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FUNCTION FIELDS OF CERTAIN ARITHMETIC CURVES
AND APPLICATION

JA KYUNG KOO AND DONG HWA SHIN

ABSTRACT. Based on the classical theory of modular curves we describe

the function fields of the arithmetic curves XI (N) = (T1(N), ®x)\H*

where & = ( ](\), *é) is the Fricke involution for N > 2. For the purpose

we use the modular invariant j and finite products of Siegel functions.
And, we further construct primitive generators of the function fields of
these curves XI(N ) with genus zero in a systematic way by means of
Siegel functions only unlike Choi-Koo’s method([1]). As an application
we find the ray class invariants over any imaginary quadratic fields other
than Q(v/—1) and Q(v/—3) by utilizing the singular values of j and Siegel
functions which are different from the Ramachandra’s invariants([11]).

1. INTRODUCTION

It is well-known in the theory of modular forms and functions that the
group GLj (R) acts on the complex upper half plane § by linear fractional
transformation. And, we think of an element v of GLJ (R) not only as
a matrix but also as a transformation. When we need to emphasize as a
transformation, we shall denote it by 7. For a suitable discrete subgroup I'
of GLj (R) which is commensurable with PSLy(Z) the orbit space I'\$) can
be given a Riemann surface structure, which can be compactified by adding
the cusps to ['\$* where H* = $UP(Q)([3] or [12]). We call this compact
Riemann surface an arithmetic curve. And, a meromorphic function f on
invariant under the actions of all v € I is said to be weakly modular for I'(or
T'). Moreover, if a weakly modular function f for I is also meromorphic at
all the cusps in the sense of [12], we say that f is modular for T'(or T).

For a positive integer N we consider the following congruence subgroups

Lo(N) = {(2})eSly(Z) : (28)=(5%) (mod N)}
I(N) = {(28)eSLy(Z) : (24)=(§3) (mod N)}
T(N) = {(2%)€SLy(Z) : (¢4)=(49) (mod N)}

and let @y be the Fricke involution ( § 7§ ). We are mainly concerned with a

field of meromorphic functions on the compact Riemann surface (T', ®x)\$H*
where ' is given by one of the above congruence subgroups. From now on,
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for convenience we let

Ty(N) = To(N), By)  Ti(N) = Tu(N), By)  T'(N) = (T(N), Bw)

Xo(N) = To(N\S*  Xi(N) = Ty(N\H  X( T(N)\9"
XHv)y = THV\S*  XI(V) = THV\H  XT(V) = T'(V)\9"

N—
I

and IC(R) be the field of meromorphic functions on any compact Riemann
surface R listed above. The function fields of our interest are classically
described in terms of the modular invariant j and the Fricke functions([3]
or [12]), which requires good understanding of theory of elliptic curves. And,
in general the function field of a compact Riemann surface (as an algebraic
curve) can be generated by at most two functions([10]). For instance, Ishida-
Ishii constructed in [5] these two generators of K (X;(N)) by using certain
products of Klein forms.

As preliminaries we review some arithmetic properties of Siegel functions
developed by Kubert-Lang([8]) and Koo-Shin([7]). After recalling those
basic properties of Siegel functions we shall find generators of function fields
in terms of j and Siegel functions(Theorem 3.2 and Theorem 3.5) unlike
Ishida-Ishii’s approach.

On the other hand, Kim-Koo([6]) made a genus formula of the arithmetic
curve X[ (). Using this formula they showed that X(N) has genus zero
exactly when 1 < N <12 and N = 14, 15. And, Choi-Koo constructed in
[1] primitive generators of such genus zero curves X (N) by using elliptic
functions and theta functions. However, their method seems to be too ar-
tificial and inconvenient to be applied to other similar situations. Thus we
shall revisit this subject in this paper to present a process of finding prim-
itive generators in more a standard and systematic way(Theorem 4.2 and
Table 1) by means of Siegel functions only. To this end we essentially follow
the idea of Koo-Shin([7]) in which they dealt with various modifications of
Siegel functions.

Next, we know that a classical generator of the ring class field of the
order of conductor N(> 2) over an imaginary quadratic field K is given
by a singular value of j. And we recently showed that any power of cer-
tain linear form of j also becomes a generator of the ring class field over
K(Lemma 5.1). As an application of previous sections and this fact we
shall further find a primitive generator of the ray class field modulo N over
K(# Q(v/-1), Q(v/=3)) in terms of the singular values of j and Siegel
functions(Theorem 5.5) which would be different from the Ramachandra’s
ray class invariant([11]) constructed from very complicated products of high
powers of singular values of Klein forms and singular values of the discrimi-
nant A. And, we also describe Galois groups between those two class fields
mentioned above(Proposition 5.3) by adopting the idea of Gee([4]).

