we have the following corollary.

Corollary 3.12. Ψ is surjective.

3.2.2. Injectivity of Ψ. Finally we will prove the injectivity of Ψ. In this section we put I_j = {1, · · · , l} − {j} for j = 1, · · · , l.

First we need to prove Proposition 3.14. In order to prove Proposition 3.14, we prepare the following lemma.

Lemma 3.13. If ∩^l_{k=1}L_k = ∅ and L_k = H_k ∩ H_k (k = 1, · · · , l), then we can take a hyperfacet H_j as H_j ∩ (∩_{k∈Ij} L_k) = ∅ for all j = 1, · · · , l.

Proof. Assume ∩^l_{k=1}L_k = ∅. If L_j ∩ (∩_{k∈Ij} L_k) = ∩_{k∈Ij} L_k = ∅, then H_j ∩ (∩_{k∈Ij} L_k) = H_j ∩ (∩_{k∈Ij} L_k) = ∅ for each H_j and H_j such that H_j ∩ H_j = L_j . So we may assume, for all j = 1, · · · , l, ⋂ k∈I_j L_k ≠ ∅. If p ∈ V^{∩k∈Ij Lk} satisfies τ_{Hj} (p) = α(n_{Hj} (p)), then p ∈ V^{Lj} by the definition of the Thom class τ_{Hj} . However this gives a contradiction, since L_j ∩ (∩_{k∈Ij} L_k) = ∩^l_{k=1}L_k = ∅. Hence all vertices p ∈ V^{∩k∈Ij Lk} satisfy

τ_{Hj} (p) = { 0 (if p ∉ V^{Hj} ) x (if p ∈ V^{Hj} ) by the definition of the Thom class τ_{Hj} .

Assume τ_{H1} (p) = x for all p ∈ V^{∩lk=2Lk} . Retaking H_1 as H_1, we can put τ_{H1} (p) = 0 for all p ∈ V^{∩lk=2Lk} by the equation τ_{H1} (p) + τ_{H1} (p) = x. This implies that H_1 satisfies H_1 ∩ (∩^l_{k=2}L_k) = ∅. So we may assume that there is a vertex p ∈ V^{∩lk=2Lk} such that τ_{H1} (p) = 0, that is, p ∉ V^{H1} . Because we assume the assumption (2) of Theorem 3.1, we can take edges from p to the other vertex q ∈ V^{∩lk=2Lk} as follows: pr_1, r_1r_2, · · · , r_{u−1}r_u, r_uq ∈ E^{∩lk=2Lk} . Because r_t ∈ V^{∩lk=2Lk} for t = 0, · · · , u, we see τ_{H1} (r_1) = 0 or x by the above argument. Hence we have τ_{H1} (p) − τ_{H1} (r_1) = 0 or −x. Moreover we have τ_{H1} (p) − τ_{H1} (r_1) ≡ 0 (mod α(pr_1)) by the congruence relation. Because of the definition of the hypertorus graph, we also have α(e) ≠ x for all edges e ∈ E^Γ. So we have τ_{H1} (r_1) = 0. Inductively we have τ_{H1} (q) = 0 for all q ∈ V^{∩lk=2Lk} . This implies that we can take H_1 as H_1 ∩ (∩^l_{k=2}L_k) = ∅. Since we can apply the same argument for the other H_j (j = 2, · · · , l), we can take H_j as H_j ∩ (∩_{k∈Ij} L_k) = ∅ for all j = 1, · · · , l. □

From Lemma 3.13, we have the following key fact.

Proposition 3.14. Assume the hypertorus graph G satisfies two assumptions (1), (2) of Theorem 3.1. If ∩^l_{k=1}L_k = ∅ and L_k = H_k ∩ H_k (k = 1, · · · , l), then we can take a hyperfacet H_k such that ∩^l_{k=1}H_k = ∅.

Proof. If ∩^l_{k=1}L_k = ∅ and L_k = H_k ∩ H_k (k = 1, · · · , l), we can take H_j as H_j ∩ (∩_{k∈Ij} L_k) = ∅ for all j = 1, · · · , l from Lemma 3.13. Set

H^′ = { H_1, · · · , H_l | H_j ∩ (∩_{k∈Ij} L_k) = ∅, j = 1, · · · , l } . Let us show ∩H^′ = ∅. In order to show it, we use the inductive argument. The first step of the induction has already shown in Lemma 3.13. Set R = {1, · · · , l}, S ⊂ R and T = R − S. Assume that the hyperfacet H_j satisfies (∩_{j∈S} H_j ) ∩ (∩_{k∈T} L_k) = ∅ for all S ⊂ R whose number |S| ≤ s − 1 (s ≥ 2).

