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Abstract

Let G be a compact connected Lie group and M a rational cohomology complex
quadric of real dimension divisible by 4 (where dim M # 4). The aim of this paper is to
classify pairs (G, M) such that G acts smoothly on M with codimension one principal
orbits. There exist eight such pairs up to essential isomorphism. The underlying
manifold M is diffeomorphic to the genuine complex quadric except one pair.

1 Introduction

One of the central problems in transformation groups is to classify compact Lie group
actions on a fixed smooth manifold M such as a sphere and a complex projective space.
Unfortunately the problem is beyond our reach in general, but it becomes within our reach
if we put some assumption on the actions. For instance, when the actions are transitive, M
is a homogeneous space and the problem reduces to finding a pair of a compact Lie group G
and its closed subgroup H such that G/H = M. As is well known, there are a rich history
and an abundant work in this case (e.g. [3], [11]). In particular, the transitive actions on a
sphere are completely classified. The complete list can be found in [2] and [6].

The orbit of a transitive action is of codimension zero. So we are naturally led to study
actions with codimension one principal orbits. In 1960 H. C. Wang ([19]) initiated the work
in this direction. He investigated compact Lie group actions on spheres with codimension
one principal orbits. In 1977 F. Uchida ([16]) classified compact connected Lie group actions
on rational cohomology projective spaces with codimension one principal orbits. The same
problem has been studied by K. Iwata on rational cohomology quaternion projective spaces
([7]), on rational cohomology Cayley projective planes ([8]) and by T. Asoh on Zy-cohomology
spheres ([2]).

The purpose of this paper is to classify compact connected Lie group actions on a rational
cohomology complex quadric with codimension one principal orbits. The complex quadric
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Q. of complex dimension r is a degree two hypersurface Y, 22 = 0 in the complex projective
space P,1(C) of complex dimension 7+ 1. The linear action of SO(r+2) on P,;1(C) leaves
@, invariant and is transitive on @,.. Hence @, is diffeomorphic to SO(r+2)/(SO(r)xSO(2)).
When r is odd, @), is a rational cohomology complex projective space and this case is already
treated by Uchida ([16]) mentioned above. Therefore we assume that » = 2n, i.e., our rational
cohomology complex quadric is of real dimension 4n.

A pair (G, M) denotes a smooth G-action on M and we say that (G, M) is essentially
isomorphic to (G', M") if their induced effective actions are isomorphic. Our main theorem
is the following.

Theorem 1.1. Let M be a rational cohomology complex quadric of real dimension 4n (n > 2)
and let G be a compact connected Lie group. If (G, M) has codimension one principal orbits,
then (G, M) is essentially isomorphic to one of the pairs in the following list.

’ n | G | M | action
n>2 SO(2n + 1) Qan SO(2n+1) — SO(2n + 2)
n>2 Un+1) Qan Un+1) — SO(2n +2)
n>2 SU(n+1) Qan, SU(n+1) — SO(2n+ 2)
n=2m-—12>3] Sp(l) x Sp(m) Qam—2 Sp(1) x Sp(m) — SO(4m)
7 Spin(9) Q14 Spin(9) — SO(16)
3 Go Qs Gy — SO(7) — SO(8)
Gy acts on G canonically and
3 Gy x TH G xsu) Ps(C) | T' acts on the first coordinate of
P(Co C*) = P5(0C)
2 Sp(2) ST X sp1y Po(C) | Sp(2) acts transitively on ST

Here Gy xgy) P3s(C) denotes the quotient of G x P3(C) by the diagonal SU(3)-action
where SU(3) acts on Gy canonically and on P3(C) by A([z0 : 2]) = [20 : Az] where [z : 2] €
P(C® C*) = P5(C) and A € SU(3). S xsp1) Po(C) also denotes the quotient of S™x Py(C)
by the diagonal Sp(1)-action where Sp(1) acts on ST canonically and on Py(C) through a
double covering Sp(1) — SO(3).

Remark. The manifold S7 X g,y P2(C) is not diffeomorphic to Q4 (see Proposition
6.2.1). On the other hand, the manifold G5 x sy 3y P3(C) is diffeomorphic to Qs (see Section
7.2.2).

Closed connected subgroups of SO(r+2) whose restricted actions on ), have codimension
one principal orbits are classified by Kollross [13]. Comparing his result with our list above,
the action of Gy x T" on Gy X sy(s) P3(C) = Qg does not arise through a homomorphism to
SO(8). In this paper we use the notation = as a diffeomorphism, ~ as an isomorphism and
~ as a local isomorphism.



There are some works on compact connected Lie group actions with codimension two
principal orbits, see [15] and [16], but the actions get complicated according as the codimen-
sion of principal orbit gets large. The classification of compact connected Lie group actions
with codimension two principal orbits is studied by Uchida ([17]) on rational cohomology
complex projective space. Nakanishi ([15]) completed the classification of homology spheres
with an action of SO(n), SU(n) or Sp(n).

The organization of this paper is as follows. In Section 2 we review a key theorem by F.
Uchida on compact connected Lie group actions on M with codimension one principal orbits.
It says that if H'(M;Zy) = 0, then there are exactly two singular orbits and M decomposes
into a union of closed invariant tubular neighborhoods of the singular orbits. In Section 3
we compute the Poincaré polynomials of the singular orbits. To do this, we distinguish three
cases according to orientability of singular orbits. In Section 4 we determine the possible
transformation groups G from the Poincaré polynomials using a well known fact on Lie
theory([14]). We also recall some facts used in later sections and state an outline of our
steps to the classification. Sections 5 through 11 are devoted to classifying the pairs (G, M).
By looking at the slice representations of the singular orbits, we completely determine the
transformation groups G and the tubular neighborhood of singular orbits. Then we check
whether the G-manifold obtained by gluing those two tubular neighborhoods along their
boundary is a rational cohomology complex quadric. Finally we give all actions in Section
12.

2 Preliminary

In this section, we present some basic facts on a complex quadric and the key theorem
to solve the classification problem on a rational cohomology complex quadric. Let us recall
the definition of complex quadric.

DEFINITION(complex quadric Q).
Q = {2z€P(C) 5 +21+ - +2z2, =0}
=~ SO(r+2)/S0O(r) x SO(2),

where z = [z9: 21 : -+ 1 z,.41] € Pr11(C). A simply connected closed manifold of dimension
2r is called a rational cohomology complex quadric if it has the same cohomology ring as @),
with Q coefficient. It is well known that the rational cohomology ring of ()5, is given by

H*<Q2n; Q) = Q[Q :E]/(Cn—i-l - CZL’,QZQ, CQn—H)a

where deg(z) = 2n,deg(c) = 2 for n > 2. Remark @ = SO(4)/S0(2) x SO(2) =
Spin(4)/T? = SU(2)/T' x SU(2)/T' = 5% x S?. Hence H*(Q2; Q) is different from the
above ring. In this paper we will classify the case n > 2.

Let us recall the key theorem about the structure of (G, M).
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Theorem 2.1 (Uchida[16] Lemma 1.2.1). Let G be a compact connected Lie group and M a
compact connected manifold without boundary. Assume

H'(M; Z,) =0,

and G acts smoothly on M with codimension one orbits G(x). Then G(z) = G/K is a
principal orbit and (G, M) has just two singular orbits G(x1) = G/K; and G(z3) = G/K,.
Moreover there ezists a closed invariant tubular neighborhood X of G(xs) such that

M:X1UX2 and lengaXlzan.

Note that X, is a ks-dimensional disk bundle over G/ K, (ks > 2).

3 Poincaré polynomial

Let M be a rational cohomology complex quadric of dimension 2r = 4n and G a compact
connected Lie group which acts smoothly on M with codimension one principal orbits. Then
the pair (G, M) satisfies the assumptions of Theorem 2.1. Therefore M is divided into X;
and Xy where X; is the tubular neighborhood of the singular orbit G/K; (i = 1,2). Let us
calculate the Poincaré polynomial of the singular orbits G/K; and G/ K.

First we prepare some notations. Let f* : H*(M; Q) — H*(X,; Q) be the homomorphism
induced by the inclusion f, : Xy — M and ng a non-negative integer such that f*(c™) # 0
and fi(c™*1) =0 where c € H*(M; Q) is a generator. The following theorem is the goal of
this section. The result in the case where the two singular orbits are orientable is due to an
unpublished note by S. Kikuchi.

Theorem 3.1. Two singular orbits G/K, and G /K, satisfy one of the following (I)—(I1I).
(I) If the two singular orbits are both orientable, then these singular orbits satisfy one of
the following (1)—(iii).

(i) G/Ks~ P,(C), ky =2n=ky, ny =n =ns.
(i) G/Ki~ Py 1(C), G/Ky~ S, k1 =2, kg =2n, ny =2n—1, ny = 0.
(iii) P(G/Ky;t) =1+t )1+ 22+ +*) and
P(G/Kyt) = (1 + " DA+ - +12) (ny, ng € {n—1, n}) or
P(G/Eyt) = (L+ ") (1 + 42 + - +72) (n1 > n),
ko is odd, ki is even and ki + ko = 2n + 1.

(IT) If G/ K, is orientable and G /K, is non-orientable, then

(iv) G/K\ ~ Poui(C), P(G/Kyit) = 1+, P(G/K5:t) = (1+1")(1+1>"),
G/KO ~ S4n_1, ny = 2n — 1, N9 = O, k’l = 2,/{52 = Nn.
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(III) If the two singular orbits are both non-orientable, then

(v) P(G/Kyt) =1+ +*, P(G/K%t) = (1 +3)(1 + % + 1),
P(G/K;t) = P(G/K%t) = (1+ )1+t +t*) or
P(G/K;t) = P(G/K°t) = (1 +1°)(1 +t%)
n==k =ks=2andny =ny € {1, 2} or ny =2, ny = 1.

Here ks is a codimension of G/Ks, M ~ N means P(M;t) = P(N;t), P(X;t) is the
Poincaré polynomial of X, K is a principal isotropy group, and K° is the identity component

of K.

To prove Theorem 3.1, we will consider three cases according to orientability of two
singular orbits. Before we consider three cases, we shall show Proposition 3.0.1. Let us set

P(Imf;t) = Z t9dim(Im f7) and
P(Kerfr;t) = Z tdim(Ker f7)

where Kerf? = Ker(f) N H1(M;Q) and Im(f?) = Im(fF) N H1(X,; Q). First we prepare
the following equations to prove Proposition 3.0.1.

Lemma 3.0.1. Put ¢, = 1 if fi(x) # AfX(c") for all X\ € Q, €5 = 0 otherwise. Then we
have

P(Imfrt) =1+ t* + -+ ¥ + e t*™ and
P(Kerfrit) =212 4. 4 t" 4 (1 — €)™

We can easily check this lemma because of the isomorphism H*(M; Q) ~ H*(Qa,; Q).
Let us state a proposition.

Proposition 3.0.1.
1. n1+n9+e€ + 6 =2n.
2. €1 = €3 holds if and only if ny = ns.
We show the following two lemmas to prove Proposition 3.0.1.

Lemma 3.0.2. We have the equation

P(X;3_4,0X5_4t) —tP(Xs;t) = P(Kerfr;t) — tP(Imf;t).



Proof. We get dim(H?(X;3_5,0X3-5)) = dim(H(M, X)) by the excision isomorphism.
From this equality and the cohomology exact sequence of (M, X)

— BN (X, Q) I (M, X, Q) L5 HY(M: Q) 5 HY(X,; Q) —,
we get

dim(HY(X5_,,0X5_,)) = dim(Imy? ') + dim(Kerf?)
= dim(H* 1 (X,)) — dim(Im £ ") + dim(Kerf9). B

From Lemma 3.0.2, we can show the following lemma.
Lemma 3.0.3. P(Kerf;;t) — tP(Imf;t) = t""P(Imfy;t71) — " P(Ker f5;t71).

Proof. By the Poincaré-Lefschetz duality and the universal coefficient theorem we get
HY(X,) ~ H" (X, 0X,). Hence P(X;t) = t""P(X,,0X,;t'). From Lemma 3.0.2 we get

P(Kerf{;t) — tP(Imf{;t) = P(X,,0Xs;t) — tP(X1;1)
= t""P(X;t7") — " P(X,0X5t7)
= —t"THP(X,0X ;) -t P(Xy;t Y}
= —t""{P(Kerfy;t7") —t ' P(Imf3;¢7 ")}

The last equal can be proved by using Lemma 3.0.2 with ¢ replaced by t~!. Therefore we
get this statement. W
Let us prove Proposition 3.0.1.

Proof of Proposition 3.0.1. From Lemma 3.0.1 and 3.0.3, we get the following equation

— t4n(1 + t72 + . + t72n2) + €2t2n _ t(t4n72n272 + . + t2 _|_ 1) _ (1 _ €2>t2n+1

Put ¢t = 1 then we get the first statement in Proposition 3.0.1.

When €; = e = 0, compare the degree of this obtained equation by using the first
statement then we get the equation n; = ny = n. When ¢, = e = 1, similarly we get
ny = ny = n — 1. Conversely if ny = ny, then we have €; + ¢ = 2(n — ny) from the first
statement. Since €1, €2 = 0 or 1, we get €; = €5. Hence the second statement holds. W

From the next section we will consider three cases according to orientability of two
singular orbits.



3.1 Both singular orbits are orientable

Suppose the two singular orbits G/K; and G /K, are orientable. The goal of this section
is to prove Theorem 3.1 (i)—(iii). From now on we put ks = codimG/Ky and r = 3 — s for
s = 1,2. The following Poincaré duality will be used many times in this section.

Theorem 3.2 (Poincaré duality). Let M™ be an n-dimensional closed orientable manifold.
Then the following isomorphism holds

v H'(M"; Q) ~Hom(H""(M"; Q), Q)
by (p(x)(y))pn = xy where x € HY(M™ Q), y € H"'(M™; Q) and u is a generator of
H™(M™; Q) ~ Q. Hence we have H'(M™; Q) ~ H" *(M™; Q).
First we prove the following equality.

Lemma 3.1.1. The following equation holds.

(1 -t~ P(G/K,;t)
= (1+tH{PImfrt) +t" ' P(Imf )} — (1 + " P(M;t).

Proof. By the Thom isomorphism, we get t* P(G/K;t) = P(X,,0X,;t). Since G/K,
is a deformation retract of X, P(X;;t) = P(G/Ks;t). Hence by Lemma 3.0.2, we get
th P(G/K,;t) — tP(G/Kg;t) = P(Kerfr;t) — tP(Imfr;t) and we also get P(G/K,;t) =
th=1P(G/Kg;t) — t 1 P(Kerf*;t) + P(Imf*;t). Using these equations and P(Kerf:;t) =
P(M;t) — P(Imf};t), we can easily check the above equation. l

Putting ¢ = —1 in Lemma 3.1.1, we get (1 — (=1)"**2)\(G/K,) = (1 — (=1)*)x(M)
where x(X) is the Euler characteristic of X. From this equation, we see

Lemma 3.1.2. If ky+ky is even, then ky and ko are even. Hence the case k1 = ko = 1(mod 2)
does not occur.

Let us set g4(t) = (1—t*1+*2=2) P(G/ K; t), which is the left side of the identity in Lemma
3.1.1. Next we consider two cases for €; (s = 1, 2) and prove (i)—(iii) in Theorem 3.1.
3.1.1 The cases ¢; = €.

Let us prove Theorem 3.1 (i) and (iii) occur in these cases.
If e, = e = 0 then ny = ny = n and if ¢ = e = 1 then n; = ny = n — 1 by Proof of
Proposition 3.0.1. In both of these cases we have

P(Imft) =14+ +*"



by the definitions of €, and ng (s = 1, 2). If we put a(n) = P(Imfr;t) = 1 +¢> + - + 2",
we have P(M;t) = (1 + t*")a(n). Then by Lemma 3.0.1 and 3.1.1, we have the following
equation

gs(t) = (L + "~ H)(1 =" Na(n). (1)
Let us consider three cases for ks (s =1, 2).

Suppose k1 = ks = 0(mod 2). Dividing both sides of the equation (1) by 1+t and putting
= —1, we get x(G/Ky) # 0 for s = 1, 2. Now we have the following lemma.

Lemma 3.1.3. If the Euler characters x(G/K) are non-zero for s = 1,2, then the Poincaré
polynomials P(G/Kj;t) are even functions for s = 1,2, that is, P(G/K;t) = P(G/Ks; —t).

Proof. Because x(G/K;) # 0, we have rank K? = rank G (see [14] Chapter III). Hence
H°¥4(G/K? Q) = 0 from [14] Theorem 3.21 in Chapter VII. Since the induced map from
the natural inclusion

H(G/K; Q) — H'(G/K; Q)

is injective, the Poincaré polynomials P(G/K;t) and P(G/Ks;t) are even functions. B
From this lemma, we see (1+t*~1)(1—#>""1) = (1 —tk=1)(1+¢>~1) by the equation (1).

Consequently k; = ko = 2n. By the equation (1), the equation P(G/Kj;t) = a(n) holds.

Hence we have G/K; ~ P,(C) because P(P,(C);t) = a(n). This means Theorem 3.1 (i).

Suppose ki is even and ks is odd. Then we have x(G/K;) # 0, dividing both sides of
the equation (1) by 1 — ¢ and putting t = —1. So P(G/Kj;t) is an even function by Lemma
3.1.3. When s =1 (r = 2) in the equation (1), compare even degree terms and odd degree
terms. Then we have k; +ky = 2n+ 1 and P(G/K;;t) = (1 +t*71)a(n). When s = 2 in the
equation (1), we also have P(G/Kj;t) = (1 + t"1)a(n) by ki + ko = 2n + 1. This means
Theorem 3.1 (iii). If k; is odd and k, is even, then we get a similar result.

By Lemma 3.1.2, there does not exist the case that k; and ko are odd. Therefore in the
case €; = €3, Theorem 3.1 (i) and (iii) occur. Let us consider the case € # €.

3.1.2 The case ¢ # e.

The goal of this section is to prove Theorem 3.1 (ii) and (iii) occur in the case € # €.

If we put ¢, = 0 and €5 = 1, we have ny + no, = 2n — 1 by Proposition 3.0.1 and we also
have P(Imf;;t) = a(ny) and P(Imf;;t) = a(ny) + t*" by definitions of €5 and ns (s =1, 2).
Hence we easily get

gi(t) = (1 =" )a(ny) + (%7 = " a(ny) — 2771 (1 = 17), (
o) = (1= 25 )a(ng) 4 (171 — 272 )a () + £27(1 — t9172) (3)

[\
~—
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by Lemma 3.0.1 and Lemma 3.1.1. Let us consider four cases for ks (s =1, 2).

Suppose k; = ko = 0(mod 2). Dividing both sides of (2), (3) by 1 + ¢ and putting
t = —1, we see P(G/Ky;t) and P(G/K>;t) are even functions by ks > 2 and Lemma 3.1.3.
So k; = 2ny + 2 by comparing the odd degree terms in (3).

Consider the odd degree terms in (2). Then we see (tk271 -1+ 1)q(ny) —t2n=1(1—t72) = 0.
So we have

tk2_1a<n2) + t2n+k2_l — t2n1+1a(n2) + th_l.