2. PRELIMINARIES

In this section we introduce Siegel functions and briefly review their trans-
formation formulas and criterions for determining modularity which are de-
veloped in [8] and [7].

Let By(X) = X? — X + ¢ be the second Bernoulli polynomial. For any
r = (r1,ry) € Q*\ Z? we define the Siegel function g.(7) on T € § by the
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following ¢,-expansion formula

3B2(r1) _rirs(r -
QT(T):—qﬁ 2 gmira(ri—1) 1—qz H 1_qTqZ 1_q7—qz ) (2.1)
where ¢, = €™ and ¢, = €*™* with z = r7 + ry. From the definition we

can deduce the simple order formula

ord,, g, = %I32(<r1>) (2.2)

where (r;) is the fractional part of r; so that 0 < (r;) < 1. Here we remark
that this function is holomorphic and never vanishes on $). In the following
proposition we present basic transformation formulas of Siegel functions.

Proposition 2.1. Let r = (ry,72) € Q*\ Z*. Then
(i> 9—r = —Gr-
(ii) For S=(9") and T = (}1) we get

groS = C1297‘S = C?Qg(m,—ﬁ)
groT = Cagrr = Clzg(rl r14+r2)

where (1o = e %' Hence we obtain that fory € SLy(Z), g0y = gy
with € a 12-th root of unity.
(iil) For s = (s1,s2) € Z* we have
Ir+s = 6(’/’, S)gr

where £(r, s) = (—1)s1s2Fs1tszgmmilsira—sar),
Proof. See [7] Proposition 2.4. O

Remark 2.2. Wee see from Proposition 2.1(ii) and the order formula (2.2)
that any product of Siegel functions is meromorphic at the cusps. Hence
it is not necessary to check the meromorphicity of Siegel functions at the
cusps in what follows.

For a positive integer N we denote by Fy the field of all modular functions
h for the principal congruence subgroup I'(N) for which Fourier coefficients
of h o~ with respect to qﬁ for any v € SLy(Z) belong to Q((y) with (y =
¢’™ . Then Fy is a Galois extension of Fi(= Q(j(7))) with Gal(Fy/F;) =
GLy(Z/NZ)/ £ (§1)([9] or [12]).

Kubert-Lang provided a condition for determining whether a product of
Siegel functions belongs to Fy. For N > 2 we say that a family of integers
{m(?”)},r:(rhm)e%ZQ\Zz with m(r) = 0 except finitely many r satisfies the
quadratic relation modulo N if

Z(XMyzmeMyzo@w@Mw»m

T

Zm (Nr1)(Nry) =0 (mod N).

Proposition 2.3. Let N > 2. A product of Siegel functions

II ¢

T Z2\Z2
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belongs to Fn if {m(r)}, satisfies the quadratic relation modulo N and
ged(12,N) - Y m(r) = 0 (mod 12). In particular, g:*N lies in Fy for
re xZ*\Z°.

Proof. See [8] Chapter 3 Theorem 5.2 and Theorem 5.3. O

We further examine a condition for a product of Siegel functions to be
modular for Fl(N) Note that for t € Z \ NZ we have the relation

Nfl

H gL, % = (xHyg 9(L0) (NT) (2.3)

from the identity 1 — XV = (1 — X)(1 — (nX) -+ (1 — (N1 X).
Proposition 2.4. Let N > 2. A product

N—-1
m(t
9= [T 950®m)
t=1

is modular for T'y(N) if the family of integers {m(t)}N1* satisfies that
Zm(t) =0 (mod 12) and Zm(t)t2 =0 (mod gcd(2,N)- N)(2.4)
¢ ¢

In particular, g(liNO)(NT) is modular for I'y(N) fort € Z\NZ. Furthermore,
N

Jory = (2%) € SLy(Z) we get

_ ged(e, N)? «— at
Proof. See [7] Theorem 6.2. O

Now we investigate some action of Gal(Fy/F;) on certain Siegel functions
for later use.

