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Abstract

We consider solutions to the Helmholtz equations in two dimensions. The aim of this
paper is to advance the development of high-order terms in the asymptotic expansions
of the boundary perturbations of currents caused by small perturbations of the shape
of an inhomogeneity with C?-boundary. Our derivation is rigorous derived by the field
expansion (FE) method (formal derivation) and proved by layer potential techniques. It
extends those already derived for small volume inhomogeneities for developing effective
algorithms for determining certain properties of the shape of an inhomogeneity based
on boundary measurements.
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1 Introduction

The field of inverse shape problems has been an active research area for several decades.
Several related problems belong to the electromagnetic field and are governed by Helmholtz
equations, which are further subdivided by assumptions on the underlying media and on
the boundary conditions. The main objective of this paper is to present a schematic way to
derive high-order asymptotic expansions for boundary perturbations in the currents of the
Helmholtz equations resulting from small perturbations of the shape of an inhomogeneity
with C%2-boundary. We adopt the field expansion (FE) method to derive formal asymptotic
expansions and thanks to layer potential techniques we prove rigorously those asymptotic
expansions. We then use these formulae to design algorithms to recover certain properties
on the perturbations of the shape.

Suppose that an electromagnetic medium occupies a bounded domain © in R?, with a
connected Lipschitz boundary 0. Let pg and £y denote the permeability and the permittiv-
ity of the background medium 2, and assume that pug > 0 and €y > 0 are positive constants.
Consider a bounded domain D CC Q with C2-boundary, a permeability 0 < p # g < 00,
and a permittivity 0 < € # ¢¢ < 0o. Let u, and €, be the constitutive parameters of the
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inhomogeneity defined by p. := puxp + HoXo\ D and €, ;= exp + E0X\ D> where xp is the
indicator function of D. Let u denote the solution to the Helmholtz equation

V- (I%Vu) +w?e,u=0 inQ,

u|ag = f S W; (89), (1'1)

where w > 0 is a given frequency.
Suppose D,, is an a-perturbation of D, i.e., there is a function h € C'(dD), such that

0D, ={Z: 2% =2x + ah(x)v(x)|x € 0D, 0 < a << 1},
Let u,, be the solution to the Helmholtz equation in the presence of D,,
{ v - (iVua) +w?eqta =0  in Q, 12)

ualon = f, .

where the piecewise-constant magnetic permeability pu,, is given by

, € MN\D,,
Ua(x) = { fo, \

py,  x € Da,
and the function e, (z) is defined analogously.

In order to ensure well-posedness we shall assume that w?jgeg is not an eigenvalue for
the operator —A in L?(Q) with the Dirichlet boundary condition.

To the best of our knowledge, this is the first work to rigorously investigate Helmholtz
interface problem in two dimensional and derive high-order terms in the asymptotic expan-
sion of (agya — g—g) loo when @ — 0. However, by the same method, one can derive asymptotic
formula for the Neumann problem as well. In this paper, assuming that the unknown D,
boundary is a small perturbation of a circle, we determine a relationship between Fourier
coefficients of the perturbation of the shape and boundary measurements. Our formula may
also be extended those already derived for small volume inhomogeneities in [2, 3] for develop-
ing effective algorithms for determining certain properties of the shape of an inhomogeneity
based on boundary measurements. In connection with this, we refer to recent works in the
context of interface problems [1, 4, 5, 8, 10, 12, 15, 17].

Our general approach can be extended to other equations such as the anisotropic con-
ductivity problem, Stokes, the Maxwell and the Lamé systems.

This paper is organized as follows. In the next section we introduce some notations for
small perturbations of an interface of C2, review some basic facts on the layer potentials
and give representation formulas. In section 3, we derive formal asymptotic expansion for
currents by using FE method. In the section 4, we prove that formal expansion by layer
potentials techniques. In the last section we present reconstruction formula of the shape
deformation A from measurements on 92 based on the expansion.

2 Definitions and Preliminary results

2.1 Small perturbation of an interface

Let a,b € R, with a < b, and let X (¢) : [a,b] — R? be the arclength parametrization of dD,
namely, X is a C?>-function satisfying |X'(¢)| = 1 for all ¢ € [a, ] and

0D :={x = X(t),t € [a,b]}.