The minimum degree of the left side is k5 — 1, while that of right side is 2n; + 1 or 2n — 1.
If ky — 1 = 2n; + 1, then we get t?"TF2=1 = ¢?n—1 by this equation. This contradicts ky > 2.
Hence we have ks — 1 = 2n — 1, and we also have n; = n (if ny # 0) and ny = 2n — 1
(if ny = 0) by comparing the second lower degree in this equation. When n; = n, we see
ny = n — 1 by Proposition 3.0.1 and dimG /Ky = 2n by ky = 2n. In particular we have
G/K; ~ P,(C) by the equation (3). However f;(c)fs(c™) = f5(c™™) =0 € H*"(G/K»; Q)
by the definition of ny. This contradicts the Poincaré duality (Theorem 3.2).

Hence ny = 2n — 1 and ny = 0. So we see k; = 2ny + 2 = 2. Hence we have G/K; ~
Py, 1(C) from the equation (2), and we also have G/Ky ~ S?" from the equation (3) and
ko = 2n. This result is Theorem 3.1 (ii).

Suppose k; is even and ks is odd. Put t = —1 in (2). Then we see P(G/Kj;t) is an even
function by Lemma 3.1.3. So we get from (2)

P(G/Kyit) = a(m) + 1 ta(ng) + 2071, 4)

Since G/ K is orientable, we have dim G/K; = max{2ny, ko — 1+ 2ng, 2n — 1 + ko }.

If dim G/K; = 2ny then ko — 1 = 2ny — (kg — 1 + 2ny) or 2ny — (2n — 1 + ko) from the
Poincaré duality about G/Kj, the inequality n > 2 (k2 —1 < 2n — 1 + k») and the equation
(4). Hence ky —1 = ny —ngy or ny —n. Since ny+ny = 2n— 1, ny —ny is an odd number. Now
ko is an odd number. So ks —1 = n;—n. Therefore ks —1 = ny—n = n—ny—1 by Proposition
3.0.1. In this case 2n — 1+ ky = (ky — 14 2n3) 42 from the Poincaré duality about G/K; and
the equation (4). So ny = n—1. However we have ks —1=n—ny—1=n—(n—1)—1=0.
This contradicts ks > 2. Hence dim G /K7 # 2n,.

If dim G/ K7 = kg — 14 2ns, then 2(ny —n) = ko — 1 or ng = ny from the Poincaré duality
about G /K7, the inequality ks — 1 < 2n — 1+ ko and the equation (4). Now n; +mny = 2n—1
that is ny # ny. So 2(ny —n) = ko — 1 and we also have n; + 1 = ny by the Poincaré duality
about G/ K and the equation (4). Since ny +ny = 2n— 1, we have ny = n. This contradicts
ko > 2.

Hence dim G/K; = 2n— 1+ ky. In this case 2n — 1+ ky —2 = 2ny or ky — 1+ 2ny from the
Poincaré duality and the equation (4). If 2n — 1 + ko — 2 = 2n4, then dimG/K; = 2n; + 2.
However ff(c)ff(c™) = fi(cm™) = 0 € H*™2(G/Ky;Q) by the definition of n;. This
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contradicts the Poincaré duality. Therefore we have 2n — 1 + ko — 2 = ky — 1 + 2n5. So
ny =n and ny = n — 1. Hence we have P(G/K1;t) = (1 + t271)a(n) from the equation (4).
Moreover we have P(G/Ky;t) = (1 + t*1"1)a(n) by the equation (3) and k; + ke = 2n + 1.
This result is Theorem 3.1 (iii).

Suppose k; is odd and ks is even. In this case we get P(G/Ks;t) = a(ng) + t*ta(ny) +
t?" because P(G/K,;t) is an even function and the equation (3) holds. Hence we have
dim G/ Ky = 4n — ky = max{2ny, k; — 1+ 2n4, 2n}.

If dim G/ K5 = 2n, then we have ky = 2n. Because of the odd degree terms in the equation
(3), we have P(G/Ka;t) = t*™M =220 (ny) + ¢2n2t3-k1=2nq (1) + 1. So 2ny — 2n + 2 > 2 and
2no 4+ 3 — k1 —2n > 2. From 2n = n; +ns + 1, we have k; < ny —ny < —1. This contradicts
ki > 2.

If dim G/Ks = k; — 1 + 2n4, we have the following cases by making use of the Poincaré
duality for the even function P(G/Ky;t) = a(ny) + t*~ta(ny) + 27

[} dlmG/KQ—(k’l—l):QTLQ,
o 2n = (k; — 1) — 2 and dim G/ K3 — 2n = 2n,,
e 2n=2ny+ 2 and dimG/Ky — 2n = k; — 1.

When dim G/Ks — (k1 — 1) = 2ny, we have n; = ny. However this does not occur because
ny +mns+1=2n. When 2n = (k; — 1) — 2 and dim G/ Ky — 2n = 2ny, we have ny = n — 1,
ny = n because 2n = n; +ny + 1. So we have

= (k’l — 1) + 2’”1

= (2n+2) +2n—2=4n.
Hence ks = 0. This is a contradiction. Hence we have 2n = 2ny + 2. Then we can show
ni=mn, no=n—1, ki +ky=2n+1and P(G/K,;t) = (1+t'"Va(n) (s+7r = 3) from the
equations (2) and (3). This result is Theorem 3.1 (iii).

If dim G/K, = 4n — ko = 2ny, then we have and 2ny — 2n = k; — 1 from the Poincaré
duality and the above equation of P(G/Ky;t). Hence ki = ny — ny and we see ky + ko =
2n+1=mn; +ny + 2. So we have

P(G/Ky;t) = a(ny) +t" ta(ng) 4+ t*
= a(ny) +t"ta(ng +1)
{a(n) + (t2n+2 Lt t2n+k171>} 4 tklfl(l + t2 4ot t2n+17k1>
— a(n) + tkl_l(l + t2 44 t2n+1—k1) + (t2n+2 et t?n—&-lﬁ—l)
= a(n) +t"a(n)
(14" Na(n).
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Moreover we have P(G/Ky;t) = (1 + t*")a(n,) by the equation (2). This result becomes
the second case in Theorem 3.1 (iii).

By Lemma 3.1.2, there does not exist the case that k; and ko are odd.

We can get a similar result in the case € = 1 and €5 = 0. Therefore in the case €; # €5,
Theorem 3.1 (ii) and (iii) occur.

Consequently Theorem 3.1 (i)—(iii) occur in the case both G/ K and G/ K3 are orientable.

3.2 Preparation for non-orientable cases

In order to prove two non-orientable cases in Theorem 3.1 (iv)—(v), it is necessary to show
the following proposition.

Proposition 3.2.1. If G/K5 is non-orientable, then we have

P(G/KS;t) = (1+1%)P(G/K;t),
P(G/K%t) = (1+t* NP(G/Kyt) — P(ny,ngt) — ex(1 —e))(1 + 1),
where
‘ B z5271,14-1 + t2n1+2 4o+ t2n2 (nl < n2)
P(n17n2at) - { 0 (nl Z n2).

The goal of Section 3.2 is to prove Proposition 3.2.1. Our proof is essentially due to
Uchida ([16] 2.4, 2.5 and 2.6).
First we show the following lemma.

Lemma 3.2.1. If ky > 2, then G/ K, is simply connected, hence Ky is connected.

Proof. We see m (M) = m(G/K>3) from the transversality theorem ([5] (14.7)), Theorem
2.1 and k; > 2. Hence G/K> is simply connected. So Ky = K¢ because a canonical map
G/K9 — G /K, is a finite covering. W

Next we prepare the following two lemmas (Lemma 3.2.2 and 3.2.3) which just come from
the condition k; = 2.

Lemma 3.2.2 ([16] Lemma 2.4.1). If ky = 2, then R} = id : H*(G/K°; Q) — H*(G/K*; Q)
for all k € K, where Ry, : [g] — [gk]| and R}, is the homomorphism induced from Ry..

From Lemma 3.2.2, we can show the following lemma.

Lemma 3.2.3. If ky = 2, then H*(G/K?; Q) = Im(q}) + Ker(p®*) (possibly non direct
sum), where the homomorphisms ¢& and p?* are induced from qs : G/K? — G/K and

p:G/K° — G/K?.
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Proof. The natural map K?/K° — K /K is a surjection because K/K is a (ks — 1)-
sphere. So we see K, = K?K. In particular for each a € K there exists k € K such that
R, and Ry, are homotopic by the connectedness of K°. Hence R = R} : H*(G/K?; Q) —
H*(G/K?Z; Q). By Lemma 3.2.2 the right R}, is an identity map in the following commutative
diagram for all a € K,

H*(G/K%Q) % H*(G/K*Q)
R, =R} | R;=id |
H*(G/K5Q) — H*(G/K%Q).

So we have p2*(u) = p?"(R:(u)) for u € H*(G/K?%Q) and a € K. K /K? acts on
H*(G/K? Q) by R} for | € K,/K°. Then we easily see Im(¢*) = H*(G/K?°; Q)*/%2. Hence
Rf(v) =wvforalll € K;/K? and v € Im(q}). Moreover if we put Ky/K? = {ly,---,l;} then
R} (u)+---+ R} (u) € Im(q}) for all u € H*(G/KZ; Q). Therefore there is w € H*(G/K; Q)
such that p?* o ¢ (w) = ip?*(u). So we see Im(p?*) = Im(p?* o ¢¥). Consequently we get the
equation H*(G/K?2; Q) = Im(q?) + Ker(p?*). B

Put J, = ¢;H*(G/K»; Q) and J = @ J,. Next we show properties about this J in the
following two lemmas (Lemma 3.2.4 and 3.2.5) by using Lemma 3.2.3.

Lemma 3.2.4. Let x be the rational Euler class of the oriented (ks — 1)-sphere bundle
ps: G/K° — G/KS. If ky =2, then x* € J and Ker(ps*) = J - x + J - x>

Proof. From the Thom-Gysin exact sequence of p3 : G/K° — G /K that is,
P e @/KS) 2 B (GRS 25 HYG/KS) s HG Ky 2,

we see Ker(py!) = HY*(G/K$;Q) - x. By Lemma 3.2.3 HI™"(G/KS;Q) = J,_p, +
Ker(ps* ™). So we have Ker(py!) = Jy gy - X + Jyoky - X2 + -+ + Jynno - XV for some
integer N. Because of the following bundle mapping

G/K° &% G/K°
1 p5 1 ps
G/Kg 5 G/KS,

we see Ri(x) = x or —x for k € K. Hence R}(x?) = x*. Since the equation J = Im(q}) =
H*(G/K$; Q)% = H*(G/KS; Q) holds (because of K, = K°K), we have x?> € J. So we
get the equation Ker(pg*) = J-x +J-x% A

We remark that non-orientability of G/Kj is not assumed in Lemma 3.2.1 through 3.2.4
unlike Proposition 3.2.1. From now on we assume /K, is non-orientable. Then k; = 2
from Lemma 3.2.1.
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Lemma 3.2.5. The following two properties hold.

(1) dim(Ker(psg*)) = dim J + dim(J N Ker(ps")).

(2) J-xNJ-x*=0, J-x*>=JNKer(ps*) and the homomorphism E : J — Ker(p$*) is
injective, where E is defined by E(y) =y - x.

Proof. First we show the property (1) by proving two inequalities. From Lemma 3.2.3
we get

dim H*(G/K3; Q) = dim J + dim(Ker(p3*)) — dim(J N Ker(p3*)).

Since g5 : H*(G/K»; Q) — H*(G/KY; Q) is an injective map, we have dim J = dim H*(G/K»; Q).
Since G/K is non-orientable, there is &k € K, such that Ry, : G/K§ — G/KS§ reverses

an orientation and an element in Im ¢; is fixed by R;. Because of the Poincaré dual-

ity theorem (Theorem 3.2) about G/KS, for all u € Im ¢5 N HY(G/KS) there exists some

v € H**=4(G/Kg) such that (¢(u)(v))u = uv, where u € H*"*2(G/K3; Q) is the gener-
ator and ¢ : HY(G/KS; Q) ~ Hom(H*""~4(G/KS;Q), Q). Now we have

—(p(u)(v))p = B ((p(u)(v))p) = Ri(uwv) = Ry(u) Ry (v) = —uv

and Rj(u) = u because u € Im ¢;. Hence we have v ¢ Im ¢;. Consequently there is an
element v € H*(G/K$; Q)\Im ¢; for u € Im ¢;. So we see

2 Im g5 = 2 dim H"(G/K>; Q) < dim H*(G/K3; Q).
Therefore we get
dim H*(G/Ky; Q) = dimJ < dim(Kex(pg)) — dim(.J N Ker(p3")).

From Lemma 3.2.4 we get x* € J and Jx? C Ker(p$*). So J-x? C JNKer(ps*). Moreover
we easily see dim(J - x) < dim J. Hence we get

dim(Ker(ps*)) < dim(J - x) + dim(J - x*) < dim J + dim(J N Ker(p3*)).

So we have the property (1) from the two inequalities above .

Next we show the property (2). From the proof of the equation (1), we have dim(J-x) =
dim J (so we get the injectivity of F) and dim(J - x*) = dim(J N Ker(p3*)) (so we get
J-x? = JNKer(p3)). From Lemma 3.2.4 Ker(ps*) = J - x + J - x* and dim Ker(pg*) =
dim(J - x) + dim(J - x?), we have J N J -y = {0}. Hence we get the property (2). W

From Lemma 3.2.4 and 3.2.5, we can prove the following equation.

Proposition 3.2.2. P(G/K$;t) = (1 +t")P(G/Ka;t).
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Proof. From Lemma 3.2.5, we see dim J = dim(Ker(p3*)) —dim(JNKer(p$*)). Moreover
from Lemma 3.2.4 and 3.2.5 we have the equation

Ker(py") = J - x & (J N Ker(ps")).
Since x € H*(G/K$; Q) and dim H*(G/K,; Q) = dim J, by the equation above we get
P(Ker(py"); 1) = % P(G/Kai ) + P(J 0 Ker(p)); 1) (5)
Comparing the equation (5) with

P(G/K3;t) = P(Im(g;);t) + P(Ker(p); t) — P(J N Ker(p3'); )
P(G/Ky;t) + P(Ker(ps); t) — P(J N Ker(p3'); 1)

(by Lemma 3.2.3) we get P(G/K$;t) = (1 + %) P(G/K>;t) from the injectivity of ¢5. W
This result is a part of Proposition 3.2.1.

Next we show the following equation.
Proposition 3.2.3. P(G/K°t) = (1 + t** 1) P(G/Ky;t) — (1 + t71)P(J N Ker(ps*); t).
Proof. From the Thom-Gysin exact sequence of p§ : G/K° — G /K that is
2 BN GR?) S HY(GKS) 25 B (G EG) S HIHGK?) <,
we easily get

P(Im(6%);t) = P(G/Kg;t) -t P(Ker(p3*); 1), (6)
P(G/K’t) = t"7'P(Im(6");¢) + P(Im(p5"); ). (7)

From the equation (5) and Proposition 3.2.2, we have

P(Im(py);t) = P(G/K3;t) — P(Ker(p3');t)
= (1+1t")P(G/Kyt) — (" P(G/Ky;t) + P(J N Ker(ps*); 1))
P(G/Kay;t) — P(J N Ker(p3"); t). (8)

Substituting (7) for (6) and (8), we obtain the equation

P(G/K%t) = t="'P(G/K3;t) —t " P(Ker(ps"); )
+ P(G/Ky;t) — P(J N Ker(p3);t).

Moreover substituting the equation above for (5) and P(G/K3;t) = (1+t*)P(G/Ka;t), the
identity of the proposition follows. B
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Let us concentrate on the term (1 +¢~1)P(J N Ker(ps*);t). Consider the following com-
mutative diagram
H*(G/KxQ) — H'(G/K;Q)
% | q |
H*(G/K$:Q) — H'(G/K"Q),
where ¢* is the induced homomorphism from the natural covering map ¢ : G/K° — G/K.
Now g5 is an injection and moreover we show

Lemma 3.2.6. ¢* : H*(G/K; Q) — H*(G/K?°; Q) is an isomorphism.

Proof. Let ¢ : H*(G/K° Q) — H*(G/K;Q) be the transfer of the covering map
q : G/K° - G/K. From Lemma 3.2.2 R; = id : H*(G/K* Q) — H*(G/K’Q), so
¢ oq : H(G/K° Q) — H*(G/K° Q) is r times map where 7 is the covering degree of q.
Hence ¢* is surjective. The injectivity of ¢* is well known. So ¢* is an isomorphism. W

Hence we have Ker(p}) = Ker(p$* o ¢5) ~ Im(q5) N Ker(pg*) = J N Ker(p3*). So we see
P(J NnKer(pg*);t) = P(Ker(p3);t). The inclusion i, : X7 N Xy — X is homotopy equivalent
to ps : G/K — G/Kj, hence it = pf. Considering the following commutative diagram from
the cohomology exact sequences of (M, X;) and (X», X; N X5) and the excision isomorphism

H(M, X)) — H*M) 25 m(x)
~| By il
HY(Xa, X1 N Xs) — H*(Xo) —2 H*(X;NX),

we get fo(Ker(ff)) = Ker(i5) by this diagram. Hence we obtain the following equations
from the definition of ny and ng, that is f7(c") # 0 and fi(c™*) =0,

P(Ker(i3);t) = 22 oo 172 4 e5(1 — €)™ (1 < ny)
and for n; > ny
P(Ker(i});t) = e(1 — e )t*".

Because we have the two equations above, Proposition 3.2.3 and P(J N Ker(pg*);t) =
P(Ker(i%);t), we complete the proof of Proposition 3.2.1.

3.3 (/K is orientable, G/K, is non-orientable

Let us prove Theorem 3.1 (iv). Assume G/ K is orientable and G/ K, is non-orientable.
From Proposition 3.2.1, we get the following equation.
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Lemma 3.3.1. t*"P(G/Ky;t™ ') = t?*2 P(G/Ky; t).

Proof. By Proposition 3.2.1, P(G/K%$;t) = (1 + tk2)P(G/Ky;t). From the Poincaré
duality of G/Kg, we see P(G/KS;t™!) = th2=nP(G/Kg;t). B

Since GG/ K3 is non-orientable, we see k; = 2 by Lemma 3.2.1. Hence we can show the
following equation.

Lemma 3.3.2. P(G/Ky;t) = tP(G/Ki;t)+a(ng) —t*™a(2n—ng— 1) +t>""ex +teg — 1).

Proof. Since k; = 2, we see dim G/K; = 4n — 2. By the Poincaré-Lefschetz duality and
X is a deformation retract to G/ K7,

HY(X1,0X1;Q) ~ Hypo(X1;Q) ~ Huno(G/K1;Q) ~ H*(G/Ky; Q).

So we get the equality P(X;,0X;t) = t?P(G/K;;t).
From Lemma 3.0.1 and 3.0.2, we have the equation

P(X,,0X1;t) — tP(Xy;t)
— T (L= ) — (L 1 et
= 221 2(2n —ngy — 1) — ta(ng) + (1 — €3 — tex)t*".