Proposition 2.5. Let N > 2, s € Z\ NZ and t € Z with ged(t, N) = 1.
Then the action of the element (£9) of Gal(Fy/Fy) is given by
£ 0
g%y 001 = g ()
9(12N (N )( D = 9(1<2N> )(NT)
where (X) is the fractional part of a real number X with 0 < (X) < 1.
Proof. See [8] p. 36, Proposition 2.1(iii) and the relation (2.3). O

3. FUNCTION FIELDS OF X|(N)

In this section we first describe the function field K(X;(N)) in terms of
j and a product of Siegel functions. We can then naturally extend it to
IC(X IT(N )) Here we will not intend to reduce the number of generators to
be 2 as Ishida-Ishii did in [5]. From now on, unless otherwise specified N is
always a positive integer > 2.

Lemma 3.1. For N > 6 let g = g(lgj\{)( )g(l%NO)(NT). Then
(i) g is modular for T'1(N).
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(ii) If g is invariant under the action of v = (2Y) € SLy(Z), then we
gety==£({1) (mod N).
Proof. (i) We see by Proposition 2.3 that the function g(lgji () is modular
N
for I'(N). It is also invariant under the action of 7' = (} 1) by Proposition
2.1(ii). Since I'1(N) = (T'(N), T), 9(1021\17)< 7) is modular for T'y(N). Fur-
thermore, the function g(liNO)(N 7) is modular for 'y (N) by Proposition 2.4
N7
from which we derive that g = g(l(?]i)(T)g(liNO)(NT) is modular for I';(N).
7N N7

(ii) Now we assume that g oy = ¢ for some v = (2Y) € SLy(Z). Then we
obviously have ord,, (g o) = ord,.g. By (2.2) and (2.5) we achieve

ord, (go7y) = 6NB2(<%>>+6gcd(c,N)2B2(<m>)(3.l)

1
ord,.g = 6NBy(0) +6N’B, <N> = N? - 5N +6. (3.2)

Suppose ged(e, N) # N. The shape of the graph of Y = By(X) over the
interval 0 < X < 1 indicates that the maximum value of By(X) is % at
X =0, 1. So ord, (g o) is bounded by

2
6 N?

N

1
OI'qu (g o ’y) < 6NB2 (N) +6 (E

On the other hand, for N > 6 we can easily check that

6 N2
— —64+N+—<N?>—-5N+6
N + N+ +6,

which contradicts the fact ord,, (g o y) = ord,, (g). Thus ged(e, N) = N,
which induces By ((£)) = B (3 ) from (3.1), (3.2) and the fact ord,, (goy) =
ord,. (g). Therefore we derive @ = £1 (mod N) from the shape of the graph
Y = By(X). Now that det(a) = 1, we have a = d = £1 (mod N), which
proves v = £ (1) (mod N) as desired. O

Theorem 3.2. Let N > 6. Then we obtain
K(Xo(N)) = C(j(r), j(N7))
IC(X1<N)) = (] ) 102]\17) )9(12%]\,[0)(]\77—))
KX(N) = C(i(7), go1y(1)g2(N7). 9737, (7)).

Proof. As for the function field K(Xo(N)) we refer to [3]. Here we concen-
trate on the cases K(X1(N)) and K(X(N)). We see from [3] that
)
7)

GaI(K(X (V) PR (X, (V) = {1
as a subgroup of

Gal (K (X (V) /(X (1)) = SLa(Z/NZ)/ £ (32),
whose action is given by composition. Assume that ¢'2Y (7)g'3" (N7),

0.\ 9L 0
which belongs to IC(Xl(N)) by Lemma 3.1, is fixed by the action of some

C
C

€ SLo(Z/NZ)/+(}9) : be Z/NZ)
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v E SLQ(Z/NZ)/:‘:(}) 9. Then by Lemma 3.1 weget v = £ (1) (mod N).
Since K(X (1)) = C(j(7))([9] or [12]), we conclude by Galois theory that

’C(Xl(N)) = ( )( 102]\1[) 12N)(NT>) = C(j(T), 9(1(?%)(7_)9(121\7)<N7_))

Next, we assume that g(12N (7) is fixed by the action of + (§ {) € SLa(Z/NZ)/+

(39). Then gl%No)( T)o (L) = g(mle )( T) = g(lleO)( 7) by Proposition 2.1(ii).

It follows from the action of the element ( ) on both sides of g(l%N b )( T) =
g(lzN (7) that guN_ ) )( T) = g(mf 1(7). Now we compare the orders via the

formula (2.2) to obtam 6NB2(<N>) = 6NB5(0); hence b =0 (mod N) by
the shape of the graph Y = By(X). Therefore we establish

K(X(N)) = KX () (3% (1) = C(i(r), g2 (g3 (Nr). g3 (7).