Then the outward unit normal to 9D, v(x), is given by v(z) = R_
the rotation by —m/2, the tangential vector at z, T'(x) = X'(¢), and
curvature 7(x) to be defined by

%X (t), where R_x is
X'(t) L X"(t). Set the

X"(t) = 7(z)v(x).
We will sometimes use h(t) for h(X(t)) and h’(t) for the tangential derivative of h(x).
Then, # = X(t) = X(t) + ah(t)v(z) = X(t) + ah(t)R_z X'(t) is a parametrization of
0D,,. By v(z) := v(Z), we denote the outward unit normal to 9D, at Z. Then, it is proved
n [4] that

and hence »(x) can be expanded uniformly as
=> a"v(z), €D, (2.1)

where the vector-valued functions v,, are uniformly bounded regardless of n. In particular,
vo(x) =v(z), wvi(x)=-W)T(x), xe€dD. (2.2)

Likewise, denote by d&(x) := do(Z) the length element to 0D, at & which has an uniformly
expansion [4]

do(z) = | X' (t)|dt = /(1 — ar(t)h(t))? + a2h2(t Z "o, (x)do(x), € dD, (2.3)

where o, are functions bounded regardless of n, with
oo(x) =1, o1(x)=—7(x)h(z), =x€dD. (2.4)

Denote by 4 the tangential derivative in the direction of T'(z) = X'(t). Let « € 0D and
d(z) € C?([a,b]), we have

do / o¢
@) = Vola) - X'(t) = 5 (@)

and

(%)205(@ dt(wm (1)) = (D26(2)X' (1), X' (1) + V() - X" (1)

P . 0
— S5 @) + Tl ().



As consequence, the Laplacian in the local coordinates can be expressed as follows

82 0? 0? 0 d\?

2.2 Representation of solutions

We start to review some basic facts in the theory of layer potentials. Denote kg := w./mg€0
and k := w,/ug. Let T'x(x) be the fundamental solution for A + k% in R?, that is for = # 0,

u(e) =~ Hy (k2]

where H& is the Hankel function of the first kind of order 0. We have

—le(k|x\):i§:o(—1)" L |w|2”(ln(|x|)+ln(lm) il) as || — 0, (2.6)
4770 21 £~ 22n(n!)2 il ’

where 2y = ¢77""/2 and 7 is Euler’s constant.
For a bounded domain D in R? and k > 0 let S§ and D% be the single and double layer
potentials defined by I'y, that is,

Shote) == | Tule—nowio(). = B2 (27
Ol (z —
Dhoa) = [ =Mooty @ <R\ oD, (2.9
for ¢ € L2(0D). The proof of the following traces formulas can be found in [6]
O(S§ 1
%‘i(x) = (i21—|— (K]B)*)(b(x), x € 0D, (2.9)
@50, = (+57+ Kb Jota). « oD, (2.10)

where K%, is the operator defined by

Khota) =po. [ ZEED o(4)da(y),

and (K%)* is the L%-adjoint of K¥. Here p.v. denotes the cauchy principal value. The
operator K%, is known to be bounded on L?(dD) [8].

Recall that WZ(0D) = {¢ : ¢ € L*(0D), 2% € L*(9D)}. The following theorem is of
importance to us. For proof, see [2].

Theorem 2.1 Suppose that k2 is not a Dirichlet eigenvalue for —A on D. For each (F,G) €
WZ(0D) x L?(0D), there exists a unique solution (&,¢) € L?(0D) x L*(dD) to the system
of integral equations

She —SH¢=F ondD,

. ko (2.11)
188D£’ 188(, — G ondD.
wo ov T py Ov 'F




There exists a constant C independent of F' and G such that

1€l 2oy + <l L2(0m) < C(IFllw2(0p) + Gllz200))- (2.12)

For more details on the following representations of solutions, see [3, 2]. Suppose that
k2 is not a Dirichlet eigenvalue for —A on D,,. Define

H,(z) := —Sko (%bﬂ)(w) + Dk (f)(z), =eR*\oWQ, (2.13)

and (¢a,Ya) € L?(0D4) x L?(0D,) be the unique solution of
S’f, Vo — Skoawa =H, ondD,,

108}, ¢a 1 OSE v 1 9H, (2.14)
= - — = on 9D,
I S ov - 1o 8u + o Ov

Then u,, solution to (1.2) can be represented as

H,(z) + Sho Yo(x), € Q\Da,
Ua(z) = P (2.15)
8§a<pa(x), T € D,.
Similarly, suppose that k3 is not a Dirichlet eigenvalue for —A on D. Define

ou

H(z):=— ggo( |6Q) () + D (f)(z), = €R\0Q, (2.16)

and (p,v) € L2(0D) x L?(0D) be the unique solution of
Sk — S’B’d) =H ondD,

E(C)S’f)go‘ 1 as’“ow’ _LloH oo (2.17)
Ho '

u ov Lo v

Then wu solution to (1.1) has the following representation

{ H(x) —|—SZ°¢($), r € Q\D,

ule) = Sho(z), =eD.

