2. Developing Drawing Skills
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In addition to understanding mathematics, being able to do correct computations, and to develop and solve equations for various mathematical models, it is necessary for mathematics teachers to develop skills in illustrating and visualizing mathematical concepts. In many courses, this process primarily involves the creation of graphs of various functions, while in others it also includes creating diagrams or other visual structures in order to illustrate a point.
We created the illustrations shown here using the spreadsheet Microsoft Excel, but we have done so in a manner that simulates a hand-drawn process.

Calculus Graphs

It is often possible for you to use computer software in creating graphs. However, frequently it is neither necessary nor desirable to do this. The effective use of computers often requires a significant amount of time, and frankly, sometimes it is advantageous to create a drawing that sacrifices geometrical accuracy in order to emphasize a point. Thus, it is vital that you develop some initial manual skills in being able to create effective visual displays relatively quickly in a classroom, while ensuring that that they are still reasonably accurate.

Perhaps the most common graphic activity is drawing the graph of a function of one variable. You undoubtedly recall the techniques from your own calculus classes, but it is a good idea for you to practice creating the graphs before trying to draw them on the board in a classroom.

For example, suppose that you want to draw the graph of the function 
[image: image2.wmf]3

()3

fxxx

=-

. In calculus, you will generally want to include a number of important points, including the zeroes, relative extrema, and inflection points of the function. These generally occur at the points where the function f or its first and second derivatives are 0. Thus, we find
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Consequently, you can see that the function crosses the x-axis at the points 
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, that the first derivative is 0 at the points 
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, and that the second derivative is 0 at the point 
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. You can first plot these key points as show at the left below. From the first and second derivatives, you see that 
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 is a local maximum with the curve concave down, and 
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 is a local minimum with the curve concave up. To produce a rough sketch, you can sketch in small portions of the curve near these points.
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Similarly, (0,0) is an inflection point, where the concavity changes. To the left of (0,0) the curve is concave downwards, while to the right of (0,0) it is concave upwards. Thus, you connect the two previous sections with a curve of the proper concavity, changing at x = 0. You should note that as is usually the case at such a point, the curve here is nearly a straight line, so the change in concavity is hard to see visually. 

In addition, the function becomes increasingly large in a positive direction for values of x larger than 2, and in the negative direction for values of x smaller than –2. You might indicate this with arrows on the ends of your sketch.  
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 You now are encouraged to use similar techniques to obtain the sketch shown below for the function 
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. However, note that this time the illustration uses different scales on the x- and y-axes in the graph below in order to produce a more compact graph. This provides one instance in which it can be advantageous to modify one or more of the aspects of an illustration. When examining the basic nature of a curve, this is generally the preferred approach. You should note, however, that it will not give the correct visual effect if you try to read from the graph the magnitude of the derivative, or equivalently, the slope of the tangent lines.
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One of the other features of graphs that you should practice is showing the asymptotes that appear with rational and other functions. Consider, for example, the function 
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This function has only one zero at (0,0), and vertical asymptotes 
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. In addition, if you look at the expression for large values of x, you will see that 
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Thus, the line 
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 is an oblique asymptote.  As a result, to create a sketch of the graph of the function, you can first draw the asymptotes, plot the zeroes, and then check the sign of 
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 on either side of each of the vertical asymptotes to get a start on your sketch, as shown below.
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Next, compute the first and second derivatives to find
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Since the quadratic polynomial in the second derivative has no real zeroes, you obtain the following descriptions of the signs of the first and second derivatives:
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You can now use this information to complete the graph by showing the correct intervals where the function is increasing (x < –3, x > 3) and decreasing (-3 < x < 3), together with the correct intervals of concavity, which is positive on the intervals 
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and negative on the intervals
[image: image30.wmf](

)