From now on we extend the above results to the function fields K (X IV ),

K(X{(N)) and K(XT(N )) Since @y (_4 ) dx =N (}1) and I'/(N) =
(T(N), (§1)), we have il (N) = fi(N), and so XT(N) = X](N). Thus we
are reduced to consider the first two cases.

Lemma 3.3. Let I be I'o(N) or I'y(N). If a function f on $ is weakly
modular for ', then both f + fo®yx and [ - f o ®x are weakly modular for
(', on).

Proof. For any (¢%) € I we induce

a b d —<
_ N
Oy (c d) - <—Nb a >(I)N’ (3.3)
which implies ®y[' = T'®y. Thus f o &y is weakly modular for I'.
On the other hand, since

10

which is the identity as a transformation, it follows that (f+ fo®y)o Py =
fody+ fand (f - fody)ody = fody- f. This proves the lemma. [
Lemma 3.4. Fort € Z\ NZ we achieve
g(%,O)(NT) 0Py = _G)zg(o,%)(T)-
Proof. Observe by Proposition 2.1 that
g(ﬁ,o)(NT) oby = grgo© (A o(x0) ()= 9L ,0)© (¥ 0) @)
= Yto° (? 7(1)) (1) = C129(0,7%)( T) = —C129 (7).
OJ

L
N

Z|

Theorem 3.5. For N > 6 we get
K(X3(N)) = C(j(r) +5(N7), j(7)i(NT))
K(XI(N) = C(i(r) +3(N7), Jr)i(NT). g2 (1)gl3 (7).
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Proof. By Proposition 2.4 we know that the function g = g(mN (NT) is

)
modular for I'1(N). Moreover, by Lemma 3.4 we have go &y = g(O T )( ).
Hence the function g(IQN)(T) (12N)(N7') = (go®y) - g lies in KC(X](N )) by
Lemma 3.3.

Let I" be I'g(IV) or I'1 (V). Here we note that j(7) is not invariant under
the action of @y because j(1) o &y =jo (§7§) o (¥ 9)(r) =j(N7), and
observe that j(7) is a root of the quadratic equation

X?— (j(T) +j(NT))X +j(1)j(NT) =0.

Now that [(T, ®y) : ] = 2 by (3.3) and (3.4), we deduce the assertions
from Theorem 3.2. O

We summarize all the results via the following diagram of a tower of

function fields:
K(X(N)) = C(j(r), g(l(f’vl)(f)g(lgvyo)(f\’f) %7 /(M)

K(X](N)) = C(j(r) + §(NT), j(r)j(NT), (102N1)(T)9(1 'y (V7)) K(Xo(N)) = C(j(r), 5(NT))

S

)+ J(NT), j(r)i(NT))

4. PRIMITIVE GENERATORS OF IC(XlT(N)) OF GENUS ZERO

Kim-Koo([6]) showed that the curves X!(N) have genus zero for 1 <
N <12 and N = 14, 15, and for such curves Choi-Koo([1]) found primitive
generators of the function fields by using elliptic functions and theta func-
tions. However, their method seems to be too artificial and inconvenient
to be applied to other similar situations. Thus unlike their approach we
would like to propose more systematic and standard way to find primitive
generators in view of Siegel functions only. First we develop an analogue of
Proposition 2.4 motivated by Lemma 3.3.

Proposition 4.1. Let N > 2. Assume that a family of integers {m(t)},
satisfies the condition (2.4). Then a product

N— 1 ®)
m(t
t 70)(]\[7 ))

2\~

t=1
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)

(XlT(N)) Furthermore, for v = (%) € SLy(Z) we have

is an element of

oo =3 S [ (5)) + =252 ) }

(4.1)

=

Proof. Let

N— N-1
_ m(t) t)
g= tl_ll g %70)(]\[7' and 11 g( %

[y

Then we see from Proposition 2.4 that g is modular for I'y(N), and we
further establish

N—1 N—1
m(t) m m
gody = H ( - C?QQ(O,%)(T)) = (_C?Q)Et 2 H g(oftt)
t=1 =1
by Lemma 3.4 and the condition ), m(t) = 0 (mod 12). Hence we get
g' =g -g=(go®y)-g, which yields that g' lies in IC(XI(N)) by Lemma
3.3.
And, for v = (%) € SLy(Z) we deduce the order formula

ord,, (gT o) =ord,, (¢ o)+ ord, (go)

_ ém(t}%B2(<ZC\§>>+ord (o) by Proposition 2.1(if) and (2.2)
= 3ol ((5)) 5w (i) | v e

g

The following theorem gives us a criterion for determining whether a given
product of Siegel functions is a primitive generator or not. This is similar
to those for the modular curves X;(/N) shown in [7] or [13].