(2.18)

Let Gi,(z,y) be the Dirichlet Green’s function for A + k2 in €, i.e., for each y € Q, G
is the solution of

A+ k)G, (z,y) = 6,(x), z€Q,
P a0
Let G be defined by
() / G (2. 1)0(y)do(y), @ €T,
for ¢ € L?(0D). The following identity holds
/8 Ty, (x — )W’mdo(y) =T (r—2), zeR:N\Q, z€Q. (2.20)



As a consequence of (2.20), it follows from (2.9) that

(%1 + (IC’;;’)*) (%‘BQ)(I) - W, red, zeq. (2.21)

The following lemma holds, see [6, 2].

Lemma 2.2 If k3 is not a Dirichlet eigenvalue for —A on Q, then 11+ (ng“)* : L2(09) —
L2(09) is injective.

Define the background voltage potential, U, to be the unique solution to
(A+K)U =0 inQ,
U=f onof.

Let u, be the solution to (1.2). The following representation can be proved easily from
(2.21) and Lemma 2.2, see also [2].

Qua, . _OU DG ta)
W(” = 87(33) + T(m)’

where v, € L?(0D,,) is the solution to (2.15).
Likewise, the solution w to (1.1) has the following representation

z € 09, (2.22)

du, . U AGRY)
E(x) = E(x) + Tﬁ(m), x € 09, (2.23)

where 1) € L?(9D) is the solution of (2.18). Subtracting (2.23) from (2.22), we get

g du, . O(GY ba) A(Ghow)
(@) = (@) = ——pe— () = =2 (x), @€ 09 (2.24)

v

The integral equation (2.24) will be investigated by layer potential techniques to prove formal

high-order terms in the asymptotic expansions of (aa"j - %)\39 as «a tends to 0, derived by

the field expansion (FE) method.

3 Formal derivations: field expansion (FE) method

Recall that u, is the solution to the following problem

(A +w?eopo)ua =0 in Q\D,, (3.1)
(A +w?ep)uq =0 in Dy, (3.2)
1 Ou 1 0u

—— —===] =0 oD, 3.3
wo Ov I+ p v - on ’ (3:3)

Ugl+ —Ua|—= =0 on 9D,, (3.4)
uq = f on . (3.5)



To derive the formal asymptotic formula of u, to order an integer N, we apply the field
expansion (FE) method, see [8, 12]. Firstly, we expand u,, in powers of a, i.e.

uq () = ug(z) + au () + ug(x) + - + aNun () + O(@™*), z e,
where u,, is well defined in Q\0D and
(A +w?eopo)t, =0 in O\D, (A+w?epu)u, =0 inD, wu, = fdp, ondQ, (3.6)

forn=20,---,N. Here §, is the Kronecker symbol.
Let x € D, then & = z + ah(z)v(z) € 0D,. By Taylor expansion, we get

N

Vuol@) )], = o 3032 30 C 0T @) )], + 0™

n= s=0 |i|=s

(3.7)

If we substitute the expansions in (3.7) into (3.3), we formally get

1 ﬁun 1 Ou, L h® i 1 i
po Ov by oo - mz—:ogyz—: i! ( O Vtm—st" - U - %8 Vim—s" * Vn—m +>
+ zn: Z E(lﬁivun—svi . VO‘ - iaivun—syi : VO‘ ) on 9D.
s=1 [i|—=s it - Mo "
(3.8)
In particular
1 8UO 1 8u0

~Guop 19U _ g on oD
o Ov l+  p Ov - oI

1 8u1 1 8u1 . 1 82u0 1 aQuO 1 )
%5“”_;%7_ (; 81/2 ‘7_%8V2 ‘+)+(;vu0~y1’__%vuo_yl|+)
1 1.d d’LLO
(% - u)dt (h o ) + hw?(gg — €)ug  on AD. (3.9)

The last equality in (3.9) is proved by using the representation of Laplacian in the local
coordinates in (2.5) and (2.2).
For & = x + ah(z)v(z) € 0D, we write

(@), Z D3 Z () ()|, + 0N (310)
m=0|i|]=
Inserting the expansions in (3.10) into (3.4), formally leads to
B . , :
Un |y — Up|— = Z Z —'( Uy V| — ﬁlun_muz|+) on 0D. (3.11)

m=1 |i|=



In particular
uol+ —uo|l- =0 on ID,

and

Oug Oug _ o Oug
%__$+)_h(1_7)7 OnaD.