Assume (∩^s_{j=1}H_j ) ∩ (∩^l_{k=s+1}L_k) ≠ ∅ and take p ∈ V^{(∩sj=1 Hj )∩(∩lk=s+1Lk )}. Then we have ∏_s j=1 τ_{Hj} (p) ≠ 0. Because ∩^l_{k=1}L_k = (∩_{j∈S} H_j ) ∩ (∩_{k∈T} L_k) = ∅ for all S ⊂ R such that |S| ≤ s − 1, we see that p ∉ V^{Lj} for all j = 1, · · · , s. So τ_{Hj} (p) ≠ α(n_{Hj} (p)) for all j = 1, · · · , s. Hence we have, for all p ∈ V^{(∩sj=1Hj )∩(∩lk=s+1Lk )}, s∏ j=1 τ_{Hj} (p) = x^s. Therefore we have, for q ∈ V^{∩lk=s+1Lk} , s∏ j=1 τ_{Hj} (q) = { 0 (if q ∉ V^{(∩sj=1Hj )∩(∩lk=s+1Lk )}) x^s (if q ∈ V^{(∩sj=1Hj )∩(∩lk=s+1Lk )}). Because of the assumption (2) of Theorem 3.1, for all q ∈ V^{∩lk=s+1Lk} , we can take edges from q to p ∈ V^{(∩sj=1 Hj )∩(∩lk=s+1Lk )}. Applying the similar argument in the proof of Lemma 3.13, we have ∏_s j=1 τ_{Hj} (q) = x^s for all q ∈ V^{∩lk=s+1Lk} . This implies ∩^l_{k=s+1}L_k ⊂ ∩^s_{j=1}H_j . So we have l⋂ k=s L_k ⊂ l⋂ k=s+1 L_k ⊂ s⋂ j=1 H_j ⊂ s−1⋂ j=1 H_j . This gives a contradiction, since we assume (∩^{s−1}_{j=1} H_j ) ∩ (∩^l_{k=s}L_k) = ∅ as an assumption of the induction. Therefore we have (∩^s_{j=1}H_j ) ∩ (∩^l_{k=s+1}L_k) = ∅. From the above argument, we also have (∩_{j∈S}′ H_j ) ∩ (∩_{k∈T} ′ L_k) = ∅ for all S^′ ⊂ R such that |S^′| = s and T^′ = R − S^′.

Inductively, we see that (∩_{j∈S} H_j ) ∩ (∩_{k∈T} L_k) = ∅ for all S ⊂ R such that |S| ≤ l − 1 and T = R − S. So we have l∏ j=1 τ_{Hj} (p) = { 0 (if p ∉ V^{∩lj=1 Hj} ) x^l (if p ∈ V^{∩lj=1Hj} ), because ∩^l_{k=1}L_k = ∅. If ∩^l_{j=1}H_j ≠ ∅, then there is a vertex p ∈ V^Γ such that ∏_l j=1 τ_{Hj} (p) = x^l. By the definition of the hyperfacet, we see ∩^l_{j=1}H_j ≠ Γ. So we can take a vertex q ∈ V^Γ such that ∏_l j=1 τ_{Hj} (q) = 0. Since Γ is connected, we can take edges from p to q. Similarly this gives a contradiction by the congruence relation. Consequently we conclude that if ∩^l_{j=1}L_j = ∅ then we can take H_j such that ∩^l_{j=1}H_j = ∅. □

Next we will prove Proposition 3.17. In order to prove it, we prepare some notations and lemmas: Lemma 3.15 and 3.16.

Let ~π : Z[X, H_1, · · · , H_m] → Z[G] be the natural homomorphism such that ~π(X) = X, ~π(H_i) = H_i for i = 1, · · · , m. Because H_i = X − H_i in Z[G], we have ~π ∘ ϕ^′ = π̂ : Z[X, H_1, · · · , H_m] → Z[G]. Since π̂ is surjective, ~π is also surjective. Moreover we have Ψ ∘ ~π = π : Z[X, H_1, · · · , H_m] → H^∗_T n_{×S}1 (G) by definitions of Ψ and π. Hence we have the following commutative diagram: Z[X, H_1, · · · , H_m]^{π̂}−→ Z[G] ϕ^′ ↓^{~π}↗ ↓ Ψ Z[X, H_1, · · · , H_m]^π→ H^∗_{T n×S1} (G) ϕ ↓ ↓ F Z[L_1, · · · , L_m]^{π′}−→ H^∗_T n ( ~G). Then we have the following lemma.

Lemma 3.15. For the ideal (in Z[X, H_1, · · · , H_m]) I = ⟨ H_i + H_i − X, ∏ H∈H^′ H | | i = 1, · · · , m, H^′ ∈ I(H) ⟩ , where I(H) = {H^′ ⊂ H | ∩ H^′ = ∅}, it satisfies the following two properties:

(i) Ker ~π = ϕ^′(I); (ii) Ker π^′ = ϕ ∘ ϕ^′(I).

Proof. Since π̂ is the natural projection, we know I = Ker π̂. So we see ~π(ϕ^′(I)) = π̂(I) = π̂(Ker π̂) = {0}. Hence ϕ^′(I) ⊂ Ker ~π. Let A be an element in Ker ~π. Because ϕ^′ is surjective, there is an element B ∈ Z[X, H_1, · · · , H_m] such that ϕ^′(B) = A. Now π̂(B) = ~π ∘ ϕ^′(B) = ~π(A) = 0. So B ∈ Ker π̂ = I. Hence A = ϕ^′(B) ∈ ϕ^′(I), that is, Ker ~π ⊂ ϕ^′(I). Therefore we conclude the first property: Ker ~π = ϕ^′(I).