Putting P(X;,0X,;t) = t?P(G/K;;t) and P(Xs;t) = P(G/Ky;t) in this equation, we get
this lemma. W

From Lemma 3.3.1 and 3.3.2, we can get the following proposition.
Proposition 3.3.1. P(G/K;y;t) is an even function.
Proof. Multiplying both sides of the identity in Lemma 3.3.2 by %271 we get

R P(G /Ko t)
t*2 P(G/Ky;t) + t*2  a(ny) — 2227272020 — ny — 1) + 1222072 () 4 tey — 1).

Moreover multiplying both sides of the equation which substitute ¢! for ¢ in Lemma 3.3.2
by t4"~1, we get

t4”_1P(G/K2;t_1)
— t4n72P<G/K1; til) i t4n72n271a(n2) _ a<2n — Ny — 1) + t2n(62 + t71€2 — 1).

From Lemma 3.3.1, the above two equations are same, that is

t* 2 P(G/Ky;t) 4+ 2 a(ng) — 12227272020 — ny — 1) + 12227272 (¢ 4 tey — 1)
= t"72P(G/K;t7 )+t a(ny) — a(2n —ny — 1) + 12" (eg +t ey — 1).
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By the Poincaré duality of G/K;, P(G/Ky;t) = t'""2P(G/Ky;t™'). Hence we get

(1— t%?)P(G/Kl;t)
_ (1 . €2>t2n(1 - t2k‘2—2) _ 621(:271—1(1 o t2]€2)
X (tzkzq . t4nf2n271)a(n2) +(1— t2n2+2k2)a(2n —ny — 1). (9)

So we easily see x(G/K1) # 0. Hence P(G/Kjy;t) is an even function. l

Since P(G/Ky;t) is an even function, it follows from (9) that

(t2k2—1 . t4n—2n2—1)a(n2) . 62t2n—1(1 . t2k2) — O, (10)

(1 —t*)P(G/Ky;t) = (1 — e)t*(1 — t2%272) 4 (1 — t*272k2)q(2n — ny — 1). (11)
Comparing the minimal degree terms in (10), we get ko = min{2n —ngy, n}. If ky = 2n —no,
then we see €3 = 0 from (10) and ky > 2. However we see easily x(G/K;) € Z from (11) and
ko > 2. So this case does not occur.

Hence ky = n. So we see €3 = 1 from (10).

If ny # 0, then we see ng = n — 1 from (10). In this case we can also prove x(G/K;) =
—(1/n) (mod Z) from (11). Hence x(G/K;) ¢ Z. This is a contradiction.

Hence ky = n, e =1, ny = 0. If ¢ = €5 = 1, then n; = ny = 0 and n = 1 because of
Proposition 3.0.1. Since we assume n > 2, we have ¢; = 0. Therefore we have n; = 2n — 1
by Proposition 3.0.1. Consequently we see P(G/Ky;t) = P(Imfy;t) = a(n1) = a(2n — 1),
and G/K; ~ Py, 1(C) from (11). So we get P(G/Kj;t) = 1+ t*" from Lemma 3.3.2. By
Proposition 3.2.1, P(G/K3;t) = (1 +t")(1 +t*") and G/K° ~ S%~! This is the case that
G/ K, is orientable and G/ K> is non-orientable in Theorem 3.1 (iv).

3.4 Both singular orbits are non-orientable

Let us prove Theorem 3.1 (v). Suppose G/K; and G/K, are non-orientable. By Lemma
3.2.1 and Proposition 3.2.1, we have k| = ky = 2, and

P(G/K%t) = (1+t*)P(G/Kg;t), (12)
P(G/K%t) = (1+t)P(G/Kyt) — P(ny,ngt) —es(l — &)1+t 1)t (13)
where

t2p+1+t2p+2+“'+t2q p<q
Pt ={ ¢ v

From the Mayer-Vietoris exact sequence of M = X; U X5, we have the following lemma.

Lemma 3.4.1. The following equation holds.

P(G/Ky;t) + P(G/Ky;t)
= P(G/K;t) =t ' +"A++--+ ")+ P(Imfy & fo; ) (1 +t7)
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Proof. By the Mayer-Vietoris exact sequence
s HUM) 2R ge(x) @ HY(Xy) — HU(X, N Xy) — HIY(M) — -+
where M is a rational cohomology complex quadric, we see
P(Xy;t) + P(Xa;t)
= P(XiNXo;t) =t 1A +")A+ 2+ + ") + P(mf; @ f;t)(1+¢71).

Since X is a tubular neighborhood of G/K,, H*(X;) = H*(G/K,) and X; N Xy, = G/K.
So we get this lemma. W

3.4.1 The case ¢; = ¢;.

We will prove this case is one of Theorem 3.1 (v). In this case we see ny = ny from
Proposition 3.0.1. So we get the following two equations from (13),

P(G/Ky;t) = P(G/Ks;t),
P(G/K°t) = (1+t)P(G/K;t).
Now we have
P(Imfit) =14+t + - + 2"
from Lemma 3.0.1 and Proposition 3.0.1. We can get the following lemma because of Lemma
3.4.1 and ¢; = €5.

Lemma 3.4.2. The following equation holds.
P(G/Ky;t)+ P(G/Kyt) = (1 =" (1 + 2 +--- +") + P(G/K; ).

Since ks = 2 (s = 1,2), we have ¢* : H"(G/K) — H*(G/K°®) is an isomorphism by
Lemma 3.2.6. Hence x(G/K) = x(G/K°) = 0. Therefore we have x(G/K;) # 0 from
P(G/Ky;t) = P(G/Kj;t) and Lemma 3.4.2. Hence P(G/K,;t) is an even function from
Lemma 3.1.3. Substituting Lemma 3.4.2 for P(G/K;t) = P(G/K’t) = (1 + t*)P(G/Kj;1)
and comparing the degrees, we have n = 2, P(G/Kt) = 1+ t* + t!, and P(G/K;t) =
P(G/K°;t) = (1+3)(1+ > +t1). Moreover we have P(G/K?;t) = (1+t*)(1+t*>+t*) from
the equation (12). This result is Theorem 3.1 (v).

3.4.2 The case ¢ # .

We will prove this case is also one of Theorem 3.1 (v). In this case we see ny # ns because
ny + ne + 1 = 2n (Proposition 3.0.1). We may assume ¢; = 0 and e; = 1. From (13), for
s =1,

P(G/K°t) = (14 t))P(G/Ky;t) — P(ng,ni;t), (14)
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moreover for s = 2
P(G/K°t) = (14 *)P(G/Kq;t) — P(ny,na;t) — (1 + ¢ 1)t*", (15)
From (14) and (15) we can show the following two equations;
(1+t)(1 —t+t){P(G/Ky;t) — P(G/Ky;t)}
= I+ A+ 2+ 427 (L0 (if g <ng),  (16)
(14+1)(1 —t+ *){P(G/Ka;t) — P(G/Ky;t)}
= 7114+ 4 - 42D (Lt (if g > ). (D7)
From these equations (16) and (17), we see
X(G/Ky) = x(G/Ky) =m =3 (ng —nmy +1) € Z  (if ny < ny), (18)
X(G/Ky) —x(G/K)=m/ =3 ny —ny — 1) € Z (if ny > ny). (19)

Hence if ny > ng then ny — ny = 3m — 1 and if ny < n; then n; —ny =1+ 3m/.

Now we see x(G/K) = x(G/K°) =0 by Lemma 3.2.6, (14) and (15).

Hence we have x(G/K;) + x(G/K3) = 2n + 2 by Lemma 3.4.1. Therefore we can easily
show x(G/K;) # 0 (s = 1,2) by (18) and (19). So we see rank(G) = rank(K?) and we have
H¥(G/K?% Q) = 0 from [14] Chapter IIT and Theorem 3.21 in Chapter VII. Consequently
we have, by the equation (12),

H*"(G/K; Q) = 0.
Hence if n; < ny we have from (16),
P(G/Ky;t) — P(G/Ky;t) = t27312q(3m — 2) + 2"
t3(P(G/Ka;t) — P(G/Ky;t) = "3 Hq(3m — 2) + 21
Moreover if ny > ny we have from (17),
P(G/Ky;t) — P(G/Kyit) = " ™a(3m/) — ™
t3(P(G/Ky;t) — P(G/Kq;t)) = 273 ~1q(3m!) — 2L,

From the above equations we have

t2n+3m—1 + t2n+3m+1 + t2n+3 — t2n—3m+1 + t2n—3m+3 + t?n—l (lf ny < 712)

/ / _ I _ / _ .
t2n+3m +1 4 75271—1-3m +3 _ t2n+3 — t2n 3m’—1 4 75271 3m'+1 t2n 1 (lf ny > n2)

From (18), we see m # 0. So the case n; < ny does not occur by the above equation.
Therefore we see n; > ny and m’ = 0 by the above equation. From (19) and 2n = n; +ns+1,
we have ny = n and ny =n — 1. Hence we have P(G/K\;t) = P(G/K>;t) and

P(G/K;t) = P(G/K°t) = (14 t*)P(G/ K t) — >~ — ¢
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from (14), (15) and Lemma 3.2.6 where s = 1 or 2. Moreover we have P(Imf; & f};t) =
a(n) + 2" because of the definition of Imf?, ¢, =0, ¢, = 1, ny = n and ny = n — 1. So we
have

2P(G/Kg;t) = P(G/K;t) + (1 — *"Na(n — 1) + 2¢*"

by Lemma 3.4.1. Therefore we can show n = 2, P(G/Kt) = 1+t +t', P(G/K?%t) =
(1+t3)(1+ 2+ t*) and P(G/K°;t) = P(G/K;t) = (1 +t°)(1 + t?), because of the above
two equations and the equation (12). This result is in Theorem 3.1 (v).

Therefore we have Theorem 3.1. Next we will exhibit the pairs of Lie groups (G,U)
whose Poincaré polynomial P(G/U;t) satisfies Theorem 3.1.

4 First step to the classification

Let G be a compact connected Lie group and U be its maximal rank closed connected
subgroup. The aim of this section is to find pairs (G, U), such that the Poincaré polynomial
of the quotient space G/U coincides with a Poincaré polynomial P(G/K?;t) in Theorem 3.1,
up to local isomorphism.

4.1 Equivalence relation

We will mention some basic notations. First we define an essential isomorphism.

DEFINITION(essential isomorphism) Let (G, M) be a pair of a compact Lie group G
and a manifold M with G-action. We regard H as an intersection of all isotropy groups
Neem G (we call it a kernel of (G, M)). Then we call the pair (G/H, M) an induced effective
action from (G, M). We say that two pairs (G, M) and (G', M") are essentially isomorphic
if their induced effective actions are equivariantly diffeomorphic.

We will classify (G, M) up to this equivalence relation (essential isomorphism). Next we
define an essential direct product.

DEFINITION(essential direct product) Let Gy, - -+, Gy be compact Lie groups, and N
be a finite normal subgroup of G* ~ G; X - - - X G. We say that the factor group G = G*/N
is an essential direct product of G1,---,G}y and denote it G ~ G0 --- 0 G.

Note that all compact connected Lie groups are constructed by an essential direct product
of some simply connected compact Lie groups and a torus (see [14] Corollary 5.31 in Chapter
V). Because we would like to classify up to essential isomorphism, we can assume that

GG x - xG,xT
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for some simply connected simple Lie groups G; and a torus T. Moreover we can assume
that G acts almost effectively on M, where we say that G acts almost ef fectively on M if
H = Ngep G, s a finite group. In this case G acts almost effectively on the principal orbit
G/ K, hence we easily see

Proposition 4.1.1. K dose not contain any positive dimensional closed normal subgroup

of G.

4.2 Candidates for (G, K,)

Let G be a simply connected compact simple Lie group and U be its closed connected
subgroup of the same rank as GG, where the rank of a Lie group means the dimension of a
maximal torus subgroup. The purpose of this section is to find the pair (G, U) such that the
Poincaré polynomial P(G/U;t) is equal to some Poincaré polynomial in Theorem 3.1.

In Theorem 3.1 we get some even functions P(G/K,;t) (or P(G/K?;t)). If P(G/Ks;t)
is an even function, then x(G/K;) # 0. So we have rankG = rank K from [14] Chapter III.
The following lemma is well known.

Lemma 4.2.1 ([14] Theorem 7.2 in Chapter V). If G ~ Gy x --- X G x T then the same
rank subgroup of G is G' ~ G| x --- x G}, x T. Here G is the same rank subgroup of G;.

Hence we may only find a simply connected compact simple Lie group G and its same
rank closed connected subgroup U such that P(G/U;t) is one of the factors of Poincaré
polynomials in Theorem 3.1, that is, since P(G/K?) = P(G1/U;)--- P(Gy/Uy), we may
only find the pair (G}, U;).

To find such (G, U), we prepare the following lemma ([14] Theorem 3.21 in Chapter VII).

Lemma 4.2.2 (Hirsch formula). Let G be a connected compact Lie group and U a same rank
connected closed subgroup of G. Suppose H*(G; Q) ~ A(x9s,+1, -, T2s,+1) and H*(U; Q) =~
A(zapy 41, -+, Top41) where | = rank G = rank U and x; is an element of the i-th degree
cohomology. Then P(G/U;t) satisfies the equation

Lo g
P@G/Ut) =] T

i=1
In particular, from this Hirsch formula, we can get P(G/U;t) if we know H*(G; Q) and
H*(U; Q) only. Let us find (G,U).

If G is a classical simple Lie group, then (G, U) are known ([18] (9.3)). If G is exceptional
and U is maximal, then such pairs (G,U) are also known ([14] Chapter V). Hence in these
cases we can compute P(G/U;t) by the Hirsch formula. So we may pick up P(G/U;t) which
is in the factor of Poincaré polynomials in Theorem 3.1.
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Assume G is an exceptional Lie group and U’ is not a maximal subgroup, where rank G =
rank U’. Now the maximal subgroup U (which has same rank) of G is constructed by the
product of the classical Lie groups and a torus, except three cases (Ey, Eg x T1), (Eg, Eg x
SU(3)) and (Eg, E7 x SU(2)), by [14]. Because U is maximal and U’ is not so, they sat-
isfy G D U D U’'. Hence, except the above three cases, we can get all P(G/U’;t) =
P(U/U';t)P(G/U;t) by the above same argument. Assume (G,U) = (E;, EgxT"), (Es, Eg ¥
SU(3)) or (Eg, E7 x SU(2)). For example we take U’ C Eg x T' C E; = G such that U’ is
not maximal. Then there is some V C Fg such that U’ C V x T C Eg x T, where V is
a maximal subgroup of Fg. Moreover we see such V' is constructed by the product of the
classical Lie groups and a torus because V' is a maximal subgroup of Fg (see [14]). So we
can get P(G/U';t) = P(G/(E¢ x TY);t)P(Es/V;t)P(V/U';t) by the same argument. For
the other cases we can get P(G/U’;t). Therefore we also have P(G/U’;t) even if G is an
exceptional Lie group and U’ is not a maximal subgroup. So we may pick up P(G/U;t)
which is in the factors of Poincaré polynomials in Theorem 3.1.

From the above argument we get the following propositions. Note that the first three
propositions were also known by Uchida (Section 4.2 in [16]).

Proposition 4.2.1. If P(G/U;t) = 1+ t**, then (G, U) is locally isomorphic to
(SO(2a +1),50(2a)) or (G3,SU(3)),a = 3.

Proposition 4.2.2. If P(G/U;t) = 1 +t* + -+« + 1%, then (G, U) is locally isomorphic to
one of the following.

(SU(b+1),S(U®) x U(1))),
(SO(b+2), SO(b) x SO(2)),b=2m + 1,
(sp(P 2

(

),Sp(b; L U), b= 2m 4 1,

Proposition 4.2.3. If P(G/U;t) = (1 + t**)(1 + t* + -+ + t?), then (G,U) is locally
1somorphic to one of the following.



SU((5),S(U(2) xU(3))),a=2,b=4,

Sp(3),Sp(1) x Sp(1) x U(1)),a = 2,b =15,

Sp(3),U(3)),a =b =3,
(4),U(4),a=3,b=1,

Proposition 4.2.4. If n is an even number and P(G/U;t) = 1+ t" + t*" + 3" then n = 2
or 4. The case n = 2 is in Proposition 4.2.2. If n =4, then (G,U) is locally isomorphic to

(Sp(4), Sp(1) x Sp(3)).

By Theorem 3.1, it is enough to consider the above four cases. Before we start the
classification, we outline the proof of the classification.

4.3 Outline of the proof of the classification

We will state the outline for the classification. To classify (G, M), where G is a compact
Lie group and M is a rational cohomology complex quadric, we will consider five cases in
Theorem 3.1 (i)—(v). Let us recall the following theorem.

Theorem 4.1 (differentiable slice theorem). Let G be a compact Lie group and M be a
smooth G-manifold. Then for all x € M there is a closed tubular neighborhood U of the orbit
G(z) = G/G, and a closed disk D, which has an orthogonal G,-action via the representation
0. : Gy — O(Dy), such that G xg, D, = U as a G-diffeomorphism.

We call the representation o, in this theorem the slice representation of G, at x € M.
Since we get candidates of singular isotropy groups in Section 4.2, first we will compute the
slice representation of the singular isotropy subgroups K; and K, from the differentiable
slice theorem. Then we will get a candidate for the transformation group GG and two tubular
neighborhoods X; = G x x, D¥ and X, & G x g, D** of two singular orbits G/ K; and G/ K.

Next we will construct the G-manifold M up to equivalence by making use of the structure
theorem (Theorem 2.1) and the following lemma.

Lemma 4.3.1 ([16] Lemma 5.3.1). Let f, f' : 0X; — 0X5 be G-equivariant diffeomorphisms.
Then M(f) is equivariantly diffeomorphic to M(f") as G-manifolds, if one of the following
conditions is satisfied (where M(f) = X; Uy X»):

1. f is G-diffeotopic to f'.
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2. f7Lf" is extendable to a G-equivariant diffeomorphism on X;.
3. f'f~1 is extendable to a G-equivariant diffeomorphism on X,.

From Theorem 2.1, we can put 0X; = G/K. Hence we may assume the gluing map is in
N(K;G)/K, because the set of all G-equivariant diffeomorphisms of G/ K is isomorphic to
N(K;G)/K where N(K;@G) is a normalizer group of K in G.

Finally we will compute the cohomology of the manifold which we constructed. Then we
can decide whether this manifold is a rational cohomology complex quadric or not. This is
a story of the classification.

Let us start to classify (G, M) from the next section.

5 The two singular orbits are non-orientable

In this section, we consider the case two singular orbits are non-orientable. The goal of
this section is to prove this case does not occur. By Theorem 3.1 (III), we see P(G/Kj;t) =
1+t2+t*and P(G/K%t) = (1 +t2)(1 +t2+t*). So rank G = rank K?.

5.1 G/K? is indecomposable

A manifold is called decomposable if it is a product of positive dimensional manifolds.
In this section we consider the case where G/K? is indecomposable. By Proposition 4.2.3
(a=1,b=2), wesee G =SU(3) x G' x T" and K° = T? x G' x T". Here T? is a maximal
torus of SU(3), G’ is a product of compact simply connected simple Lie groups and T" is a
torus. First we prove the following lemma.

Lemma 5.1.1. G = SU(3), K¢ = K§=T? and K, = K.

Proof. Because k, = 2, we see K°/K° = S'. Hence G'xT"~! C K° from the assumption
of G'. Therefore G’ = {e} and h = 0 or 1 from Proposition 4.1.1.