—wil =nh
urly — ( 2w |-

Note that ug = u.

One can see easily that O(a¥*1) depends on N, Q, dist(D, ), ko, k, C*-norm of h, and
C%-norm of X. We formally obtain the following theorem and give the proof in Subsection
4.2.

Theorem 3.1 The following asymptotic formula formally holds

Oug

ou N ouy,
(@) = o (@) + > o = () + O™, €09, (3.12)
n=1

where u,, n = 1,--+- N, can be determined uniquely by (3.6), (3.8), and (3.11), and the
remainder O(aN*1) depends on N, Q, ko, k, the C2-norm of X, the Ct-norm of h, and
dist(D,0Q).

4 Layer potential techniques method

4.1 Asymptotic formulas of layer potentials

Let Z,9 € 0D, that is,

F=a+ah(@u@),  §=y+ahyy).

Hence
317 = fo - 42 (1 + 2 E LD D) | olha)l) — )y
|z —yl? |z — y|? '
Denote by
Fla,y) = (z —y, hx)v(z) — h(y)v(y)) Gla.y) = [h(@)v(z) — hyr)P

|z —y|? |z — y|?
Since OD is of class C2. One can easily see that
1
|F(2,9)| + |G(z,y)|? < CllX|lcz@ap)Ihllcrop)  for all z,y € OD,

and hence

& — gl = |z — y[v/1+2aF (z,9) + 2G(z,y) := [z — y| D a"Ln(x,y), (4.1)
n=0

where the series converges absolutely and uniformly. In particular, we can see that

Lo(l‘,y) =1, Ll('x’y) = F(J?,y)



According to Leibniz’s rule, the p’th derivative of 72"In(r) is given by
(r 2nln ch 2n (z) (in( ))(pfl) (r 2n (p)ln ch 2n (z (p— lfl)’

where Czl) is a binomial coefficient, and then, it follows from (2.6) that

kP
—Z—Hl(p)(kr)rp is continuous at zero for p > 0. (4.2)

From (4.1), (4.2), Taylor expansion of —<Hg (k|Z — §|) at k|z — y|, and (2.3), we write

5 (H3 (K — lon(s) + Rofis))do()

n=0

O™ 1) (Hy (kle — yl) + 1),

L HY (k7 — il)do(7) =

B .

+

with
Ry (7,y)| < ClX|lc2ap)|Pllcropy for all z,y € ID.

In particular

(& —y, h(z)v(z) — h(y)v(y))

Introduce a sequence of integral operators (S’B")neN, defined for any ¢ € L?(0D) by
. i
St o) = = [ (ke = youls) + Ba(e.9))o0)do(s) for n >0,

where Sj’g’o = Sk and

Sho(x) | = —Sh(he)(z) + h(KD) (¢)(x) + K5 (he)(z)

k
::—sg@h¢xxy+(hQ%%¥ﬁ4~ng¢»yi@g, redD.  (43)

It is easily to check by using the celebrated theorem of Coifman-McIntosh-Meyer, see [7],

k n
that the operators SIB and 2 %11 are bounded in L?(9D) for n > 0.
Now let us investigate the following term

L N @@,
(it 1~ iz — 31) 22 P do ),
It is proved in [4] that

@j@;(f))dg ZaM (z,y)do(y),

|.73— n=0



where the series converges absolutely and uniformly. In particular

_ {z—yv(x))
Mo w) ="~
and
() = (-2 B AADZ RO 4 7o) = sty ) 22
4 (h@)v(@) = hyvy). v(@) (= =y (@)h(z)v(z) + KT (@)
|z =yl |z —y|? '
In other hand, by Taylor expansion, we write
KHY (K7~ 3)[7 — 5 = > a"Ha(r,9), (4.4)
n=0

According to (4.2), the series in (4.4) converges absolutely and uniformly. Note that
Ho(,y) = kHy (Klz = y|)|z -y,

and

(z =y, h(z)v(z) = h(y)v(y))
|z —y| '