From Proposition 3.4 and 3.6, we know Ker π^′ = ⟨ ∏ L∈L^′ L | L ′ ∈ I(L)⟩ where I(L) = {L^′ ⊂ L | ∩ L^′ = ∅}. Take a generator ∏ L∈L^′ L ∈ Ker π ′. From Proposition 3.14, for L^′ = {L_1, · · · , L_l} ∈ I(L), there is a set of hyperfacets H^′ = {H_1, · · · , H_l} ∈ I(H) such that H_k ∩ H_k = L_k. By the definition of the ideal I, a product ∏_l k=1 H_k is one of the generators of I. Moreover we see ϕ ∘ ϕ^′(I) ∋ ϕ ∘ ϕ^′( ∏_l k=1 H_k) = ± ∏_l k=1 L_k by definitions of ϕ^′ and ϕ. Hence we have Ker π^′ ⊂ ϕ ∘ ϕ^′(I). Moreover we have π^′ ∘ ϕ ∘ ϕ^′(A) = {0} for all A ∈ I, because ϕ^′(H + H − X) = 0 and ϕ ∘ ϕ^′( ∏ H∈H^′ H) = ± ∏ L∈L^′ L ∈ Ker π ′. So we have Ker π^′ ⊃ ϕ ∘ ϕ^′(I). Therefore we conclude the second property: Ker π^′ = ϕ ∘ ϕ^′(I). □ In order to prove Proposition 3.17, we also prepare the following lemma.

Lemma 3.16. Let I ⊂ Z[x_1, · · · , x_l] be an ideal generated by homogeneous polynomials, that is, I = ⟨p_1, · · · , p_m⟩ where p_i is a homogeneous polynomial of Z[x_1, · · · , x_l] such that deg p_i ≤ deg p_j for i < j. For A ∈ I, we denote A = A_1 +· · ·+A_n where A_i is a homogeneous term (i = 1, · · · , n) and deg A_i < deg A_j for i < j. Then A_i ∈ I for all i = 1, · · · , n.

Proof. Because A ∈ I, we can denote A = X_1p_1 + · · · + X_mp_m where X_i ∈ Z[x_1, · · · , x_l]. Then we can put X_k = X_{k1} + X_{k2} + · · · + X_{ksk} where X_{ki} is a homogeneous term (i = 1, · · · , s_k) and deg X_{ki} < deg X_{kj} for i < j. Hence we see that

A = (X_{11} + · · · + X_{1s1} )p_1 + · · · + (X_{m1} + · · · + X_{msm} )p_m = A_1 + · · · + A_n.

Because A_i is a homogeneous term, we have A_i = ∑ j∈D_i Xjhj pj where Di = {j | deg X_{jhj} + deg p_j = deg A_i}. Therefore A_i ∈ I for all i = 1, · · · , n. □

Using the above two lemmas, we have the following lemma.

Proposition 3.17. Ker ~π = Ker π.

Proof. By Lemma 3.15 (i), the commutativity of the previous diagram and Ker π̂ = I, we see π(Ker ~π) = π ∘ ϕ^′(I) = Ψ ∘ π̂(I) = 0. Hence Ker ~π = ϕ^′(I) ⊂ Ker π.

Let A(∈ Z[X, H_1, · · · , H_m]) be a minimal degree homogeneous polynomial in Ker π\ϕ^′(I). By the previous diagram, π^′ ∘ ϕ(A) = F ∘ π(A) = 0. So ϕ(A) ∈ Ker π^′ = ϕ ∘ ϕ^′(I) by Lemma 3.15 (ii). Therefore we can take B ∈ ϕ^′(I)(⊂ Ker π) such that ϕ(A) = ϕ(B). By the definition of ϕ, we have A − B ∈ Ker ϕ = Z[X, H_1, · · · , H_m]X. So there is a polynomial C ∈ Z[X, H_1, · · · , H_m] such that A − B = CX. Since A, B ∈ Ker π, we have π(A − B) = 0 = π(CX) = π(C)χ. Because 0 = π(C)χ ∈ H^∗_{T n×S1} (G), we have that 0 = π(C)(p)x ∈ H^∗_{T n×S1} (pt) for all p ∈ V^Γ. Since H^∗_{T n×S1} (pt) is a free H^∗_{S1} (pt)(= Z[x])-module, we see that π(C)(p) = 0 for all p ∈ V^Γ. Hence π(C) = 0, that is, C ∈ Ker π. If C ∈ ϕ^′(I), then CX ∈ ϕ^′(I) because I is the ideal and ϕ^′(X) = X. So we have A = B + CX ∈ ϕ^′(I). This gives a contradiction, since A ∈ Ker π\ϕ^′(I). Hence we have C ∈ Ker π\ϕ^′(I). Now we can denote C = ∑_l i=1 C_i ∈ Ker π\ϕ^′(I) where C_i is a homogeneous polynomial and deg C_i < deg C_j for i < j. Then we see that there is a term C_k ∈ Ker π\ϕ^′(I) of C = ∑_l i=1 C_i. If there is a term C_i ∈ ϕ^′(I), then B^′ = B + C_iX ∈ ϕ^′(I) because B ∈ ϕ^′(I) and ϕ^′(X) = X. Moreover we have ϕ(B^′) = ϕ(A) because ϕ(X) = 0 and ϕ(A) = ϕ(B). Hence we can put A = B + CX ∈ Ker π\ϕ^′(I) where C = ∑_l′ k=1 C_{jk} such that C_{jk} ∈ Ker π\ϕ^′(I) for all k = 1, · · · , l^′ and B ∈ ϕ^′(I) such that ϕ(A) = ϕ(B). From the definitions of I and ϕ^′, we have that the ideal ϕ^′(I) is generated by homogeneous polynomials of the polynomial ring Z[X, H_1, · · · , H_m]. Hence we have that all homogeneous terms B_h of B ∈ ϕ^′(I) are elements in ϕ^′(I) from Lemma 3.16. Since B_h ∈ ϕ^′(I) and C_{jk} ∈ Ker π\ϕ^′(I), we have C_{jk} ≠ −B_h. Therefore, since A is a homogeneous polynomial, we have that B and C are also homogeneous polynomials. In particular C ∈ Ker π\ϕ^′(I) and deg A = deg CX > deg C. This gives a contradiction, since A is a minimal degree homogeneous polynomial in Ker π\ϕ^′(I). Hence we have Ker π\ϕ^′(I) = ∅, that is, Ker π = ϕ^′(I) = Ker ~π by Lemma 3.15 (i). □