To show h = 0, let us consider the slice representation o, : K; — O(2). Since G/Kj is
non-orientable, there is an element g, € K; — K? such that

05(gs) = (é _01)

Since the centralizer of o4(gs) in O(2) is a finite group Zy X Zy and the centralizer of g, in
K, contains {e} x T", we see {e} x T" C Ker(o;|go) = K° where o|ko is the restrictions to
K?. Hence h = 0 from Proposition 4.1.1. Therefore K? = T? which is the maximal torus of
SU(3). Moreover K; = Ky because K C K1 N Ky and Ky = KK?. B

Next we construct the SU(3)-manifold. To construct the SU(3)-manifold, we will at-
tach two tubular neighborhoods along their boundary. So first we consider two tubular
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neighborhoods of two singular orbits. Denote the non-trivial slice representation of K by
os: Ky — O(2) for s = 1,2. Since we can assume

T° =K’ =

oo
o < O

0
0 | =(u,v,w) e SUB)|u,v,weU(l),uvw=1,,
w

the slice representation restricted to 72 is

oslr2((u, v, w)) = (v™)d(w') (20)

where ¢ : U(1) — SO( ) is a canonical isomorphism and m,l € Z. Now we can easily check
N(T?% SU(3))/T

100 0 —1 0 1 0
I=1 010 1 0 |,At= 0 0o -1 ],
00 1 010 -10 0
-1 00 -1 0 0 0 1
a=[ 0 01 |,8= —1 0 0 |,y=10 -10
0 10 0 0 -1 1 0 0

This group is isomorphic to the three degree symmetric group Ss. Hence N(K?; SU(3))/K? D
K,/K? ~ 7y or S3 (K? = T?) by non-orientability of SU(3)/K,. We have the following two
lemmas.

Lemma 5.1.2. If a € K, then {(@* u,u) € SU(3)} C Ker(oy|xo).
If B € K, then {(u,u,u?) € SU(3)} C Ker(oy| ko).
If v € K, then {(u,u* u) € SU(3)} C Ker(o,|ko).

Proof. Assume a € K. The centralizer of a in K contains {(@?, u,u)|u € U(1)}. Then
the slice representation is o (42 u,u) = os(a(u? u,u)a™) € SO(2). On the other hand
os(a(u?, u,u)a™) = oy(a)o,(u?, u,u)os(a) ™t = o4(u?, u,u) ! because o4(a) € O(2)—SO(2).
This means o,(a?, u,u) = {e} for all u € U(1).

Similarly we can show other cases. B

Lemma 5.1.3. K,/K? ~ Z,.

Proof. If K;/K? ~ Ss, then Ky = N(K?;SU(3)). Hence {«, 3,7, 4, A7} C K,. From
Lemma 5.1.2, {(@?, u, u), (u, u, @?), (u,@* u)} C Ker(os|ko). So we see

{(@%, u,u), (u,u,a?), (u,@*,u)} C K°

Hence K° = T? because K° is a connected Lie subgroup in K? = T2. This contradicts
K°/K°~ S 1
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Because T? UaT?, T? U BT? and T? U~yT? are conjugate, we can consider K, = T? U o1
for s =1, 2. We can check Ker(o,|xo)/K° =~ Z,, as follows. If we put Ker(o|xo)/K® ~ Z,,
and Ker(os|xg)/K° ~ Z,y where m # m/, then the principal isotropy group of G-action on
Xj is different from the principal isotropy group of G-action on X,. This contradicts that
X; and X, have a same principal orbit because of X; N Xy = G/K. Hence we can put
Ker(os|ko)/K® ~ Zy, for s = 1, 2. Therefore we can easily see the following lemma from
above lemmas and the equation (20).

Lemma 5.1.4. For m € N, we can consider {I,a} = K;/K?, and we have
K° = {(a* u,u)} and
0s|ig (W0, u, v) = P(u™)p(v™™).
Moreover we see 1|72 = 09|72. Hence we get the tubular neighborhood
X = SU(3) xg, D?,

where K acts on the disk D2, by o, : K, — O(2) such that Ker(oy|ge)/K° = Zy,.
Next we consider an attaching map from X\™ to X{™. Since the attaching map f is
equivariantly diffeomorphic to G/K, f isin N(K;G)/K. Now we have

uv 0 0 —uv 0 0
K= 0 u 0 |, 0 0 u | €SUB)|u"=v"),
0 0 v 0 v 0

for some m € N from Lemma 5.1.4.
Hence we see the following lemma.

Lemma 5.1.5. N(K;SU(3)) = K.

Hence the attaching map is unique up to equivalence by Lemma 4.3.1 (1.). So we see
such an SU (3)-manifold exists for each m € N and

M™ = SU(3) xg, S

where K acts on S? via the linear representation o, : Ky — O(2) such that Ker(o,|go)/K° =~
Z,,. From the above argument, we have the following proposition.

Proposition 5.1.1. Let M be an SU(3)-manifold which has codimension one orbits SU(3) /K
and two singular orbits SU(3)/Ks (s = 1,2). Then M is SU(3)-equivariant diffeomorphic
to M™ (m € N).

Finally we show such an SU(3)-manifold M is not a rational cohomology complex
quadric.
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Proposition 5.1.2. M™) = SU(3) x, S? is not a rational cohomology complex quadric.

Proof. The manifold N = SU(3) xgo S* is a double covering of M, where K?
acts on S? by the restricted representation o] ke If M (m) is a rational cohomology com-
plex quadric, then M is simply connected. Hence M(™ = N. Now N is an S*-bundle
over SU(3)/T? = SU(3)/K?, and SU(3)/T? is simply connected. Hence H*(M™);Q) ~
H*(N;Q) ~ H*(S% Q)® H*(SU(3)/T?; Q) because H*¥(S?; Q) = H*(SU(3)/T% Q) = 0.
Hence H*(M™); Q) % H*(Q4; Q). This is a contradiction. W

Therefore this case does not occur. Next we consider the case G/KY is decomposable.

5.2 G/KY{ is decomposable

Assume G/K7Y is decomposable. By Proposition 4.2.1 (a = 1), 4.2.2 (b = 2), we see that
G=2S8U(2)x SU3) x G' xT",
Ko=T"x S(U(2) xU(1)) x G' x T".
First we prove the following lemma.
Lemma 5.2.1. G = SU(2) x SU(3) and K¢ =T"' x S(U(2) x U(1)) ~ K%.

Proof. If G/K¢ is indecomposable, then we see K§ = SU(2) x T? x G’ x T". Because
K°C KONKS=T'xT?x G xT" we have dimK < 3 + dimG’ + h. But we also have
dimK = 4 + dimG’ + h because K°/K° = S! for s = 1,2. This is a contradiction. So G/KY
is decomposable. Hence we have K¢ ~ K9, G' = {e} and h = 0 or 1 by Proposition 4.1.1.
Moreover we can show h = 0 like Lemma 5.1.1. W

Now we have N(T'; SU(2))/T" =~ Zy and N(S(U(2) x U(1)); SU(3)) = S(U(2) x U(1)).
Because of the non-orientability of G/K, and Lemma 5.2.1, we get
K, = N(TSU(2)) x S(U(2) x U(1)) ~ K.
For the slice representation oy : Ky — O(2), there exists g, € Ky — K? such that

04(9s) = ((1) _01)

Here the centralizer of o4(gs) in O(2) is a finite group and the centralizer of g5 in K contains
{e} x S(U(2) x U(1)). Hence S(U(2) x U(1)) C Ker(os). So the slice representation oy :
K, — O(2) has a decomposition o, : K, — N(T";SU(2)) — O(2). Moreover K° =
{e} x S(U(2) x U(1)) by K,/K = S'. Therefore there is an equivariant decomposition

M = ((SU(2) xnir1) D?) Uy (SU(2) x 1y D?)) x (SU(3)/S(U(2) x U(1)))

where N(T") = N(T%;SU(2)) and 9 is an attaching map from 9(SU(2) X y(r1) D?) to itself.
As is well known SU(3)/S(U(2) x U(1)) = P,(C). Hence a G-manifold is M = N x P,(C)
, where N is some SU(2)-manifold (In fact we easily see N = SU(2) X y(1) S?). However
this contradicts M is indecomposable. So this case does not occur.
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6 One singular orbit is orientable, the other is non-
orientable

The goal of this section is to prove this case is one of the exotic case in Theorem 1.1.
Assume G/K; is orientable, G /K, is non-orientable. Then k; = 2 from Lemma 3.2.1.
Since k; = 2, we have K;/K = S'. Let us prove the uniqueness of (G, M).

6.1 Uniqueness of (G, M)

By Theorem 3.1 (II), we see G/K° ~ Sl G/K, ~ P, 1(C), P(G/K$;t) = (1 +
t")(1 + t**) and P(G/Ky;t) = (1 +t*"). Since P(G/Ki;t) = P(Imf;;t) from Section 3.3,
we have G /K is indecomposable. Because K;/K = S', we get G = H x T, K; = H; x T"
(h =0 or 1) where H is a simply connected simple Lie group and H; is its closed subgroup.
First we show the following lemma.

Lemma 6.1.1. ky = n =2 or 4.

Proof. We see n = ky from Theorem 3.1. Moreover we have, from Proposition 4.2.2,

%
S
o
=
=
=

( 2n —1) x U(1))),
(SO(2n +1),50(2n — 1) x SO(2)),
(

(

N
=
S
0
<
3
|
=
X
=
=
(@}
=

Assume ks = n is an odd number.
If (H,H,) = (SU(2n),S(U(2n — 1) x U(1))), then the slice representation oy : K; %
U(1) = SO(2) is as follows;

p (( fg det&l) ) :v) = det(A™Hla™ € U(1)

where A€ U(2n— 1),z € T" (h=0o0r 1, if h = 0 then x = 1) and (I,m) € Z* — {(0,0)}.
Moreover we see Ker(p) = K. Hence we have

K° ~ SU@2n—1)if h=0or

K° ~ U@2n—-1)if h=1.
Since ky = n is an odd number, K¢/K°(= S"') is an even dimensional sphere. So we see

rank K§ = rankK° by [14] Chapter III. Hence we get, by the argument in Section 4.1 and
Lemma 4.2.1,

(K3,K°) =~ (L1,SU(2n—1))if h=0or
(K3, K°) (Ly X Ly, SU(2n — 1) x TY) if h =1

Q
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where L is a simply connected simple Lie group which has a maximal rank subgroup SU (2n—
1) and L, is a connected Lie group which has a maximal rank subgroup 7.

Now we have K§/K° = S"1. If h = 0, then we see (L, SU(2n—1)) is locally isomorphic
to one of the following pairs, by Proposition 4.2.1,

(SO(n),SO(n —1)) or
(G2, SU(3)) if n = 3.

However SU(2n — 1) % SO(n — 1) and SU(5) % SU(3) (n = 3). Therefore we have h = 1.
Moreover we have L; = SU(2n — 1) and (L,, T") is locally isomorphic to one of the above
pairs by K9/K° = [;/SU(2n — 1) x Ly/T" and Proposition 4.2.1. So we can easily have
n =3 and (L, T") ~ (SO(3),S0(2)). Therefore we have

(G, K1) = (SU(6)x T S(UB)xU(1)) x T and
(K$,K°) ~ (SU(5) x SU(2),SU(5) x T").

In the representation p, if [ = 0 then we have

K° = (Ker(p))°® = {(( 40 ) ,1) ‘A c U(5)}.

Hence G/K° = P5(C) x T'. This contradicts G/K° ~ S™ in Theorem 3.1 (iv). Hence [ # 0

and we have
K° = A 0 (detA=H)=U/m) |AeU(®5)p if m#0or
0 detA™! )’

K° = {((61 (1)),55-) ‘AESU(5),3:ET1} if m=0.

Let p: G = SU(6) x T* — T be a natural projection. Then the restriction map p|go is
non-trivial homomorphism for all m by the above shape of K°. Put the natural projection
m: (SU(5) x SU(2),SU(5) x T") — (K3, K°). Then q = p|go o 7|sy@)xr : SU(B) x T —
K° — T"is a non-trivial homomorphism. Hence § = p|ggon : SU(5)x SU(2) — K3 — T" is
also a non-trivial homomorphism because §|gy(s)xr = ¢. Moreover we see §|sy(2) : SU(2) —
T! is non-trivial. This contradicts that there is no complex one dimensional non-trivial
representation of SU(2) (see [20]).

Hence we see ks = n is an even number for the case (H, Hy) = (SU(2n),S(U(2n — 1) x
U(1))). Also for other cases we see ks = n is an even number by the similar argument.
Therefore ko = n is an even number.

Consequently we see rank K§ = rankG and we can put K$ = Hy x T" such that H, is a
maximal rank subgroup of H because n is an even number, P(G/Kg;t) = (1 +t")(1 + t*")
and G = H x T". Then G/K¢ = H/H, and P(H/Ho;t) = (1 +t")(1 + t*). Therefore we
have ko = n = 2 or 4 by Proposition 4.2.4. &
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We already have G = H x T", K; = H; x T". Moreover we have K = Hy x T" (h =0
or 1) from Lemma 6.1.1, where H is a simply connected simple Lie group and Hj is its
connected closed subgroup. By Proposition 4.2.2; 4.2.3 and 4.2.4,

(H,H,) ~ (SU(4),5(U@3) xU(1)) (n=2),
(Sp(2), Sp(1) x U(1)) (n = 2) or
(50(5),50(3) x 50(2)) =~ (5p(2),U(2)) (n = 2),
(H, Hy, Hy) =~ (Sp(4),5p(3) x U(1),5p(1) x Sp(3)) (n = 4).

Since G/ K> is non-orientable, we see N(K3;G) # K3. Hence H = Sp(2) and n =2 = ky =
ky.
Therefore we conclude that this case has just the following three pairs (H, Hy, Hs);

p(1) x U(1)),

U(2)) or

p(1) x U(1),U(2))

for s +r = 3. In each case, if h = 0 then dimK° = 3 and if h = 1 then dimK° = 4 by
K?/K° ~ S' ~ K9/K°. However the above last case K¢ N K9 is included in the (2 + h)-

dimensional maximal torus subgroup of G. So dim K° < 2 + h. This is a contradiction.
Hence we have

(H,Hs) =~ (5p(2),5
(H, H,)
(H,H,, H,) =~ (Sp(2)

12
%
\‘}3

(G,K%) =~ (Sp(2) x T" Sp(1) x U(1) x T") or
~ (Sp(2) x T",U(2) x T")

for s = 1,2. Let us prove the following lemma.

Lemma 6.1.2. In this case G = Sp(2), K; = Sp(1) x U(1), Ky ~ Sp(1) x (U(1); UU(1),i)
and K ~ Sp(1)x{1,—1,1i, —i} where {1,1,]j,k} is the basis of H and U(1); = {a+0bj| a*+b* =
1}.

Proof. Suppose (G, K?) ~ (Sp(2) x T",U(2) x T"). Since G/K, is non-orientable, we
have K, ~ N(U(2); Sp(2)) x T" (K, has two components). We can assume K; = U(2) x T"
without loss of generality. Then K° = (SU(2) x {e})o A (where A ~ T") since K;/K = S*.
So we have SU(2) xT" C K9 C G = Sp(2) x T" because K§ ~ U(2) x T". Then we easily see
SU(2) x T" is a normal subgroup of K ~ U(2) x T". Therefore K§ = U(2) x T" because we
see K§ C N(SU(2) x Th; G) = N(U(2) x T"; G). Hence we have Ky = N(U(2); Sp(2)) x T™.
Because K C K; = U(2) x T", we get Ky/K = N(U(2);Sp(2))/(F o SU(2)) = St U S!
(disconnected) where F' is a diagonal finite subgroup of U(2). This contradicts Ky/K = S*.
So this case does not occur.

Therefore (G, K?) ~ (Sp(2) x T", Sp(1) x U(1) x T"). Assume h = 0. Since G/K;
is orientable and G/K5 is non-orientable, we have K; = Sp(1) x U(1l) = K¢ and Ky =
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N(KS;G). Since K,/K = S', we have K = Sp(1) x F where F is a finite subgroup of U(1).
If K=K, = Sp(1)xU(1), then Ko/ K = N(U(1); Sp(1))/F = S*US* (disconnected). This
contradicts Ko/K = S*. Hence we have K§ = Sp(1) x gU(1)g~! such that gU(1)g~! # U(1)
for some g € {e} x Sp(1) C Sp(2), because K9 N ({e} x Sp(1)) is a maximal torus in {e} x
Sp(1). Moreover we easily have gU(1)g™ ' NU(1) = {1, —1}. Put N = N(gU(1)g%; Sp(1)),
then we have Ky = N(Sp(1) x gU(1)g~*; Sp(2)) = Sp(1) x N. Because Ky N ({e} x U(1)) D
Kn({e} xU))=F, wesee NNU(1) D F. Here

Zy ~ Ky /K5~ N/gU(1)g~" D (NNU(1))/(gU(1)g~' NU(1)) D F/{1,~1}.

Since S? ® K,/K = N/F, we see F' # {1,—1}. Hence Z, ~ F C U(1), so we have
F ={1,—1,i,—i}. Therefore we can put
Ky = Sp(1) x (U(1); UU(1);i).

If h = 1, then we have G = Sp(2)xT", K; = Sp(1)xU(1)xT" and K° = Sp(1) x A where
A ~T"is a subgroup in U(1) x T'. Let py : K° — {e} x U(1) X {e} be a natural projection
on the second factor of K. Then we see ps is a surjective map because of Proposition 4.1.1.
So we have K¢ = Sp(1) x U(1) x T' = K, because K° C K3, T* C K$ and K§ ~ Sp(1) x
U(1) x T'. Because G/Kj, is non-orientable, we have Ky = Sp(1) x N(U(1); Sp(1)) x T".
However we have K/K ~ S'U S! from K C K; = Sp(1) x U(1) x T*. This contradicts
Ky/K~5' |

Next we prove the following lemma.

Lemma 6.1.3. Let (Sp(2), M) be an Sp(2)-manifold which has codimension one princi-
pal orbits Sp(2)/Sp(1) x {1,—1,i,—i} and two singular orbits Sp(2)/Sp(1) x U(1) and
Sp(2)/Sp(1) x (U(1); UU(1);i). Then this (Sp(2), M) is unique up to essential isomor-
phism.

Proof. The slice representations of K1 = Sp(1)xU(1) and Ky = Sp(1) x (U(1),0UU(1),i)
decompose as follows:
o Ky = U(1) 2 002),
oy 1 Ky — N(U(1);;Sp(1)) = U(1); UU(1);i 2 O(2).
Since Ker(p;) = F' = {1, —1,i, —i}, we can assume
aessti) = (i) o))

up to equivalence. So the slice representation oy is unique up to equivalence. Since Ky/K =
St and Ker(pa|py,) = {1, —1}, we can put



Therefore the slice representation o is also unique up to equivalence. Moreover N(K; G)/K ~
U(1)/F has only one connected component. Hence the attaching map is unique up to equiva-

lence by Lemma 4.3.1 (1). Therefore (Sp(2), M) which satisfies the conditions of this lemma

is unique up to essential isomorphism. W

Consequently the following proposition holds.