Hi(z,y) = [K2HY (o — yl)le — yl + bH (klz — )]

Finally, we get

R ¢y . N
et b1z~ i) o ) = 3 0 Y W) 0o,
n=0 m=0
=k (2.,)
with ( ()
ko (2, — eHY (ke — w,
o(z,y) o (klz —yl) =yl
and

z—y (@)  (@—y h@v(z) - yvy) e -y @)

1 (2.9) =k [(r()h(a) ~ r)hw) -

|z —y| [z —yf®
n (h(z)v(z) ‘— h(y)|l/(y)7 v(z)) (z— y,Th($|)V(93) |+ R ()T (z)) HY (ko — )
T—y T—y
i (- g N M) ()

Introduce a sequence of integral operators (K’B”)neN, defined for any ¢ € L?(0D) by:

1

K o(z) = /a Kl )o(w)do(y) forn > 0.

10



Note that ICk 0 = (Kk)*. Tt is easily to prove that the operator IC " for n > 0 is bounded
in L?(0D). In fact, it is an immediate consequence of the celebrate theorem of Coifman-
McIntosh-Meyer, see [7]. In particular

/C’51¢< ) = 7(x)h(x)(Kp)* (6) () — </c’f> (The) ()
oy myr@y? N () I
/Ho (Kl = yDI= == 57 y|3 (y)do(y) h<>/8DHo (kla =yl 7, rdo(v)
- —y, 7(2)h(z)v(z) + W (t)T(x))
+/0DH° (o 7=yl

” r—y,v(x)))?
~ o) [ H3 e - y|>|W¢<y>da<y>}

P(y)do(y)

ik (z —y,v(@){z -y v(y)
S RG] o T hy)o(y)dor(y)

/ Y (Kl — o) (|> (| ) h(y)b(y)do(y)

g / HY (ke — )| S22 @@ =0 @)y ()

|z —y|?
= 7(z)h(z)(Kp)"(¢)(z) — (Kp)* (The)(z)

k 2 Qk k k
s ”gf@ (@) + ()| 2500 (2 220 )y BB ) w e o,

k k k
Recall that 2 (¢) and 835;(45) are not continuous on 9D, but & SD(¢) 8551/(45) is contin-
uous and glven by

o*h(6) __asho) _
ov? Ov

= (%) 8b0)~ KSh(6) on oD,
To justify the last equality, we use the Laplacian in the local coordinates in (2.5)

2
0=A+k*= %— 6%+(d) +k% on dD.

Since

Kp'é(x) = 7(2)h(2)(Kh)" (¢)(x) — ( ) (The)(x)

k
+ P2000) 4 (3950 ) 2n(ash o) (o)
o k(r k
_ (wh («;qu) a(sD(ths)))’i( )+8’g7£h¢)(x>
4 W59y ) _ k2h@)sh(6)(@). @ e oD. (45)

Let ¥, be the diffeomorphism from 9D to 0D, given by ¥, (x) = z + ah(t)v(x), where
x = X (t). The following theorem holds.

11



Theorem 4.1 Let N € N. There exists C depending only on N, k, || X||cz, and ||h|ct such
that for any ¢ € L*(0D,,), we have

n kn N+1 1
|5k [¢low - SHId] Zas ) iy <O Mlz@n), (46)
and
N
k  \* k \*[ 1 nyknrz N+1 7
|0k, wwwa(KD>M]Z;afKD[w]HWDY_0a 16l2opy, (A7)

where gg = poV,.
We need the following lemma.

Lemma 4.2 Suppose that k3 is not a Dirichlet eigenvalue for —A on D. For each (F,G) €
WZ(OD) x L*(8D) and for a small enough, there exists a unique solution (&,¢) € L*(dD) x
L2(OD) to the system of integral equations

N N
> arSpre =Y a"SPt(=F ondD,

"0 "0 (4.8)
,Z ( (50”[+]C1B">§_1§:a <6O—"I+IC%”">§:G on 0D.
o = 2
Furthermore, there exists a constant C independent of o, F', and G such that
1€l 2(om) + <l L2(0p) < C(IFllw2(op) + GllL20D))- (4.9)

Proof. Let X := L?(0D) x L?(0D) and Y := WZ(0D) x L?*(0D). For n € N, define the
operator T, : X — Y by

L, don n 1 ,6on
Tu(f,9) = (8576 = S5"C (= FT+KE"E— - (T +KB™)C).