3,03

xx

<-<<

, as is indicated in the graph shown below.
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Another drawing skill that you will want to develop is the ability to draw three-dimensional objects. Again, it is usually not necessary to draw all such objects precisely, but you want to be able draw them well enough to visualize their basic aspects, and thereby to illustrate and guide your work. 
There are a number of basic perspectives used in textbooks. Probably the most useful ones are the two given by the coordinate axes shown below. The first shows the x-axis drawn coming out of the paper (or board) at a 45-degree angle, with the y- and z-axes drawn in the plane of the paper (or board). The second one draws the y-axis at a chosen angle, with the x-axis then constructed to be perpendicular to the y-axis.
[image: image32.emf]

[image: image33.emf]
As an illustrative example, suppose that you want to draw a saddle surface, such as is given by the equation 
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. One way to create this is to first draw one of the resulting cross-sections that are formed when you slice the surface by one of the coordinate planes, say 
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. This gives the parabola 
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, which is constructed in red at the left below. Next, you create parallel slices drawn perpendicular to the plane of the first curve, using 
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 and 
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, which gives the curves 
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, shown in blue at the right.
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Next, you should provide a few more slices in between the previous two, as shown in green at the left below, and then some curves created by slicing parallel to the yz-plane, shown in blue at the right. Here the final drawing omits the axes. It is sometimes useful to remove some of the less critical portions of a sketch in order to keep your drawings from becoming too complex or too crowded.
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A third type of drawing is one that occurs when you take a plane figure and rotate it around a given axis. As an example, suppose that you want to rotate the parabola 
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 around the x-axis. Here the drawings do not use one of the standard perspective representations, as your purpose is less to produce an artistically correct drawing, than to create one that carries the idea of the mathematics that is involved. Consequently, after drawing the curve to rotate, as in the sketch that appears at the left below, you then draw its reflection in the x-axis. Then you can sketch an oval at the right end, to give a rather primitive three-dimensional view of what the resulting object looks like.
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Next, draw a thin rectangle in red under the original curve, and show what its image will look like when you rotate it around the x-axis along with the curve. The resulting disk that you produce appears in green.
[image: image47.emf]
In another section, you will see how the use of computer animation can greatly improve the visual effect of this process, so that the resulting disk is generated at the same time that the curve itself is rotated to generate a surface. One stage of the output is illustrated below.
[image: image48.emf]
The key objective now, however, is for you to develop enough skills to enable you to generate reasonably good figures by hand on the board. At the end of this section we suggest some things to practice on.

Linear Algebra Graphs
The ability to draw graphs in linear algebra is important, too. In this setting, added difficulties occur because you are generally limited to drawing in 2- or 3-dimensional vector spaces.  This section presents a few ideas to help get you started. As you progress in your experience as a teaching assistant, and then continue to progress further over the years, you will want to build your own repertoire of techniques that you find useful. As before, these are drawn here using the spreadsheet Microsoft Excel, but they also can be done by hand or using other computer software, such as Maple.
One of the topics that some beginning linear algebra students find difficult is the concept of using a co-ordinate system relative to a given basis other than the standard one. If time permits, here is one way to illustrate the connection between the two in two-dimensions. You first start with two vectors, 
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 (blue) and 
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 (red). You then extend these by drawing lines through the origin in the directions of the vectors and using the initial vectors to determine unit measures, as shown on the new lines. Here the drawing illustrates the technique by using the vectors 
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Next, you can draw additional red lines that are parallel to 
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 and pass through the unit markers on the line determined by 
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Following that, you repeat the process, drawing blue lines that are parallel to 
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 and pass through the unit markers on the line determined by
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. You should also redraw the lines through the vectors as solid lines to indicate that they are the coordinate axes for the new basis.

Now, if you draw the green vector below, students can see that relative to the usual basis its coordinates are 
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, while relative to the new basis its coordinates are 
[image: image60.wmf][3,2]

-

. This is because since the red coordinate is 3 units in the negative direction from the origin along the blue axis, and the blue coordinate two unit in the positive direction along the red axis. 
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Producing helpful illustrations in three dimensions is somewhat more difficult because such linear structures as points, lines, and planes can be difficult to locate in a two-dimensional representation of a three-dimensional space. 