Proposition 6.1.1. Let M be an Sp(2)-manifold which satisfies the conditions of Lemma
6.1.3. Then M = 57 X Sp(1) PQ(C)

Proof. If M = S xgp1) P»(C) where ST = Sp(2)/Sp(1), Sp(2) acts naturally on S”
and Sp(1) acts on P»(C) = P(R’ ®Rg C) through the double covering Sp(1) — SO(3) (see
[16] Example 3.2). Then we can easily check this manifold satisfies the conditions of Lemma
6.1.3. From Lemma 6.1.3, we get this proposition.

Hence this case has a unique (G, M) up to essential isomorphism.

6.2 Topology of M = 5" xg,1) P»(C)

In this section, we study the topology of M.

First we show M is a rational cohomology complex quadric. This manifold M is a P»(C)-
bundle over S7/Sp(1) = S, Since H°¥(S%) = H*¥(P,(C)) = 0 and S* is simply connected,
the induced map p* : H*(S*) — H*(M) is injective where p : M — S* is a projection and
i* 1 H*(M) — H*(P,(C)) is surjective where i : P,(C) = p~'(w) — M for fixed w € S*
by [14] Theorem 4.2 in Chapter III. Hence there exists a generator x € H*(M) such that
2 =0¢€ H8(M) and ¢ € H*(M) such that i*(c) € H*(P,(C)) is a generator of H*(P(C)).
Because i*(x) = 0, we see ¢? # x in HY(M) ~ Q ® Q. Next we assume S x P»(C) is a
Sp(1)-bundle over M. From the Thom-Gysin exact sequence, H®(M) ~ Q is generated by
xc and H8(M) ~ Q is generated by xc?.

Let us show 0 # ¢* € H%(M). The manifold M has an Sp(2)-action and the action
has codimension one principal orbits from Section 6.1. Therefore we can use the Mayer-
Vietoris exact sequence from Theorem 2.1. If we denote the principal orbit by G/K, the
orientable singular orbit by G/K; and the non-orientable singular orbit by G/Kj, then
we have H*(G/K) ~ H*(S7) and H*(G/K,) ~ H*(S*) from Theorem 3.1. Moreover we
see, from Section 6.1, the orientable singular orbit G/K; is diffeomorphic to P;(C). Hence
the induced homomorphism j* : H?*(M) — H?*(G/K,) is isomorphic. Therefore j*(c) is a
generator in H%(G/K;) and j*(c*) = j*(c)® # 0 because H*(P3(C)) ~ Q|c]/(c*). Hence M
is a rational cohomology complex quadric.

Next we show M does not have a spin structure, we call such a manifold non-spin. It is
easy to show if a fibre is non-spin then its total space is also non-spin. Hence M is non-spin
because P»(C) is non-spin, that is, the second Stiefel-Whiteny class wq(P(C)) # 0. By
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definition, @4 is a degree 2 non-singular algebraic hypersurface in P5(C). So @4 is a spin
manifold (see Section 16.5 in [3] or [10]). Therefore M is not diffeomorphic to Q4.
Hence we get the following proposition.

Proposition 6.2.1. The 8-dimensional manifold S™ x gp1) Po( C) is not diffeomorphic to Q4,
but a rational cohomology complex quadric .

From the next section we will consider the case both singular orbits are orientable.

7 G/K, ~ Poy_1(C),G/Ky ~ S

Assume G/K;, G/K, are orientable and G/K; ~ Py, 1(C),G/Ky ~ S**. The goal of
this section is to prove there are three cases (G, M) up to essential isomorphism. In this case
G/K,, G/K, are indecomposable. Because of the dimension of G/K; and G/K,, we have
k1 =2 and ky = 2n (n > 2). Therefore K; = K¢ from Lemma 3.2.1.

Put G = Hx G xT" and K; = H; x G” x T" such that H/H, ~ G/K, ~ P,_1(C),
where G” is semi-simple. Then we have G” = {e} and h = 0 or 1 because of Proposition
4.1.1. Hence we have G = H x T" and K; = K{ = H; x T" (b =0 or 1).

By Proposition 4.2.2,

(H,Hy) ~ (SU(2n),S(U(2n—1) x U(1))) or
(SO(2n +1),S0(2n — 1) x SO(2)) or
(Sp(n), Sp(n — 1) x U(1)) or
(G2,U(2)), n=3.

Since k; = 2, we can use Lemma 3.2.3 and Lemma 3.2.4. So we have
H*(G/K$;Q) =Im(q;) +J - x + J - x* (possibly non direct sum)

where ¢ : H*(G/Ks; Q)(~ H*(5*";Q)) — H*(G/KS; Q) is the injective induced homomor-
phism, J, = ¢ H*(G/K4;Q) and J = @J. Since x € H*(G/KS; Q) by ky = 2n and
H(G/K5;Q) =0 for i # 0, 2n, we see H*(G/KS; Q) = H*(S**;Q). Hence P(G/KY;t) =
P(G/Ky;t) =1+t

Therefore we see (H, Hy) ~ (SO(2n + 1),50(2n)) or (G2, SU(3)) and n = 3 by Propo-
sition 4.2.1, where K¢ = Hy x T". So we have that

(H,H,,Hy) = (Spin(2n+1),Spin(2n —1) o T", Spin(2n)) or
(G2,U(2),SU(3)) and n = 3.
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7.1 G=Spin(2n+1)xT"

Assume G = Spin(2n + 1) x T". We will prove this case is the one of results. First we
show the following lemma.

Lemma 7.1.1. h = 0.

Proof. If h = 1, then K§ = Spin(2n) x T'. Because G/K, is orientable, we get
K, = K9. Since ky = 2n, we have the slice representation oo : Ky — SO(2n). From
n > 2, we see the restricted representation os|gpin(2n) is @ natural projection from Spin(2n)
on SO(2n). Hence ay({e} xTt) C C(SO(2n)) where C'(SO(2n)) is the center of SO(2n) that
is C(SO(2n)) = {Is,, —Iz,}. Hence {e} x T* C Ker(oy) C K. This contradicts Proposition
4.1.1. So we have h =0. B

From the above Lemma 7.1.1, we have G = Spin(2n + 1) and K; = Spin(2n — 1) o T".
Because G/ K> is orientable, we have Ky = K9 = Spin(2n). Since K;/K ~ S' and Ky/K =
Sl (n > 2), we see K = K° = Spin(2n — 1). Let us prove the following lemma.

Lemma 7.1.2. Let (G, M) be a G-manifold which has codimension one orbits G/K =
Spin(2n + 1)/Spin(2n — 1), two singular orbits G/K; ~ Qa,—1 and G/Ky ~ S** where
G = Spin(2n + 1), K = Spin(2n — 1), K; = Spin(2n — 1) o T* and K, = Spin(2n). Then
such (G, M) is unique up to essential isomorphism.

Proof. Because n > 2, we can decompose the slice representation o1 : K3 — O(2) into
oy Ky = Spin(2n — 1) o T* "% 7T £ 0(2). Since Ker(oy) C K, p is an injection. So the
slice representation oy is unique up to equivalence. Next we consider the slice representation
oy 1 Ky = Spin(2n) — SO(2n) € O(2n). Now we see Z; C Ker(oy) C 0, 1(SO(2n—1)) = K
where Z, is a center of K. Hence we have a natural surjective map K, = Spin(2n) —
Spin(2n)/Zy ~ SO(2n). Hence oy decomposes into oy : Ky = Spin(2n) 5 SO(2n) 5
SO(2n). Because SO(2n) acts transitively on S**~1 (n > 2), we see that p is an isomorphism

by [6] Section I. Hence the slice representation o5 is unique up to equivalence.
Since N(K,G) has two connected components, for [y] € N(K,G)/N(K,G)°, we can

assume
_( =1y O

where p : Spin(2n 4+ 1) — SO(2n + 1) is the natural projection and y can be an element of
the center of Ky = Spin(2n), which is not in the center Zy of K = Spin(2n — 1). It suffices
to prove that the right translation R, on G/K is extendable to a G-diffeomorphism on X,
from Lemma 4.3.1 (3.). Because y is in the center of Ky = Spin(2n), we have the following
commutative diagram

G xp, Ko) K — G/K
I Ry x1 I Ry
GXK2 KQ/K — G/K
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Here G xg, Ky/K = 0(G xg, D*) = 0X,. It is clear that R, x 1 is extendable to a
G-diffeomorphism on X,. l

Consequently (G, M) is unique up to essential isomorphism. Such an example of (G, M)
will be constructed in Section 12.1. This is one of the results in Theorem 1.1.

7.2 G:GQXTh

Assume G = Gy x T". We will prove there are two cases (h = 0 and h = 1 cases). The
exceptional Lie group G, is defined by Aut(O). Here O is the Cayley numbers generated by
R-basis {1, e, --,er}. It is well known that Gy C SO(7) and SU(3) ~ {A € G,| A(e;) =
61}.

Let us consider the cases h = 0 and 1.

7.2.1 h=0

Put h = 0. In this case K; ~ U(2), K9 ~ SU(3),K° ~ SU(2). We can put K¢ =
{A € Gs| A(e1) = e1}. Then N(K9,G) has two components. Since G/Kj, is orientable and
G2/SU(3) 2 5% Ky = K§ and K = K°. Also in this case (G, M) is unique by the following
lemma.

Lemma 7.2.1. Let (Ga, M) be a Go-manifold which has codimension one orbits Go/SU(2),
two singular orbits Go/U(2) and S°. Then (Gq, M) is unique up to essential isomorphism.

Proof. Because Ky ~ SU(3) acts transitively on K,/K = SU(3)/SU(2) = S®, the slice
representation oy : Ky ~ SU(3) — SO(6) is unique up to equivalence by [6] Section I. Then
we see that o, 1(SO(5)) = {B € Ky| B(es) = ex} = K ~ SU(2).

The slice representation oy decomposes into oy : K; ~ U(2) 5 U(1) £ O(2) where p is
an injection to SO(2) and 7(A) = (detA)™ (m € N), because Ker(oy) = K ~ SU(2). We
also have m = 1 from Ker(oy) = Ker(r) = K ~ SU(2), and the slice representation o is
unique up to equivalence.

Now N(K;G)/K ~ SO(3) is known (Section 7.4 in [16]). Consequently (G, M) is unique
up to essential isomorphism by Lemma 4.3.1 (1.). B

Hence, in this case, (G, M) is unique up to essential isomorphism. Such an example of
(G, M) will be constructed in Section 12.5. This is one of the results in Theorem 1.1.

722 h=1

Put & = 1. In this case we have G = Gy x T, K1 ~ U(2) x T, Ky ~ SU(3) x T" and
K ~ (SU(2) x {e}) o A where A ~ T is a subgroup of D x T* C U(2) x T* (D ~ U(1)
is a diagonal subgroup of U(2)). We can easily show A # D x {e}, {e} x T because of
K,/K ~ S® and Proposition 4.1.1. From the following lemma we see this case is unique.
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Lemma 7.2.2. Let (Gy x T', M) be a Gy x T'-manifold which has codimension one orbits
(Gy x TYY/K and two singular orbits G2/U(2) and S®. Then (Go x T, M) is unique up to
essential isomorphism.

Proof. First we consider the slice representations. Let p : Ky ~ SU(3) x T' be an
isomorphism. Then we can put the slice representation as oo = pyop : Ky ~ SU(3) x
T' 2 0(6). Because Ky/K ~ S° and py({e} x T') € C(p2(SU(3) x {e}); SO(6)), where
C(E;F) =1{be€ F| ab=ba for all a € E} for E C F, the slice representation oy : Ky ~
SU(3) x T* 22 0(6) is as follows

. ... (A =B cos(mb) I3 —sin(m0)I;
p2(A +1B, cosd + isinf) = < B A ) ( sin(m#)I3  cos(mb)I

for some m € N up to equivalence. Hence

K = 0,'(S0(5)) ~ p, " (SO(5))

{5 ) ’ dor(x) = {

From this equation, we have

K1 ~ U(2)XT1

ew 0 i —if
— {((0 X),e)‘0§9,¢§2ﬂ,det()():e }

Moreover we see the slice representation oy : Ky ~ U(2) x T* 2 U(1) = SO(2) is as follows

e’ 0 i¢ i0 _mig
((75) )

because Ker(oy) = K. Therefore there is a unique pair (o1, 0y) for each m € N. Since
we can assume the action of {e} x T'(C Gy x T' = G) on M is effective (up to essential
isomorphism), we can put m = 1. Hence there are unique slice representations o; and o5 up
to essential isomorphism.

Next we consider the gluing map. Now we can assume K C SO(7) x T* as follows:

1 0 0
0 w(z) 0 |,z]|XeSUR)cCSOM4),p(z) e SO?2),z€T, 3,
0 0 X

where ¢ : T* — SO(2) is an isomorphism. Because N (K;G) = N(K; SO(7)xT")N(GyxT),
we have

N(K; G)/N(K; G)° ~ Zs.
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We can take one of the element in N(K,G) — N(K,G)° as follows
-1 0 0 0
o 0010 |,
N 0 10 0 |
0 0 0 Iy
Put the element
1 0 0
(z, X,r) = 0 ¢(2) 0 |,r| €Ky,
0 0 X

where z,7 € T' and X € SU(2) C SO(4). Then we have
w- (2, X,r)-w = ("X, r).
So the following diagram is commutative

Gxp, Ki/K - G/K
Rw X p l l Rw
Gxx Ki/K - G/K,

where f([g, kK]) = gkK, Ry,(9) = gw (R,(kK) = kwK) and p((z, X,r)K) = (7', X,r)K.
Now p: K;/K — K;/K is the antipodal involution on K;/K =~ S'. Hence p is extendable to
a Ki-equivariant diffeomorphism on D?. Therefore the G-equivariant diffeomorphism R, X p
is extendable to a G-equivariant diffecomorphism X; — X;. From Lemma 4.3.1 (2.), we see
M(R,) = M (id). Consequently (G, M) is unique up to essential isomorphism. W

Consequently the following proposition holds.

Proposition 7.2.1. Let M be an Gy x T*-manifold which has codimension one orbits (Go x
TY) /K and two singular orbits Go/U(2) and S®. Then M = Gy X gy ) Ps(C).

Proof. If M = G5 xgy(s) P3(C) where SU(3) acts on Gy naturally and P3;(C) by
¢ |20 2] — |20 : Az], here A € SU(3) and [z : z] € P;(C). We can easily check the
SU (3)-action on P3(C) has codimension one principal orbits SU(3)/S(U(1) x U(2)) and two
singular orbits SU(3)/SU(3) and SU(3)/SU(2).

This manifold M has an action ¢ : (Go x T') x M — M defined by

v((9:0),19', [20 = 2]]) = l9g, [t : 2]
where g € Go, t € T' and [¢/, [20 : z]] € M. Then this action ¢ has codimension one orbit
(Gy x TY)/(SU(2) x {e}) o A (A =~ T") and two singular orbits (Go x T")/(SU(3) x T") =
Gy/SU(3) and (GyxT1)/(SU(2) x Tt) = G5/SU(2). From Lemma 7.2.2, such pair is unique
up to essential isomorphism. Hence this proposition holds. Il

We will explain this manifold is diffeomorphic to Qg in Section 12.6. Hence this is one of
the results in Theorem 1.1.
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8 G/K,~ P,(C)

Assume G/Kj; is orientable and G/Ky ~ P,(C) (s = 1,2). The goal of this section is
to prove there are two cases up to essential isomorphism, in this case. Because of k, = 2n
(n > 2) and Lemma 3.2.1, we have K, = K?.

First we assume that G = Hy x Hy x G' x Th, K, = Hqy x Hy x G' x Th, K, =
Hy x Hig x G' Th" where H, is a simply connected simple Lie group, H,) is its closed
subgroup, G’ is a product of simply connected simple Lie groups and 7" is a torus. Then
KiNKy = Hqyx HigyxG'xT". So dim(G/K1NK>) = 4n < dim(G/K) because K C K1NKo.
This contradicts dim G/K = 4n — 1. Hence we can put

G = HxG xTh,
K, = HgyxG xT"

where H is a simply connected simple Lie group and Hy) is its closed subgroup. By Propo-
sition 4.2.2,

(H,Hs) ~ (SU(n+1),
SO(n + 2),

(
(
(Sp(n i 1),Sp(n 1)), n=2m+1or
(

GQ,U( ), n= 5

(U(n) x U(1))) or

S
SO(n) x SO(2)), n=2m+1 or

Next we prepare the following lemma.

Lemma 8.0.1 (Theorem I' in [11]). Let G and G5 be two compact connected Lie groups and
let G = (G1 x Gy)/N where N is a finite normal subgroup of G1 X Gy. If G acts transitively
on S™ then one of the two subgroups of G corresponding to G and G5 acts transitively on

S
Moreover we easily see the following lemma.

Lemma 8.0.2. Let H be a subgroup of G1 X Gy and p : Gy x Go — G4 be a projection. Then
the following two conditions are equivalent.

1. Gy acts transitively on (G x Gy)/H
Then we show the following lemma.

Lemma 8.0.3. H = SU(n+ 1), Hs) ~ S(U(n) x U(1)) and Hs acts on K;/K = S
transitively.
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Proof. If H acts non-transitively on K;/K = S?"~1 then V = G'xT" acts transitively
on K;/K by Lemma 8.0.1 and K;/K = V/V' where V' = KN V. So we see p1(K) =
Hquy = pi(K,) where py : G — H by Lemma 8.0.2. Hence V\M is a mapping cylinder of
VA\G/K, = H/Hy) = V\G/K — V\G/K, = H/H. From the following commutative
diagram

G/K2 — M
l= oy
VA\G/Ky; = H/H 9 - V\M

where ¢ is a homotopy equivalent map, we get the induced diagram

H*(lV\*M) -, H*(V\G/Kg)l = H*(H/H )
H*(pM) — HA(G/F).

From this diagram we see p* is an injective map. Denote the generator by ¢ € H?(V\M) ~
H?*(H/H)). Then p*(c) = u € H*(M) is a generator. Since ¢"t! = 0, we see p*(c¢)" ™ =
u™ = 0. This is a contradiction to u"™ # 0 from H*(M) = H*(Q2,).

So H(s) acts transitively on K,/K ~ S?"~!. By making use of [6] Section I, we get
(H,Hi)) ~ (SU(n+1),S(U(n) x U(1))). Hence we can put G = SU(n+ 1) x G’ x T" and
K,~S{UMn)xU1)xG xTh 1

Consider the slice representation o : Ky ~ S(U(n)xU(1)) xG'xT" — O(2n). Because
the subgroup of K which is isomorphic to SU(n) acts tran51tlvely on KS/K ~ G-l we
can assume that pg|sy(, is a natural inclusion up to equivalence. Hence we can assume

0,0 Ky~ S(U(n) x U(1)) x G' x T" 2% U(n) € O(2n) and ps({e} x G' x T") is in the
center of U(n). This implies G’ C Ker(o;) C K. Hence G' = {e} from Proposition 4.1.1.
Then we see ps|sn)xv1))xfe} = Ta, for some integer x; where 7, : S(U(n) x U(1)) — U(n)
is

. ( ‘g det((z)él_l) > — (det(A) A for AcU(n).