Since T, is bounded. In Particular

1&%9‘_gw%m’)
- +

ko
TO (57 C) (SDé- S C? o Lo o

Define the operator Ty by
N

Ty =To+ Y a7,
n=1
It is proved in [3] that if k2 is not a Dirichlet eigenvalue for —A on D, then Ty is invertible.
For a small enough, it follows from Theorem 1.16, section 4 of [11], that the operator
Ty is invertible. This completes the proof of solvability of (4.8). The estimate (4.9) is a
consequence of solvability and the closed graph theorem. |

12



4.2 Proof of Theorem 3.1

Fix an integer N and write
ou
_ gk a oV 2
H,(z)—H(z) = —SQO( \89 31/’39 Za"H ), x€R? (4.10)
with H,|_ — Hy,|+ =0 on 99, (A + k3)H,, = 0 in R?\99, and
‘ N
(0" (Ho — H = a"Hy)|lei) < Ca™t!, i e N’ €N,

n=1

for any D C ' CC , where C' depends only on dist(Q', 99),, N, 4, and [.
Denote Hy := H. By Taylor expansion, we have

H,(x + ah(zx Z Z Z Hy_m(z)v(z)! + 0N 1Y)
n=0 m=0 |i|=m
N
=Y a"F,(z)+ 0", ze€0D, (4.11)
n=0

where
Fo(z) = H(z), Fi(x)=H(z)+ h(&L‘)%—Ij(ac)7 x € 0D.

Similarly, by Taylor expansion and (2.1), we obtain

N
VH(@) 1(#) = ) 0" 33 S M ) 0@) () + O

n=0 m=0 s=0 |i|=s

N

= Z "Gy (x) + 0N, 2 €D, (4.12)
n=0
where
OH O0Hy 0°H OH

Go(e) = 5-(2),  Gilx) = 5~ (2) + h(z) 57 (2) = W (t) 5 (@), @€ aD.

v

Define (¢(™), (™) as solution of the following system

n—1
She™ — Spptm = F + > S ypm — ST on 9D,
m=0
(4.13)
1 9(Spe™) 1 3(550%0(”))‘ k kon—
- ——D G /c on=mm) _ Lpckn—m (m) aD.
pooovo - pe v - Z v poo o
(4.14)

Thanks to Theorem 2.1, one can see recursively the existence and the uniqueness of (™, 1)),

13



Define

N N N N
= Z at™ N = Z atp™ N = Z aF,, GN .= Z a"G, on dD.
n=0 n=0 n=0 n=0

It follows from the theorem 4.1, (4.13), and (4.14) that

|M2| Mz

n=0
W1 don 1 b n
= 7L1+IC Ej fiuicko ) (@ —v™)
1 H
_ L9 o——GN 4+ 0" ondD
o 51/

where ¢ = po0¥, and ¥ = Y,00,.
The following lemma follows immediately from (4.11), (4.12), and the estimate in (4.9).

Lemma 4.3 Let N € N. For o small enough, there exists C depending only on N, k, ko,
the C?>-norm of X, and the C'-norm of h such that

N
‘ 1/Ja0‘11a - Z anw( )
n=0

where (¢, (™) is defined by recursive relations (4.13) and (4.14).

< CalVth
L?(dD)

a0V Z ap (n)

L2(8D) ’

Recall that the domain D is separated apart from the boundary 0, then

sup ‘8in0 (x,y)‘ <C, ieN?
€N, yedD

For some constant C' depending on dist(D,99). Let x € 99, we get

DGR ) " 00" Gy (2,y)
AT /a ) 5 > o ") e () (4.15)

n=0i|=
< (amuing )(Zaon ))do(y) + 0@ ).

n=0

For n,m € N and = € 9f). Define

G Z > / M) i G () ()T (910 () do(y). (4.16)

s=0 |i|=s

Note that Gko’ PO = Gkow In view of (4.15), we obtain the following theorem.
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Theorem 4.4 For a small enough. The following formula holds uniformly for x € 0S) :

A(GX0 4, ko (G n=m) 1
%(gy) (GDw _|_ Z Z L)(x) —|—O(aN+ )7 (4.17)

where G’B’ﬁi{)(”_m)is defined by (4.16). The remainder O(aN*1) depends on N, Q, ko, k,
the C?>-norm of X, the Ct-norm of h, and dist(D, 02).