So we can prove the injectivity of Ψ.

Corollary 3.18. Ψ is injective.

Proof. Let A be in Ker Ψ. Then there is an element B ∈ Z[X, H_1, · · · , H_m] such that ~π(B) = A, because ~π is surjective. So we have π(B) = Ψ ∘ ~π(B) =

Ψ(A) = 0. Hence B ∈ Ker π = Ker ~π by Proposition 3.17. Therefore we have ~π(B) = 0 = A. Hence we conclude that Ψ is injective. □ Because of Corollary 3.12 and 3.18, we have that Ψ is the isomorphism. Consequently the proof of Theorem 3.1 is complete, that is, we get H^∗_{T n×S1} (G) ≃ Z[G].

4. Application: Mayer-Vietoris exact sequence of graph Let G = (Γ, α, θ) be a hypertorus graph which satisfies the assumptions (1) and (2) of Theorem 3.1. In this final section, we give one application of Theorem 3.1. The purpose of this section is to prove the following theorem.

Theorem 4.1. If G is not a minimal hypertorus graph, then there is the following exact sequence:

{0} −→ H^∗_T n_{×S}1 (G)^{ρ1}−→ H^∗_T n_{×S}1 (G_1) ⊕ H^∗_T n_{×S}1 (G_2)^{ρ2}−→ H^∗_T n_{×S}1 (G_3) −→ {0}.

We start to prepare notations which appear in Theorem 4.1.

4.1. Neighborhood and Minimal hypertorus graph. In order to define a minimal hypertorus graph, we define a neighborhood N(H) = (V^{N(H)}, E^{N(H)}) of the subgraph H = (V^H , E^H ) in Γ = (V^Γ, E^Γ).

Definition 4.2 (neighborhood of subgraph). Let H be a subgraph of Γ. Let N(H) be a 2n-valent graph which satisfies the following properties: V^{N(H)} = V^H ; E^{N(H)} p = E^H_p if |E^H_p | = 2n; E^{N(H)} q = E^H_q ∪ {l(n(q)_1), · · · , l(n(q)_k)} if |E^H_q | = 2n − k, where {n(q)_1, · · · , n(q)_k} = E^Γ_q −E^H_q . Here if n(q) is a leg (in Γ) then l(n(q)) = n(q), if not so then we regard the edge n(q) (in Γ) as a leg (in N(H)) whose initial vertex is q. We call N(H) a neighborhood of the subgraph H in Γ.

Figure 5. Two neighborhoods in the left graph in Figure 2.

Remark 4.3. We do not call a neighborhood N(H) a subgraph of Γ, if N(H) has a leg l(n(q)) such that n(q) is an edge in Γ. Of course the neighborhoods N(H) is a 2n-valent hypertorus graph for every hypertorus subgraph H.

Let us define a minimal hypertorus graph.

Definition 4.4 (minimal hypertorus graph). We call G is a minimal hypertorus graph, if we can put a set of all hyperfacets in G as follows: H = {H_1, · · · , H_m, H_1, · · · , H_m} such that N(H_i) = Γ for all i = 1, · · · , m.

For example left two hypertorus graphs in Figure 2 are minimal hypertorus graphs. However the following graph in Figure 6 is not a minimal hypertorus graph, because we can divide Γ into the upper graph H and the lower graph H for the middle line (2-valent hypertorus subgraph) in Figure 6.

Figure 6. An example which is not a minimal hypertorus graph.

Remark 4.5. For an n-valent torus graph in [MMP], if we put n legs on all vertices, then we can construct a 2n-valent hypertorus graph. We can regard this hypertorus graph as a tangent bundle over a torus graph. We can easily check this hypertorus graph is a minimal hypertorus graph.