Moreover we get K ~ (SU(n —1) x {e}) o T"*! by K,/K = S*~1. From Proposition 4.1.1,
we see h < 1.

Assume h = 0. hen we can put G = SU(n+ 1), Ky = S(U(n) x U(1)), Ky =~
( ( ) )) ~ (SU(n — 1) x {e}) o T'. Because of the slice representation

(U(n) 1>U( ) C O(2n) and 7' (U(n — 1)) = K, we have

U1
S(U
00
X 0 | eSUm)xU1)|XeUn-1), detX =a™ !
0 a

39



Since we have K C Ky ~ S(U(n) x U(1)), we easily see the following two cases occur;
1. Ko = K| and ©1 = x5 or

2. Ky is as follows and 21 — x5 — —1;
Ky = {( det((‘]‘l_l) 2 ) ' Ac U(n)} _ S(U(1) x U(n)).

In each case above N(K; G)/K is connected. Hence the attaching map from X; to X5 is
unique up to equivalence by Lemma 4.3.1 (1.). Therefore (SU(n + 1), M) is unique in each
case above.

If Ky = Kj, we construct a G-manifold as M = SU(n + 1) Xgwm)xvay S** where
S(U(n)x U(1)) acts on S?" by the representation 7, : S(U(n) x U(1)) — U(n) (z = 1 = x9)
(U(n) canonically acts on $*" C C" x R). However this manifold SU(n+1) X gu(m)xuv(1)) S*"
is a S*" bundle over P,(C). Because H°(S5?"; Q) = H°¥(P,(C); Q) = 0, we have "' =0
for all c € H*(M; Q). Hence the cohomology ring of M is not isomorphic to H*(Q2,; Q). So
this case (K5 = K7) does not occur.

Consequently this case is Ky = S(U(1) x U(n)). Such a pair (G, M) will be constructed
in Section 12.2.

Next we put h = 1. Then we can put G = SU(n+1) x T, K1 = S(U(n) x U(1)) x T*,
Ky~ S(U(n)xU(1))xT' and K ~ (SU(n—1)x{e})oT?. In this case the slice representation
is

o, Ky~ SU(n) xU(1)) x T* 2 U(n) C O(2n).

Here the representation ps (s = 1, 2) is defined as follows;

o, <( 4 det((j4‘1) ) ,z> — det(A-1yTs2ms A

where my € Z, A € U(n) and z € T'. From Proposition 4.1.1, we see my # 0 for s = 1, 2.
Since p; ' (U(n — 1)) = K, we have
a tz7™ 0 0
K= 0 X 0|,z
0 0 a

ze€T", X eU(n—1), a2z ™detX =1

Now we see K C Ky ~ S(U(n) x U(1)) x T". Hence we easily have the following two cases

Ky = K and x1 = x5, m; = my or
Ky =S(U(1) xU(n)) x T' and 2, = x5 = £1, m; = £my.

Moreover we see if Ko = S(U(1) x U(n)) x T and z; = x5 = —1 then m; = —my = 0. This
contradicts my, ms # 0. Hence there are following two cases in this case;
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1. Ko =K; and x1 = x9, my =mg # 0 or
2. Ko =S({U((1)xU(n)) x T and z; =29 =1, my = my # 0.

In all cases above N(K; G)/K is connected. Therefore the pair (SU(n+1)xT*, M) is unique
in those cases, because of Lemma 4.3.1 (1.).

If Ky = K, then we construct such manifold M as (SU(n+1) x T") X g m)xuay) <t S*"
where S(U(n) x U(1)) x T* acts S*" by the representation p; = py. However M is a S*"
bundle over P,(C). This is not a rational cohomology complex quadric by the same argument
of the case h = 0.

Therefore Ky = S(U(1) x U(n)) x T, z; = x5 = 1 and m = my; = my # 0. Then
we have {I,, 11} X Zp, C KN ({Lyy1} x TY) C {11} x T'. Hence (SU(n + 1) x T, M) is
essentially isomorphism for all m € Z — {0}. Moreover we can assume the pair (G, M) as
(U(n + 1), M) up to essentially isomorphism because SU(n + 1) xz T'~U(n+1) and
Zpi1={(zlhs1,27Y)] 2" =1} c KNC(SU(n+1) x TY), where C(SU(n+1) x T') means
the center of SU(n + 1) x T (remark when m; = my = 2, then Z,,; C K). Hence we get
the unique pair (U(n + 1), M) in this case and such pair will be constructed in Section 12.2.

9 P(G/Ki;t) = (1+t2Na(n), ko is odd:
Preliminary.
Assume G/K,, G/K, are orientable, P(G/K;;t) = (1 + t**"1)a(n) and ky is odd. The

aim of this section is to prove Proposition 9.0.1. Put G = G' x G” and K1 = K{ = K] x G”
(by Lemma 3.2.1). First we prove the following technical lemma.

Lemma 9.0.1. Let V C G be a subgroup such that

7 H(V\G/K,;) — H*(V\G/K) is injective,

p*: H'(V\G/K,) — H*(G/K,) is injective,

q:V\G/K, 2V\G/K
where s +r = 3, 7 : V\G/K — V\G/K;s and p : G/K, — V\G/K, are projections,
q: V\G/K, — V\G/K is the inverse of the natural projection V\G/K — V\G/K,. Then
f*: H"(V\M) — H*(M) is injective where f : M — V\M is a projection and we have
H*(V\G/Ks; Q) = 0.

Proof. Consider a diagram

G/K, - M < G/K,

! . L pl
V\G/K, X V\M <~ V\G/K,
=] ql=
V\G/K, <L V\G/K

41



where i, i, Js, jr are natural inclusions. Now V\ M is a mapping cylinder of
V\G/K, 2 V\G/K * V\G/K..

Hence j, is a homotopy equivalent map. So the induced map j! : H*(V\G/K;) — H*(V\M)
is an isomorphic map and the above diagram induces the following commutative diagram;

i*

H(G/K,) <~ H(M) - HYG/K,)

! AR Pl
H*(V\G/K,) <~ H*(V\M) -~ H*(V\G/K,)
=1 q 1=
H*(V\G/K,) -, H*(V\G/K).

Therefore we have j is an injection, because of the assumptions (7* is injective, ¢ : V\G/ K, =
V\G/K) and g*on*ojf = j*. Hence f* is an injection because ifo f* = p*oj* is an injective
map by the assumption (p* is injective).

Assume H*(V\G/K,; Q) # 0. Then we can take some non-zero element ¢ € H*(V\G/Kj)
such that f* o (j5)7'(¢) = ¢ € H*(M). Hence ¢* = {f* o (7)) }()}*" # 0 because

H*(M) ~ H*(Qs,) where n > 2. Therefore 0 # (¢)*" € H*"(V\G/K,). This contradicts
dim(V\G/K;) < dim(G/K,) < dim(M)—-2=4n—2. R

Hence we can prove Proposition 9.0.1.

Proposition 9.0.1. K7 acts transitively on K;/K.

Proof. If K acts non-transitively on K;/K = S¥~! then G” acts transitively on K;/K
by Lemma 8.0.1. Hence p(K) = K| = p(K;) by Lemma 8.0.2 where p : G — G is the
natural projection. Put p(K5) = K}. Then K)/K] is connected, because the induced
map p' : Ky/K(2 S*71) — K}/K| from p : G — G’ is continuous. Hence we see K} is
connected from the fibre bundle K| — K} — K)/K] and the connectedness of K. Now
K| = p(K) C p(K2) = K} C G'. Therefore rank K| = rank G’ = rank K}. We also have
K} /K| and G’/ K}, are simply connected, because connected Lie groups K7, K’ and G’ have
same rank. So we get

P(G/Ky;t) = (1 +t" Ya(n) = P(G'/K|;t) = P(K}/K|;t)P(G'/K}; t) (21)

by G/K, = G'/Kj, the fibration K}/K| — G'/K| — G'/Kj and H*(K}/K]) = 0 =
HOdd(G//Ké).

Since K,/K = K§/K° is an even dimensional sphere S*7! we see rank K§ = rank K°.
So rank(K; N K9) = rank K° because of K° C K; N K9. We also have (K; N K9)/K°
is connected, because of the homotopy exact sequence (--- — m(K}/K]) — mo((Ki N

K39)/K°) — mo(K§/K°) — - --) for the fibration (K3 N K9)/K°® — K§/K° LN K} /K (where
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p” is the induced map from p : G — G’) and the simply connectedness of K)/K{. Now we
have HoU“((K; N K9)/K°) = H*™(K}/K/) = 0. Therefore the equation

P(KS/K%t) =1+t = P(K}/K};t)P((K, N K3)/K?; t) (22)

holds by Kg§/K° 22 S*~1 and the fibration (K, N K3)/K° — K3/K° % K’/K’ From the
equation (22), we have P(K}/K{;t) = 1+t* L or 1. So wesee H*(G'/K}) = H*(G"\G/K>) #
0 from the equation (21).

On the other hand we have G"\G/K = G"\G/K; = G/K;. Moreover we see 7* :
H*(G'/K}) — H*(G"\G/K) = H*(G'/K}) is injective by the fibration K}/K|, — G'/K} =
G’/ K}. So this case satisfies the conditions of Lemma 9.0.1 where V = G”, s =2 and r = 1.
However the fact H*(G'/K}) = H*(G"\G/K3) # 0 contradicts Lemma 9.0.1. Therefore K
acts transitively on K;/K. B

From the next section we will study the case of P(G/K1;t) = (1 + tf271)a(n), ky is odd.
To classify such case, we will consider two cases where G/K; is decomposable or not.

10 P(G/Ky;t) = (1+t2 Ya(n), ky is odd:
G /K, is decomposable.

Assume G/K;, G/K, are orientable, P(G/Ky;t) = (1 + t*271)a(n), ky is odd and G/K,
is decomposable. The goal of this section is to prove there is a unique (G, M) up to essential
isomorphism in this case. In this case we have K| = K7 because k2 > 2 and Lemma 3.2.1.
Because G/K; is decomposable, we can put G = Hy x Hy x G” and Ky = H(1y X Hiay) x G”
where Hl/H(l) ~ Sk2_17H2/H(2) ~ Pn<C) Then G/Kl = Hl/H( X HQ/H SO by
Propositions 4.2.1 and 4.2.2,

(Hi,Hayy) = (Spin(ks), Spin(ks — 1)) or
Go,5U(3)) (k2 = 7).
(Hy Hey) = (SU(+1), S(U(n) x U(1))) or

s (”“) so(" — by U(1) (n is odd) or

(
(
(
(Spin(n + 2), Spin(n) oTh) (nis odd) or
(
(Gz;U( )) (n=5).

10.1 Candidates for (G, K;)
The goal of this section is to prove k; = 2n — 2, ky = 3 and the pair (G, K1) is one of the
following

+1 -
(G, Ky) = (Sp(l) X Sp(nT) x G”,T" x Sp(n

Ly U(1) x G”)
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orn=29,
(G, K1) = (Sp(1) x Spin(11) x G”,T" x Spin(9) o T" x G”)
orn =2,
(G, K1) = (Sp(1) x SU3) x G",T" x S(U(2) x U(1))).
First we prove the following proposition.
Proposition 10.1.1. Hy) acts transitiely on K /K.

To show Proposition 10.1.1, we prepare some notations.
Let p, : G — Hy, p, : G — H; x G” be the natural projection, and let hy : Hy — G,
hy : H; x G” — G be the natural inclusion. Put

Lst = pt(KS)v Lt = pt(K)7 Llst = p:&(KS)v L:t = pQ(K),
Ny = h'(K,), Ny = h; ' (K), N., = h ' (K,), N} = h " (K).

Then Ny < Ly, Ny< Ly, NI, <L), and N/< L where A< B means a group A is a normal
subgroup of B. In particular Ly, = Ny, = Hyy and L}, = N{, = H) x G” by the equality
K1 = H(l) X H(g) x G”.

Let us prove Proposition 10.1.1.

Proof of Proposition 10.1.1. If H(;y does not act transitively on K /K = SF1=1 then
H 1y acts transitively on K;/K by Lemma 8.0.1 and Proposition 9.0.1. Hence Ly = H) =
Ly by Lemma 8.0.2.

Put V.= Hy x G”. Now Lgy/H ) (=2 V\K,/K) is connected because the induced map
Py o Ko/ K — V\Ky/K = Lyy/H(s is continuous. Hence Loy is connected by the fibration
Hy — Loy — Loy/H ). Since Ly = H(s) C Loy C Hy, we have rank Hy) = rank Ly =
rank Hy and H%(Lyy/H)) = H(Hs/Las) = 0. Because Loy is connected and rank Loy =
rank Hy, we see Hy/Loy =2 V\G /K, is simply connected. Hence the map

7t Y (Hy/Lon)(= H'(V\G/Ko)) — H*(H/Hoy)(= H* (V\G/K))

is injective from the fibration Lo/ H ) — Hay/H (o) 5 Hy/Lgy. Moreover we have G/K, =
Hy/HuyxHy/H 9 and V\G/K| = Hy/H(9) =2 V\G/K where the last diffeomorphism defines
by the natural projection. So we have p* : H*(V\G/K;) — H*(G/K}) is injective where
p: G/K; — V\G/K; is a natural projection. Therefore f* is an injective homomorphism
from Lemma 9.0.1 (the case s =2, r =1,V = H, x G'), where f*: H*(V\M) — H*(M) is
an induced homomorphism from the natural projection f: M — V\M.

Now we see V\M is a mapping cylinder of V\G/K — V\G/Ky ~ Hy/Lys. Hence we

can consider H*(V\M; Q) C H*(P,(C); Q) by H*(V\M) ~ H*(Hy/Ls) = H*(Hy/H3)) ~

44



H*(P,(C)). So we can take (0 #)a € H*™(V\M) C H*(P,(C)) for some (0 #)m < n.
If m # n, then we can put f*(a) = Ac¢™ for 0 < m < n and (0 #) XA € Q where ¢ is a
generator in H?(M). However there is an [ such that n < Im < 2n and f*(a') = A'd™ #£ 0 in
H?™ (M) because of H*(M) ~ H*(Qs,). This contradicts dim Hy/Lsy < 2n. Hence m = n.
Then we have (H*(P,(C)) D)H*(V\M) ~ H*(Hy/Ly) ~ H*(S*") and dim Hy/Ly =
2n. On the other hand, by the fibration Lsy/Hpy — Hy/Hpy(~ P,(C)) — Hy/Lys, we
also have Hy)y = Lay. So Hy/Hgy = Hy/Loy ~ 5?7 This contradicts Hy/Hgy ~ P,(C).
Consequently H*™(V\M) ~ H?*"(Hy/Lyy) = 0 for all m # 0, so we have Lyy = Ho.
Therefore dim Lgo/Lo(= Hy/H)) = 2n by Ly = H). From the surjection Ky/K =
Skl — V\Ky/K = Lgy/Lo, we see ky — 1 > 2n. This contradicts k; + ko = 2n + 1 and
kr>2 1

From Proposition 10.1.1, H) acts transitively on K;/K. Then Hy /N, = Ki/K =
SM=1 Since {pt} = Hi2)\K1/K = (H) x G”)/L}, we have the following lemma.

Lemma 10.1.1. L} = Hyy x G” and Ly = Hyy = Ly;.
Moreover we have the following lemma.

Lemma 10.1.2. dim L} /N| < 3.

Proof. Consider the two homomorphisms K a=Pfx L} and K e Ly. Then we
see ¢ and ¢ are surjective, Ker ¢, = ({e} x Hy) N K = Ny = hy'(K) and Ker ¢, =
({e} x Hi x )N K = N{ = (h})"'(K) by the definitions. So we have

dim K —dim L] =dim Ny, dim K —dim Ly = dim N;

Hence dim L}/N{ = dim Ly/N,. Since Ly/Ny (N2 < Ly C Lio = Hy)) acts freely on
H5)/Ny = S¥171 we have dim Ly /N, < 3 by [4] 6.2. Theorem in Chapter IV. B

Let us prove the following lemma.
Lemma 10.1.3. Lo = H;.

Proof. First we have Lo; is connected because Ks/K is connected, H 1) = Ly (Lemma
10.1.1) is connected and the map py : Ko/ K — La1 /Ly = Ly /Hyy induced by py : G — H;
is continuous. Consider the fibration

L21/H(1) I HI/H(l) — H1/L21-
Then we have rank H(;) = rank Ly, = rank H; by Hyy = Ly C Ly C Hy. So we have

H*(Hy/Hpy) ~ H*(S*™') ~ H*(H;/Ly) ® H*(Ls1/H1y). Therefore we see Ly = Hyy or
H;.
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If we put Lyy = Hyy = Ly, then (Hy x G7)\M = [0,1] x Hy/H(;y by Lemma 10.1.1.
Consider the following commutative diagram
Hy/Huy x Hy/Hpy = GJK,  —5 M
la ‘ L
Hy/Hpy = (Hy x G\G/K, -5 (Hy x G")\M.

Here j; is a homotopy equivalence. Hence the induced homomorphism ¢} o j; is injective.
Therefore f* : H*((Hy x G")\M) ~ H*(S*') — H*(M) ~ H*(Qs,) is injective. Hence
ks > 2n + 1 by the ring structure of H*(Q2,). But this contradicts k; + ko = 2n + 1 and
k1 > 2. Hence we see Loy = H;.

Hence we can prove the following lemma.
Lemma 10.1.4. Ny # Hy).

Proof. Suppose Ny = H(;y. Then H(;)y = Ny C Ny < Ly = Hy by Lemma 10.1.3. Since
H, is a simple Lie group, we see No; = H;. Hence we can put Ky = Hy x X and K = H;)x X
where X < H, x G”, because of Ny = H(y = Ly (by Lemma 10.1.1). Therefore H{\M is
a mapping cylinder of H1)\G/K = (Hy x G”)/X — H\\G/K, = Hy/H . Because of the
following commutative diagram

Hl/H(l) XHQ/H(Q)gG/Kl — M
L@ . Ip
Hy/H = H\G/K, s H\M

where 7 is a homotopy equivalent map, we have the following induced diagram

o (H\M) - H*(Hy/Hi)
L p* 1 &
H*(M) —_— H*(Hl/H(l))®H*(H2/H(2)).

Hence p* : H*(H,\M) — H*(M) is an injection by the injectivity of ¢} o¢*. This contradicts
H*(M) ~ H*(Qy,) and H*(H,\\M) ~ H*(H,/H) ~ H*(P,(C)). B

Next we show the following proposition.
Proposition 10.1.2. k; = 2n — 2, ky = 3 and (Hy, Hyy) = (Sp(1),T1).
Proof. Let us recall,
(Hy, Hpy) = (Spin(ks), Spin(ks — 1)) or (G2, SU(3)) : ke = 7.

If the odd number ky > 6, then H(y) is a simple Lie group. We have Ny is a normal subgroup
of Li = Hyy x G” and dim L] /N{ < 3 by Lemma 10.1.2. Hence N{ = Hyy x X where X
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is a normal subgroup of G”. Therefore Ny = H(;y. This contradicts Lemma 10.1.4. Hence
k?Q =3 or 5.