Theorem 4.2. Suppose that XI(N) has genus zero and a product

N-1
m(t)
QT = H (9(0,%)(7)9(#0)(]\77))
t=1

lies in IC(XI(N)). For each cusp s = 2 € Q with ged(a,c) = 1 which is
imequivalent to oo, if

%N mit ( +NB2(;;>):—1 and (4.2)

t=1

Seofn()) 5 () o

then ¢' is a generator of IC(XI(N)).

M

N | —
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Proof. The width of co on X](N) is 1([1]). From the order formula (4.1)
in Proposition 4.1 we know that the hypothesis in this theorem renders
the fact that g has a simple pole at oo and is holomorphic elsewhere.
Therefore XI(N) is isomorphic to the projective line P'(C) through the
map 7 — [1: g'(7)], and hence IC(XI(N)) = C(g"). O

By virtue of [7] Theorem 6.4 we can readily determine the inequivalent
cusps of X;(NN), from which we get the inequivalent cusps of X|(N). Fur-
thermore, the facts in [1] Lemma 3.2 and 3.3 enable us to estimate the
widths of cusps. However, it is unnecessary for us to know the values to ap-
ply Theorem 4.2. So we only provide the table for all the inequivalent cusps
of XI(N) without finding their widths for 2 < N < 12 and N = 14, 15.
Then we can find families of integers {m(t)} ' satisfying (2.4), (4.2) and
(4.3) to accomplish the goal. In the following table we use the convention

Nl i)m(t) to denote

t=1 (N
N-1 " m(t) -1 @
H (N) = (g(o,%)(T)g(%,o)(NT))m :
t

t=1 =1
Observe that for N = 2, 3 the curve X](N) has only one cusp. Since

our Siegel functions are supported on the cusps, it is not possible to find
primitive generators of K (X (N )) in these two cases.

’ N ‘ Inequivalent cusps of X| () ‘ Primitive generators of K (X (N ) ‘

2 %)

3 %9 .

i . 1 BNEN

; oo, 1 BO7C)

6 o0, 1 GG

T . 12 ORONE

: o, 1.3 ENEO

9 o 13,1 ) @E)

10 %, 3 3 g (o) (o) (o) ()
1 o LLLI 7 ()G () ()
2 oo 311 C@E
14 0, 3§ 1 504 (1) () (5 (55) (3)
f5] oo % %4 il 2

57 (%)_1(%)1((%)_2(%)

TABLE 1. Primitive generators of K (X1(N )

5. APPLICATION TO CLASS FIELDS

As an application we shall construct a primitive generator of the ray class
field modulo N (> 2) over any imaginary quadratic field other than Q(1/—1)
and Q(v/—3). To this end we shall utilize the singular values of j and Siegel

functions which are modular for I'T (V).
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Let K(# Q(v/—1), Q(v/—3)) be any imaginary quadratic field with dis-
criminant dg (< —7). Define

9:{@ ifde =0 (mod 4)

% if dg =1 (mod 4)

which is a generator of the ring of integers O of K and let min(f, Q) =
X2+ By X +Cy € Z[X]. We denote by H and Ky the Hilbert class field and
the ray class field modulo N (> 2) of K, respectively. It is then well-known
that

Ky = K(h(0) : h € Fy is defined and finite at 6) (5.1)

by the main theorem of complex multiplication([9] or [12]). Furthermore,
by the Shimura’s reciprocity law we have an isomorphism
Wio/ £(59) — Gal(K/H) (5.2)
v = (M) — h(9))
where h € Fy is defined and finite at 0, and Wy = { (t_fes _%’S) €
GLy(Z/NZ) : t,s € Z/NZ}([12] or [4]). Now, let Ho be the ring class field
of the order O of conductor N(> 2) in K. Then we get

Ho = K (j(N0)) (5.3)
([9] or [12]). Moreover, we have

Lemma 5.1. For any nonzero integer m, the value (Sj(NQ)—i-l)m generates
Ho over K.