Next we define G_1, G_2 and G_3 in Theorem 4.1. If a hypertorus graph G = (Γ, α, θ) is not minimal hypertorus graph, then there are a hyperfacet H and its opposite side H such that N(H), N(H) ≠ Γ. Put N(H) = Γ_1, N(H) = Γ_2 and N(H) ∩ N(H) = N(L) = Γ_3, where L = H ∩ H. Then we can easily check that all Γ_i are 2n-valent graph, all restricted connections θ_i = {θ_e | e ∈ E^{Γi} ⊂ E^Γ} are well-defined connections on Γ_i and all restricted axial functions α_i = α|_E Γ_i are also well-defined axial functions on Γ_i (i = 1, 2, 3). Therefore G_i = (Γ_i, α_i, θ_i) is a hypertorus graph for all i = 1, 2, 3, and we can define each graph equivariant cohomologies H^∗_{T n×S1} (G_i).

ρ_1, ρ_2 and ρ_3 will define in the next section.

4.2. Proof of Theorem 4.1. Henceforth in this section a non-minimal hypertorus graph G = (Γ, α, θ) satisfies assumptions (1), (2) of Theorem 3.1. Take some hyperfacet H in G such that N(H), N(H) ≠ Γ. Put N(H) = Γ_1, N(H) = Γ_2 and N(H) ∩ N(H) = N(L) = Γ_3, where L = H ∩ H.

4.2.1. Preliminary. In order to prove Theorem 4.1, first we study some properties for G_i = (Γ_i, α_i, θ_i) (i = 1, 2, 3).

The following lemma shows that all (2n − 2)-valent hypertorus subgraphs in G_i come from (2n − 2)-valent hypertorus subgraphs in G.

Lemma 4.6. Put Γ_1 = N(H), Γ_2 = N(H), Γ_3 = N(L) and L = H ∩ H, where H is a hyperfacet in G. The following statements hold for (2n−2)-valent hypertorus subgraphs in G_i.

(1) If L^′ is a (2n − 2)-valent hypertorus subgraph in G_i, then there is unique (2n − 2)-valent hypertorus subgraph L̂ in G such that L^′ = Γ_i ∩ L̂.

(2) If a (2n − 2)-valent hypertorus graph L^′ in G_i satisfies L^′ ∩ L ≠ ∅, then L^′ ∩ L = L̂ ∩ L. In particular L^′ ∩ L is connected in G_i.

(3) If L^′_a = Γ_i ∩L̂_a and L^′_b = Γ_i ∩L̂_b are two distinct (2n−2)-valent hypertorus subgraphs in G_i, then L̂_a ≠ L̂_b, where L̂_a, L̂_b are (2n−2)-valent hypertorus subgraphs in G.

Proof. First we prove the statement (1). Let L^′ be a (2n−2)-valent hypertorus subgraph in G_i. Then we can take (n − 1)-pairs E^{L′}_p (⊂ E^{Γi}_p ) for p ∈ V^{L′} . Conversely, for such (n − 1)-pairs, a (2n − 2)-valent hypertorus subgraph which is through this (n − 1)-pairs is L^′, by Lemma 2.5. Now we see E^{Γi}_p = E^Γ_p , and we can also take a unique (2n − 2)-valent hypertorus subgraph L̂ in G, by Lemma 2.5. Moreover L^′ = Γ_i ∩ L̂ by their uniqueness.

Next we prove the statement (2). Assume a (2n−2)-valent hypertorus subgraph L^′ in G_i satisfies L^′ ∩ L ≠ ∅. By the statement (1), we can take (2n − 2)-valent hypertorus subgraph L̂ in G such that L^′ = Γ_i ∩ L̂. Because L ⊂ Γ_i, we have L^′ ∩ L = L̂ ∩ L. By the assumption (2) of Theorem 3.1, we also have L^′ ∩ L = L̂ ∩ L is connected.

Finally we prove the statement (3). Assume two (2n − 2)-valent hypertorus subgraphs L^′_a and L^′_b satisfy that L^′_a ≠ L^′_b in G_i. By the statement (1), we have L^′_a = Γ_i ∩ L̂_a and L^′_b = Γ_i ∩ L̂_b for (2n − 2)-valent hypertorus subgraphs L̂_a, L̂_b in G. If L^′_a = L̂_a or L^′_b = L̂_b, that is, L̂_a or L̂_b is a hyperfacet in G_i, then we can easily prove L̂_a ≠ L̂_b because L^′_a ≠ L^′_b. Hence we can assume L^′_a ≠ L̂_a and L^′_b ≠ L̂_b. In this case, we also see L^′_a ∩ L ≠ ∅ and L^′_b ∩ L ≠ ∅. If L^′_a ∩ L^′_b ≠ ∅ in Γ_i, then E^{L̂a}_p = E^{L′a}_p ≠ E^{L′b}_p = E^{L̂b}_p for p ∈ V^{L′a∩L′b} , by Lemma 2.5. Hence L̂_a ≠ L̂_b because of Lemma 2.5. If L^′_a ∩ L^′_b = ∅ in Γ_i, then L^′_a ∩ L separates from L^′_b ∩ L in Γ_i and Γ. By the statement (2), we have that L^′_a ∩ L = L̂_a ∩ L and L^′_b ∩ L = L̂_b ∩ L. Hence, if L_a = L_b, there are two connected components L^′_a ∩L and L^′_b ∩L in L_a ∩L = L_b ∩L. This gives a contradiction, since the assumption (2) of Theorem 3.1 holds for G. Therefore we have L̂_a ≠ L̂_b. □

The following lemma is the key lemma to prove Theorem 4.1. Lemma 4.7. Assume G satisfies the assumptions (1) and (2) of Theorem 3.1.