As a consequence of (4.17), it follows from (2.24) and (4.10) that

n b Gko,n (n—m)
Hy(z)=— Y S (—( D’ngf ) ‘

m=0

2
m)(a:), z € R2.

Now to prove Theorem 3.1. Define the operator S O;Z as the G* O’m, only we replace the
kernel Gy, by I'y,. Thanks to (4.13) and (4.14), one can check that u, given by

)+ Y Spmp™ (@), e Q\D,

U (z) = " (4.18)

n

> Sphe" M (@), xeD.

m=0
satisfies (3.6), (3.11), and (3.8). Therefore, it follows from lemma 2.2 that
dun ANGEm Y™™
W(m) = Z T(m) x € 08,

m=0

for n = 1,---, N, and then, Theorem 3.1 can be proved from (2.24) and Theorem 4.4, as
desired.
In particular

. { (@) + 8500~ SHrhO)e) + DE @), zeoD,
T se(@) - 8h(rhe®)(a) + Dy (hp®) (@), =€ D. |

In fact, it follows from (4.3) and (4.13) that

O+ (Sl - 8560 + S (rhy®) — Shrho®)

+ D (he )| = Dy ()]
oH a(5’“01/1(0)) A(SE )
h( 8V ov ‘+> —h ov ’—

—h(; — 1) gu on 0D.

up|- —ui|y =h
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By using (4.14), we have

1 6u1 1 8'&1 1 ko,1 (0) 1 k.1 (0) 1 82H /6H
ittt i £ IR ; _ Ik Bl i ¥ il
wovil— py ov i+ uolCD v ’4— MICD v ’—+,u0( ov? 8T>
N (i oSpy (Thw“)))‘ B 1651%(7}1@(0))’ )
1o ov + ov -
1 9D (hp(®) 1 9D (k)
+ (; ov ‘— o ov ‘+> on 9D

Since (A + k3)H = 0 in Q. According to (2.5), we have

0’H OH OH d/ dH
—h— =7h— — —(h—) — hkiH oD.
a2 T ov  dt ( dt ) ot o
It then follows from (4.5) that uy satisfies (3.9).
In order to prove the boundary condition u; = 0 on 9f). Let

w(z) == Hi(z) + S (2) = Sp (rhe'V) (@) + Dy (h V) (2), = € RA\Q.

Th

Since w satisfies .
(A+kH)w=0 inR*\Q,

ow . _3
ow
v lea 0

and hence w = 0 in R?\Q (see [3], pp. 187). This completes the proof.

5 Reconstruction of the interface deformation

Let v be the solution of the following problem
V. (N%Vv) +wle,u=0 inQ,

5.1
tlon = g € W3(09), o
Integrating by parts over 02 yields
Ouq  Ouy , duy 2
‘égg(ﬁ %)da—a/anayda—i—O(a) (5.2)
_ Bo _qy(Qv0u | podv) Ou 21 £ 2
_O‘/aDh [(u (577 * i oo, ) TR o, ve| o+ 0).

Our goal is to use the formula (5.2) to determine the Fourier coefficients h,, from a finite
number of measurements provided that the order of magnitude of h, is much larger than «.

To illustrate this, we consider €2 to be the unit disk centered at the origin, and D to be
the disk centered at the origin with radius p. Set f(#) = ¢, then

) (apTipiior) + by Yy (or) )%, p<r <1,
cpJ|p|(kr)eip6, 0<r<p.
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where J),| and Y, are the Bessel functions of the first and second kind, respectively, and
ap, b, and ¢, are constants and can be computed from the following system

apJp|(ko) + bpYjp|(ko) = 1,
apJjp| (kop) + bpYip| (kop) — cpdipi(kp) = 0,

Let g(0) = €'?. Define

Pk o po / / 21 £y _ (Mo DY
Cpq = — =1 J  (kp)J ,(k Jipi(kp) g (kp) | pkg(1 — —) = (— = 1)—| | .
5= cuey (2L 001 o)y k) + T (k)T k) [0 = ) = (22— )21
It follows from (5.2) that
ou ou ;
S — = )do = he' @040 + (a?). 5.3
| oG = Goyim = aCyy [ ne 0t + (o) (53
The formula (5.3) implies that the Fourier coefficients h, can be determined from mea-
surements of (%L;‘ - g—;‘) on 02 provided that the order of magnitude of h, is much larger

than «. To reconstruct Fourier coefficients more accurately the first ones, the high-order
asymptotic expansions should be used.
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