Proof. See [7] Lemma 9.9. O

Lemma 5.2. Let N > 2. Then each element (§?) of W/ £ (§9) fizes
the value j(NO).

Proof. See the proof of [7] Theorem 9.8. O
Proposition 5.3. For N > 2, Gal(K(n)/Ho) is isomorphic to the subgroup
{(69):t€(Z/NZ)"}/ = (§9) of Wxo/ £ (59).
Proof. First, we have the degree formula

_ (NOk)w(NOk)

K - H
(K : H] o

(5.4)

where ¢ is the Euler function for ideals, namely

p(p") = (Ng/op — 1)Nggp" ™
for a power of prime ideal p, w(NOk) is the number of roots of unity in

K which are = 1 (mod NOg) and wg is the number of roots of unity in
K([8]). And we also know the formula

o= o[- (5)))

where (7) is the Legendre symbol for an odd prime p and (dK ) is the

2
Kronecker symbol([2]). Thus one can readily check that
K ¢

K ol = 20 EL = [{(59) + te @/NTy Y £ (D)
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Therefore by this fact and Lemma 5.2 we can prove the proposition by
Galois theory. O

Lemma 5.4. If N > 4 and 1 < t < [§], then we have the following
imequalities:

(0) =8 < 7
(ii) ﬁ < l—i—e_ﬂ\{%o?x for all X > 1.
(iii) 1+ X < e for all X > 0.
)
)

2.0 (NO)| < |g(z.0(NO).
)] < ]90,2)(0)]-

o o

Proof. (1)~(iii) are almost trivial and (iv) is done in [7] Lemma 9.3. Hence
we prove only (v). Putting A = [e™| = ¢~V ~49x we get that

Joo L (9) 1— s 14+ A™)?
‘ 0%) ‘ < ‘ S I LAYy the definition (2.1)
90.4)(0) L=yl (T=A)
< ST +A4" 1+ A1)* by (i) and (ii)
n=1
< ST i
n=1
1 VT Y55
24,4240 N e
_ \%el atm < \/Liel’e LA < by the fact d < —7,
which proves (v). =

Theorem 5.5. For N > 2, define a function

G(r) = (35 (N7)+1) (90,1, (Mg o ND) Y T (90,00 (Daczo(NT)

1<s<N-1
ged(s, N) =1

where ¢ is the Fuler ¢-function for positive integers. Then the singular
value G(0) generates K(ny over K.

Proof. The function in the above without the factor (Sj(N T) + 1) is in

Fn ﬂIC(XlT(N)) by Propositions 2.3, 2.4 and 4.1. So its singular value G(0)
belongs to Ky by (5.1) and (5.3). As a subfield of Ky the field K(G(0))
is an abelian extension of K. Hence K (G()) contains the following specific

element [T ;<< n G(Q)(Et) ?). Tt then follows from (5.2) that the action
ged(t,N) =1
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of each element (§9) is given by
£ 0
(35(NO) + 1)<0 - 3j(N6) +1 by Lemma 5.2

12Ng(N)y (L 0 12N¢(N)
oW8) N = (g 4 (B)g.0)(N6)
by Proposition 2.5

_ t0 _
( H (900,£1(0) g5 .0)(NO)) 12N>(0t) = H (9(0,(%))(9) 9(st)0 0)(NO)) =
e g

by Proposition 2.5

12N
=[] GosH®gezo0@e) .
1<s<N-1
ng(S7 N) =1
Thus we derive

[ cobd) = @ijwe+1)*".

1<t<N-1

ged(t, N) =1
This implies that K (G(#)) contains Ho by Lemma 5.1. Now it suffices
to prove that if the element (§9) for some ¢ € Z with 1 < ¢ < [¥] and
ged(t, N) = 1 fixes G(0), then t = 1 by Proposition 5.3 and Galois theory.
To this end we assume that (§9) fixes G(0). If N =2, 3, then we obviously
have t = 1. So, we may assume N > 4. Then by the above description of
the action of (§¢) we deduce that

L ‘ G(6) ’9(0 1 )(9) 9(L0) ) (NG) [12NeN)
G681 190,409t 0)(NO)
o1 (9) 12N¢(N) Jro (NH) 12N6(N)
I e e A N

’g(o,N (0) 9et 0)(NO)
But, this equality holds only when ¢t = 1 by Lemma 5.4(iv) and (v), which
concludes the theorem. O
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