Then the following statements hold:

(1) All hyperfacets in G_i can be denoted by Γ_i ∩ F for unique hyperfacet F of G and its opposite side is Γ_i ∩ F , for i = 1, 2, 3;

(2) G_i also satisfies the assumptions (1) and (2) of Theorem 3.1. Proof. First we prove the statement (1). Take hyperfacet F^′ and its opposite side F^′ in G_i. For its boundary L^′ = F^′ ∩ F^′, there is a unique (2n − 2)-valent hypertorus subgraph L̂ in G such that L^′ = Γ_i ∩ L̂ by Lemma 4.6 (1). Because G satisfies the assumption (1) of Theorem 3.1, we can take unique hyperfacet F and its opposite side F such that F ∩ F = L̂. Since F ∪ F = Γ, we can assume F ∩F^′ −L^′ ≠ ∅. Moreover we have Γ_i ∩(F ∪F ) = (Γ_i ∩F )∪(Γ_i ∩F ) = Γ_i = F^′ ∪F^′. We can easily show Γ_i ∩ F is a hyperfacet in Γ_i and Γ_i ∩ F is its opposite side. Now L^′ divides Γ_i into two hyperfacets F^′, F^′, and Γ_i ∩ L̂ also divides Γ_i into two hyperfacets Γ_i ∩F , Γ_i ∩F . Therefore we have Γ_i ∩F = F^′ and Γ_i ∩F = F^′, because L^′ = Γ_i ∩ L̂ and F ∩ F^′ − L^′ ≠ ∅.

Next we prove G_i satisfies the assumption (1) of Theorem 3.1. Put a (2n − 2)- valent hypertorus subgraph L^′ = Γ_i ∩ L̂ in Γ_i, by Lemma 4.6 (1). Since G satisfies the assumption (1) of Theorem 3.1, for a (2n − 2)-valent hypertorus subgraph L̂ there is a unique hyperfacet F and its opposite side F such that L̂ = F ∩ F . Then we can easily show that Γ_i ∩ F is a hyperfacet, Γ_i ∩ F is its opposite side and (Γ_i ∩F )∩(Γ_i ∩F ) = L^′. Conversely, take hyperfacet F^′ in Γ_i such that F^′ ∩F^′ = L^′. Then we see F^′ = Γ_i ∩ F and F^′ = Γ_i ∩ F by the statement (1). Hence G_i satisfies the assumption (1) of Theorem 3.1.

Finally we prove G_i satisfies the assumption (2) of Theorem 3.1. Take some distinct (2n − 2)-valent hypertorus subgraphs L^′_1, · · · , L^′_k in G_i, and put L^′ = {L^′_1, · · · , L^′_k}. By Lemma 4.6 (1), (3), we can take distinct (2n − 2)-valent hypertorus subgraphs L̂_1, · · · , L̂_k in G such that Γ_i ∩ L̂_j = L^′_j , and put L = {L̂_1, · · · , L̂_k}. Assume ∩L^′ = L^′_1 ∩ · · · ∩ L^′_k = Γ_i ∩ (∩L) ≠ ∅. If ∩L ⊂ Γ_i, we can easily show ∩L = ∩L^′. Hence ∩L^′ is connected by the assumption (2) of Theorem 3.1. If ∩L ⊄ Γ_i, that is, L ∩ (∩L) ≠ ∅ and ∩L ⊄ L. By the assumption (2) of Theorem 3.1, L ∩ (∩L) is connected. For Γ_3 = N(L), because Γ_3 is a hypertorus graph which attaches two legs on each vertex V^L for L, the intersection ∩L^′ = Γ_3 ∩ (∩L) is the graph which attaches two legs on each vertex of the connected subgraph L∩(∩L). Hence ∩L^′ is connected in Γ_3. Next, for Γ_1 = N(H) and Γ_2 = N(H), we have that two subgraphs Γ_1 ∩ (∩L) and Γ_2 ∩ (∩L) are connected, because H ∪ H = Γ, H ∩ H = L and L ∩ (∩L) is connected by the assumption (2) of Theorem 3.1. Therefore ∩L^′ = Γ_i ∩(∩L) is connected in Γ_i (i = 1, 2). Consequently G_i satisfies the assumption (2) of Theorem 3.1. □

Because of Theorem 3.1 and Lemma 4.7, we have the following isomorphism:

Ψ_i : Z[G_i] → H^∗_T n_{×S}1 (G_i),

for all G_i = (Γ_i, α_i, θ_i), such that Ψ_i(X) = χ|_V Γ_i and Ψ_i(Γ_i ∩ F ) = τ_F |_V Γ_i , where χ|_V Γ_i and τ_F |_V Γ_i are the restricted to V^{Γi} of χ, τ_F ∈ H^∗_{T n×S1} (G) (i = 1, 2, 3), and F is a hyperfacet of G.