If ky =5, then (Hy, Huy)) = (Spin(5), Spin(4)). Because of dim Lj/N; < 3 (Lemma
10.1.2) and L] = Spin(4) x G” (Lemma 10.1.1), we have dim N; # 0. So dim Ny >
dim N; > 0. Now H; is a simple Lie group and Ny < Ly = H; from Lemma 10.1.3.
Hence Ny = Hy. This implies Ky = H; x Y where Y is a subgroup of Hy x G”. Because
Ki=Huyx Hgy x G, wesee K C Ki1NKy = Hpuyx (YN (Hg xG")) C K,. Consider the
fibration (Kl N KQ)/K — KQ/K — K2/<K1 N KQ) that is

(Hy x (YN (Hgy x G")))/K — Ky/K — Ky /(Hay x (Y N (Hgy x G”))).

Because Ky/K ~ Sk=1 ~ Hy/Hpy, Ko = Hy xY and H; acts on K,/K non-trivially
(because of the relation K C K; N Hy = Hyy), we have Y N (Hig x G7) =Y and K =
Ky N Ky = Huy xY. Hence N; = H(yy. This also contradicts Lemma 10.1.4. Consequently
ky = 3. Hence ky = 2n — 2 by k1 + ko = 2n + 1, and (Hy, Hyy) = (Spin(3), Spin(2)). In
particular we can consider (Hy, Hpy) = (Sp(1),T") by (Spin(3), Spin(2)) = (Sp(1),T"). B

So H(g acts transitively on K;/K ~ S?"3 from Proposition 10.1.1 and 10.1.2. Hence
by Proposition 4.2.2 and [6] Section I, we have the following three cases where k; = 2n — 2,
k? = 37

¢ = sp)x sp"L)y <6,
1 n—1 ”
K, = T xSp( ) x U(1) x G,
and n =9,
G = Sp(1) x Spin(11) x G”,
K, = T"'x Spin(9)oT" x G,
and n = 2,

G = Sp(1)x SU(3) x G”,
K = T'xSU(@2)xU@1))xG”.

So we see the above three cases occur in this case.

In the above two cases Ko = K§ because n is an odd number and Lemma 3.2.1. Hence
K = K° because Ky/K = S? is simply connected.

In next three sections we will discuss slice representations and attaching maps in each
case.
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10.2 G = Sp(1) x Sp(*H) x G”

If G = Sp(1) x Sp(™) x G”, then K = T* x Sp("+) x U(1) x G”. Now Sp("51) x U(1)
acts transitively on K;/K = S?"=3 because of Proposition 10.1.1. So we can assume the
restricted slice representation o | Sp(nsL) is a natural inclusion to SO(2n — 2) for n > 3,

n—1

because Sp(*7+) acts tramsitively on Ky/K = S$?'7% through o1]g,xz1). Then we have
o (T x {e} x U(1) x G”) C C(oy(Sp(%5+)); SO(2n — 2)) ~ Sp(1) where C(E; F) = {g €
F| gk = kg for all k € E'}. Therefore we have

G” = Sp(1), T, or {e}
by Proposition 4.1.1 and we can assume the slice representation as

—1
o1 : K1 25 Sp(1) x Sp(l—=

) 5 S0(2n — 2) C O(2n — 2)
such that gp[sp(nT—l) : Sp("51) — {e} x Sp("5?) is isomorphic, (T x U(1) x G”) C Sp(1) x

e}, where p is a canonical representation induced by Sp(1) x Sp(“1)-action on H"Z (~
2
RQn_z) for n > 3, that is p|{e}xsp(n51) is the natural inclusion.

Moreover we have the following lemma.
Lemma 10.2.1. G” = {e} or T" and we can assume the slice representation as

n—1

o1 Ky 55 U(1) x Sp( ) 2= S0(2n —2) € O(2n — 2)
where p|g,n-1) : Sp(252) — {e} x Sp(%5) is isomorphic, p(T* x {e} x U(1l) x G”) C
U(1) x {e}.

Proof. Suppose G” = Sp(1). Then the restricted representation @[ yyxg is 7 :
T'x{e} xU(1)xG” — Sp(1). Because Sp(1) is a simple Lie group, r|gp(1) is an isomorphism
or a trivial map. If r|gpy1) is an isomorphism, then we have Ker(r) = T x {e} x U(1) x {e}
because C(r(Sp(1)); Sp(1)) = {1,—1}. Since Ker(r) C K, we have Hyy = T C K. This
contradicts the fact Hyy = T ¢ K from Lemma 10.1.4. So we see r|gyq) is trivial and
Sp(1) C Ker(r) C K. But this contradicts Proposition 4.1.1. l

Assume G” = T*. Then we can define the representation ¢ : K3 = T" x Sp(25%) x U(1) %
Tt — U(1) x Sp(*51) as follows;

A0 b
w(s&(o y>,Z)H(fcyz,A)
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where p, ¢, are in Z. Now we can assume the U(1) X Sp(”T_l)—action pon 8?3 C H'T as
p((t, X),h) = Xht (n > 3). Hence we have

zPylz" 0 0 n—3
K = x, 0 B 0 |,z ‘BESp(—),x,y,zETl
2
0 0 vy

where p # 0 by Ny # T (by Lemma 10.1.4) because of o7 (SO(2n—3)) = (poy) (SO (2n—
3)) = K. Moreover we can assume p > 0 up to equivalence for the slice representation
op: K1 — 0(2n —2).

Since Ky/K = 5% p >0 and Ly; = Sp(1) (by Lemma 10.1.3), we have

h 0 0 _3
Ky = h,1 0 B 0 |,z ‘BESp( 5 ),h e Sp(l),y,z€T" 3,
0 0 y

that is ¢ = r = 0. Therefore we have G” = T' C Ker(o3) C K by the slice representation
oy 1 Ky — SO(3). This contradicts Proposition 4.1.1. Hence we have G” = {e}.
Moreover, from the same argument, we can put p =1, ¢ = 0 and we have

1
K = T1><Sp("2 ) x U(1)
h 0 0
K, = h,| 0 B 0 BESp( 5 )hesp()yeTl ,
0 0 y
z 0 O n—3
K = z,| 0 B 0 B € Sp(——),z,y € T"
2
0 0 y

and

(o (43)n

We also see the slice representation o5 : Ky — SO(3) is unique up to equivalence.
Next we see

N(K;G)/K =~ (N(4A; Sp(1) x Sp(1))/A) x (N(U(1); Sp(1))/U(1)),
where A ~ T is a diagonal subgroup in Sp(1) x Sp(1). If we denote by a the generator of
N(A;Sp(1) x Sp(1))/(N(A; Sp(1) x Sp(1)))° =~ N(A;Sp(1) x Sp(1))/(T* x T*) ~ Z,, then

xa = aZ for all z € T". Hence we can consider the following diagram

G xy, KoJK 1 G/K
L1 X Ry | Rq
G xpx, K2)K -5 GJ/K.
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Here f([g,kK]) = gkK and

a=|a,

€ N(K; Ky).

o O
O~ O
_ o O

We have gkKa = gkaK for all g € G and k € K,. So this diagram is commutative. In
this case R, is the antipodal involution on K,/K = S%. Hence R, is extendable to a Ko-
equivariant diffeomorphism on D3. Hence M(R,) = M(id) from Lemma 4.3.1 (3.). Since
N(U(1); Sp(1))/U(1) ~ Zs, there are just two manifolds up to essential isomorphism. Hence
we get the following proposition.

Proposition 10.2.1. Let (G, M) be a G-manifold which has codimension one orbit G/ K and
two singular orbit G/ K, and G /K,y where G = Sp(1) x Sp(®+), Ky = T x Sp(*51) x U(1),

h 0 0
-3
Ky, = h,| 0 B 0 B e Sp(nT), he Sp(l),yeT" 3 and
0 0 y
z 0 0 n—3
K = z,| 0 B 0 B € Sp(——),z,y € T"
2
0 0 y
Then there are just two such (G, M) up to essential isomorphism which are M = Qa, and

M = (Sp(1) x Sp(k + 1)) Xgp(1)xSp(k)xv(1) S¥%+2 where k = ”Tfl

Proof. By the above argument, this case has just two types up to essential isomorphism.
If M = Qs,, then this case will be realized in Section 12.3. If M = (Sp(1) x Sp(k +
1)) X spyxspieyxvy S*F2 such that k = 271 and S*%*+2 ¢ R® x H" has the trivial U(1)-
action, the canonical Sp(1)-action on R* and the canonical Sp(1) x Sp(k)-action on HF.
Then this manifold has the Sp(1) x Sp(k + 1)-action. We can easily check this manifold

satisfies the assumption of this proposition. ll

M = (Sp(1) x Sp(k+1)) X sp(1)xspiryxv1) S+ is the fibre bundle over Sp(k+1)/U(1) x
Sp(k) =2 Py, 1(C) with the fibre S*+2. We see easily check H¥( Py, (C)) = Ho%M(S4+2) =
0 and Pay41(C) is simply connected. Hence p* : H*(Py,11(C)) — H*(M) is injective where
p: M — Py, 1(C) is a projection. Hence the 2k + 2 times cup product of ¢ € H?*(M) is
vanishing in H***4(M). Hence this is not a rational cohomology complex quadric. So this
case is unique up to essential isomorphism and such (G, M) will be constructed in Section
12.3.

10.3 G = Sp(1) x Spin(11) x G”
If G = Sp(1) x Spin(11) x G”, then we have
K, = T'xSpin(9)oT' x G”
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and G7 = {e} or T'. Let oy : K; — O(16) be the slice representation. Then the re-
stricted representation oy|gpin(9) is the spin representation to SO(16) and we can easily
show C'(o1(Spin(9)); SO(16)) is a finite group. So we have o1(T* x {e}) = {I15} because
T' x {e} C C(Spin(9); K;), where e € Spin(9) o T' x G” and ;s € O(16) are identity
elements. Therefore we see K O Ker(oy) D T! x {e}. So Ny = hi'(K) = T" = Hy), recall
h, denotes the natural inclusion H; — G. This contradicts Lemma 10.1.4. Hence this case
does not occur.

10.4 G = Sp(l) x SU(3) x G”
If G=Sp(l) x SU(3) x G”, then we have
K = T'xSU(@2)xU@1))xG”
and G” = {e} or T'. Put the element in K; by

(m, ( y64 y% )) = (z,yA) for h =0, <I7 ( y64 y92 )2) = (z,yA,z) for h =1

where z,y € T', A € SU(2) and z € T* for h = 1. We can assume the slice representation
o1: Ki 5T — O(2) by

k(x,yA) = 2Py*? for h =0, k(x,yA,z2) = 2Py*2" for h = 1.

Because of Proposition 10.1.1, we have ¢ # 0. Especially we can assume ¢ > 0 up to
equivalence. When h = 1, we see r # 0 from Proposition 4.1.1.
Now K = Ker(oy). So we have

K = {(z,yA)| 2"y* =1} (h = 0) or {(z,yA, z)| a"y*'2" = 1} (h = 1)
and K° ~ SU(2) o T"*1. Moreover we see K§ ~ SU(2)o X oT" where (X,T") ~ (Sp(1),T")
because of K§/K° = S% Hence py(X) ~ SO(3), SU(2) or {e} where ps : G — SU(3).

If po(X) # {e} then we see SU(2) o pa(X) = pa(K3) C pa(G) = SU(3). Hence we have
p2(X) =~ (p2(X) 0 SU(2))/SU((2) € N(SU(2);SU(3))/SU(2) ~ T*. But this contradicts
dim(ps(X)) = 3.

Therefore po(X) = {e}. Consequently we have X = Sp(1), Ky = X x K} and K =
T' x K = Hqy x K}, where Kj C SU(3) x G”. However N; = T' = Hyy contradicts
Lemma 10.1.4. Hence this case does not occur.

11 P(G/Ky;t) = 1+t Ya(n), ky is odd:
G /K is indecomposable.

Assume G/K;, G/K, are orientable, P(G/Ky;t) = (1 + t*271)a(n), ks is odd and G/K,
is indecomposable. In this case Ky = K{ by ks > 2 and Lemma 3.2.1. Because G/K; is
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indecomposable, we can put G = G' x G” and K; = K| x G” where G’ is a simple Lie group
and G” is a direct product of some simple Lie groups and a toral group. The pair (G’, K})
which satisfies

P(G/K;t) = P(G'/K|;t) = (1 +t*)(1 +t* 4+ - - - + t%)

where 2a = ky — 1 and b = n is locally isomorphic to one of the pairs in Proposition 4.2.3.
In the beginning, we will find the candidates for (G’, K7).

11.1 Candidates for (G', K1)
The goal of this section is to prove the pair (G', K1) is one of the following

(Spin(9), Spin(6) o T') (ky =8,ky =n =1T) or
(SU(3),T?) (ky = 2,ky = 3,n = 2).

Now ky > 2 and ky + ko = 2n + 1. So we can easily see the following three cases in
Proposition 4.2.3 do not satisfy ky = 2(b—a) > 2.

(SO(2n+2),50(2n) x SO(2)),a =b=n,
(50(7),U(3)),a=b=3,
(Sp(3),U(3)),a=b=3.

Moreover we see the following six cases in Proposition 4.2.3 contradict Proposition 9.0.1
by the paper [6] Section I.

SO(ks +2), SO(ks — 1) x SO(2)),a = (ks —1)/2,b = ks, (ks #7)
50( 0),U(5)),a=3,b=T1,

Therefore in this case we have that

(G',K}) = (Spin(9),Spin(6) o T*) =~ (SO(9),U(4)) (k; =8,ky =n =17) or
SU(3),T?) (ky = 2,ky = 3,n =2) or
SU(5),S(U3) x U(2))) (k1 =4,ky =5,n=4) or

Sp(4),U(4)) (ky = 8, ks =n =7)

o~ o~ o~
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by Proposition 4.2.3.

If (G',K}) = (SU(5),S(U(3) x U(2))), then k; = 4. Hence K;/K = S3. Since U(2) (C
K7) acts transitively on K /K by Proposition 9.0.1, we can assume the slice representation as
o1: Ky — U(2) — SO(4). Therefore we see G” = T" (h < 1) and K ~ S(U(3) x {e}) o T
by Proposition 4.1.1 and Proposition 9.0.1. In particular we see Ky O K D SU(3). Since
Ky/K = 5% (K3, K) = (Ao N,BoN) where (A, B) =~ (SO(5), SO(4)) by Proposition 4.2.1.
So K ~ SU(3) x Th*! contains SO(4) ~ Sp(1) x Sp(1) as a normal subgroup. But this is a
contradiction. Hence this case does not occur.

If (G',K;) = (Sp(4),U(4)), then k; = 8 and K;/K = S”. From Proposition 9.0.1, we
can assume the slice representation as oy : K; — U(4) — SO(8). So G” = {e} or T! by
Proposition 4.1.1. Since Ky/K = S% and K; = U(4) or U(4) x T*, we have (K, K) =~
(Gy 0 TH, SU(3) o T*) or (G o T? SU(3) o T?) by Proposition 4.2.1. Therefore we get
Sp(4) D Gy. However the following proposition holds.

Proposition 11.1.1. Sp(4) A Gs.

Proof. Assume Sp(4) D Ga. Let V be the Sp(4)-C irreducible 8-dimensional represen-
tation space (complex dimensional). Then we can consider Sp(4) acts effectively on V' by
the natural representation p : Sp(4) — U(8). We see the restricted representation to Gs p|a,
is not trivial. As is well known the least dimension of non-trivial complex representation
of Gy is 7, and there is no 8-dimensional irreducible representation of Gy (by Section 5 in
[20]; the representation ring of Gg is Z[A1, o] where dimA; = 7, dimA\y = 21). Since V is
an 8-dimensional space, there is an irreducible decomposition V' = V' @& W where V7 is a
complex seven dimensional G5-space which has a representation p|g, and W is a complex one
dimensional space which has trivial Gs-action. Then V' has the structure map J : V — V
such that J is an Sp(4)-map, J*(v) = —v and J(zv) = zJ(v) for z € C and v € V (see [1]
3.2). Moreover J(w) € W for w € W because J is a Go(C Sp(4)) map. However W is a
complex one dimensional space, so this contradicts W does not have such map. Therefore
we see Sp(4) 5 Go. B

Hence the following two cases remain.

11.2 (G, K}) = (Spin(9), Spin(6) o T*)

If (G',K}) = (Spin(9), Spin(6) o T), then k; = 8. So K;/K = S7, hence G* = T"
(h < 1) from Proposition 4.1.1 and Proposition 9.0.1.

Assume h = 1. Since Ky/K = S5 we see (Ky, K) = (G 0 T?,SU(3) o T?). Consider
the slice representation oy : Go 0 T? — SO(7). Because K acts transitively on Ky/K = S,
the restricted representation 09|, is a natural inclusion. So C(09(G3); SO(7)) = {e} where
C(E;F) ={g € F| gk = kg for all k € E}. Therefore G” C Ker(oy) = T*> C K. Now
G” = T" is a normal subgroup of G. This contradicts Proposition 4.1.1. Hence h = 0.
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We get G” = {e} and (G, K;) = (Spin(9), Spin(6)oT"). Since h = 0 and Ko/ K = S5 we
see (Ky, K) = (Gyo T, SU(3) oT"). Hence we can easily show that the slice representation
o9 1 Ky — SO(7) is unique up to equivalence (especially oo|71 is trivial) and the slice
representation oy : K3 — SO(8) is decomposable as follows

K, = Spin(6) o T' 25 U(4) = SO(8),

where ¢ is a canonical inclusion and p(Spin(6)) = SU(4) (¢|spin(s) is isomorphism). Then
there are two slice representations o where are ¢|r1 is trivial or non-trivial. If @[ is
non-trivial then we see p(T1) = A where A ~ T' is a diagonal scaler matrix in U(4)
because ¢(Spin(6)) = SU(4) and C(SU(4);U(4)) = A. So we have 0, (SO(7)) = K =
SU(3)oT" C Spin(6)oT(~ SU(4)oT"). Let V be the Spin(9)-R. irreducible 9-dimensional
representation space. Then we can consider Spin(9) acts on V' by the natural representation
p = Spin(9) — SO(9). So we see the restricted SU(4) o T'-representation s; = plsyyor: is
non-trivial and s; : SU(4) o T' — SO(8) C SO(9) is the natural inclusion. Moreover from
the restricted SU(3) o T"-representation si|gy)orr we have an irreducible decomposition
V =V W3, where V¢ ~ C? is a SU(3) o T"'-irreducible 6-dimensional space and W? is a
3-dimensional space whose SU(3)oT-action is trivial. On the other hand from the restricted
G5 o T'-representation sy = p|g,om, we have the decomposition V = X7 @ Y? where X7 is
a Go-irreducible 7-dimensional space and Y? is a T'-irreducible 2-dimensional space. Hence
from the restricted SU(3) o T'-representation, we have the decomposition V = X" R@ Y2
Since K C K1 N Ky = SU(4) o T NGy 0T, we see s1|su@)ort = S2|su(s)ort. However two
decompositions V¢ @ W3 and X' @ R ® Y? are different decompositions because the former
one has trivial W3 and the other has trivial R. Hence o171 is trivial.
Moreover we see

N(K;G)/N(K;G)°
= N(SU(3)oT% Spin(9))/N(SU(3) o T*; Spin(9))°
N(SU(3) x SO(2); SO(9))/N(SU(3) x SO(2); SO(9))°
~ ZQ D ZQ.