For example, notice that at the left, the dot for the point 
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 would be in the same 2-dimensional location for an infinite number of points in three dimensions. To clarify its location, you can draw dotted construction lines from the point to establish the rectangular block whose furthest corner from the origin is 
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The next drawings show two possible ways to illustrate a line. At the left below, we draw a 
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 block that contains the points 
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 and 
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, and then extend the line determined by these points until it intersects the coordinate walls and then goes beyond. You will recall that the line can be described using parametric equations as
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In this case, the first point corresponds to 
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, the second to 
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, with the points that are between these corresponding to 
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 is illustrated in purple), while the points that come before the first point satisfy 
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. An animated computer version of this construction appears in another section.
The drawing at the right shows another pictorial representation of a line in 3-space. In this case, you extend the line so that it intersects the coordinate planes, assuming that the line is not parallel to one of the coordinate axes.
You may also want to devise techniques of you own that produce effective drawings of linear structures in three dimensions.
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Most of the planes that appear in 3-dimensional space in a linear algebra course pass through the origin, and the can be generated by two vectors that are not co-linear. The drawing below illustrates one such plane. The red and blue vectors determine the plane, while the green vector is the sum of the other two vectors. The dotted lines show the projection of the shaded portion of the plane onto the xy-plane.
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The discussions above provide some basic suggestions for increasing your drawing talents. It will be very helpful in your teaching for you to develop and to extend your drawing skills continually over the years. The exercises below provide some areas in which you can practice. You are encouraged to create a collection of these and other techniques that you develop.
Two Additional Illustrations
Here are two more illustrations of situations in which a drawing can help. 
The first drawing is a demonstration from linear algebra. It shows an interpretation of the concept of coordinate vectors of a vector in a plane in three-space with a given basis. Here the basis of the plane is given by 
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. The grid lines within the plane show this idea.

The second drawing shows the start of the development of an element of volume in spherical coordinates as presented in calculus. The remaining step is to show the dr component as part of the drawing. Doing this provides an exercise. You will recall that the resulting volume is 
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Practice Exercises
Create drawings of some of the following objects as well as those found in the current calculus and linear algebra texts. Compare your efforts with those of your fellow teaching assistants. Insert the best of these creations into the Web site.

1. Sketch the surfaces determined by the equations. Also, illustrate the tangent planes and normal vectors at the indicated points.
a. 
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2. Sketch the following curves in 3-space. Where they are helpful, provide auxiliary constructions (e.g. cylinders, boxes, etc.).
a. 
[image: image95.wmf]()cos()sin(),04

ttttt

p

=++££

rijk


b. 
[image: image96.wmf]()cos(2)sin(2),04

ttttt

p

=++££

rijk


c. 
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d. d. 
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e. 
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f. 
[image: image100.wmf]()2cos()3sin(),04

ttttt

p

=++££

rijk


g. 
[image: image101.wmf]()cos()sin()2,02

tttt

p

=++££

rijk


3. Sketch the lines in 2-space determined by the following parametric equations, showing the points for 
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c. 
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4. Sketch the lines in 3-space determined by the following parametric equations, showing the points for 
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5. Sketch the lines in 2-space determined by the following pairs of points. Also, determine the parametric equations for the lines, and show the points for 
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a. 
[image: image110.wmf](1,2)

, 
[image: image111.wmf](3,4)



b.  
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c.  
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6. Create a sketch the vector 
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 as the sum of its orthogonal projections onto the coordinate axes given by the following pairs of vectors.
a. 
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b.  
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c.  
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7. Sketch the following pairs of planes and their lines of intersection.

a. 
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b. 
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c.   
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d. 
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8. Illustrate the Gram-Schmidt orthogonalization process using the following sets of vectors in three dimensions.

a. (1,2,3), (3,3,6)

b. (1,2,3), (1,1,1), (2,1,5)

c. Three vectors of your own choice

9. Illustrate the grid systems for 
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a. 
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b.  
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10. Create drawings to illustrate the surfaces generated by revolving the following areas around the given lines.
a. Area: 
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Line: (i) x-axis, (ii) y-axis, (iii) 
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b. Area: 
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11. Create the two additional drawings of the final paragraph in this section.
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