4.2.2. Exact sequence on H^∗_T n_{×S}1 (G). Next we consider the graph equivariant cohomologies H^∗_T n_{×S}1 (G) and H^∗_T n_{×S}1 (G_i) (i = 1, 2, 3).

Define the homomorphisms

ρ_1 : H^∗_T n_{×S}1 (G) → H^∗_T n_{×S}1 (G_1) ⊕ H^∗_T n_{×S}1 (G_2)

by ρ_1(f) = f|_V Γ_1 ⊕ f|_V Γ_2 , and

ρ_2 : H^∗_T n_{×S}1 (G_1) ⊕ H^∗_T n_{×S}1 (G_2) → H^∗_T n_{×S}1 (G_3)

by ρ_2(g ⊕ h) = g|_V Γ_3 − h|_V Γ_3 .

We have the following lemma.

Lemma 4.8. The following sequence is exact:

{0} −→ H^∗_T n_{×S}1 (G)^{ρ1}−→ H^∗_T n_{×S}1 (G_1) ⊕ H^∗_T n_{×S}1 (G_2)^{ρ2}−→ H^∗_T n_{×S}1 (G_3).

Proof. First we prove ρ_1 is injective. If ρ_1(f) = f|_V Γ_1 ⊕ f|_V Γ_2 = 0, then f(p) = 0 for all p ∈ V^{Γ1} ∪ V^{Γ2} = V^Γ, that is, f = 0 ∈ H^∗_{T n×S1} (G). This means Ker ρ_1 = {0}, hence ρ_1 is injective.

Next we have ρ_2 ∘ ρ_1(f) = f|_V Γ_3 − f|_V Γ_3 = 0. Hence Im(ρ_1) ⊂ Ker(ρ_2). Finally we take g ⊕ h ∈ Ker(ρ_2), then g|_V Γ_3 = h|_V Γ_3 . Hence the following map f : V^Γ → H^∗_{T n×S1} (pt) is well-defined and in H^∗_{T n×S1} (G): f(p) = { g(p) if p ∈ V^{Γ1} h(p) if p ∈ V^{Γ2} .

So we have Im(ρ_1) ⊃ Ker(ρ_2). □

4.2.3. Proof of Theorem 4.1. To prove Theorem 4.1, we prepare some facts for Z[G]. Let A ∈ Z[X, H_1, · · · , H_{2m}]. Then we can denote it by A = ∑ (a_1,··· ,a_{2m},a) k_{(a1,··· ,a2m,a)}H^{a1}_1 · · · H^{a2m}_{2m} X^a for some k_{(a1 ,··· ,a2m,a)} ∈ Z and (a_1, · · · , a_{2m}, a) ∈ (N∪{0})^{2m+1} , where H_1, · · · , H_{2m} are all hyperfacets in G. Define Γ_i ∩ A as follows:

Γ_i ∩ A = ∑ (a_1,··· ,a_{2m},a) k_{(a1 ,··· ,a2m,a)}(Γ_i ∩ H_1)^{a1} · · · (Γ_i ∩ H_{2m})^{a2m} X^a,

where if Γ_i ∩ H_j = ∅, Γ_i ∩ H_j = Γ_i (resp. Γ_i ∩ H_j = Γ_i, Γ_i ∩ H_j = ∅) as a subgraph in Γ then Γ_i ∩ H_j = 0, Γ_i ∩ H_j = X (resp. Γ_i ∩ H_j = X, Γ_i ∩ H_j = 0) for j = 1, · · · , 2m. We define the homomorphism ρ̂_1 as follows: ρ̂_1 : Z[G] → Z[G_1] ⊕ Z[G_2] such that ρ̂_1([A]) = [Γ_1 ∩ A]_1 ⊕ [Γ_2 ∩ A]_2, where [A] ∈ Z[G] and [B]_i ∈ Z[G_i] for i = 1, 2, 3. Because of the definition of Γ_i ∩ A and Lemma 4.7 (1), we can easily see that ρ̂_1([H_i + H_i − X]) = [0]_1 ⊕ [0]_2 and ρ̂_1([ ∏ F ∈H^′ F ]) = [0]1 ⊕ [0]2, where

a subset H^′ ⊂ H satisfies ∩H^′ = ∅. Therefore ρ̂_1 is well-defined homomorphism. Because Γ_3 = Γ_1 ∩ Γ_2, we can similarly show that the following homomorphism is well-defined:

ρ̂_2 : Z[G_1] ⊕ Z[G_2] → Z[G_3] such that ρ̂_2([B]_1 ⊕ [C]_2) = [Γ_3 ∩ B]_3 − [Γ_3 ∩ C]_3 ∈ Z[G_3].

By the definitions of ρ̂_j and ρ_j (j = 1, 2), we can easily show the following lemma.