12

Here we can put Zs ® Zy = {I, «, 5, aff} where

Is 0 0 O 0 Iz 0 O
1001 0 |l 0 0 0
0 00 -1 0 0 0 -1

for the natural projection p : Spin(9) — SO(9). Then « satisfies a[A,t] = [A,t ]« for an
element [A,t] in Ky = Spin(6) o T* (A € Spin(6) and t € T"). Hence the diffeomorphism

Ra XidIGXKl Kl/K—>GXKl Kl/K
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defined by R, X id([g,[A,1]K]) = [ga, [A, 1] K] is well-defined (remark [A,¢]K = [A, 1]K by
the relation 7! C K C K, where 1 € T' is the identity element). Now the following diagram
is commutative;

Gxx, Ki/JK - G/K
| Ry xid | R,
Gxx, Ki/K -5 G/K

where f(g,kK) = gkK and R, : G/K — G/K is defined by R,(gK) = gaK. Therefore
Ry : (0(G xx, D¥) =)G/K — G/K is extendable to R, : G xx, D® — G X, D® because
id : K1/K = 8" — ST~ K, /K is extendable to id : D® — D®. So we see two manifolds
constructed by attaching maps I and « are equivariantly diffeomorphic by Lemma 4.3.1.
We also have two manifolds constructed by attaching maps 3 and af are equivariantly
diffeomorphic, because af - 3 = « and the above R, is extendable to R,. Hence in this
case there are just two G-manifolds M up to essential isomorphism. Hence the following
proposition holds.

Proposition 11.2.1. Let (Spin(9), M) be a Spin(9)-manifold which has codimension one
orbits Spin(9)/SU(3) o T and two singular orbits Spin(9)/ K, and Spin(9)/ Ky where K| =
Spin(6) o T' and Ky = Gy o T*. Then there are just two such (Spin(9), M) up to essential
isomorphism, that is, M = Q14 and M = Spin(9) X spin(rjorr S**.

Proof. From the above argument this case has just two such (Spin(9), M) up to es-
sential isomorphism. If M = (4, then we will be constructed in Section 12.4. Put
M = Spin(9) X spinrorr S such that T! acts S C R® x R trivially and Spin(7) acts
canonically on R” and acts on R® through the spin representation Spin(7) — SO(8). Then
this manifold has a canonical Spin(9) action and satisfies the assumption of this case. B

But M = Spin(9) X gpin(ryorr S** is the fibre bundle over Spin(9)/Spin(7) o T = Q7(~
P14(C)) with the fibre S™. Hence this is not a rational cohomology complex quadric. So this
case is unique up to essential isomorphism and such (G, M) will be constructed in Section
12.4.

11.3 (G, K}) = (SU(3),T?)

If (G',K}) = (SU(3),T?), then k; = 2. Hence G* = T" and h < 1. From K,/K = S?
and Proposition 4.2.1, we have K§ = Ao N and K° = A’ o N such that A, N are connected
normal subgroups of K and (A, A') ~ (SU(2),T").

If h = 0 then we have N = {e} and K° ~ T" because K;/K° = S'. Therefore we have
K% ~ SU(2) or SO(3) by (K9, K°) = (A, A) =~ (SU(2),T").
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Assume A = SO(3). Because the representation of SO(3) to C? is unique up to conju-
gation, we can consider SO(3)(= K$ C SU(3)) by the canonical subgroup of SU(3). Then
N(SO(3);SU(3)) = Z3 x SO(3) where Zj3 is the center of SU(3). Hence Ky = SO(3) or
Z3 x SO(3). Moreover we can easily show the slice representation oy : Ky = (Z3x)S0O(3) —
SO(3) is canonical where 09(Z3) = {I3}. So we have

10
K = {(0 X)’XESO(Q)}—SO(Z)or
¢ 0V cezy, xeso@! =z, x 502
0 gX 35 3 .
Since K1 N Ky D K, we can put K as follows;

K = {( ’5: tg( ) — (1, X) ‘ teT! X 680(2)} — T 50(2).

So we have the slice representation oy : K3 — SO(2) C O(2). Since Ker 0 = K and we
can identify o7 up to conjugate in O(2), we have Ky = SO(3) or Ky = Z3 x SO(3). Let us
construct a manifold. Because N(K;SU(3))/N(K;SU(3))° = Zy and a generator of Zs can
be taken from K5, two manifolds constructed by two attaching maps in Z, are diffeomorphic
by the similar argument of Section 10.2. Hence (G, M) with codimension one orbits G/ K
and two singular orbits G/K;, G/ K, is unique for each Ky = Z3 x SO(3) and Ky = SO(3).
So the following proposition holds.

Proposition 11.3.1. Let (SU(3), M) be a SU(3)-manifold which has codimension one orbits
SU(3)/K and two singular orbits G/K, = SU(3)/(T* 0 SO(2)) and SU(3)/K,.

If (Ko, K) = (Z5 x SO(3),Z3 x SO(2)), then (SU(3),M) is essential isomorphic to
(SU(3), A\G3(R®)) where SU(3) C U(3) and the diagonal subgroup (S* ~)A C U(3) C
SO(6) (A is the center of U(3)) are commutative and SU(3) acts on

A\G3(R®) =2 A\SO(6)/SO(3) x SO(3)

by the canonical representation SU(3) — SO(6).

If (K3, K) = (SO(3),S0(2)), then (SU(3), M) is essential isomorphic to the natural
induced SU (3)-action on the threefold branched covering manifold N?® of A\Gs(R®), that is,
there exists an SU(3)-equivariant map p : N8 — A\G3(R®) such that the restricted map

pla/k, is isomorphic and the restricted map p|ﬁg_G/K1 is threefold covering.

Proof. Assume (K3, K) = (Z3 x SO(3),Z3 x SO(2)). Because the uniqueness of
(SU(3), M) has been proved before this proposition, we may only find such example. Now
U(3) acts on G5(R®) = SO(6)/(SO(3) x SO(3)) by the natural representation U(3) — SO(6)
and this action has codimension one orbits and two singular orbits U(3)/SO(3) and U(3)/T?
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where T? does not contain the diagonal subgroup in U(3). Let A C U(3) be the diagonal
subgroup. Then A commutes with SU(3) C U(3) and acts on G3(R®) freely. So we have
the 8-dimensional manifold A\G5(R®) and the SU(3)-action with codimension one principal
orbits SU(3)/Z3 x SO(2), two singular orbits SU(3)/Z3 x SO(3), SU(3)/T?. Hence this
(SU(3), A\G3(RY)) is the case (Ky, K) = (Z3 x SO(3),Z3 x SO(2)).

Assume (K3, K) = (SO(3),S0O(2)). Because the uniqueness of (SU(3), M) has been
proved before this proposition, we only need to find such example. Put M = X; U Xy = N8
where X; and X, are tubular neighborhoods of SU(3)/T? and SU(3)/SO(3). Then we can

easily show that Ns is the threefold branched covering manifold N® of A\G3(R®) along
SU(3)/T?. Therefore the case (Ko, K) = (SO(3), SO(2)) were proved.

Hence we get this proposition. l

Now we can easily prove H2(A\G3(R%); Q) ~ Q ® Q and dim A\G3(R°) = 8. Hence
A\G3(R") is not a rational cohomology complex quadric. Let p : N® - A\G3(R®) be a
natural projection. Then we can prove that p* : H2(A\G3(R%); Q) — HQ(]f\F‘;Q) is an
injective homomorphism by two Mayer-Vietoris exact sequences for tubular neighborhoods
of G/Ki, G/K, in A\G3(R®) and N8 and the five lemma. Hence N8 is also not a rational
cohomology complex quadric. Therefore we have A = SU(2).

Now we can put

xly™t 0 0
K, = 0 r 0 | =(x,9) |z, yeT
0 0 vy

and the slice representation oy : K = T% 5 T 2 0(2) is

(z,y) = ="y

where p; : T — O(2) is a natural inclusion and ¢ # 0 without loss of generality. Then
Ker 7 = K = {(z,y) € T? | 2Py? = 1}. Let us consider the restricted slice representation
02|k K3 ~ SU(2) 22 0(3). Then we see py : SU(2) — SO(3) € O(3) is a natural
homomorphism and 02|;(20(SO(2)) = K°. So we have K° = {(z,27') € T?} C K = {(z,y) €
T? | xPy? = 1}. Therefore we get p = q (p # 0).

Hence we have the slice representation ¢f : K7 = T? 25 T 25 0(2), such that 7,(z,y) =
x%y? is unique for each ¢ # 0. Since it is easy to show o] and o] ? are equivalent represen-
tation, we can assume ¢ > 0 up to equivalence. Because p = ¢ > 0 and 02\}2)(50(2)) = K°,
we have

-1
K2:{< /\O 21) ’AGU(Z), detA:/\EZq}EZ2q><Z2SU(2) and

K={(z, 27N |z €T, N€Z} ~Zy, xz T"
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Here Zo, <7z, SU(2) ~ Ky C S(U(1) x U(2)) = T" xg, SU(2) and Z, = {z € T" | 2? =
1}. Put such a slice representation as 03 : Ky =~ Zy, xz_SU(2) — O(3). Then we see
ai({e} x SU(2)) = p2(SU(2)) = SO(3). For the generator a of Zs,, we have o3(a) € O(2)
because a € K =~ Zy, x7 T'. Moreover o3(a) = I3 because o3 (a) commutes with o (SU(2)).
Hence 03(Z2, x {I2}) = {I3}. So o3 is unique for each ¢ > 0.

Moreover we can put N(K;G)/N(K;G)° = Zy = {I3,[a]} and

Since we can take o € K>, the SU(3)-manifold M is unique up to essential isomorphism by
Lemma 4.3.1 for each ¢ > 0.

Put the quotient manifold M = SU(3) X swa)xuv(2) S* by the S(U(1) x U(2))-action on
S* c C x R? as follows

( t: t())( ) (z,a) = (t*2,p(X)a)

where p : SU(2) — SO(3) is a natural projection, X € SU(2), ¢t € T" and (z,a) € S* C C x
R?. Now SU(3) acts on M by the canonical SU(3)-action on SU(3) and it has codimension
one principal orbits SU(3)/K and two singular orbits SU(3)/K, and SU(3)/K,. However
this manifold M is a S*-bundle over P,(C). Hence this is not a rational cohomology complex
quadric.

So we have h = 1, G = SU(3) x T' and K; = T? x T'. Moreover we see N = T,
K¢=AoT"and K° = A’ o T" because K;/K = S! where (A, A') ~ (SU(2),T").
Now we can put

l’_ly_l

0 0
K, = 0 z 0 |,z| =(2y2)|2, y 2€T!
0 0 vy

and the slice representation oy : K1 = T? x T* 5 T 2 O(2) is
ey, 7) = a0

where p : T' — O(2) is a natural inclusion. Since we have Kerr = K, we can assume r > 0
up to equivalence by Proposition 4.1.1. Hence we have

x iyt 0 0 o
K= 0 z 0 ,prqu z,yeT', Ne€Z,
0 0 vy
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Therefore we have py(K9) = Ao T' C SU(3), where p; : G = SU(3) x T* — SU(3) is
a natural projection. Assume A = SO(3). Then we see N(SO(3); SU(3)) = Z3 x SO(3).
However this is a contradiction, because all elements in 7' C py(K9) and A C p(K9)
commute. Hence we have A = SU(2). So we can put the singular isotropy group K is as

follows
K9 = tEo ) |1 X € SU(Q2), teT!
2 = 0 tX ) ) )
for some m € Z. Since K, N K$ D gK°g~ ~ K° for some g € G, we have

t—m

t, seT?

s 0
ts~1

t=2 0
KiNKS= 0 t
0 0

I—ly—l

0
~ K°= x ,JE_pr_Tq z, yeTt
0

0
0

< O O

(a conjugation K7 N KY ~ K° is known by their dimensions). Hence we can put

7yt 0 0
K=K NKy = 0 0|, z27y" ||z, yeT
0 0 vy
2 0
= 0 ts 0 gt se T
0 0 tst

without loss of generality. Since x = ts, y = ts~!, we have p = ¢, m = %. Now the slice

representation os|xe decomposes into o|xe : K¢ = SU(2) & SO(3) where
p 2 p 2 2

(3 4) )

and p’ is a canonical double covering, and we have 02];(2)(50(2)) = K°. Consequently we
have

2 0 0
K = 0 ts 0 AN |t seT, N€Z, y ~ K° xZ, and
0 0 tst

t=2 0 o o
Kg_{<( 0 tX>’t /\)'XeU(Q),AeZT}_[QxZT.
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Moreover we have m # 0 because of Proposition 9.0.1, and 09({I3} X Z,) C {I3, —I3} C O(3)
because of 03(K3) = SO(3). Because 0, '(0(2)) = K and C(02(SU(2));0(3)) N O(2) =
{I3,—I3} N O(2) = {I3}, we also have {I3} x Z, C Keros. Since we classify up to essential
isomorphism and {I3} x Z, C Kerg; for i = 1,2, we can put r = 1 that is Ky = KJ and
K = K°. Therefore there exists unique (o;, K;, K) (i = 1, 2) for the integer m # 0. Then we
have N(K;G)/N(K;G)° ~ Zs = {I, a}. Since we can take a € Kj, this case is unique up
to essential isomorphism.

Put the quotient manifold M = (SU(3) x T') Xsw)xv@)xr) S* by the (S(U(1) x
U(2)) x T")-action on S* € C x R? as follows

(< t(_)Q t())( ) ) Z) (w,a) = (t"zw, p(X)a)

where p : SU(2) — SO(3) is a natural projection, X € SU(2), t € T and (w,a) € S*
Now SU(3) x T acts on M by the canonical (SU(3) x T*)-action on SU(3) x T" and it has
codimension one principal orbits (SU(3) x T')/K and two singular orbits (SU(3) x T")/K;
and (SU(3) x T')/K,. However this manifold M is a S*-bundle over P,(C). Hence this is
not a rational cohomology complex quadric.

12 Compact transformation groups on rational coho-
mology complex quadrics with codimension one or-
bits.

All the pairs (G, M) which have codimension one principal orbits are exhibited in this
last section.

12.1  (SO(2n + 1), Qsy)

In this case M = @, and SO(2n + 1) acts on M through the canonical representation
to SO(2n +2). Then there are two singular orbits S?" and Q,_1. The principal orbit type
18 R‘/Q,H_LQ = SO(QTL + 1)/50(2% — 1)

Remark that we can easily show the pair (Spin(2n + 1), M) in Section 7.1 and the
above example (SO(2n + 1), Qs,) are essentially isomorphic and we also have the following
proposition by this example and [16]

Proposition 12.1.1. Forn >3, Q,/Z, = P,(C).

Proof. Put Z, = {]n+2, _01 IO ) € O(n—I—Q)}. This group canonically acts
n+1

on Q, ~ SO(n + 2)/SO(n) x SO(2) and commutes with the action of SO(n + 1) ~

60



{( (1) 21 ) | A € SO(2n + 1)}. The pair (SO(n + 1),Q,/Z2) has two singular orbits

Py, (R) and @,,—; and the principal orbit is RV, 2/Zy. From [16] Section 9.6, such manifold
(S O( +1), M) is unique up to essential isomorphism that is we can regard (SO(n +1),M)
as (SO(n+1), P,(C)). Hence we get this proposition. W

12.2  (SU(n+ 1), Qo)

In this case M = @9, and SU(n + 1) acts by the natural representation of SO(2n + 2)
that is

SU(n+1)> A+ Bir ( A =B

B A )650(2n+2).

Then there are two singular orbits, both orbit types are P,(C). The principal orbit type is
SUn+1)/(SO(2) x SU(n — 1)).
For G =U(n+ 1) we get a similar result.

12.3  (Sp(1) x Sp(m), Qum—2), m > 2

In this case M = Qqm-2 (n = 2m — 1) and the action of Sp(1) x Sp(m) on H™ is defined
by Axh where (h, A) € Sp(1) x Sp(m) and x € H™. So there is a natural representation
p:Sp(l) x Sp(m) — SO(4m). Hence we have an action of Sp(1) x Sp(m) on Q4,2 through
the representation p. Then there are two singular orbits S? x P,,(C) and Sp(m)/(Sp(m —
2) x U(1)). The principal orbit type is Sp(1) xp1 Sp(m)/(Sp(m — 2) x U(1)).

12.4 (sz'n(9),Q14)

In this case M = Q4. It is well known that Spin(9) acts on S'¥ transitively by the
spin representation p : Spin(9) — SO(16) ([20]). Hence Spin(9) acts on Q)14 through this
representation. Then the principal orbit type is Spin(9)/SU(3) o T! and two singular orbits
are Spin(9)/Spin(6) o T' and Spin(9)/Ga o T".

12.5 (G2, Qs)

In this case M = @ and the exceptional Lie group G, acts through the canonical
representation to SO(7). Then there are two singular orbits S® and Go/S(U(1) x U(2)).
The principal orbit type is RV7 2 = G5/SU(2).
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12.6 (Gg X Tl, GQ XSU(3) P3(C))
In this case M = G X gy 3) P3(C) and G2 x Tt acts by ¢ : (Go x Th) x M — M as follows,

w((9,1), 19", [20 - 2l]) = [99', [t20 : 2]

where g € Gy, t € T" and [¢, [z : z|]] € M. The manifold M is a quotient manifold of
Go x P3(C) by the action SU(3) where SU(3) acts on Gg canonically and on P;(C) by
¢ |z : 2] — [20 : Az], here A € SU(3) and [z : z] € P3(C). Then the action ¢ has
codimension one orbit (Gy x T1)/(SU(2) x {e}) o A (A ~ T') and two singular orbits
(Go x TY)/(SU(3) x T') =2 S% and (Go x T')/(SU(2) x T') =2 G5/SU(2).

Moreover we have the following proposition.

Proposition 12.6.1. G5 xgp3) P35(C) = Qs.

Proof. Consider the restricted Gy-action on Gy X gy(3) P3(C). Then it has codimension
one principal orbits Go/S(U(1) x U(2)) and two singular orbits G5/SU(3) and Go/SU(2).
Hence we have Gy x sy 3y P3(C) = Qg because of Lemma 7.2.1 and Section 12.5. W

12.7  (Sp(2),S" xsp) Po(C))

In this case M = S7 X g,1) P»(C) and Sp(2) canonical acts on S” = Sp(2)/Sp(1). The
manifold M is a quotient manifold of S” x P,(C) by the action Sp(1) where Sp(1) acts on
ST = Sp(2)/Sp(1) canonically and on P»(C) by the double covering Sp(1) — SO(3). Then
the Sp(1) action on P»(C) has codimension one principal orbits Sp(1)/{1,—1,1i, —i} and
two singular orbits Sp(1)/U(1) and Sp(1)/U(1); UU(1);i where U(1); = {a + bj| a* + V* =
1}. Hence the Sp(2) action on M has codimension one principal orbits Sp(2)/Sp(1) x
{1, —1,1, —i} and two singular orbits Sp(2)/Sp(1) xU(1) and Sp(2)/Sp(1) x (U(1);UU(1),i).

The author is grateful to Professors Fuichi Uchida, Mikiya Masuda and Matthias Franz
for their invaluable advices and comments. He is very grateful to his referee for many
improvements and valuable advices.
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