Lemma 4.9. The following diagram is commutative:

Z[G]^{ρ̂1}−→ Z[G_1] ⊕ Z[G_2]^{ρ̂2}−→ Z[G_3] −→ {0} Ψ ↓ Ψ_1 ⊕ Ψ_2 ↓ Ψ_3 ↓ {0} −→ H^∗_T (G)^{ρ1}−→ H^∗_T (G_1) ⊕ H^∗_T (G_2)^{ρ2}−→ H^∗_T (G_3)

From Theorem 3.1 and Lemma 4.7, we have that Ψ, Ψ_1 ⊕ Ψ_2 and Ψ_3 are isomorphic maps.

Moreover we have the following lemma.

Lemma 4.10. The following sequence is exact:

Z[G]^{ρ̂1}−→ Z[G_1] ⊕ Z[G_2]^{ρ̂2}−→ Z[G_3] −→ {0}.

Proof. Because all hyperfacets of G_3 are induced from G_1 (by Lemma 4.7 (1)), we can get all generators (hyperfacets) [F^′]_3 and [X]_3 of Z[G_3] by ρ̂_2([F ]_1 ⊕ [0]_2) = [Γ_3 ∩ F ]_3 = [F^′]_3 for some generator [F ]_1 ∈ Z[G_1] such that Γ_3 ∩ F = F^′ in Γ_3, and ρ̂_2([X]_1 ⊕ [0]_2) = [Γ_3 ∩ X]_3 = [X]_3. Hence we see ρ̂_2 is surjective.

Finally Im(ρ̂_1) = Ker(ρ̂_2) comes from the commutative diagram (Lemma 4.9)

Z[G]^{ρ̂1}−→ Z[G_1] ⊕ Z[G_2]^{ρ̂2}−→ Z[G_3] −→ {0} Ψ ↓ Ψ_1 ⊕ Ψ_2 ↓ Ψ_3 ↓ {0} −→ H^∗_T (G)^{ρ1}−→ H^∗_T (G_1) ⊕ H^∗_T (G_2)^{ρ2}−→ H^∗_T (G_3)

where its bottom sequence is exact by Lemma 4.8 and Ψ, Ψ_1⊕Ψ_2, Ψ_3 are isomorphic maps. □

From Lemma 4.8 and 4.10, we have that the top and bottom sequences in Lemma 4.9 are exact. Hence we have that ρ̂_1 is injective and ρ_2 is surjective by the snake lemma. Therefore we have the following two sequences are exact: {0} −→ Z[G]^{ρ̂1}−→ Z[G_1] ⊕ Z[G_2]^{ρ̂2}−→ Z[G_3] −→ {0}; {0} −→ H^∗_T (G)^{ρ1}−→ H^∗_T (G_1) ⊕ H^∗_T (G_2)^{ρ2}−→ H^∗_T (G_3) −→ {0}.

In particular, we conclude Theorem 4.1.

The author is grateful to Professors Megumi Harada and Mikiya Masuda for their invaluable advices and comments.

References

[BD] R. Bielowski, A. Dancer: The geometry and topology of toric hyperKäler, Comm. Anal.

Geom., Vol 8, No. 4 (2000), 727–759.

[CS] T. Chang, T. Skjelbret, The topological Schur lemma and related result, Ann. Math., 100 (1974), 307–321.

[GKM] M. Goresky, R. Kottwitz, R. MacPherson, Equivariant cohomology, Koszul duality, and the localization theorem, Invent. Math. 131 (1998), 25–83.

[GHZ] V. Guillemin, T. S. Holm, C. Zara: A GKM description of the equivariant cohomology ring of a homogeneous space, J. Algebraic Combin., 23 (2006), no. 1, 21–41.

[GZ1] V. Guillemin, C. Zara: Equivariant de Rham theory and graphs, Sir Michael Atiyah: a great mathematician of the twentieth century, Asian J. Math. 3 (1999), no. 1, 49–76.

[GZ2] V. Guillemin, C. Zara, 1-skeleta, Betti numbers, and equivariant cohomology, Duke Math.

J. 107 (2001), 283–349.

[HH] M. Harada, T. S. Holm, The equivariant cohomology of hypertoric varieties and their real loci, Comm. Anal. Geom., Vol. 13, No. 3 (2005), 645–677.

[HP] M. Harada, N. Proudfoot, Properties of the residual circle action on a hypertoric variety, Pacific J. of Math, Vol. 214, No. 2 (2004), 263–284.

[HM] A. Hattori, M. Masuda: Theory of Multi-fans, Osaka. J. Math., 40 (2003), 1–68. [Ko1] H. Konno, Cohomology rings of toric hyperKähler manifolds, Int. J. of Math., 11, no. 8 (2000), 1001–1026.

[Ko2] H. Konno: Variation of toric hyperKähler manifolds, Int. J. of Math., 14 (2003), 289–311. [MMP] H. Maeda, M. Masuda, T. Panov, Torus graphs and simplicial posets, Adv. Math. 212 (2007), 458–483.

[MP] M. Masuda, T. Panov, On the cohomology of torus manifolds, Osaka J. Math., 43, no. 3 (2006), 711–746.

School of Mathematical Science Fudan University, Shanghai, 200433, P.R. China E-mail address: kuroki@fudan.edu.cn